Filomat 38:17 (2024), 6245-6257

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2417245A

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
2 S
) @
b, &
Ty s

&
Ipapor®

Weak solution for obstacle problem with variable growth and weak
monotonicity in Sobolev spaces with variable exponent

Mouad Allalou?, Mohamed El Ouaarabi*®, Abderrahmane Raji?

? Applied Mathematics and Scientific Computing Laboratory, FST, Sultan Moulay Slimane University, Beni Mellal, Morocco
b Department of Mathematics and Informatics, Faculty of Sciences Ain Chock, Hassan II University, Casablanca, BP 5366, 20100, Morocco

Abstract. In this article, we investigate the presence of weak solutions for obstacle problems f Al(z,u,Du) :

Q
D@ —u) + ¢(u) : D(v —u)dz > 0, for v belonging to the following convex set Ky, applying the Young
measure theory and a theorem by Kinderlehrer and Stampacchia, the desired outcome is achieved.

1. Introduction

We are interested in the study of existence and uniqueness of weak solutions for obstacle problems:

fﬂ(z,u,Du):D(v—u)+¢(u):D(v—u) dz >0
Q

vE 7(¢,9

where

Kyo ={v e WHQR"™: v-0e W (QR™, v2 ¢ ae. inQ)l. )
Here, Q) is a bounded open domain in R*(n > 2) and u : {3 — R™ is a vector-valued function.

Research into obstacle problems dates back to the 1960s, when G. Stampacchia [38] and G. Fichera [22]
made pioneering discoveries. It was determined that solutions to the obstacle problem cannot be of
class C?, regardless of the regularity of the obstacle, prompting the development of the concept of weak
solutions and the theory of variational inequalities through the work of J.L. Lions and G. Stampacchia [31].
Functional analysis methods are currently used to solve these issues, and the goal is to find conditions
in which weak solutions can become classical ones (see [16]). For further information, please refer to the
monographs [1, 2, 12, 17, 21, 26, 29, 36, 39-41]. Junxia and Yuming [28] studied the boundary regularity
of weak solutions to a nonlinear obstacle problem with a C'#-obstacle function and found a Clll;‘z boundary
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regularity. Jacques-Louis Lions [32] studied the presence of solutions to parabolic obstacle problems via
variational inequalities. In [37], the author examined obstacle problems with measure data related to p-
Laplace type elliptic equations and checked the relationships between the solutions’ low order regularity
characteristics and the nonlinear potential of the data. H. El Hammar et al. in [24, 25, 27] verified the
existence of a weak solution to the quasilinear elliptic system under regularity, growth and coercivity
conditions for A by utilizing Galerkin’s approximation and the theory of Young measures. Many papers
have been devoted to the study of the existence and uniqueness of weak solutions for the obstacle problem
(1) using classical monotone methods developed by [3, 4, 43]. In [23], the author studied the scalar version
of problem (1) and showed the existence of a weak solution with variable growth. For further works on
related topics, see [15, 20]. The use of Young measures in elliptic systems is discussed in [6, 24, 25].

E. Azroul and F. Balaadich in [10], the following quasilinear elliptic system was considered:

—div(o(x, Du) + p(u)) = f inQ,
u=>0 on 8Q,

where f belongs to the dual space W=#' ((; R™) of Wé’p (€; R™), the authors proved the existence of weak
solutions under weak monotonicity assumptions on the stress tensor ¢ : QO X R” x M"™" — M"" and by
the theory of Young measures.

By taking into consideration the works of [10], this paper proves the existence and uniqueness of weak
solutions for obstacle problems (1). The result is extended by incorporating a general source term with
constant growth and weak monotonicity, through the concept of Young measure and the Kinderlehrer and
Stampacchia theorem.

We denote by M"™" the set of real m by n matrices equipped with the usual inner product S : G = }; ; S;Gij.

The obstacle function ¢ : Q — R™ defined in (2) and 6 € W' (QQ; R™) is a function which gives the boundary
values. We will study the solution u € K g for (1) under the following hypotheses:

(fo) A : QX R" x M™" — M"™" is a Carathéodory function (i.e., measurable with respect to z and
continuous with respect to the last variables).

(f1) There exist N; € L7 (Q), N, € L1(Q) and ¢;, ¢, > 0 such that
\A(z,S,G)| < Nu@) + i (ISP +IGP ), (3)
A,5,6): G = ~Na(2) + calGl, @
for a.e. z € Qand all (5,G) € R™ x M"™*",
(f2) A satisfies one of the following conditions:

(@) The map G~ Alz, u, G) is strictly quasimonotone, i.e., there exists constants c3 > 0 such that
f (A 1,G) - Az, u,K)): (G-K)dz 2 c5 | IG-KF dz
Q Q

forallz € Q and G, K € M™",

(b) There existsa function Z : QxXR"xXM"*" — Rsuch that A(x, u,G) = g—é(z, u,G),and G — Az, u, G)
is convex and C!.

(c) Forall x € QQ, themap G+ A(z,u,G)isa C!-function and is monotone, i.e.
(A u,G) - A u,K)): (G-K) 2 0

forall x € Q and G,K € M"™",
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(f3) ¢ : R™ — M"™" is linear and continuous and there exists a constant c; > ap > 0 such that
lp@u)| < ap.
We will demonstrate the existence of a solution for the obstacle problem (1)-(2).
Theorem 1.1. Suppose Ky,o # 0 and A satisfies the conditions (fo)-(f2). Then, there exists a weak solution u € Ky,
to the obstacle problem (1)-(2). In other words, there exists a function u € Ky g satisfying
fgﬂ(z, u,Du) : D(v —u) + ¢(u) : D(v —u)dz >0

for each v € Ky .

We rapidly outline the contents of this work in the following way: Section 2 sets out the basis of Sobolev
spaces, including the Kinderlehrer and Stampacchia theorem and a concise explanation of Young measures.
Section 3 gives the proof of the existence of solutions to obstacle problems, while Section4 provides the
proof of the uniqueness of solution to obstacle problems.

2. Mathematical Preliminaries

In this section, we review the properties of Lebesgue and Sobolev spaces which will be employed in
what follows. Consider a bounded open domain Q in RN (with N > 2) having a smooth boundary 9Q. We
will start by discussing a theorem by Kinderlehrer and Stampacchia and then present a review of Young
measures along with some of its properties that will be necessary later.

2.1. Spaces of Lebesgue and Sobolev
We define the Lebesgue space L7 (Q)) by

F(Q) = {w : Q2 — R : w is measurable and f lwPdx < oo},
Q

1
4
lleoll, = (f IWI”dZ) :
Q

We denote by L7 (Q) the dual space of L(Q), where

1
p

endowed with the norm

+l,=1
p

The classical Sobolev space is defined by
WY (Q) = {w e LP(Q) and |Vuw| € LF(Q)},
with the norm
ol = llewlly + IVell, Vo € WH(Q).

For 1 < p < oo, W#(Q) is a reflexive Banach space. The space Wé’p (Q) is well defined as the closure of D(Q)
in W'(Q) with respect to the norm ||w||;,. We can identify the dual of Wé’p (Q) to a subspace of the space
of distributions 9’(Q2) by:
1y _ (kP ! P
W @) = (W (@), (p _ p—_1)~

The manipulation of Sobolev spaces often involves the use of specific Sobolev injections, such as the
Rellich-Kondrachov theorem.
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Proposition 2.1. Assume Q of class C* and p < N. Then

1 . o w Np
W (Q) —— LI(Q),Yq e |1,p"| withp* = N_—p

In particular, W?(Q) << LP(Q) for all p € [1, +o0). In the sequel, the Holder inequality and the following
Poincare inequality (see [33, Lemma 2.2] ), there exists a positive constant § such that

llwll, < §||Dw||,,, Vw e W¥ (Q;R™)

are central to establish the required estimates to prove the desired results.

2.2. Essential information on Young measures -Theorem of Kinderlehrer-Stampacchia
Let Y be a reflexive Banach space and Y’ its dual. The duality pairing between Y’ and Y is denoted by

(Q,W)zfg?{dz, HeYGeY'.
Q

Recalling the following theorem of Kinderlehrer and Stampacchia:

Theorem 2.2. (Kinderlehrer and Stampacchia[29]) Let K be a nonempty closed convex subset of Y and let A : K —
Y’ be monotone, coercive and strong-weakly continuous on K. Then there exists an element u € K such that

(L(u),v—uy>0 forallve K.

One can use a Young measure to gain insight into and manage the issues that come up when weak
convergence does not act in line with expectations concerning nonlinear functions and operators.

Definition 2.3. Assume that the sequence {Aj=j>1 is bounded in L* (Q;R™). Then there exist a subsequence

{Arhes1 C {Aj}],>1 and a Borel probability measure v, on R™ for a.e. z € Q, such that for each 1 € C (R™) we have
Y (Ay) =" weakly " in L¥(Q),
where (z) := f Y(n)dv.(n) for a.e. z € Q. We call {v,},cq the family of Young measure associated with {A}is1.
]RYYI

Lemma 2.4. Let Q C R” be Lebesgue measurable (not necessarily bounded) and ¢; : Q — R™, j =1,2,... be a
sequence of Lebesgue measurable functions. Then there exist a subsequence wy and a family {V.} of nonnegative
Radon measures on R", such that

(L) [Vzlipg = f dV.(n) < 1 for almost every z € Q.
RWI

(L) ¥ (ox) =* ¥ weakly * in L=(Q) for any ¥ € Co (R™),
where P = (V,, ) and Cy (R™) = {Ip € C(R™): |l‘im [W(o) = 0}.
o>

(I;) If forany R >0
lim sup |{z € QN BrO) : |a2)| = L}‘ -0,
€N

Lo 2

then ||'Vzlip = 1 for almost every z € Q, and for any measurable (Y C Q we have ¥ (o) — P = (V. ¥)
weakly in L' (QY') for continuous v provided the sequence 1 (o) is weakly precompact in L* (Q').
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The fundamental theorem of Young measure, Lemma 2.4, serves as the basis for the following Fatou-type
lemma, which is useful for our purposes.

Lemma 2.5. ([19]). Let O : Q x R" x M"™" — R be a Carathéodory function and uy : QO — R™ a sequence of
measurable functions such that Duy generates the Young measure v,. Then

likminf f O (z,ux(z), Dug(z)) dz = f O(z,u, A)dV,(A) dz,

Mmxn

provided that the negative part O~ (z, u(z), Duk(2)) is equiintegrable.

3. Weak Solution of Obstacle Problem

We will utilize the concept of Young measure to demonstrate the existence of weak solutions for the
obstacle problem stated in (1)-(2), by defining a mapping L : Ky,c—W~17 ((; R™) by

(L(u),v) = Lﬂ(z, u,Du) : Dv + ¢(u) : Dv dz

satisfy the hypothesis of Theorem 2.2.

3.1. Proof of Existence The Weak Solution

For this, we can solve the problem (1). We first show the following Assertion:

Assertion 3.1.

i) Ky,e is a closed convex set.
ii) For eachv € Ky, Lu € W7 (Q; R™).
Proof.
i) Is immediate that K ¢ is a closed convex set.

if) Since, Holder, growth condition in (f1), we have

[(Lu,v)| =

fﬂ(z, 1, Du) : Dv + ¢(u) : Dv dx
Q

f ¢(u) : Dv dz
Q

< +

f A(z,u, Du) : Dv dz
Q

-1 -1

< (INally + Calludly™ + CilIDully " IDoll, + aollvll,
-1 -1

< (INlly + Callully™ + CollDulfy™ Mvllyp +exolvll
-1 -1

< (INlly + Callully™ + CylIDully™ + ao Il

< Clivlhp -

So, we get Lu € W17 (Q; R™).
|

Assertion 3.2. L is monotone and coercive on Ky p.
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Proof. For fixed v € Ky 9, by the monotonicity of A, we have

(Lu—-Lv,u-v)= f(?((x, u, Du) — A(x, v, Dv): (Du — Dv)dx + f(cp(u) - (b(v)): (Du — Dv) dx
o) o)

> f (ﬂ(x, u, Du) — A(x, v, Dv): (Du — Dv)dx (in view of f>(c))
Q
>0.

Then, £ is monotone on Ky,g .
Next, we show that £ is coercive. Indeed, for fixed element v € Ky g, in view of the condition (f,)(a), we
have

(Lu—£v,u—v)=f

Q(ﬂ(x, u, Du) — A(x, v, Dv)): (Du — Do) dx + L((j)(u) - gb(v)): (Du — Dv) dx

> f c3|Du — Dv| dx
Q
which implies that

(L) - Lv),u-v)

llu —oll,p

> cllu - v||’17;1 — o0

as |lu — vl , — oo and therefore £ is coercive. [J

Assertion 3.3. L is strongly-weakly continuous.

Proof. We choose a sequence uy € Kyp such that uy — u € Kyp in WY (Q;R™). Then ey, < C for

some constant C. In virtue of Lemma 2.4, there exists a Young measure V, generated by {Duy} such that
||(VZ”M(M'”X”) = 1 and

Duy — (V,,id) = f AdV.(A)  in LYQ). (5)

mxn

Since L? (Q; IM™") is reflexive, then Duy — Du in LF (QQ;IM™") c L (Q; M"™") and thus Du(z) = (V,, id )
for a.e. z € Q (by uniqueness of limit, see also [7, Lemma 4.1]). O

The following lemmas allow us to prove the Assertion 3.3.

Lemma 3.4. (div-curl inequality). Suppose A satisfies (fo)-(f,) and {Duy} generates the Young measure V., then

f f (A u, A) = Az, u, Du)): (A - Du) dV=(A) dz < 0.
Q mxn
Proof. Let consider the sequence

I := (5( (z, ug, Duy) — Az, u, Du)): (Duy — Du)
= A(z, ux, Duy) : (Duy — Du) — A(z, u, Du) : (Duy — Du)

= Ik,l + kaz.

Since Du € L7 (QQ; M"™*"), it follows by the growth condition in (f;) that A € LV (Q; IM™m). Using the weak
convergence of {Duy} defined in Lemma 3.1, we obtain

Iip = 0ask — co.
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Hence,

I=1lim inff Iidz = lim inff Ix1 dz.
k—o0 Q k—o0 Q

To get the equiintegrability of I 1, we take a measurable subset ()’ C Q) and by the Holder inequality, one
gets

| A (z, ux, Duy) : Du| dz < |A(z, ux, Duy)| - |Du| dz
(014 0%
< Az, ue, Duilly o 1Dully g -

Since {u} is bounded in Wé’p (€;IR™), the growth condition stated in (f;) leads to the inequality:

f \A (z, ue, Dup)l dz < ¢ f i @F + [ulf + Dl dz < c.
Q Q

It's worth noting that the term f |DulP dz can be made arbitrarily small by choosing a sufficiently small

measure for (O’. Furthermore, it’s important to observe that:
A (z, ux, Duy) : Duy > —Na(z) + a|DuglP > —Na(z)

and
(A (z,ux, Duy) : Duy)” dz < IN2(z)| dz
% o)

Consequently, [, ,is equiintegrable. We infer from Lemma (2.5) that
I= hmmff A(z, ux, Duyg) : (Duy — Du) dz
> f Az, u, A) : (A = Du)dV,(A) dz.
Q MWH'VI
New, we prove that I < 0. Indeed, to Mazur’s theorem (see, e.g., [43, Theorem 2, page 120]) there

exists (9;) € W' (Q; R™) where each 9 is a convex linear combination of {fi1, ..., %} such that vy — % in
W17 ((; R™). This implies that 9 belongs to the same space as Jix. Hence,

I= 11m1nff A(z, ur, Duy) : (Duy — Du) dz
= 11m1r1f [f Az, ur, Dug) : D (u — u — vy) dz + f Az, ug, Duy) : kadz]
Q

= hmmf[fﬂ z,ug, Dug) : D (uy — u — vy) dz—f¢(uk) (Duy — Du) dz ]
< lim inf {7 (z, e, Dully 1D (ot = 1 = vil, + 2 D (g = vil .

On one hand, we have that ||[A (z, ux, Duk)llp, is bounded by the growth condition (f;). On the other hand,
by choosing vy € Vi such that |[ux — u — villy, < € for any k > ko, the term ||D (uy — u — vk)llp is bounded by e.
Notice that since ¢ is linear and continuous and (1) is bounded then ¢ (1) is bounded. By Holder’s
inequality, we have

'f (P(le) : (Duy — Dvy) dz| < cq [|Duy — D‘Uk“p — 0
Q
by definition of v, 1 < p and

IDuy — Dugll, < |IDug — Dull, + |[Dvg — Dull, — 0 ask — co.
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and [[vkll, < llvx = (e — w)ll, + llux — ull, < € + o(k). Hence

I=Iiminfflk dz <0,
k—o0 Q
as desired. O

Remark 3.5. An intermidiary result is the following inequality:

lim inff (A (z, ux, Dug) — A(z, u, Du)) : (Duy — Du) dz < 0.
o)

To see this, it is sufficient to repeat the proof of Lemma 3.4.
Lemma 3.6. For almost every z € Q, we have
(A(z,u,A) = A(z,u,Du)) : (A =Du) =0 on supp V..

Proof. By Lemma 3.4, we have

f f (A(z,u, A) — A(z,u, Du)) : (A — Du) dV,(A) dz < 0.
Q mxn

By the monotonicity of A, the above integrand is nonnegative, thus must vanish with respect to the product
measure dV,(A)® dz. Therefore,

(A(z,u, A) = A(z,u,Du)) : (A —=Du) =0 on supp V..
O

Now, we prove the Assertion 3.3 for each case listed in (f,).
Step 1. Suppose that A satisfy the condition (f>)(a). We have

f |Duy — DufP dz < cf (A(z,u, Duy) — A(z,u, Du)) : (Duy — Du) dz.
Q Q

We remark that the limit inferior of the right hand side of the above inequality is less than or equal to zero
by Remark 3.5. Accordingly,

lim inff |Duy — DufP dz = 0.
k—o0 Q

Let Exe = {x : |Duy — Du| > e}. We have

f |Duy — DufP dz > f |Duy — DufP dz > €° |Ek,€|
Q Ek,e

which gives

1
|Ek€(§—f|Duk—Du|p dz—0 ask— oo.
A= g

Duy — Dul Y’ Dug — Dugl\
f (M) dz < lim sup f M) iz,
Q € k' — o0 Q €

1Dty = Dl ey < sup {IIDtte = Dutellpp o} < €,
k/

As by Fatou Lemma

we have
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that is to say, Duy — Du in LP(Q2,R™). So that,
Duy — Du  in measure on Q (for a subsequence).

After extracting a suitable subsequence if necessary, we can infer that Duy — Du for almost every z € Q.
Then A (z, ux, Dux) — Az, u, Du) for almost every z € Q, and in the measure. By the equiintegrability of
A (z, ux, Duy) : D, the Vitali theorem implies

Lﬂ(z,uk,Duk) :Dvdz — Lﬂ(z,u,Du) :Dvdz ask — .
Step 2. For the case (f»)(b), we argue as follows: We start by proving that for almost every z € (),
supp V. C Ex = {1 € M"™" : Z(z,u, A) = Z(z,u, Du) + A(z,u, Du) : (A — Du)}.

Let A € supp V;, then by Lemma 3.6, we get

1 -7)(A(z,u,A) — A(z,u,Du)) : (A —Du)=0, V7el01] (6)
On the other hand, by monotonicity, for 7 € [0, 1] we have

(1 -1)(A(z,u, Du + t(A — Du)) — A(z,u,A)) : (Du—-A) > 0. (7)
Subtracting (6) from (7), we get

(1 -17)(A(z,u, Du + t(A — Du)) — A(z,u,Du)) : (Du—A) >0 (8)
for T € [0, 1]. By monotonicity,

(A(z,u, Du + t(A — Du)) — A(z,u, Du)) : ©(A — Du) = 0,
and since 7 € [0, 1], we have
(A(z,u, Du + (A — Du)) — A(z, u,Du)) : (1 — t)(A — Du) > 0.
The above inequality together with (8) implies
(A(z, u, Du + ©(A — Du)) — A(z,u,Du)): A —Du) =0 Vte€][0,1].

Integrating this equality over [0, 1] and using the fact that
Z
A(z,u, Du+ t(A — Du)) : (A — Du) = (;—T(z, u, Du + ©(A — Du)) : (A — Du),
we conclude that

Z(z,u,A) = Z(z,u, Du) + fl A(z,u, Du+ t(A — Du)) : (A — Du)dt
=Z(z,u,Du) + ??(z, u, Du) : (A — Du).
Hence, A € E;, i.e. supp V. C E,. In view of the convexity of Z, we have
Z(z,u,A) > Z(z,u, Du) + A(z,u, Du) : (A — Du).

For all A € E;, put A(A) = Z(z,u,A) and B(A) = Z(z,u,Du) + A(z,u, Du) : (A — Du). Since A — A(A) is
continuous and differentiable, we obtain for all S € M"™" and 7 € R
A(A +1S5)— A(N) S B(A + ©F) — B(A)
T - T
A(A +15) — A(A) < B(A + tS) — B(A)
T - T

ift>0,

ift <0.
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Thus, DA = DB and therefore
Az, u,A) = A(z,u,Du) YA € E; D supp V.. 9)

The equiintegrability of A (z, u, Duy) implies that its weak L!-limit is given by

Az) == Az, u, A) do,(A) = f Az, u, A) dov,(A)
Mmxn supp V. (10)

= f Az, u, Du) dV,(A) = A(z, u, Du)
supp V-

where we have used (9) and [|'V;||ys = 1. Now, consider the Carathéodory function
w(z,u,A) = Az, u, A) — Az), AeM™"

The sequence wi(z) := w (z, ux, Duk(z)) is equiintegrable by that of A (z, ux, Du(z)), hence its weak L!-limit is
given by
wr — @ in LY{(Q),

where

@(z) = f |A(z, u, ) = A(z)| dV=(A)

- f Az 1, 1) — AG)| dVo(1) =0 (by (10) and (9)).
supp v,

Since wy > 0, we deduce that wy — 0in L(Q) as k — oo.
Hence,

fﬂ(z,uk,Duk) :Dvdz — fﬂ(z,u,Du) :Dvdx as k — oo.
Q Q
Step 3. The last case (f;)(c), we claim that for a.e. z € Q and every S € M"™*"

Az, u,A): S = Az, u,Du) : S+ (VA(z,u, Du)) : (Du — S)

holds on supp V., where V is the derivative with respect to the second variable of A. The monotonicity of
A implies that for T € R
(A(z,u,A) = A(z,u, Du+1S)) : (A —Du —15) >0

which implies
~A(z,u,A): 1S > -Alz,u,A) : (A — Du) + A(z,u, Du + tS) : (A — Du — 15).
By virtue of Lemma 3.6, we get
-Alz,u,A): 1S > -A(z,u,Du) : (A — Du) + A(z, u, Du + S) : (A — Du — 15).
Note that A(z, u, Du + ©S) = A(z, u, Du) + VA(z, u, Du)tS + o(1), then

Az, u, Du + 15) : (A — Du — 15)
=A(z,u, Du + 1S) : (A — Du) — A(z, u, Du + 15) : 15
=A(z,u, Du) : (A — Du) + VA(z, u, Du)tS : (A — Du) — A(z,u, Du) : ©S
— VA(z, u, Du)tS : 1S + o(7)
=A(z,u, Du) : (A — Du) + t[VA(z, u, Du)S : (A — Du) — A(z, u, Du)] + o(7).

Therefore,
-A(z,u,A) : S > t[(VA(z, u, Du)S) : (A — Du) — A(z, u, Du) : S] + o(7).
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Since 7 is arbitrary in R, then our claim follows. By the equiintegrability of A (z, u, Duy), its weak L!-limit
is then given by

ARz) = f Az, u, A) dV,(A)
supp v,
= A(z, u, Du)

where we have used our claim and Du(z) = (V., id). On the other hand, since ¥’ (Q; IM"*") is reflexive, the
sequence {A (z, u, Duy)} converges weakly in LY (Q; IM™ ") and its weak L -limit is also A(z, u, Du). Then,
we conclude that

fﬂ(z,uk,Duk) :Dvdz — fﬂ(z,u,Du) :Dvdz ask — oo.

Q Q

Hence, f A(z, ux, Dug) : Dv dz — f A(z,u,Du) : Dvdz ask — oo in the cases (a), (b) and (c).
Q Q

e Itis clear that

fCP(Mk)IDvdXﬁfqb(u):Dvdx as k — oo.
0 0

Next, we pass to the limit , we assert that

(Lug,v) = f Az, ux, Duy) : Dv + ¢ (uy) : Dv dx
Q
—>fﬂ(z,u,Du) :Dv+ ¢ (u) : Dv dx
o)
=(Lu,v).
This is the strong-weakly continuous of £ on Ky 6. This ends the proof of Assertion 3.3.

Now we can apply Theorem 2.2 and the above lemmas to obtain the existence. For this we conclude the
existence of an element u € Ky, ¢ such that (L(u),v —u) >0, i.e.

f A(z,u,Du) : (Dv - Du) + ¢ (u) : (Dv—-Du)dz >0 forallv € Kyp.
Q

4. Uniqueness of Weak Solutions to Problem

Uniqueness is obtained proving the following theorem:

Theorem 4.1. Suppose Ky # ¢. Under conditions (f1) — (f2)(c), there exists a unique solution u € Ky to the
obstacle problem (1).
That is to say, there exists a unique u € Ky,g such that

f A(z,u,Du) : (Dv —Du) + ¢ (u) : (Dv—Du)dz >0 forall v e Kygp.
Q

Proof. The lemmas above lead to the immediate existence of two weak solutions uy, 1y € 7(¢,9 to the obstacle
problem (1), then

f A(z, u1, Duy) : (Dup — Duq) dz + ¢ (u1) : (Dup — Dug) dz >0
Q
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and
- L.?I(Z, u1, Duyq) : (Dup — Duq) dz + ¢ (u1) : (Dupy — Dug) dz
= L Az, up, Duy) : (Duy — Dup) dz + ¢ (up) : (Du; — Dup) dz > 0.
Moreover,

f Az, u1, Duy) = A(z, uz, Duy) : (Duy — Duy) + ¢ (u1) — ¢ (up) : (Dug — Dup) dz < 0.
Q

By looking at (f2)(c), it can be concluded that

and

fﬂ(z, u1, Duqp) — A(z, uz, Duy) : (Duy — Dup) dx = 0on Q
Q

fg¢(u1) — ¢ (1) : (Duy — Dup) dx = 0.

We have now established that 11 = u, almost everywhere on Q, thus finishing the proof. [J
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