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Abstract. This paper investigates a new weighted version of the standard Hermite-Hadamard inequalities
for operator convex functions and highlights certain related properties. As an application, new weighted

operator means have been pointed out and some refinements to several operator mean inequalities have
been discussed.

1. Introduction and preliminaries

Let (H, (., .)) be a complex Hilbert space. The notation 8(H) refers to the C*-algebra of all bounded linear
operators acting on H. An operator S € B(H) is positive if (Sx,x) > 0 for all x € C. This induces a partial
ordering on the sub-space of self-adjoint operators. Thus, for S,T € B(H) self-adjoint, we write S < T to
mean that T — S is positive. The notation 8*(H) stands for the closed cone of positive operators and B+*(H)
refers to the open cone of positive invertible operators of B(H).

With this regard, we recall that if f and g are two analytic real-valued functions defined on a nonempty
interval | C R such that f(t) < g(t) for all € ], then for any operators S € B(H), with spectra in |, we have
f(S) < g(S), where f(S) is defined using the functional calculus techniques as usual.

Let Cj(H) be the class of all self-adjoint operators with spectra in J. For S,T € Cj(H), we define the
segment [S,T] := {(1-H S+ T; t€[0,1]} c C(H).

The function f : | — R is said to be operator monotone if S < T implies f(S) < f(T), where S, T € C;(H).
We say that f is operator convex (resp. operator concave) on | if the following inequality

A= DS +AT) < (2)(A = DF(S) + AF(T) 1)

holds for all S, T € Cj(H) and A € [0, 1].
Otherwise, the following inequalities

1
f(S;T)sfof((l—t)ertT)dtsw @)
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hold, whenever f : | — R is operator convex and S, T € Cj(H). If f is operator concave on | then (2) are
reversed. Inequalities (2) represent an efficient tool in generalizing and refining several classical operator
inequalities. See [2, 5, 6, 14] for instance and the related references cited therein.

An important result concerning convex operator functions is the extension of integral Jensen inequality
pointed out in [8]. Namely, for f : ] = R convex, let (Cpt)te] be the unital field of positive linear mappings
from A to B, two unital C*-algebras, and v be a bounded Radon measure. The following Jensen operator

inequality

f( fl @(A»dv(t)) < fl o (F(AY) dv(t), o

holds for any bounded field (A;);e; € Cj(H) such that t — A; is norm continuous on J.
Otherwise, if f is an operator convex function of class C! on J, then we have [7]

Df(SNT = 5) < f(T) = f(S) < DA(TNT - S) (4)
forany S, T € C;(H), where Df(S)(X) is the directional derivative of f at S in the direction X € B(H), namely

f(S+eX) = £(5)

DF(S)(X) = lim -

The inequalities (2) are main tool for establishing many operator inequalities in mean-theory by using
either the representative function of the evoked operator mean or its integral representation. In fact, every
operator mean ¢ in the sense of Kubo-Ando [9], of two operators S,T € B*(H) can be expressed via a
unique positive operator monotone function ¢, defined on the interval (0, co) by the following relationship

SoT = §'2¢, (S712TS71/2) 5172, )

with @,(1) = 1. Such ¢, is called the representative function of the operator mean ¢. The mean ¢ is
symmetric if (S, T) = o(T, S) for any S, T € 8**(H), or equivalently, ¢,(x) = x¢, (x‘l) for all x > 0.

An operator mean ¢ is said to be A-weighted [17] if its representative function ¢, is derivable at 1 with
the condition ¢/ (1) = A. Examples of some standard weighted operator means are the weighted arithmetic,
harmonic and geometric operator means defined, respectively, for S, T € 8**(H) and A € (0, 1) as follows

-1 A
SVAT=(1=NS+AT; ST =((1-N)ST+AT™) ; Sy T = SV3(S12T5712) 812,
These weighted operator means satisfy the following inequalities
ST < SHAT < SV, T, (6)

and they are not symmetric unless A = 1/2 case where they are simply denoted by TVS, T!S and S§T,
respectively.

Other symmetric operator means such as the logarithmic operator mean [1, 11, 13] and the (chaotic)
identric operator mean [15] are defined, respectively, by

1

1 - 1
L(S,T) := ( fo S‘lltT‘ldt) = fo St T dt. 7)

1
I(5,T) :=exp (f(; log (SVtT)dt). 8)
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We notice that L(S, T) is an operator mean in the sense of Kubo-Ando while I(S, T) is not, see [15] for more
details. A weighted version L,(S, T) of (7), the weighted logarithmic operator mean, was introduced in
[3, 10] by its representative function defined on (0, +o0) for any A € (0, 1) by

o0 (4 )

For an equivalent writing under another point of view of Ly(S, T) see [13, 16]. Note that L1,»(S, T) = L(S, T)
forany S, T € 8**(H). For a weighted version I, (S, T) of the identric operator mean (8), we can consult [15].
The following chain of operator inequalities holds [10]

SIZT< Sﬁ/\T < L)(5T) < SV,T. (10)
Now, let us observe the following remark which is of interest.

Remark 1.1. (i) Let 0, for A € [0,1], be a given A-weighted operator mean. Setting m := 01/, we then say that o)
is the weighted m-operator mean.

(ii) If o5, A € [0, 1], is a weighted m-operator mean then m := a1, is of course unique. Howeuver, it is possible to have
more than one weighted m-operator mean. Section 4 of this paper explains more this latter situation.

This manuscript will be organized as follows: in Section 2, we investigate a new weighted variant of
(2). Section 3 is devoted to giving some refinements and reverses of this weighted inequality. Section 4 is
focused on applying the findings of the previous sections to introduce new weighted logarithmic operator
means. The comparison of these weighted logarithmic operator means with the above one L;(S, T) is also
discussed.

2. Weighted Hermite-Hadamard operator inequality

For the sake of simplicity, we extend the weighted operator arithmetic mean to operators in 8(H) by
stating
SViT:=(1-A)S+ AT, forany S,T € B(H) and A € [0,1].

Our first main result reads as follows.

Theorem 2.1. Let f : | — IR be an operator convex function. For any A € (0,1) and S,T € C;(H), the following
inequalities hold

F(SVaT) < fo 1 F(SVi T)dva(t) < £(S)Va £(T), (11)
where v, is the probability measure defined on [0,1] by

dva(t) = (1= DA -HT + A5 )at. (12)
If f : ] = R is operator concave then (11) are reversed.

Proof. Applying Jensen operator integral inequality (3), with A; = SV,T and | = [0, 1], we get

1 1
f(f(; SVtTdvA(t))sj; f(SViT)dv,(t).

Moreover, using (1), we obtain

1 1
fo F(SVIT)dva(h) < fo FOVLfDdvat) = FSVAAT),

where the last equality holds by (12) and real-integration. Thus, the proof is completed. O
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Remark 2.2. (i) In what follows, (11) will be called the weighted Hermite-Hadamard operator inequalities, (WHHOI)
in short. If A = 1/2, dvyo(t) = dt. Thus, (11) coincides with (2).
(ii) It is important to notice the following relation,

dvi_y(1 —t) =dvi(t) forany A€ (0,1). (13)

The (WHHOI) enable us to refine of the standard Hermite-Hadamard operator inequality (2) as recited
in the following corollary.

Corollary 2.3. Let f : | = IR be operator convex. For any A € (0,1) and S, T € Cj(H), the following inequalities
hold

1
F(svT) < fo F(SViT)dt < J4(S,T) < f(SVAT), (14)

where we set -
JH(S,T) = f f F(SViT) dva(HdA.
0o Jo

If f is operator concave then (14) are reversed.
Proof. Integrating (11) with respect to A € (0, 1) and using the left inequality in (2), we get (14). O
Let A € (0,1) and S, T € Cj(H). We put

1
Ma(f;8,T) := fo F(SViT)dva(t). (15)

The operator map A = M,(f;S, T) can be extended on the whole interval [0,1] as justifying by the
following corollary.

Corollary 2.4. Let f : | — IR be operator convex (resp. operator concave). For any S, T € C;(H), there holds

lim Ma(£35,T) = £(5), lim Ma(£35,T) = £(T).

Proof. The desired results follow from (11) by using the fact that if f : C — R is operator convex on | then
it is norm-continuous on J. [
3. Refinements and reverses of (WHHOI)

The following lemma, which provides a refinement and a reverse of (1), will be needed in the sequel.
See [4, 12] for instance.

Lemma 3.1. Let f: | = R be operator convex. Then the following inequalities

1@, b)(f(S)Vaf(T) = F(SVaT)) < FS)Vaf(T) - F(SV4T) < R(a, b)(F(S\Vaf(T) - £(SVaT)), (16)

hold for any S, T € Cy(H) and a,b € (0, 1), where we set

(17)

. (b 1-b b 1-b
r(a,b) := mm(a,m), R(a,b) := max( )

a'l-a
If f is operator concave then (16) are reversed.

We also need the following lemma.
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Lemma 3.2. Foranya, A € (0,1), the following relations hold

1
f r(a,b) dva(b) = ag1-1 + a1-4,1 (18)
0
! A 1-2
R(a,b) dv (b)) = — + —— —qz1-1 — A1-a A, 1
[ R@D )= 5+ 755~ anres -1y 19
where, for x,y > 0, we set
1-y
,1—x7
Gy =Y Ty

Proof. It is obvious that 0 < b < a if and only if £ < =L, Thus we can write

—a°

1 1
j; r(a, b) dvA(b)zé j: b.dvA(b)+11Ta f 1 - b).dv(b).

The use of (12) leads to
bdvy(b) = ((1- 1)1 -b)T — (A=A -b)'T +Ab™7)db.
By (13), it is easy to see that (1 — b)dva(b) = (1 — b)dvi-1(1 — b). After some simple integral calculations, we

obtain
1

f bdva(b) = -A1-a)T +A1-N)[A-a)t +a77]+ A2,
0

1 1
f 1 - b).dvi(b) = f (1 - b).dvi_y(1 = b)

1-a
= f t.dvi_i(b)
0

=-(1-Aa= +A1-D)[A -t +a=7 ]+ (1 - A2

Combining these latter results, we deduce (18). The relation (19) can be proved by making some algebraic
manipulations and using the following formula

1 1-2a
R(ﬂ,b) + T(ﬂ,b) = m + a(l _a)b.
The details are straightforward and therefore omitted here. [

We can now state the following result which provides a refinement and a reverse of the right inequality
in (11).

Theorem 3.3. Let f : | = R be operator convex. For any a,A € [0,1] and S, T € C;(H) the following inequalities
hold

1
m(a, M f(S)Vaf(T) - f(SVaT)) < F(S)VAF(T) - fo F(SViT)dva(t)
< Mg, A)(f(S)Vaf(T) = £(SVaT)), (20)

where we set
A 1-A
1- A —_

1—atz 1-(1-a)7 1-A A
12 2 — A
m(a,A):=(1-A7A) 1=, +A . , M(a, M) : 1=, + . m(a, A).

If f is operator concave then (20) are reversed.



M. Raissouli et al. / Filomat 38:17 (2024), 5971-5982 5976

Proof. Multiplying all sides of (16) by dv,(b) and then integrating with respect to b € [0, 1], we obtain the
desired inequalities by the use of (18) and (19). The details are simple and therefore omitted here for the
reader. [J

Taking a = 1/2 in Theorem 3.3 and administering some computations, we get the following corollary.

Corollary 3.4. For f : | — R operator convex, A € [0,1] and S, T € C;(H), there hold

IA)(fSVFT) - £(SVT)) < fS)VAF(T) - fo F(SViT)dva(t) < u)(FSVAT) - £(SVT)), 1)

where,
1) =2[1 = A2 (1=277) + A2(1-2°7 )] and u(d) =2 - I(A).

If f is operator concave then (21) are reversed.

The following results focuses on refinement and reverse of the left inequality in (11).

Theorem 3.5. Let f : | — IR be operator convex, S, T € Cy(H) and A € [0,1]. Then there hold

1 1
F(SV,T) < fo A(SVATIV, (SV: 1)) dva(x) < fo M(f; SVA T, SV, T) v (x)

1
< f(SVAT)VA Ma(f3S,T) < fo F(SV:T)dva(). (22)

If f is operator concave then (22) are reversed.
Proof. Forany S,T € Cj(H) and A € [0, 1], we have

f(SVAT) = f((SVAT) VA (SVaT))

1
- f((svmw( fo SVdev,\(x)))
1
= f(fo (SVAT)V, (SV,T) dV/\(x))
1
Sff((SVAT)VA(SVxT))dvA(x) by convexity of f.
0
1 1
< fo { fo F(SYAT) Vi (SV:T) dm(t)} () by (11)
1
:f M (f; SVAT, SV, T) dv,(x)
01
< fo [f (SVAT) Vaf (SV.T) |dva(xv) by (11)
1
~ SN, [ VD) dao)
0

1
< f F(SV,T) dvy(x) by (11).
0

Thus, the proof is completed. [J
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Theorem 3.6. Let f : | — R be operator convex. Assume that f is differentiable on | then for any S, T € C;(H)
and u € [0, 1], we have

1 1 1
(=) [ A=0DAEVA VLSV DYS=D)dra(t) < [ AV Diva(61= (VA TIVe (59, 1)) oo

1
<(1-u) f (A = DF(SV, T)(S — T)dva(t). (23)
0
Proof. According to (4) we can write
Df(A)B - A) < f(B) — f(A) < Df(B)(B - A),
with A = (SV, T)V, (SV:T) € [S,T] and B = SV, T € [S, T]. Therefore, we have
(1= u)(A = ODF((SVATIV. (SVi T))(S = T) < f(SViT) = f((SVAT)Vu(SV/T))
< (- - HDF(SVi TS~ T). (24)

Multiplying all sides of (24) by dv, () and then integrating with respect to f € [0, 1], we get the desired result
and the proof is achieved. [J

Making u = 0 in (23) and noticing that fol (A = t)dva(t) = 0, we may state the following corollary.

Corollary 3.7. With the same assumptions as in Theorem 3.6, there hold
1 1
0< f f(SViT)dva(t) — f(SVAT) < f (A =tDf(SV: T)S = T)dv(t). (25)
0 0

4. Application: Two new weighted logarithmic operator means

As application of the previous results, we will introduce here some new weighted operator means and
we establish some related properties. We begin by pointing out the following lemma which will be needed.

Lemma 4.1. Let A € [0, 1]. The functions

-1

1
X fulx) = ( f (1 —t+tx)_1dvA(t)) , (26)

0

1
x - gax) = f xtdv(f) (27)

0

are operator monotone on (0, +00). Moreover, we have
d d

AW =g =1 and Loy =Dy, (28)

1
Proof. The functions u : x = x ' and v : x > fo u(l — t + tx) dv,(t) are operator monotone decreasing on

(0, 00), then f) = uov is operator monotone. Also, the function x - x' is operator monotone on (0, +oo) for
0 <t <1and then g, is as well.
The two first relations of (28) are immediate. We now prove the two other ones. For fixed A € [0,1],

1 —
consider the function ¢ (x) := f (1 —t+ tx) 1dv;\(i,‘) for x > 0. By the (WHHOI) applied in H = R for the
0
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-1
convex function f(x) = 1/x on (0, o) we have (1 -A+ )\x) < ¢(x) <1-A+ Ax7! for any x > 0. This, with
the fact that 1(1) = 1, implies that for any x > 1 we have

(1-2+ax) " -1 LYO-p® A
x—1 ¥-1 *

, (29)

with reversed inequalities if x < 1. It is easy to check that the two extremes sides of (29) both tend to —A

-1
when x goes to 1, and so ¢’(1) = —A. Since fy(x) = (lp(x)) we then deduce that i—;(l) =A.
On another part, the standard arithmetic-geometric-harmonic mean inequality implies that, for any

-1
x>0andt € [0,1], we have (1 —t+ tx‘l) <xt <1—t+tx. It follows that

1 B 1 1
¢(x_1)=j; (1-t+0) vt < g1 () ::fo xtdv,\(t)sj;(l—t+tx)dvA(t):1—/\+/\x.

This, with g,(1) = 1 and by the same way as previous, allows us to check that %A(l) = A, so completing the
proof. [

Proposition 4.2. For S,T € 8**(H) and A € [0, 1], we set

-1

1
L3(5,T) = ( fo (SVtT)]dv/\(t)) . (30)
and
1
L(S,T) = fo St Tdvy (b). (31)

Then L) and %) are A-weighted operator means. Furthermore, we have
L12(5,T) = L2(5,T) = L(S, T), (32)
where L(S, T) is the logarithmic operator mean defined by (7).

Proof. It is not hard to see that

L(S,T)=5: »fl (a-nr+ t(s-%Ts-%))‘1 dv;\(t)] S$t=8:f(S2TS2)S> (33)
L JO

and

M=
~—
nn

NI

(34)

[ 1
2(51) =St f (s-%Ts—%)*dm(t)]sé= Shga (s7ATs"

[JO

By Lemma 4.1, £, and .%) are A-weighted operator means, with representative functions f, and g, given,
respectively, by (26) and (27). This concludes the proof. [

The following result gives a comparison between some of the previous weighted operator means.
Proposition 4.3. Forany S,T € 87 (H) and A € [0, 1], there hold
ST < La(S,T) £ SViT, (35)

SLT<LNS, T < L(ST)<SV,T. (36)
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Proof. By applying (11) for the operator convex function x — 1/x on (0, +0), we get
1
SV, 1) < f SV, T) Ldvy(t) < STV, T,
0

hence (35). By (6), we have for any ¢ € [0,1], S, T < S§; T < SV, T. Multiplying all sides of this latter
inequalities by dv,(t) and then integrating with respect to t € [0, 1], we obtain
LIS TH<LAGT) <SVT.
For the left inequality in (36), it suffices to notice that
LASLTH2 ST ) =8 T.
This ends the proof. O

We now notice the following remark which may be of interest for the reader.

Remark 4.4. (i) By virtue of (32), L1(S, T) and Z)\(S, T) are also called the weighted logarithmic operator means.
(ii) A question arises from the above: are Ly(S, T), Li(S, T) and Z)(S, T) equal or different? They are in fact different
as confirmed by the example below.

Example 4.5. Let us take A =1/3, S = I and T = 2I, where I is the identity operator of H. Using some simple real
integration tools and some numerical computations, we find

14 —12 \!
2-2t+t 6
£1/3(S, T) = 3(](; Tdt) I= Wl ~ 1.2801 I,
1 4log? (2)D(4/log2) + 2 — log(4
Li5(S,T) = 1[ (2-2t+£712) 201 = =28 @D & ) 89 128461,
3 Jo 31og*(2)
3v2-2
Li5(S,T) = Tog? I~128381.

where D stands for the Dawson’s integral defined by D(x) = fox exp(t? — x?)dt. Our claim is then confirmed.

To give another result about the comparison of the previous weighted operator means we need to state
the following lemma.

Lemma 4.6. Let A € (0,1) and consider the real function F defined on (0,1) by
Fa(t) = (1= )1 - T +AFT,

Then, we have

(i) Fio(t)y =1 forall t € (0,1),

(ii) If A < 1/2 then t — F,(t) is strictly decreasing on (0,1) and F(t) > A forall t € (0, 1),

(iii) If A > 1/2 then t v F,(t) is strictly increasing on (0,1) and Fx(t) =1 - A forall t € (0, 1).

Proof. It is a simple exercise of Real Analysis when studying the variations of the function ¢ — F,(t) on
(0,1). We omit the details here. O

Proposition 4.7. Let S, T € B8**(H) and A € [0, 1]. The following assertions hold:
(i) If A < 1/2 then A*> L,(S,T) < A L(S,T) < £ (S, 7).
(ii)) If A > 1/2 then (1 — A)> Lu(S,T) < (1 - A) L(S,T) < £ (S, 7).
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Proof. We use Lemma 4.6 with definitions of L(S, T), Li(S,T) and %, (S, T) given, respectively, by (7), (30)
and (31). The details are straightforward and therefore omitted here for the reader. [J

In what follows, we provide some refinements and estimations of the inequalities (35).

Proposition 4.8. Let S, T € 8**(H). For any a, A € [0, 1], we have

m(a, A)((Sa )™ = (SVa T) ) < (SWT) ! = LS, T) < M, A)((St D)™ = (SVa T)71). (37)
Proof. The proof is based on applying (20) to the operator convex function f(x) = 1/x on (0, +o0). [
Corollary 4.9. Let S,T € 8" (H). For any A € [0,1] one has

S D'V n(SVAT ™ < LIS, T) < (S T) Vi (SVA T (38)

1-A
Proof. We take a = A in (37), and by noticing that m(A, 1) =1 - (1 - )\)/\ﬁ - /\(1 - /\) " <1, we obtain the
desired result. [

Remark 4.10. Using the right inequality of (38), we get the following refinement of the inequalities proved in
Proposition 4.3.
SAT < (STl (SVAT) < Li(S,T)

Proposition 4.11. Forany S,T € 8**(H) and A € [0, 1], we have

1 -1
Li(S,T) <(SV, D)1 La(S,T) < [f LY(SVAT, SV, T)dv;\(x)]
0

-1

1 -1
< [ fo ((SVATIVA(SV,T)) dw\(x)] < SV, T.

Proof. We apply (22) for the operator convex function f(x) = 1/x on (0, +00). [

We end this section by stating more inequalities involving some of the previous weighted operator
means.

Theorem 4.12. Let S, T € B™(H) and s, A € [0, 1] the following inequalities hold

1
SV, (S T) < f Sts (SV; T)dv () < Sts (SV, T). (39)
0
Proof. Applying Theorem 2.1 for the operator concave function f(x) = x° on (0, +o0) with s € [0, 1], we get
1
AV, B < f (AV,B)dv,(t) < (AV,B)’, (40)
0

for all A, B € C(p,+00)(H).

Since I, S TS™% € C(g)(H), we can therefore replace in (40) A and B respectively by I and S~2TS™2. This
leads to the following inequalities

IV, ($73Ts78) < f 1 (1v¢ (s72T572))dva(t) < (1V4 (572 TSTH))
0

Multiplying the right and left sides of these inequalities by S, we deduce (39). [
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Corollary 4.13. Let S,T € 8**(H) and A € [0, 1]. Then the following inequalities hold

1
SVA 2 (S, T) < f L(S,5V; T)dv,(t) < A(S,SV, T).
0
Proof. Multiplying all sides of (39) by dv,(s) and integrating with respect to s € [0, 1], we obtain the desired
inequalities. O

Theorem 4.14. For S,T € B8**(H) and s,a, A € [0, 1] the following inequalities hold

m(a, A)(SVa (St T) — S(SVa T)) < SV (St T) - f 1 St (SV; T)dva(f)
0
< M(a,A)(SVa (S§: T) - St(SVa T)).  (41)

Proof. Employing Theorem 3.5 for the operator concave function f(x) = x° on (0, +o0) with s € [0,1], we
obtain

1
m(a, A) (ASV,B° — (AV,B)) < ASV,\B° — f (AV,B)dva(t) < M(a, A) (A°V,B° — (AV,BY),
0

for all A, B € C(p,+00)(H).
Noticing that I, ST TS™2 € C(0,00)(H), we can therefore replace A and B respectively by I and ST1TS 1.
So, we get

1
m(a,A) (IV, (STETS™H) = (1V, (S3TS72) ) < IV, (STETSTH) - f (19, (7475 )ydvach)
0
< M(a, A) (IV, (S3TS2) — (v, (53T 7¢)).
By multiplying the right and left sides of these inequalities by S2, we get the inequalities (41). [J

Corollary 4.15. Let S, T € B8*(H) and a, A € [0,1]. Then we have

1
m(a, A)(SVa Z1(S, T) = Z0(S, SV T)) < SV Zi(S,T) - f Z)(S, SV, T)dv(t)
0
< M(a, A)(SVa Z4(S, T) = Z1(S, SVaT)).

Proof. Multiplying all sides of (41) by dv,(s) and integrating with respect to s € [0, 1], we obtain the desired
inequalities. [J
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