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Abstract. Let a,b and k be nonnegative integers with 1 < a4 < b, and let G be a graph with vertex set V(G)
and edge set E(G). Then a spanning subgraph F of G is called an [a, b]-factor ifa < dr(v) < bforany v € V(G).
A graph G is said to be (g, b, k)-critical if G — D contains an [a, b]-factor for each subset D of k elements of
V(G). We use |[E(G)| and p(G) to denote the size and spectral radius, respectively. In this paper, we establish
a lower bound on the size and spectral radius of a graph G to ensure that G is (g, b, k)-critical, respectively.

1. Introduction

In this article, we only discuss finite undirected graphs without loops or multiple edges. Let G be a
graph. We denote by V(G) and E(G) the vertex set and the edge set of G, respectively. For a vertex v € V(G),
let Ng(v) = {u € V(G) : vu € E(G)}. The cardinality of Ng(v) is called the degree of v in G, which is denoted
by dg(v). The minimum degree of a vertex of G is denoted by 6(G). For X, Y C V(G), we denote by E¢(X, Y)
the set of edges with one end in X and the other in Y, and write eg(X, Y) = |[Ec(X, Y)|. For any X € V(G), the
subgraph of G induced by X is denoted by G[X]. We write G — X for G[V(G) \ X]. For two graphs G; and
G,, we denote by G; U G, the disjoint union of G; and G,. For any nonnegative integer ¢, let tG denote the
disjoint union of f copies of G. The join G; V G; is derived from G; U G; by joining each vertex of G; with
each vertex of G, by an edge. Let K,, denote the complete graph of order n.

Let V(G) = {v1,v2,...,0,}. The adjacency matrix A(G) = (a;j) of G is the n X n symmetric matrix, where
a;; = 1if v; and v; are adjacent in G, zero otherwise. The largest eigenvalue of A(G), denoted by p(G), is
called the spectral radius of G.

Let a and b denote two positive integers with a < b. Then a spanning subgraph F of G is called an
[a, b]-factor if a < dp(v) < b for any v € V(G). In particular, when a = b = r, an [g, b]-factor is an r-factor.
A 1-factor is also called a perfect matching. A graph G is said to be (g, b, k)-critical if G — D contains an
[a, b]-factor for each subset D of k elements of V(G). An (r,t, k)-critical graph is called an (, k)-critical graph.

In mathematical literature, the study on factors of graphs and factor-critical graphs attracted much
attention. Some sufficient conditions for graphs with r-factors were obtained by Enomoto, Jackson, Katerinis
and Saito [5], Katerinis [12], Nishimura [20], Niessen and Randerath [18], Gu [7]. Many researchers
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[11, 17, 23-25, 31, 33, 38—41] verified some conditions related to degree condition, neighborhood, the
number of isolated vertices, binding number, sun toughness, etc., for a graph to possess a [1,2]-factor.
Much effort has been devoted to finding sufficient conditions for the existence of [a, b]-factors in graphs by
utilizing various graphic parameters such as neighborhood [10], independence number [29], eigenvalue
[28] and others [6, 26, 27, 30, 32, 35-37]. Cai, Favaron and Li [2], Enomoto [3] established a connection
between toughness and (2, k)-critical graphs, respectively. Enomoto and Hagita [4] showed a toughness
condition for the existence of (r, k)-critical graphs. Li and Wang [15] provided a necessary and sufficient
condition for a graph to be (a, b, k)-critical. Li[13, 14] derived some results on the existence of (a, b, k)-critical
graphs.

Very recently, O [21] established a close connection between the spectral radius and perfect matchings
of graphs. Zhou and Liu [34] gave a spectral radius for a graph with an odd [1, b]-factor. Motivated by
[15, 21] directly, it is natural and interesting to present some sufficient conditions to guarantee that a graph
is (a, b, k)-critical. Next, we focus on the sufficient conditions including the size or the spectral radius of
graphs. Our main results will be provided in the following.

Theorem 1.1. Let 4,b and k be nonnegative integers with 1 < a < b and (a,b) # (1,1), and let G be a
(k + 1)-connected graph of order n > a + k + 1 and minimum degree 6(G) > a + k. If

n-1\ a+2k+1
|E(G)|2( 5 )+T

and b(n — k) = 0 (mod 2) when a = b, then G is (a, b, k)-critical.

Theorem 1.2. Let 4,b and k be nonnegative integers with 1 < a < b and (a,b) # (1,1), and let G be a
(k + 1)-connected graph of order nn > a + 2k + 1. If p(G) > p(Kps2k-1 V (Ky—g—2x U K1)) and b(n — k) = 0 (mod 2)
when a = b, then G is (a, b, k)-critical.

2. Some preliminaries

For a given positive integer r and a pair X, Y of disjoint subsets of V(G), we call a component C of
G- (XUY) odd if rlV(C)| + ec(Y, V(C)) is odd. Let wi(X,Y) denote the number of odd components of
G- (XUY). Write 06(X,Y) = r|X| = r]Y| + X dc-x(v) — w1 (X, Y).

veY
The following result is a necessary and sufficient condition for a graph to possess an r-factor and it was

derived by Tutte [22].

Lemma 2.1 (Tutte [22]). (i) A graph G contains an r-factor if and only if O5(X, Y) > 0 for every pair X, Y of
disjoint subsets of V(G).
(ii) B¢(X,Y) = r|V(G)| (mod 2) for every pair X, Y of disjoint subsets of V(G).

Liu and Yu [16] presented the following characterization of (r, k)-critical graphs.

Lemma 2.2 (Liu and Yu [16]). Let r and k be integers with r > 2 and k > 0, and G be a graph of order
n > r+k+1. Then G is (r, k)-critical if and only if O5(X, Y) > rk for every pair X, Y of disjoint subsets of V(G)
with [X| > k.

Liu and Wang [15] showed a necessary and sufficient condition for a graph to be (a, b, k)-critical.

Lemma 2.3 (Liu and Wang [15]). Let 4, b and k be nonnegative integers with 1 <a < b, and G be a graph of
order n > a +k+ 1. Then G is (a, b, k)-critical if and only if for any X C V(G) with |X]| > k,
a-1
Y@= pi(G - X) < blX| - bk
j=0
or
8c(X, Y) = bIX| - alY| + ) do-x(0) > bk,

veY
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where p;(G - X) = [{v:dc-x(v) = jlland Y = {v: v € V(G) \ X,dg-x(v) <a—1}.
It is worthy to emphasize that Lemma 2.3 has its equivalent statement as follows.

Lemma 2.4. Let a,b and k be nonnegative integers with 1 < a < b, and G be a graph of order n > a + k + 1.
Then G is (a, b, k)-critical if and only if 6¢(X,Y) > bk for every pair X, Y of disjoint subsets of V(G) with
IX] > k.

Hong, Shu and Fang [8], Nikiforov [19] presented an important upper bound on the spectral radius
p(G)-

Lemma 2.5 (Hong, Shu and Fang [8], Nikiforov [19]). Let G be a graph of order n with minimum degree
0(G). Then

©)

p) < 291

: !, \/2e(c) oGy + QO+

4
The following observation is very useful when we use the above upper bound on p(G).

Proposition 2.6 (Hong, Shu and Fang [8], Nikiforov [19]). For a graph G of order n with ¢(G) < (3), the
function

x—1 (x+1)2

flx) = 5 +\/2e(G)—nx+

is decreasing with respect to x for 0 < x <n —1.

Let A = (aij)uxn and B = (b;j)uxn. Define A < Bif forany 1 <i,j <n,a;; <bjand A <Bif A < Band
A # B.

Lemma 2.7 (Berman and Plemmons [1], Horn and Johnson [9]). Let O be an n X n zero matrix, A = (a;j)
and B = (b;;) be two n X n matrices with the spectral radius p(A) and p(B), respectively. If O < A < B, then
p(A) < p(B). Furthermore, if B is irreducible and O < A < B, then p(A) < p(B).

3. The proof of Theorem 1.1

In this section, we provide a proof of Theorem 1.1, which claims a lower bound on the size for a graph
to be (a, b, k)-critical.

Proof of Theorem 1.1. For a pair X, Y of disjoint subsets of V(G) with |X| > k, let

X —alY| + ¥, de_x(v) — 01(X,Y), ifb=a;

_ veY
VXY =0 px—avl+ ¥ dex(o), ifb>a>1. W

veY

Suppose to the contrary that G is not (g, b, k)-critical. Then it follows from (1), b(n — k) even, Lemmas 2.1
(ii), 2.2 and 2.4 that

bk-2, ifb=a;
VG(X'Y)S{ b—1, ifb>a>1 @)

for some pair disjoint subsets X, Y of V(G). Subject to (2), we choose X and Y such that |X U Y] is as large as
possible. Then we shall prove the following claims.

Claim 1. Let Cy1,Cy,...,C; be the components of G — (X U Y), where [ is the number of components of
G- (XUY). Ifa=b,then|V(C)|>2foranyic{l,2,...,1}.
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Proof. We verify Claim 1 by contradiction. Without loss of generality, let |[V(C;)| = 1. Write V(C)) = {v}. If
ec(v,Y)<a-1,letY =Y U {v;}, then it follows from a = b, (1) and (2) that

Y6(X, Y') =bIX| —alY'| + ) do x(0) = w1(X, Y')

veY’

<bIX| = a(Y1+ 1) + ) do-x(®) + ea(or, V) = (@1(X, V) = 1)
veY

=)/G(X, Y) + 6(;(01, Y) —a+1

<ye(X,Y) < bk -2,

which contradicts the choice of [X U Y].
If eg(v, Y) > a, let X’ = X U {1y}, then it follows from a = b, (1) and (2) that

Yo(X',Y) =bIX'| = alY| + ) dox(0) = (X', Y)

veY

<a(iX+1) = alY|+ ) do-x(0) = ec(v1, Y) = (@1(X,Y) = 1)

veY
=yc(X,Y)—ec(v, Y)+a+1
<ye(XY)+1<bk-1.

In terms of b(n — k) even and Lemma 2.1 (ii), we possess y¢(X’, Y) < bk — 2, which contradicts the choice
of [ X U Y]. Claim 1 is verified. O

Claim2. n>a+k+2.

Proof. By virtue of 6(G) > a +k, it follows that G is a complete graph whenn =a+k+1. Thusifn =a+k+1,
then G is (a, b, k)-critical, which is a contradiction to the hypothesis. Hence we infer n > a + k + 2. This
completes the proof of Claim 2. O

Claim 3. [X| > k + 1.

Proof. Assume that |X| = k. We first verify Y # 0. Note that G is (k+ 1)-connected. If Y = 0, then w1(X,0) < 1.
Together with (1), we deduce

be—1, ifb=a;
yelX.Y) Z{ bk, ifb>ax1,

which contradicts (2). Thus, we possess Y # 0.
Forb > a, it follows from (1) and 6(G) = a+kthat yc(X, Y) = bl X|—-alY|+ ) dc_x(v) = bk+(6(G)—k—a)|Y| >
veY
bk, which is a contradiction to (2).

For b = a, we discuss the value of w1(X,Y). If w1(X,Y) < 1, then from (1) and 6(G) > a + k, we derive
Yo(X,Y) = bIX| —alY| + Y do-x(v) — w1(X,Y) = bk + (6(G) — k — a)|Y] — 1 = bk — 1, which contradicts (2)

veY

when b = a. If w1(X,Y) = 2, then ] > 2. Recall that |[E(G)| > (";1) + % Then there exist at most

1
n— 2253 Ly |V(Cl(n - k- [Y] - [V(C)]) edges not in EG(V(G) \ (X U Y),¥) U E(GIY]). Combining this
i=1
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with (1), |X] =k, Y] = 1,b > 2, Claims 1 and 2, we deduce

Y6(X,Y) =bIX| - alY] + ) do x(0) = a1 (X, Y)
veY
>bk —alY| + (n —k - 1)|Y]

1
_oly_at2%+3 %2 V(Cl(n -k = Y] = [V(C))

> > ~(n=k=1Y)

>bk —alY|+ (n—k-1)[Y| -2

1
AL —ZIV(Ci)I] -k Y]
i=1

_a+2k+3

=bk—a|Y|+(n—k—1)|Y|—2(n >

—(Tl—k—IYI))—(n—k—IYI)

=bk+(mn—a-k-2)(Y|-1)+1
>bk + 1,

which contradicts (2) when b = a. Claim 3 is proved. O
The following proof will be divided into two cases by the value of [Y].

Case1.0<|Y| <D
For b > a, it follows from (1), 6(G) > a + k and Claim 3 that

Y6(X,Y) =bIX| —alY] + Y do x(0)

veY
2blX| - alY] + (5(G) - X])IY]
=(b - [YDIX] + (6(G) —a)|Y]
2(b =YDk +1) + (5(G) —a)|Y|
=bk + (b —|Y]) + (6(G) —a - k)|Y|
>bk,

which contradicts (2) when b > a.

For b = a, we argue the value of w1(X,Y). If w1(X,Y) < 1, then by (1), (2), 6(G) > a + k and Claim 3, we
possess

bk —2 >yc(X,Y) = bX| — alY] + Z do_x(v) — 01(X, Y)
veY
2b|X| — alY] + (5(G) — IX]IY] -1
=(b = IYDIX] + (6(G) —a)lY] - 1
>0 -1YDk+1)+ (6(G) —a)Y| -1
=bk + (b - [Y]) + (5(G) —a —K)[Y] - 1
>bk -1,

which is a contradiction. If (X, Y) > 2, then [ > 2. Next, we shall consider three subcases.
Subcase 1.1. |Y| = 0.

I
Note that |E(G)| > (";}) + ©Z“L Then there exist at least 1 ¥ |V(C)|(n — |X| - |[V(C})|) edges not in
2 2 & g
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G[V(G) \ X]. In terms of Claim 1, we have

l
0<( ) E@I - 5 Y IV(Cln = X = IV(C))
i=1

1
i)' )- A - e -
i=1

1
=n - T2 Y VN~ X1 - V(G
i=1
TR LLE Z( — X - IV(C)D)
—(I=1)X] = (I =2 — %

If | > 3, then we derive n < 2|X| — ‘%"*3 Together with (1), b > 2 and Claim 3, we infer

76(X,0) = b|X| — w1(X, 0)
b|X| -2 > bk +b—2 > bk, if1 =2;
bIX| - (n—1X]) = (0 - DIX| + 223 > (b —1)(k + 1) + 2258 > pk, if 1> 3,

which is a contradiction to (2) when b = a.
Subcase 1.2. |Y]| = 1.

5890

Recall that b = a, |E(G)| > (";1) + ’%’”1 and w1 (X, Y) is the number of odd components of G — (XU Y). We

deduce [E(K,)| = [EG)| = (@1(X, Y) = 1) < (3) = (")) + “Z2) = (@1(X, ) — 1) = n — 2Z+1 —
there exist at most n — % —w1(X,Y) edges not in E¢(V(G) \ (X U Y),Y). Thus, we obtain

b+2k+1
Y dex@) 200- 110 - [n = 5 - )
veY
L A aY)

Together with (1), b > 2, [Y] = 1 and Claim 3, we deduce

Y6(X,Y) =bIX| - alY] + ) do x(0) = @1 (X, Y)

veY
b+ XL X X )~ an(X, )
b-2k+1
2
b-2k+1
2

>b|X| -
=0 -DIX| -

>(b-1)k+1)-

b-3
2
>bk -1,

=bk +

which contradicts (2) when b = a.
Subcase 1.3. |Y| > 2.

@1(X,Y). Then

Recall that w(X;, Y) is the number of odd components of G — (X U Y). It follows from b = a and |[E(G)| >

(") + =5 that [E(K,)| = [EG) = (@1(X, V)= 1) < () = ((3) + “F=) = (@1(X, ¥) = 1) = n — b5t -

(X, Y),
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and so there exist at most n — % —w1(X,Y) edges notin Eg(V(G) \ (XUY), Y) U E(G[Y]). Thus, we derive

b+2k+1
n_—

Y de-x@) 2 (1= 1= X0 -2 - 25

veY

- wi1(X, Y)) . 3

Using (1), (3), b = a, v1(X,Y) > 2, Claims 2 and 3, we possess

Y6(X, Y) =bIX| = alY| + Y do x(v) — (X, Y)

veY

b+2k+1
-—
=b-|YDX|+(n-b-D(Y]-2)+ w1 (X,Y)—b+2k—1
>b-YDk+1)+k+1D(Y]-2)-b+2k+1
=bk -1,

>bX|-blY|+(n—1—-|X])]Y] -2 (n - wi1(X, Y)) -w1(X,Y)

which is a contradiction to (2) when b = a.

Case2. |Y|>b+1.

Subcase 2.1. b > a,orb =aand w1(X,Y) = 0.
We easily see that

n>IX|+ Y] >I1X|+b+1. (4)

In terms of |E(G)| > (”;1) + %, there existat mostn—1-— ‘”22& edgesnotin Eg(V(G)\ (XUY), Y)UE(G[Y]).
Thus, we get

a+2k+1
Z do_x(0) = (1 —1—|X])Y] -2 (n —1- T) (5)
veY
It follows from (1), (4), (5), b > 2 and Claim 2 that
Y6(X,Y) =bIX| —alY| + ) do-x(v)
veY
>bIX| = alY] + (1 =1 |X)|Y] 2(n - ”%k”)
=bX|+(n—a-1-XDY|-2n+a+2k+3
20X+ (n—a-1-|X)b+1)-2n+a+2k+3
=(b-2n+m—|X|-b-1)—ab+2k+3
>b-2)a+k+2)—ab+2k+3
=bk+2(b—a) -1
S bk—1, ifb=a
1 bk+1, ifb>a>1,
which contradicts (2).
Subcase 2.2. b =aand w1(X,Y) > 1.
It is obvious that
n> X+ Y|+ o1(XY) = [X[+b+1+wi1(XY). (6)

Recall that w1(X, Y) is the number of odd components of G — (X U Y). According to |E(G)| > (”;1) + ”%k”,
We deduce [E(K,,)| - [E(G)| — (w1(X, Y)-1) < (§) - ((”;1) + %) —(@1(X,Y)-1) =n— =2 — (X, Y). Then
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there exist at most n — # — w1(X,Y) edges not in E¢(V(G) \ (X U Y),Y) U E(G[Y]). Thus, we obtain

Y dox(®) = (1 =1- X)) -2

veY

By virtue of (1), (6), (7),a=b>2,Y| 2b+1 >3, w1(X,Y) 2 1 and Claim 3, we deduce

n_a+2k+1
2

- wi(X, Y)) . (7)

Y6(X,Y) =bIX| - alY] + ) do x(0) = @1 (X, Y)

veY

a+2k+1
-—
=b-2)X|+(n—a—-1—-1X)(Y|-2)—a+2k—1+w1(X,Y)
>0-2)X|+b-—a+o1X,)(YI-2)—a+2k-1+w1(XY)
>b-2)k+1)—a+2k+1
=bk -1,

>b|X| —alY]+ (n—-1-|X])IY] - 2(11 - wi1(X, Y)) -w1(X,Y)

which is a contradiction to (2) when b = a. This completes the proof of Theorem 1.1. O

4. The proof of Theorem 1.2

In this section, we are to verify Theorem 1.2, which provides a sufficient spectral condition to guarantee
that a graph is (a, b, k)-critical.

Proof of Theorem 1.2. Since the graph K;,_ is a proper subgraph of the graph K,,pt—1 V (Ky—s—2x U K1) and the
adjacency matrices of connected graphs are irreducible, it follows from Lemma 2.7 that

P(G) > p(Ka+2k—1 \ (Kn—a—zk U Kl)) > p(Kn—l) =n-2. (8)

We are to prove the following claim.

Claim 1. 6(G) > a + 2k.
Proof. Assume that 6(G) < a + 2k — 1. Then there exists a vertex v € V(G) such that d;(v) < a + 2k — 1, which
implies that G C Kj40k-1 V (Ky—s—2x U Kj). In terms of Lemma 2.7, we deduce

p(G) < p(Kasak-1 V (Kyp—g-2x U K1),

which s a contradiction to the condition that p(G) > p(Kj+2k-1V (Ky—a—2cUK7)). Hence we possess 6(G) > a+2k.
This completes the proof of Claim 1. ]

By virtue of Claim 1, Lemma 2.5 and Proposition 2.6, we derive

p(G) sé(G;_ LN \/2|E(G)| —n5(G) + w
s‘%k_l + \/2|E(G)| — na +2k) + W. ©)

It follows from (8) and (9) that

(a+ 2k +1)2

n—2<p(G)§¢+\/ZIE(G)l—n(a+2k)+ —

which leads to
|E(G)| >

(n—l)(n—2)+a+2k_ n—1 +a+2k
2 2 T\ 2 2
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In view of the integrity of |[E(G)|, we have

(10)

2 2

|E(G)|Z(n—1)+a+2k+1'

By means of (10), Claim 1 and Theorem 1.1, we know that G is (a, b, k)-critical. This completes the proof
of Theorem 1.2. O
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