Filomat 38:17 (2024), 6237-6244

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2417237K

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
2 S
) @
b, &
Ty s

5
TIprpor®

Well-posedness and analyticity for quasi-geostrophic equation in the
Besov-Morrey spaces characterized by semi-group

Hassan Khaider®*, Achraf Azanzal®, Chakir Allalou®, Said Melliani®

® Laboratory LMACS, FST of Beni-Mellal, Sultan Moulay slimane University, Morocco.

Abstract. In this work, we show the existence and uniqueness, the analyticity of the solutions and the decay
estimates of the solutions of the quasi-geostrophic equation (QG) in the Besov-Morrey spaces charterized
by the semigroup T, := ", noted by Ny ,- If we assume that the initial data 6 are small and belong to
the Besov-Morrey critical spaces, we obtain the global well-posedness results of the QG equation.

1. Introduction

In this paper, we are concerned with the two-dimensional dissipative quasi-geostrophic (QG) equation:

9t8+Vg-V8+yA2“9:0, x€R%t>0,
V@ = (_7{29/ ﬁ16)/ (1)
0(0,x) = Gy(x).

Where 1 > 0is the dissipative coefficient, a > % is areal number, 6(t, x) is a real-valued function of two space

variables t and x. The function 0 represents the potential temperature. The velocity Vg is incompressible
and determined from 6 by a stream function g,

dg 9
Ve:( U 9),

-, = 2
8x2 ! 83(1 ( )

where the function g is satisfies
Ag =-0. 3)

We define the operator A by the fractional power of —A :

Av = (-M)"v,  F(Av) = F(-0)"*) = |EI1F (v),
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and more generally

F(A*) = F((-1)"0) = [EF*F (v),

where ¥ is the Fourier transform. The relation between (2) and (3) can be determined by using the Riesz
transform as follows

Vo = (95,A710, -9, A710)
= (—R20,R:10),
where R;, j = 1,2, is the Riesz transform defined by
R; = dy,(-A) V.

The QG equation is a partial differential equation that describes the evolution of large-scale atmospheric
and oceanic flows. With important assumptions that allow for a more tractable mathematical formulation,
the QG equation is a simplified version of the Navier-Stokes equations, which govern fluid motion in
general.

Our study is driven by two primary motivations. The first motivation stems from the examination
of actual geophysical flows in the atmosphere, specifically focusing on the phenomenon of frontogenesis.
Frontogenesis refers to the formation of strong boundaries between hot and cold air masses, and we aim to
study this process within the framework of quasigeostrophic approximations, without explicitly considering
ageostrophic effects [19]. Frontogenesis is a term commonly used by atmospheric scientists to describe the
development of a discontinuous temperature front within a finite time period. The second motivation for
our study arises from the remarkable physical and mathematical similarities observed between the behavior
of strongly nonlinear solutions to these equations in two dimensions and the behavior of potentially singular
solutions to the Euler equations governing three-dimensional, incompressible flow [18]. This connection
presents an intriguing unresolved problem within the theoretical turbulence community, and we seek to
explore and understand this analogy further (for more detail see [3, 14, 19]).

The intriguing aspect lies in comprehending the case of small values, or more precisely, when the
dissipation approaches zero, the quasi-geostrophic equation converges to the three dimensional Navier-
Stokes equations. Although artificial, this model is physically interesting in the case @ = 1. Mathematically,

the power a = 1 corresponds to the index for which the nonlinear term and the dissipation are of the same

order (for more detail see [4]) . The case o > % is called sub-critical, and the case a = % is critical, while the
case 0 < & < 1 is super-critical, respectively.

There exists an extensive body of literature on the global-in-time well-posedness of fluid dynamics
partial differential equations in various spaces. The conditions for smallness are typically imposed in
critical spaces, which are invariant under the scaling associated with the model. Notably, for models such
as Navier-Stokes equations, well-posedness outcomes have been demonstrated in critical spaces, including
Lebesgue space L [8, 11], Marcinkiewicz space L/* [15], Morrey spaces M, [12], Besov spaces B%HZ“
[13, 17], Fourier-Besov spaces TB:W [5, 10, 14], Fourier- Besov-Morrey spaces ¥ N’ ;/ Ag [1,6,9].

In order to solve the equation (1), we consider the following equivalent integral equation coming from
Duhamel’s principle

0(t) = Ta(£)60 + B(6, O)(1), (4)

The operator T, := e"2)" is defined as the fractional heat semigroup operator. It can be interpreted as a
convolution operator using the kernel k;(x) = #~1(e""), and

t
B(6, £)(1) = fo Tu(t =€) (Vo - VE) (e)de. )

By utilizing the equivalent integral equation (4) and applying the contraction principle, we can demon-
strate the existence of global solutions for (1) with dissipation, provided that the initial data is sufficiently
small and belongs to the space N; 1+ Then we show the analyticity of this solution by Gevrey estimates.



H. Khaider et al. / Filomat 38:17 (2024), 6237-6244 6239

Allow us to present the function space N; , of the Besov-Morrey type, which is defined by the linear
semigroup T,.

Definition 1.1. Let @ > 0,1 <p <oo,5 > 0and 0 < A <2, the function space N;,A(]Rz) is defined as follows:
N; (R = {p € S, llplh; , < oo,
Iplle, = sup FITa()pllyg-
’ >0

In Theorem 1.2, we show the well-posedness in the scaling critical spaces N; (R?) with 1 <a<min(1l,}+

%). The following is our result in subcritical cases.

Theorem 1.2. Let a, A, psatisfyp >0,0<A <2 and % <a<min(l,3+ %).
Then, there exists a positive constant v = v(a, A, p), such that for the initial velocity 0y € N (R?) satisfying div
09 = 0 and

1olln;, < v,

the Eq (1) has a unique global solution O satisfying

sup t_s||9(f)||/v(;) < 2||90||N;A-
>0 ’

Where's = 5-(1 — 2a + Z‘TA).

The following Theorem provides the result regarding analyticity.

Theorem 1.3. Under the conditions of Theorem 1.2, there exists a positive constant p = f(a, A, p), such that for the
initial velocity 0o € Ny (R?) satisfying

I6olln: | < B,

the Eq (1) has a unique analytic solution e V0" 0 e N> | such that

VIAR g1
lle ™ Ol < CliBolln:

where C is a positive constant.

Furthermore, In Theorem 1.3, we proved the analyticity of the solutions, which allows us to obtain an
estimate of the decay in time of the solutions.

Theorem 1.4. Under the conditions of Theorem 1.2, for any y > 0, the global solution 6 € N; , and eViIA g ¢ N; 1
satysfing the decay in time estimate

—A) O|ne :
=AY Bllx: < CE¥ 1Bl
where C is a constant depend « and y.
The structure of this paper is as follows: Section 2 revisits the Morrey space definition and outlines some

of its properties that will be applied in the sequel. Our result on global solutions are presented in Section
3, and Section 4 contains the proof of the solutions analyticity and the decay in time estimate.
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2. PRELIMINARIES

In this section, we recall the definition of the Morrey space and some of their properties which will be
used throughout the paper, and then we give some lemmas concerning the Gevrey estimate.
We start by recalling the functional spaces M;}

Definition 2.1. Let 1 < g < coand 0 < A < d. The homogeneous Morrey space MQ are defined by
MGR?) = (g € Ly, (RY), llpll g < o0}
with

ll@llpg = sup sup R- q“@”U’(B(xo R)/ (6)
xpeRd R>0

where B(y, R) is the open ball in R? centered at y and with radius R > 0.

The space M; endowed with the norm ||¢|| m:isa Banach space and has the following scaling property

(Bl a2 = 5_7||(P(X)IIMA for  u>0.

In the case of p = 1, the norm | - |1 in equation (6) corresponds to the total variation of the measure ¢ on the
ball B(y, R), and the space M;,‘ is regarded as a subset of Radon measures. When A =0, Ma‘ is equal to L1.

Lemma 2.2. [16] (Holder’s inequality)

Let 0< Ay, Ay, Az <mnand 1 <rq,ta,13 < 00, such that % = % + % and f—; = % + %, then we have
19l s < WALy lIgll o - )
3 5} 2
Lemma2.3. [16] Let1 <1 <1y < o0 and d;% < d‘yfz, then

ME(RY) — MI(RY).
By combining [22, Lemma 3] with [21, Lemma 2.3], we can derive the subsequent lemma

Lemma24. Let 1 <p1 <py<00,0<A<dand = (B1,B2) € (INU e
If f € S'(RY), then there exists a constant C depending only on n such that

RN S 7 S W i1
|Wffﬁﬂ|A<GZXvaﬂmWL
Finally, we will use the following three lemmas to obtain the Gevrey estimates.

Lemma 2.5. [23] If the operator O = e”INe=&+ Ve VallAl for 0 < ) < &y, then O is either the identity operator or
an LY(R?) kernel whose L'(IRY) norm is bounded independent of &3, €1.

Lemma 2.6. [2] The operator O = e+ VUA" s g Fourier multiplier which maps boundedly M, (]Rd) -
MQ (le) ,1 < p < oo, and its operator norm is uniformly bounded with respect to b > 0.

At the end of this section, we will introduce a bounded estimate that involves the bilinear operator L;(P;, ©;)
in the following form:

Li(@y, Dy) : = e VA" (e* VHAF @y, o= VHAR (Dz)

= f d f d ¢i5Ce VIEh=E=h WG, ( — ), (m)dvdC.
R4 JIR
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Lemma 2.7. [21] Let 5 + - = 1 and 1 < p < co. Then we have

1
P2
(@1, Pl ygs ey < ClID g e[ P2ll gy (-

Where C is a positive constant independent of 1 and ;.

3. WELL-POSEDNESS.

In this section we give a proof of Theorem 1.2. To do that we will start by giving the bilinear estimate
defined in (4). We denote

Z:={f eS8, Ifllz < oo},
with
Ifliz="sup 7= fllpp,

wheres =1 -2a + %. Then, we obtain the bilinear estimate for IB(6, &) in Z.
Lemma 3.1. Leta, A, psatisfy 0<A <2 and % <a< min(l,% + % .

Then, there exists a positive constant Cy such that

IB(O, E)lins, < CillOlIzIIElz, (8)

forall 6,& € Z.

Proof : Applying Lemma 2.4 and Holder’s inequality we get

| fo tn(t—e)(va'va»(e)deﬂw < fo ti

Tolt - &) (Vo - VE) (o)
t

‘de
M,

—L_Ld2A_2-A

0 o,
t . :
: Cfo (t— &) =05 ’9"/\4;} IEHMQdE

¢
—Ll(+22y, s
sCf (t = &) =6l Nl
0

Multiplying ¢~ on the both sides of the above two inequalities, we get

o

< ' - (1+%4)
LS CEENOZlENz | (F—e) =TT v e,
My 0

t
[ Tt wo-ven e

wheres =1-2a + %, then
IB(O, E)lin:, < CalllIZIIE]lz-

Since C; is independent of ¢, we have now completed the proof of Lemma 3.1. O

Proof of Theorem 1.2: It is simple to verify that the indices @, A and p provided in the Theorem 1.2
satisfy the assumptions of Lemma 3.1 and Lemma 2.4. Suppose 6, € N; (IR?) with divergence free.

By the definitions of || - ||z, we see that ||T(-)00llz = ||90||N; - Then, let us introduce the map ® and the
complete metric space (Y, d), defined as follows:

Y := {9 € N;/A(]R2)z, [10]lz < ZHQOHNZ,,\}'
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d(6,¢) := 110 = &liz,
OO)(®) := Ta(t)0o — B(6,0)(1), teR,

where B(:, -)(t) is defined in (5). Applying the inequality (8), then for all 0 € Y, There is a positive constant
C; such that

1©@)llz < Iollx;, + CallOllzII6llz o
<116olls {1 +4Call60lln: -

Furthermore, utilizing Lemma 3.1, we can find a positive constant C; such that for any 6,& € Y, we
have:

16O) -6z =I1B(6,6 -<)+B(6 <, )z

< Gs(llOllz + NIENNE — &l (10)
< 4G3[l60lln: 116 = iz

Now, let us assume that initial velocity 6y € N; A(IRZ) satisfies

1

s < in{— , —
180ll;, < min{ 8C.’ 1C, ¥

we obtain from (9) and (10) that
18Oz < 21|60l ,,

16(6) -~ O(©)lz < 5110 - &1l

forall6,é €Y.
Thus, applying the contraction mapping principle, we can conclude that there exists a unique global
solution 6 € Y that satisfies (4) for all t > 0. This completes the proof of Theorem 1.2. O

4. ANALYTICITY AND DECAY IN TIME ESTIMATE

This section is dedicated to proving the Gevrey class regularity and the decay in time estimate for the
2D quasi-geostrophic equations in the Besov-Morrey spaces charterized by semigroup.

e THE ANALYTICITY
Inspired by [20, 21], we have the following specific results.

Lemma4.1. Let o, A, psatisfy 0<A<2 and 1 <a<min(l, i+ %). Then,
(i) There is a positive constant Cy such that

lle VAT (580l , < CallOollns
(ii) There is a positive constant Cs such that
IB(O, 7)(B)lIx;, < Csl1Olls g1,

where

t
B(O, 7)(t) = e VA" f Tolt = &) (67 VIN'Vg - Ve VI g)) (e)de.
0
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Proof: Applying Lemma 2.4 and Lemma 2.6, we get

povnoa,, <foeeal,

_ HeWlAl“e%“—A)"e—%“—A)“ 90”
M/\

< He—“—A)“ 90”
- M)
< C”Q H .

0 My

Then
le VA" T (6ol , < CliGul;, -

And on the other hand applying Lemma 2.5, Lemma 2.6 and Lemma 2.7, we get
[5@.9],,

'
= [l VHA® f Ta(t —€) (e* VeI, L Ve ‘ElAlag)) (e)d€|
0

M

t
= ||e VAlAI f Ta(t — €)e” VEIAL® o Vel Al (e— Vel Al Vg - Ve~ \@IA\“!])) (S)d&"
0

My
t

_ f e«mAwe—(t—s)(—A)“e—\/?IAl“VLt(Vs,g)(f)d€|
0

A
M;

t
= f e_(‘/;“/*l‘ﬁ)wae‘/t:'/we_(t_g)(_maVLt(Vg,g)(e)de”/w
0 q

t
_ f o~ (Ve VE=VDIAR o VAR + 3 (=00 = 3= -AY g (V7 g)(g)dg”w
q

0
t
< C” f g*%(tff)(fA)“VL,(Vg, g)(e)de” .
0 My
Applying the Lemma 2.7 and following the same argument presented in the proof of Theorem 1.2, we

can readily establish the desired result.

e DECAY IN TIME ESTIMATE

To show Theorem 1.4, we need the following lemma.

Lemma 4.2. [7] The Fourier multipliers associated with the symbols A(E) = |&Pe VI are obtained by
convolving with their respective kernels K. These kernels are functions in L' with ||K]||» < Ct .

Proof of Theorem 1.4: Using the Lemma 4.2, Lemma 2.6 and Theorem 1.3, we obtain

Jesvesronl,, - reorcvan],
q

< Ct—% e\ﬁ\A\“—t(—A)“ Q(t)‘

A
Mg

2| 1Ay o -3 H-A)
< Cti||ert-A)r+ Viare™ Q(t)HM\

<Ct s

_3 t(— A)zv
e G(t)”Ma\.
Multiplying ¢~2 on the both sides of the above two inequalities, we get

oo, scrifoo],
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Then, by Theorem 1.2, we have
y Y
”(_A)) Q(t)”N;A < Ctu ”60”1\];\

This finishes the proof of Theorem 1.4.
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