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Abstract. Fractional calculus provides a significant generalization of classical concepts and overcomes
the limitation of classical calculus in dealing with non-differentiability function. Implementing fractional
operator to obtain new versions of classical outcomes is very intriguing topic of research in the mathematical
analysis. The objective of the present study is to establish novel Hermite-Hadamard integral inequalities
for twice differentiable function using Caputo-Fabrizio integral operator. In order to complete task, we
start by demonstrating a new identity for Hermite-Hadamard inequality that serve as supporting result
for our main finding. It has been observed that the obtained Hermite-Hadamard type inequalities have
a relationship with previous results. In addition, we provide application to special means and graphical
analysis to evaluate the accuracy of our results.

1. Introduction

Integral inequalities are crucial to our understanding of the universe, and there are numerous simple
ways for determining the uniqueness and existence of linear and nonlinear differential equations with
symmetry. Researchers in many applied domains, such as convex programming, are very interested in
convex functions how crucial they are to the theory of inequality in a variety of applications. Additionally,
convex functions are great interest to mathematicians in a wide range of theoretical fields, including
probability theory. Its good to start by identifying this kind of function.

Definition 1.1. See [1]. Let I be a convex subset of a real vector space R and let g : I — R be a function. Then, a
function g is said to be convex, if

g(0x1+ (1= 0) %) < Og (1) + (1 — 0) g (%2),
holds for all 1, %, € Land 6 € [0,1].

Convex functions are significant in many mathematics fields as an application. They play a crucial role in
the research of optimization problems since they distinguish out due to a wide range of useful characteristics.
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Convex functions are also used to establish a historical inequality, where the lower and upper bounds can
be expressed as arithmetic means. Understanding the inequality described here is essential for numerical
integration because it is utilized in formulas for error estimation such the trapezoidal and midpoint formulas
[2-4]. In convex functions theory, Hermite-Hadamard (H-H) inequality is very important which was
discovered by C. Hermite and J. Hadamard independently. Let function g : I ¢ R — R be a convex
mapping defined on I, where 1, 1, € I with »1< X3, then the following inequality.

M1+ U 1 ¥ g(%1)+g(%2)
g( 2 )S%z—mf% g(x)dx < > .

1

Several authors discuss the concepts of convexity and celebrated integral inequality. This form of
research is focused on investigating the properties of inequalities of the Hadamard, Bullen, Ostrowski,
and Simpson types as well as the properties of various inequalities that can be found in the data of static
biological systems. This study provided a novel approach and enhanced the literature’s new applications.
New details on convexity and integral inequality are provided in the following articles [5-7] in several
directions.

The characteristics and definition of convexity are advantageous for fractional integral inequalities,
which have recently grown to be a very important area of study. Finding solutions to open problems in-
volving fractional-order derivatives is the focus of the recently developed area of applied mathematics
known as fractional analysis. Due to the persistent research interest in the subject after the discovery of this
solution, mathematicians have found themselves establishing totally new lines of investigation.

In recent years fractional calculus offers a powerful tool for modelling complex phenomena, it is im-
portant to note that its application requires a solid understanding of the underlying mathematical prin-
ciples. Fractional calculus is a specialized branch, contributing to the development of mathematical tools
that can be effectively used to address real-world challenges in a variety of domains. The use of fractional
integral and derivative operators helps bridge the gap between mathematical models and the real-world
complexities encountered in various disciplines. Fractional integral operators and fractional derivative op-
erators have contributed new concepts to fractional analysis in terms of their application areas and spaces
[8-10]. In all of these do not have same singularity, locality, or kernel qualities with each other. This exten-
sion is not only limited to derivatives but also applies to fractional integrals, providing a comprehensive
set of tools for analyzing and modelling diverse systems in the real world. The versatility of fractional
integrals makes them applicable across a diverse range of disciplines, contributing to advancements in
modeling, analysis, and problem-solving in science and engineering. The theory is established through the
introduction of the most useful fractional integral operators, Riemann-Liouville fractional integrals, there
are other fractional integral operators, such as the Caputo fractional integral, which is another widely used
formulation in fractional calculus to see these articles [11]. For anyone who is interested in learning more
about fractional integral and derivative operators, the articles [13-16, 20-33] are an excellent place to begin.

2. Preliminaries.

Definition 2.1. See [34] Let 0 < s < 1. A function g : I C R — R is called s-p-convex with respect to bifunction
@ : R xR — R(briefly p-convex), if

9021 + (1 = 0)x2) < g(2) + 6°p(g(21), g(%2)), )
forall x1, %, € Land 6 € [0,1]. Furthermore, g is called @-quasi-convex if

9(0x1 + (1 - O)x2) < max[g(x2), 9(x2) + P(g(x1), 9(x2)],
forall x1, %, € Land 6 € [0,1].

Remark 2.2. If we take s = 1, in (2.1), then we have the definition of @-convex function and moreover if we take
@ (11, %2) = n1 — np in (2.1), then the definition of s-g-convex function is reduced to the definition of s—convex
function in the first sense.

Next, we will give examples for above definition.
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Example 2.3. Let g(x) = X2, then g is convex and %—(p—convex with @ (11, #2) = 211 + ny; indeed,

(631 + (1 - 6) 20)°
szf +260(1—6) %1% + (1 — 6)* %%

%3 + 9%% +20x1 %5

g(0x1 + (1 -0) %)

IA

= x5+ 0z [9%%% + 26%}{1%2].
on the other hand;

1
0<0<1=0<02<1
3,2 i 2 2 2 2
= 02u] + 202100 < H] + 2010 S M+ HT + K.

Hence,
g(Ox1+ (1= 0) %) <33 + 02 [2%% + %3]
= 00)+ 020 (9(x1),900)).

Example 2.4. Let g (x) = x°, then g is not convex but is g-convex with ¢ (1, #2) = 313 (41 — #2)+3x%2 (%1 — 1o)*+
(1 — #2)%; indeed,
(1= 0) %2+ 0x1)° = (0 (31 — %2) + %2)°

= %g + 3%56 (%1 - %2) + 3%262 (%1 — %2)2 + 93 (%1 - %2)3

g(0x1 +(1-0) )

= 9 (%2) +0 [3%% (%1 - %2) + 3x,0 (%1 - %2)2 + 92 (%1 - %2)3]
< g)+0 [3%3 (1 = 22) + 3% (31 — #2)* + (3 — %2)3]
= g(x2) + 0 (9 (1), 9 (%2)).

Example 2.5. Let g : [x1, #2] = R, 0 < %1 < %, with g (x) = 2. we obviously see that g is a ¢- quasi-convex with
@ (%1, %2) = %1 — K.

Theorem 2.6. [35]Suppose that g : [0, 00) — [0, 00) is s-convex function in the second kind, where s € (0,1), and
let #1, 13 € [0,00), #1 < #p. If g € L [11, #2], then the following inequality holds:

20 (252) ¢ 2O ()0 - 29700

g (1) + g (%2)
s+1 ’

Lemma 2.7. [35]Let I be a real interval such that x1, %, € I°, the interior of [ with %1 < x3. Let g : I° TR — R be
a differentiable mapping on I°, x1, %y € I with %1 < x2. If g € L[x1, %3], then following equality holds:

gOa)+g900)
2

L sz (u)du—Mfl(l—ze) (021 + (1= 0) %) dO
Ny — A1y g B 2 0 7 ! ? .

Lemma 2.8. [35]Let I be a real interval such that x4, x, € I°, (the interior of I) withny <np.Letg: I CIR — Rbe
a differentiable mapping on 19 31, #p € IO with %1 < xo. If 9 € L1, %], and 0 < a < 1, then following equality
holds:
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5 fo (1-20)g (9x1+(1—9)x2)d9——a(m_%l)g(k)
g(x1) +g(%2) B(®) o «
- : 2 = - a (% — x) ((CFI )(k)+(CFI Zg) (k))

where k € [x1, %] and B (@) > 0 is a normalization function. To additionally encourage the conversation of
this article, we present the definition of the Riemann-Liouville fractional operator.

Definition 2.9. See [36]. Let [#1, #2] — R. Then, Riemann-Liouville fractional integrals L.y (6) and I g (0) of
1 2
order a > 0 are defined by:

LLg() = F(l) (6 —x)""g(0)d6,x > 1,
Iigg(x) = mf (x—0)""g(0)do,x < x,.

where L is the Gamma function.

Definition 2.10. See [37, 38] . Let g € H (%1, %2), #1 < np, a € [0,1], then the notion of left and right
Caputo-Fabrizio fractional integrals are defined by,

(Srg) ()

X

9(9) do

1-
5@’ 9 5@

%2

g(0)do,

(Fr2,9) ) Ty + ——

B(a) B()

where B (a) > 0 is a normalization function that satisfies B(0) = B(1) = 1.

In this study, we have proved general identity for twice differentiable function through well known
fractional integral operator Caputo-Fabrizio. It is also show that the newly established inequalities are the
generalization of comparable inequalities in the literature. Finally, we provide few application to some
special mean, and also show the graphical behavior of new errors bounds.

3. Main Results

This section explains how to use the Caputo-Fabrizio fractional integral operator to derive a new identity
for differentiable convex functions. Then, taking this identity into consideration, numerous improvements
are shown using some basic integral inequalities.

Lemma 3.1. Let I C R be an open interval, x1, xp € I with 1 < np. If g : I = R is a twice differentiable mapping
such that g" is integrable and 0 < n < 1.Then the following equality holds:

(- 1)9(%1 ; %2) 3 ng(%l) ;‘9(%2) B a‘t}ilz:o;‘)l)
o {(610) @0+ (1 g) 0} + () 0+ (T,0) 0]

1 ”
- (%2—}QVL£ K(©O)g (01 + (1 - 0) 32) dO
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where,

k(@):{ oo - ), 0<
la-0)1-n-0), 1

where k € [x1, %3] and B () is a normalization function.

Proof.
1
I = (xz—xl)zf k(8)g" (01 + (1 - 6) %) d6
0
[ = Ga=xp [ 3001 O+ -0)x)d0 +

1
1 .,
(%2—1«t1)2ﬁ 5(1_9)(1_”_6)9 (Ox1 + (1 — 6) x,)dO
I = L+1.

Now we integration I; as:

1

L = fz%G(Q—n)g"(exl+(1—9)%2)d9
0

1
h E[Q(Q—T]) A1 — A 0 A1 — A

B 1 1 S H1+ A 1 (1—77)!7(%1;%2) ng (%2)
B 4(%1—%2)(5_17)!]( 2 )_2(%1—%2){ (%1—%2) +%1—%2

——f 903 + (1 - 6) %) d6

(> %2)
, -1
toa (127 () s ()

A2

__n ;f ,
2 (%2 - %1)29(%2) ’ (%2 - %1)3 Almz g(u) u
— ; _1 ’ %1+%2 (T] 1) %1+%2
= 4(%2—%1)(77 2)9( 2 )+2(%2_%1)29( 5 )

o n 1 k
2662 e [f gldu+ f 90 d”] @

Multiply equality (2) with “%2=4" and add 22 (k), we get

g O +(1-0)3)" f% (29— L@ +0-0) m)de]
0

a(a—21).  2(1-a)
5@ 0t TB@ W

a(xy — 1) 1\ (1 +x\ a(n=1)00—x1) (% +x
4B (@) (")( 2 )+ 2B (@) ( 2 )

5)9

a (%2 = 1) ¢ (1-a . (1-a
28 ng (x2) + B@ )[f g (u)du + B @) g(k)+fk g (u)du + () g (k)
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S gl ()
a (% —x)

5)9
b+ |(Lare) @+ (1) )

(42 - %1)2f02 %9(9 =My (6 +(1-6)x)d0 + zg(;)a)g(k)

B () S s[5 Tt

- B@) (S ) 00+ (T12,9) )] 3)

a (X — %)

Analogously I, as:
'
L = f 51=0)A-1-0)g" (01 +(1 - 0)x)d0
1

%[(1_9)(1_n_9)9(9%1+(1 0) %) f(29+ p 0 @0 +1-050), }

M1 — A2

1 1 (U F Ko 1 ngGa) (- 77)9(%)
_4(%1—;(2) (E_n)g ( 2 )_2(%1 %2)[141—%2 B (1 — #2)
1

(21 = x2)
1

1
zf g(9%1 +(1—9)%2)d@

1)9,(%1 erm)+ 2(:1—_1}31)2 (%1;%2)

11 +%y

g (u) du

Il
|
15N
—
X
N
|
X
—
~
—_
=
I
NI

T
2(xp - %1)29(%1) " (%2 — 1)

‘ﬁ(’?‘%)ﬂ%ﬂ*2(2__2)2 (=)

1 g o
(%2_%1)3 [ng(u)du+f;

i g (u) dul . 4)
2(1-a)

Multiply equality (4) with “(”53(—;})‘1)3 and add 557 (k), we have

-
2(x%2 — 1)

g () +

a(o-x1),  2(1-a)
B 2t @ W

_a(%z—xl)z( 1) ,(%1+k2) a(n—-1)( —x) (%1+%2)
4B (@) 2 2B () 2

2
1 +H)

_ k - :
‘_a(;t;(a;t—l)ng(%mﬁ“ g(u)du+(13(a0)()g(k)+fk g(”)d“(l( ))g(k)l

o 1) (s) e

2
_a (;t; (—a)%l)ng (1) + [(gf[ag) (k) + (CFIalﬂz g) (k)]
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2(1-a)
B(a)

el ) L)L
B(@ |(S57%9) 00 + (713, ) 0] ©

a(x2 — x1)
Now we combining equalities (3) and (5) we get result. [

1
(kz—xl)z‘ﬁ %(1 -0)(1-n-0)g" (031 + (1 -0)x2)dO + g (k)

Theorem 3.2. Let I C R be an open interval, x1, y € I with #1 < uy. If g : I = Riis a twice differentiable mapping
such that g" is integrable and 0 < n < 1. If |g”| is a s-p-convex on [x1, ], then the following inequality holds:

‘(77 1) %1+%2) g (1) + g (x2) _ 4(1-a)
2 a(n2 — 1)
e [(E0) @+ (T g) ) + {(Sara) 0+ (712.0) 0] ©

’’

[(Al + Az)|g” ()| + w(P( g’ (n2) ‘)] for0<n<i,

2
< (2 —n)

[(A5 + Ay) g”(x1)|+@(p( ” ,g”(%z)’)] fori <n<1.
Where,

1 3 1

A = fo(e(n—e))d6+f (G(Q—n))dezﬂ(1—3n+8n3).
n

U . 2 ] 273 (2+s—6r]—2517+24+5173+5)
4y = f0(9<n—9))e+fq (0.0 - 1)) 6°d0 = s

1— 1
A; = fn(1—9)(1—n—9)d9+f (1-0)(0+n-1)do

z 1-n

= 24(1 31 +81°).

1-n 1

Ay =f 1-6)1-n-0)6°do+ | (1-06)(6+n-1)6°do

2 1-n
B(1-n)*"*@+n+sn)+27(14-7s -2 +2(3+5)" 1)

= P+ E+2)6+3) *

8(—2+(3+s)r]+(1—n)2+5(2+17+sn))
22(5+1)(s+2)(s+3)

_ _ _n_1
As = foe(n 6)d6 =5~ 5.

1

1
2

2 21] 1
— _ S — n—3-s
As = foe(q 6) 6°d6 = 2 (S+2 S+3).
1
_ C V(] — _n_ 1
A; = j;(l 0)(1-n 9)5[6—8 a
1
= [ a-oa-y-0e
2



S. Qaisar et al. / Filomat 38:16 (2024), 5905-5923 5912

2735 (14 + 75 + 52 — 181 — 1257 — 2517 — 251 + 2°* (=2 + (3 + 5) )
(s+1)(s+2)(s+3)

7 3
Ao = fo(e(n—e))dmfn (66 - n))do

1— 1
+f n(l—@)(l—n—@)d6+ 1-6)@+n-1)de6

7 1-n
(1-3n+87)
= T.
1 1
Ay = fe(q—e)d9+f(1—9)(1—q—9)d9
0 3
-1
12

Proof. Using the Lemma 3.1 and the s-¢-convexity of

g”), we get

Ui+ 1o glu)+g(x2) 4(1-a)
‘(n_l)g( 2 )—n 2 T a(u-n)

% [{(gf Fg) 0 + (... 0) (k)} " {(CL 1g)®+(“1,0) (k)}”

0((%2 — -3

IA

1 ”
(62 = 1) fo K@)I]g" (631 + (1 - 6) )| do

)2 )
= (2 2%1) j; |6 6- T])| |g (6x1 + (1 -06) %2)| 4o

— 2 1
L2280 [Ca-0a-0-0lly" 0 + - 00 7

_ 2
= (%2 2%1) [Il +IZ]/

where we assume that 0 < 77 < 1 using the s-¢-convex of

f02|9(9-n)|(
1

[ ©m-on
%99— " (1 o°

+fn<< M (g )| + o

Aq |g” (%1)| + Arp (

similarly, we have

L < j:q|(1—6)(1—n—6)|(

, we get

g//

I 7" 6|+ 0o (|9 Ga)l |9 (2)]))dO

IA

7 Ga)l + 0o (|g” Ga)l, |97 (x2)]))dO

g7’ Ga)l,|g” G)))do

7

7 Ga)|. g ()]), ®)

7

g" (x1)

9" ()| + 6% ( o Gal))de

1—
ﬁ "a-e)1-5-6) (|77 )| + & (|g” G|, |97 (2)])) dO

2
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f)eo

= Aslg” Ga)| + A (|9 7’ (x2)), 9)

using equality (8) and (9) in (7) we get the first inequality (6) holds.
where we assume that % < i

filf)(e—n)b(

’’

1
+ (1—6)(9+17—1)(

g’ ()| + 6 (

L < g )|+ (|77 G|, |97 Gw)])) 40
- fo I+ [ ow-orep(s )
= Aslg” Ga)| + Aep (|97 Gl |97 Go)]), (10)
similarly
1
L < f |a-0)1-n-0)|(lg” )|+ & (|g” G|, |97 (x2)]))dO

g" (%1)| 6

1
f(l—ﬁ)(l—n—e)

1
+ﬁ (1-6)(1-n-06)6(lg

2

7

|9 Ge2)])do

)do, (11)

Az |g” (%1)| + Asp ( "
using equality (10) and (11) in (7) we get the second inequality of (6). This completes the proof. [
Corollary 3.3. Theorem 3.2 with B(0) =B (1) =1ands =a =1,1 =0, we have

H1+ U 1 =
‘g( 2 )_%2—%1f g(X)dX

(%2 = %1)° [
- 24
Remark 3.4. Inequality (12) with ¢ (

%1+%2) 1 sz
- x) dx
7(*52) - = W

This inequality is obtained by Sarikaya et al. [29] Proposition 1.
Corollary 3.5. Theorem 3.2 with B(0) =B(1) =1ands=a =1,n = 5, we have

)4 g0 - - ixlf;wx)dx

’’

’’

7 6o (12)

).g" (%2)|) =
(2 — %1) [

9" 6 + 50 (

g’ (%2)| - 19" (%1)|, we have

< —

g Ga)| + g7 G|

‘1[g(%1)+4g(%1+

(22— 1) [
- 81
Remark 3.6. Inequality (13) with g (%) = g(%) = g (%y), we have

g’ oa)| + 2<p( xz)l)]. (13)

A2

g (x)dx

<

(2 — 1) [
81

o o)

1
gu (%1)| + E(P ( g

(%1+%2)_ 1
2 Hy — A1 Iy

This inequality is obtained by Miguel Vivas-Cortez et al. [7] Corollary 1.
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).g" (%2)|) =

1’

, we have

Remark 3.7. Inequality (13) with (p( " g’ (%2)| -

‘%Lﬂxﬂ+@d”l+%)+gw2

(%2 — 11)? [
- 162

This inequality is obtained by Sarikaya et al. [29] Proposition 3.

7" (x1)| +

7" )]

Corollary 3.8. Theorem 3.2 with B(0) =B(1) =1lands=a =1,n=1/2, we have

1 LI
‘5[9(%1)+9(%2) +g(%1+%2)]_ f};l g (x)dx

2 2 Hy =
< a2 i)+ 2ol Ganl. b o). 19
Remark 3.9. Inequality (14) with (p( " (1), 9" (%2)|) =|g” (%2)| —lg” , we have

1[g0Ga)+g(x) 1+ %o 1 2
‘E[ 2 +g( 2 )]_%1—%1 £1 g(X)dx

o G- %) [
- 9

7" Ga)| +g” Ga)].
This inequality is obtained by Sarikaya et al. [29] Proposition 4.

Corollary 3.10. Theorem 3.2 with B(0) = B(1) =1lands =a =1,n =1, we have:

‘9@0+9Wﬂ_ 1%‘f“g@mx

2 Ny —
< M [gl/ (%1)| Z(P( g// (%2)|):| ) (15)
Remark 3.11. Inequality (15) with (p( " )() =g (%2)| —lg” , we have:
1 A2 _ 2
‘9(%1);‘!](%2) _ prsi fm g (x)dx| < % [!]" (%1)| n !]H (%Z)H

This inequality is obtained by Sarikaya et al. [29] Proposition 2.
Another similar result may be extended in the following theorem.

Theorem 3.12. Let I C R be an open interval, 11, np € I with x1 < #p.If g : I — R be a twice differentiable mapping

such that g is integrable and 0 < n < 1. If |g” Tisa s-qp-convex on [u1, %3], q = 1, then the following inequality
holds:

%1 +x2) g (1) + g (x2) ~ 4(1-a)
2 a(xo — )

=19



S. Qaisar et al. / Filomat 38:16 (2024), 5905-5923 5915

w00y {00+ (T12a) 0} + (o) 0+ (V10)

1
< (%2—%1)2[§(1—3T}+8U3)] "%

!7/’ (%1)|q ’

7’ ),

g
[Alo

g’ (%1)|q + (A2 + Ay) %(P(

g’ (%2)|q)]% for0 <n < 1
7" ()| + (A + As) %(P(

, (16)
g’ (%2)|q)]” fory <n<1.

Where + =1.

Proof. Using the Lemma 3.1 and power mean inequality, we get

4(1 -
'(T] 1) %1 +%2) n (%1);!](%2) _ a(}iz _0;)1)

N TR It M ER T

1
G- [ K" 01+ 1- 06| d0
0

IA

VRV IS "
= L2 [Tloo-nlly’ 01+ 1-0)x]a

VRV p
el Y-l 00 -0l

_ o —2%1) [[foz |9(9—’7)|)

1 =50 A q
[f |(1—@)(1—n—9)|J U |(1—6)(1—1)—9)|(|g”(9%1+(1—9)%2)|)qd9J

where we assume that 0 < n < &

[foz 166~ n)||g" (651 + (1~ 6) x2)] de] +

17)

S —
~

9" 031+ (1 - 0) )| <

g// (%2)’q + QS(P ( g// (%1)|q ,

7' c)l'),

by simple computation

I

IA

%1)| + 9%0(

0 0 06—
(f (n- )+fn ( 17)][
fo(Q(n—G))(
%66— " (x)|"+ 6
+fq 00 -n) (g Ca) + &

Al g// (%1)|‘7+A2(P< 17

similarly, we have

L < ﬂ((l—@)(l—n—@)”(

7" ()|, |g” G)))] do

7" ()] + 09 (|g” ,g”(%z)D)]qu

(
7' Ga)l’ + 6% (

gu (%1)|’1

g G)['))do

7 ()l))do
)'), (18)

g’ (%1)|q ;

7" )l g Go))))] 4o

7" ()] + % (
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1-1
ﬁ 1(1—6)(1—17—6)( )['))de

"y Ga)l))do
1-n

g// (%1)|q+A4§0< ’” q, g// (%2)‘q)/ (19)

thus, using (18) -(19) in (17) we obtain the first inequality of (16).
where we assume that 3 <

g// (%1)‘q , ’”

g )" + &

1
+ (1—6)(6+q—1)(

g// (%1)|q + ngo( 1"

Az

Lo< (|97 )| + @0 (jg” G |9 (2)]))] dO
: fo '+ [~ om=010(s" cal |5 calf)
= Aslg” )|+ Aep (|97 )l |97 (2)]), (20)
similarly
1
L < ﬁ1(1—6)(1—q—9)|[(g"(%1)|+esgo( " G|, g (2)]))] do

g// (%1)|‘7 do

1
f(l—e)(l—n—e)

1
+ f (1-0)(1-n-0)0p( 7’ (x2)|)do

Arlg” Ga)l + Ase (lg” )|, |9 G)') do, (21)

thus, using (20) -(21) in (17) we obtain the second inequality of (16).
Note that

fz o6 - 1n)|do
0

1
f|<1—6>(1—n—9)|

7’ ),

1

fne(n—e)d6+f29(9—n)d9
1

214 (1-3n+87%). (22)

1

f 1-0)1-n-6)do+ | (1-06)(0+n-1)do
2 1-n

21—4 (1-3n+87). (23)

This completes the proof. [

Theorem 3.13. Let 1 C R be an open interval, 11, 1, € Lwith 1 < #5.If g : I — R be a twice differentiable mapping
such that g is integrable and 0 < n < 1. If 'g” T is concave on [x1, %,], for some fixed g > 1, then the following
inequalities holds:

%1+%2) gOa)+g906)  4(1-a)
2 a(x — o)

(-1

PO (10) 0+ (12, 9) 0} + { (s 9) 0+ (T, 0) 0| en

a(x — #y)




S. Qaisar et al. / Filomat 38:16 (2024), 5905-5923 5917
o ([ 320%-8n+3 641> —32n*~161+5

(G o () )
o [ [ 64n°=32n*~16n+5 32n*-8n+3 1

Y (( 8@ -3+ )%1 + (8(8173 3'7+1)) )} for0<n<;

3n-1 ” 8n-3 161+5 16n+5 8n-3 1

3 { 7" () 2+ (serm) %2)| + 197 (s ) % + (n) %2)|} forz <<l

Proof. Using the Lemma 3.1, we have

81°-3n+1 {

24 +

(2 — %1)2

+

‘(77 1) %1 + %2) ng(%l) 72“9(%2) _ a‘t}(tlz:‘;)l)
o T ()0 (iar) 0]+ {(Ears) 0+ (“15) )]

IA

1 ”
(62— 1) f K@)I]g" (621 + (1 - 6) )| do

MU 160 - n)||g" (631 + (1 - 6) x2)| d6 +

f |1-0)a-n-0)|g" Ox1+1-0) x2)|d9}
=) [ : .
Tfo |9(e—n)|[f0 |06 -n)||g" (01 +(1 - 6)x2)|d6)+

1 1
I |(1—9)(1—n—9)|(ﬁ 1-0a-n-0)|s (6%1+(1—9)%2)|d6].

Let 0 <1 < 3, since [21, %3], and the power-mean inequality, and O € [0, 1], we have

<1
9" @1+ A=) x2)] > 0|9 Ga)|"+ (1 -0)|g” )|
(0]g” )| + A - 0)|g” (2)]),
hence,
9" (01 + (1= 0) %2)| > 09" Gar)| + (1= 0) |9 (32)] -

So,
By the Jensen integral inequality, we have

fo E |00 =n)|g" (031 + (1 - 0) %) dO

il 3
[f 9(n—6)+f 9(6—71)]9"(9%1+(1—6)%z)d9
0 Ul

n :
[f o-0)+ [ e(e—q)]de

0 0

(((from=0+ [ 00 -n)©x+a-0)d0

(Frem-0)+ [ o0 -n)do

L 32t —8n+3 e 64n® —32n* —16n+5
887 — 3+ 1) 88 — 3+ 1) 2

IA

IA

8n°-3n+1
24

, (25)
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similarly,

1
ﬁ [(1-0)1-n-0)|g" (0x1+ (1= 0)x2)dO

IA

1=n 1 ”
U (1—9)(1—1]—9)+f (1—6)(1—n—6)]g (01 + (1 - 0) %) dO
% 1-n

1-n 1
< 1-6)(1-n-6 1-0)(1-n-0
U -0a-n-0+ [ a-00-n )]

2

g"((f;’"(l—e)(1_n_e)+ﬁ_ (1—6)(1—11—9))(9%1+(1—6)x2))d6‘

(f“’a ) 1-n-0)+f A-0)(1-1- 9))

A

X

8n°-3n+1| , ((64n° =321 —16n+5 32 -8n+3
- 24 (( 81 —3n+1) )% +(8(81] —317+1)) ) (26)
using the (25) -(27) we obtain the first inequality of (24).
Let % <
fz |06 -1n)|g" (051 + (1 - 0) %) dO
0
; ([ lo©@-m) @+ -0} d0
< [f |6(9—q))de)g -
0 ;7 lee—mn|do
_3n-1| [ 81-3 l6n+5
= T | ((8(3 —1)) +(8(3 —1)) ) @7
similarly,
1
ﬁ |1-0)1-n-0)|g" (0% + (1 - 0)x2)dO
' ((fla=oa-n-6)©x+1-6)x)a0
< [f ((1—9)(1—n—9)|d9]g -
: f%|(1—6)(1—r]—9)|d9
3n=-1| ,(f 16n+5 8n-3
o (s (s )| )

using the (27) -(28) we obtain the second inequality of (24).
This completes the proof. O

Theorem 3.14. Let I C R be an open interval, 11, 1, € Lwith 31 < #p.If g : I — R be a twice differentiable mapping
such that g is integrable and 0 < n < 1. If |g”| is a gp-quasi-convex on [x1, %5), then the following inequality holds:

'(n g %1+%2) L0700 | 40—
2 a(y — ny)
z (fz(f)%l) {5170 @0+ (“10) (k)} {9 )(k) + (CFI“M) w}]
L Lo —241) ( - 3'M)max ' i +9(lg” ))] foro<n<i, -
(5 )max[( g " ()] + 9 (g7 1 ))] fori<n<1l
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IN

'(n 1) %1 +%2) g)+g06)  4(1-a)
2 a(n2 — ny)
T G e R B R

1
(2 - 2’ f K@)I]g" (0% + (1 - 0)x2)|d6
0

(x

Ne

(%

2~ %1)

%1)

A

2 —11)’
2

[ + 1],

where we assume that 0 <1 <

I

IA

1 using the ¢-quasi-

f|9(9 M|lg" (031 + (1 - 0) )| d6

f |a-0)1-n-0)||g" (0x1 + (1 - 0) x2)|dO

fo o0 - m|max[(lg” el g 6l + o (j9” G o G| de

[ fn 0(n-0)+ : (60— n))} max|(|g” G|, |97 G| + ¢ (j9” G|, |9 Ga)l))] 40
0 n

(8n3—3n+1

24

Similarly, we have

I

IA

j:’|(1—6)(1—17—9)|max[( "

1-1
| a-ora-n-emax|(s

1
+flw(1—6)(6)+17—1)max[(g”

|

2

87°-3n+1

24 ) max [( "’

D] g7 G|+ o

)max [(lg” Gl o Gl + @ (Jg” G| |5 )] a0

N 6l + 9 (1”

)|, |77 )] + 9 (|97

7" ()| + o

g’ (%2)| ,

)|,

7" (%),

Using equality (32) and (33) in (31) we get the first inequality (29) holds.

where we assume that 1 <7 < 1, using the ¢-quasi-

I

IA

f|9(9 )| max [(
M G(n—Q)]max[( "

5

3n-
24

I

’’

1)/

’’

(

1 +§0(

g// (

+ (9" Gl lo” o)) de.

g’ (a)]))] 40

)]0

g ()]))] 40

)]0

g’ o)) d@]

9’ (%1)|))] de.

5919

(30)

(31)

(32)

(33)

(34)
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similarly
L < f; (1= 6)(1 = = 0)| max[(lg” G| lg” G| + ¢ (|77 2| |9 (0)]))] 6
- f; |- 0) (1 -n-0)|max|(|g” )| |97 Ga)| + ¢ (j9” G2, |97 (x1)]))] 4O
_ (%)mx [(l9” Gl o o] + (9" e2)] |9 Ga))] . (35)

Using equality (34) and (35) in (31) we get the second inequality of (29). This completes the proof. [

4. Applications to Special Means

We shall consider the following special means:
(a) Arithmetic Mean:

U1+ Ao

A=A(4, %)= >

,n1, %2 2 0;
(b) Geometric Mean:

G = G(n1, %2) = Vrima, x1, %3 > 0;
(c) Harmonic Mean:

2%1 %)
S, %2 2 0;
2

H=H 1, %) =

(d) Logarithmic Mean:

Uy — Hq

L =
(%], %2) In Uy — In U

ny, ny >0, %1 # Ho;

(e) Generalized logarithmic Mean:

r+1_%r+1 r
L: = L; (%1,%2) = [m} reR- {—1,0},%1, Uy € ]R,%l * U,

It is well known that L] is monotonic nondecreasing over r € R with L_; = L. In particular, we have the
following inequalities

H<G<L<A.

Proposition 4.1. Lef 1, 1y € Rwith 0 < %1 < #y. Then we have

1 o 2 5 (2=2)1, 2

‘5%1 (%1,%2) + 5%1 (o1, #2) = L2 (1, #2)| < — [4%1 + %2]. (36)
Proof. The assertion follows from Theorem 3.2 with g (x) = %, x€[n,%],BO)=B(1)=1lands=a=1,n= %,
and a simple computation, where |g”’| is s-q-convex function with ¢ (%1, x2) = 211 + %, (See Example 1) .
Proposition 4.2. Let #1, #2 € Rwith 0 < %1 < #p. Then we have

1 5 5 2 5 6 10 (%2 - %1)2 3 9 9

‘5%1 (%1,%2) + 5%1 (1, #2) = L (1, 1) | < — 81 [2%1 +x]+ %2]. (37)
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Figure 1: Graphical behaviour of inequality (4.1) (a) z (%1, #2) and Z (%1, #2) and Z (31, #2) =z (%1, #2).

Proof. The assertion follows from Theorem 3.2 with g (x) = %, x€[n,%],BO)=B(1)=1lands=a=1,n= %,

g”' is s-p-convex function with ¢ (11, %) = 3%% (1 — %2) + 3% (1 — %2)* +

and a simple computation, where
(n — %2)3 (See Example 2). [

Proposition 4.3. Let #1, #2 € Rwith 0 < %1 < #p. Then we have

2(xy — 11)?

<
- 81

1 2
‘5%1 (x3,23) + 3% G, 0) = L3 (4, 20)

(38)
O

Proof. The assertion follows from Theorem 3.14 with g (x) = X%, x € [#1, #p], where
s=a=1,1n=3,and asimple computation, where
Example 3) O

7’| =2,B(0)=B(1) =1and
g”| is @- quasi-convex function with ¢ (11, #p) = #1 — %2 (See

0020
Dﬂ|5——
0010

0.005—

(b)

Figure 2: Graphical behaviour of inequality (4.3) (a) g (31, %2) and Q (1, %#2) and Q (31, %2) — 4 (%1, %2).

5. Graphical Explantation

In order to show the reliability of the obtained inequalities (36) and (38) in the context of ¢-convex and
@-quasi convex functions, respectively, we give two three-dimensional graphs. From inequality (36), we
define

1 2
3% (%411, %é) + 5%11 (1, %0) = L2 (1, %2)  : =z (31, %)
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(%2 — #1)* [4%% + %é] .

7 =Z (%1/ %2)
From inequality (38), we define
Ly (%2 %2)+g%2(% )= L3( )+ =q( )
3 1\ A7, A 3% 1, 42 s M1, %) 1 =4, A
2 (s — #1)? _
81 - Q (%1/ %2)

6. Conclusion

Numerous authors continue to work on various fractional operators to study the integral inequalities
that generalized a wide range of different inequalities. One of the similar characteristics in fractional
calculus is the restatement of certain integral inequalities for specific function classes using the Caputo-
Fabrizio operator. Here, in this article, some inequalities of type Hermite-Hadamard type related to the
Caputo-Fabrizio operator on functions whose second derivative is s-p-convex in the second sense are
derived. Furthermore, by analyzing this study, we have established several unique error bounds that were
connected to the already published results. For the Caputo-Fabrizio integral operator, numerous fractional
versions of various well-known inequalities can be generated, providing the theoretical achievement of
extensive work in the field of fractional inequalities. In the future work, similar inequalities would be
demonstrated for coordinated convex functions and other types of functions by mathematicians.

References

[1] Jensen, J.L.W.V. Sur les fonctions convexes et les inegalites entreles valeurs moyennes. Acta Math. 1905, 30, 175-193.
[2] Yang, H., Qaisar, S., Munir, A., & Naeem, M. New inequalities via Caputo-Fabrizio integral operator with applications. AIMS
Mathematics, 2023, 8(8), 19391-19412.
[3] Dragomir, S.S.; Pearce, C.EM. Selected Topics on Hermite-Hadamard Inequalities and Applications; RGMIA Monographs,
VictoriaUniversity: Footscray, Australia, 2000.
[4] Hadamard, J. Etude sur les propriétés des fonctions entieres en particulier d'une fonction considérée par Riemann. J. Math. Pure
Appl. 1893, 58, 171-215.
[5] Kirmaci, UK.; Bakula, M.K.; Ozdemir, M.E.; Pecari “c, ]. Hadamard-type inequalities of s-convex functions. Appl. Math. Comput.
2007, 193, 26-35.
[6] Mohammed, P.O.; Abdeljawad, T.; Zeng, S.; Kashuri, A. Fractional Hermite-Hadamard integral inequalities for a new class of
convex functions. Symmetry 2020, 12, 1485.
[7] Vivas-Cortez, M.; Abdeljawad, T.; Mohammed, P.O.; Rangel-Oliveros, Y. Simpson’s integral inequalities for twice differentiable
convex functions. Math. Probl. Eng. 2020, 1936461.
[8] Ofem, A.E., Hussain, A., Joseph, O., Udo, M. O, Ishtiaq, U., Al Sulami, H., & Chikwe, C. F. Solving Fractional Volterra-Fredholm
Integro-Differential Equations via A** Iteration Method. Axioms, 2022, 11(9), 470.
[9] Okeke, G. A., Ofem, A. E., Abdeljawad, T., Alqudah, M. A., & Khan, A. A solution of a nonlinear Volterra integral equation with
delay via a faster iteration method. AIMS Mathematics, 2023, 8(1), 102-124.
[10] Abdeljawad, T. Fractional operators with exponential kernels and a Lyapunov type inequality. Advances in Difference Equations,
2017, 1-11.
[11] Ofem, A. E., Udo, M. O., Joseph, O., George, R., & Chikwe, C. F. Convergence analysis of a new implicit iterative scheme and its
application to delay Caputo Fractional differential equations. Fractal and Fractional, 2023, 7(3), 212.
[12] Abdeljawad, T., Baleanu, D., On Fractional Derivatives with Exponential Kernel and their Discrete Versions, Reports on Mathe-
matical Physics, 80(1), 2017, 11-27.
[13] Almeida, R. A Caputo fractional derivative of a function with respect to another function. Commun. Nonlinear Sci. Numer.
Simul. 2017, 44, 460-481.
[14] Abdeljawad, T.; Mohammed, P.O.; Kashuri, A. New modified conformable fractional integral inequalities of Hermite-
Hadamardtype with applications. J. Funct. Space. 2020, 4352357.
[15] Abdeljawad, T.; Baleanu, D. On fractional derivatives with exponential kernel and their discrete versions. Rep. Math. Phys.
2017,80, 11-27.
[16] Abdeljawad, T.; Baleanu, D. Integration by parts and its applications of a new nonlocal fractional derivative with Mittag-Leffler
nonsingular kernel. J. Nonlinear Sci. Appl. 2017, 10, 1098-1107.
[17] Baleanu, D.; Mohammed, P.O.; Vivas-Cortez, M.; Rangel-Oliveros, Y. Some modifications in conformable fractional integral
inequalities. Adv. Differ. Equ. 2020, 374.



[18]

[19]
[20]

[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]

[38]

S. Qaisar et al. / Filomat 38:16 (2024), 5905-5923 5923

Fernandez, A.; Mohammed, P.O. Hermite-Hadamard inequalities in fractional calculus defined using Mittag-Leffler kernels.
Math. Methods Appl. Sci. 2020, 44, 8414-8431

Gunawan, H.; Eridani. Fractional integrals and generalized Olsen inequalities. Kyungpook Math. J. 2009, 49, 31-39.

Han, J.; Mohammed, P.O.; Zeng, H. Generalized fractional integral inequalities of Hermite-Hadamard-type for a convex function.
Open Math. 2020, 18, 794-806.

Iscan, I.; Kunt, M.; Yazici, N. Hermite-Hadamard-Fejér type inequalities for harmonically convex functions via fractional integrals.
New Trends Math. Sci. 2016, 4, 239-253.

Mohammed, P.O.; Sarikaya, M.Z.; Baleanu, D. On the generalized Hermite-Hadamard inequalities via the tempered fractional
integrals. Symmetry 2020, 12, 595.

I. Demir, A new approach of Milne-type inequalities based on proportional Caputo-Hybrid operator: A new approach for
Milne-type inequalities, Journal of Advances in Applied and Computational Mathematics, 10, 2023, 102-119.

H. D. Desta, H. Budak, and H. Kara, New perspectives on fractional Milne-type inequalities: Insights from twice-differentiable
functions, Universal Journal of Mathematics and Applications, 7(1), 2024, 30-37.

H. Kadakal, ,Inequalities Of Hermite-Hadamard type for n-times differentiable arithmetic-harmonically functions, Honam
Mathematical Journal, 44(2), 2022, 244-258.

H. Kadakal and M. Kadakal, Some Hermite-Hadamard Type Inequalities For trigonometrically p-convex functions via by an
identity, Mathematical Combinatorics, 4, 2022, 21-31.

Qi, F; Mohammed, O.P; Yao, J.C; Yao, Y.H. Generalized fractional integral inequalities of Hermite-Hadamard type for
(@, m)—convex functions. J. Inequal. Appl. 2019, 135.

Set, E.; Butt, S.I.; Akdemir, A.O.; Karao glan, A.; Abdeljawad, T. New integral inequalities for differentiable convex functions via
Atangana-Baleanu fractional integral operators. Chaos Solitons Fractals 2021, 143, 110554.

Sarikaya, M.Z.; Aktan, N.; On the generalization of some integral inequalities and their applications. Mathematical and computer
Modelling, 2011. 54(9-10), 2175-2182.

Mohammed, P.O.; Sarikaya, M.Z. Hermite-Hadamard type inequalities for f—convex function involving fractional integrals. J.
Inequal. Appl. 2018, 359.

Mohammed, P.O.; Abdeljawad, T. Modification of certain fractional integral inequalities for convex functions. Adv. Differ. Equ.
2020, 69.

Mohammed, P.O.; Sarikaya, M.Z. On generalized fractional integral inequalities for twice differentiable convex functions.
J.Comput. Appl. Math. 2020, 372, 112740.

Mohammed, P.O.; Abdeljawad, T. Integral inequalities for a fractional operator of a function with respect to another functionwith
nonsingular kernel. Adv. Differ. Equ. 2020, 363.

Y. C. Rangel-Oliveros, M. ]J. Vivas-Cortez, Ostrowski type inequalities for functions whose second derivative are convex gener-
alized, Appl. Math. Inform. Sci., 6 (2018), 1117-1126.

Glirbiiz, M.; Akdemir, A.O.; Rashid, S.; Set, E. Hermite-Hadamard inequality for fractional integrals of Caputo-Fabrizio type
and related inequalities. J. Inequl. Appl. 2020, 1-10.

Sarikaya, M.Z.; Set, E.; Yaldiz, H.; Basak, N. Hermite-Hadamard inequalities for fractional integrals and related fractional
inequalities. Math. Comput. Model. 2013, 57, 2403-2407.

Caputo, M.; Fabrizio, M. A new definition of fractional derivative without singular kernel. Prog. Fract. Differ. Appl. 2015, 1,
73-85.

Abdeljawad, T.; Baleanu, D. On fractional derivatives with exponential kernel and their discrete versions. Rep. Math. Phys. 2017,
80, 11-27.



