Filomat 38:17 (2024), 6003-6015
https://doi.org/10.2298/FIL2417003B

Published by Faculty of Sciences and Mathematics,
g University of Ni§, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

€
2
gy gy

&
T1pupos®

Coefficient bounds for g-close-to-convex functions associated with
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0

f(z):z+Zanz" (zeU).
n=2

Abstract. Let A denote the class of functions f which are analytic in the open unit disk U and given by

In a very recent paper, Alqahtani et al. [AIMS Mathematics 8 (4) (2023), 9385-9399] defined a new
subclass S; (a,8) (0 <a <1< p, 0<q<1)consists of functions f € A satisfying the following condition:

z0,f (2)
<‘R( @ )<ﬁ (zel),

where d, f is Jackson’s g-derivative of f.

In this study, we introduce a new subclass S, ; (@, §) of analytic and g-close-to-convex functions satisfying

zd,f (2)
<%(W)<ﬂ (ZEU),

where0<a<l<pandgeS;(5p)with0<o<1<p.

The main purpose of this paper is to determine some coefficient bounds for functions f € A satisfying
the non-homogenous Cauchy-Euler fractional g-differential equation associated with analytic functions
belong to the class S, (o, B) -

1. Introduction

The sets of real numbers, complex numbers and positive integers will be denoted by
R=(-00,00), C=C'U{0} and N={1,2,3,...} =N\ {0},
respectively. Assume that # is the class of analytic functions in the open unit disk

U={z:zeC and |z] <1},

2020 Mathematics Subject Classification. Primary 30C45; Secondary 30C50.

Keywords. Analytic function, g-close-to-convex function, coefficient bound, subordination.
Received: 27 August 2023; Accepted: 23 December 2023
Communicated by Hari M. Srivastava

Email address: serap.bulut@kocaeli.edu.tr (Serap Bulut)



S. Bulut / Filomat 38:17 (2024), 6003-6015 6004

and let the class # be defined by

P={peH:p0)=1 and R(pz)) >0 (zeV)}.

For two functions f, g € H, we say that the function f is subordinate to g in U, and write

f@<g@ e,
if there exists a Schwarz function w, analytic in U, with

w(0)=0 and lw(z) <1 (zeU)
such that

f@) =g () (zel).

Indeed, it is known that
f@<g@ @el)=f(0)=¢g(0) and f(U)cyg(U).

Furthermore, if the function g is univalent in U, then we have the following equivalence
f@) <9k Eel)e f(0)=g(0) and f(U)cygU).

Quantum calculus is ordinary classical calculus without the notion of limits. It defines g-calculus and
h-calculus. Here h ostensibly stands for Planck’s constant, while g stands for quantum. Recently, the area
of g-calculus has attracted the serious attention of researchers. This great interest is due to its application
in various branches of mathematics and physics. The application of g-calculus was initiated by Jackson
[11, 12]. He was the first to develop g-integral and g-derivative in a systematic way. Later, geometrical
interpretation of g-analysis has been recognized through studies on quantum groups. It also suggests a
relation between integrable systems and g-analysis.

Many applications of the g-calculus can be found in the field of mathematics such as numerical analysis,
fractional calculus, special polynomials and analytic number theory. Mathematicians, who have introduced
and investigated of new analytic function subclasses in the field of geometric function theory (GFT), have
extensively used the g-calculus especially, lately. One of the first contributions of using the g-calculus in
GFT is given by Ismail et al. [10] who established generalized version of the starlike functions namely
g-starlike functions.

In recent years, many applications of g-calculus associated with various families of analytic functions can
be found in the literature. For example,the problem obtaining of the upper bound for both initial coefficients
and second Hankel determinant for functions belong to the some subclasses of g-starlike functions are
investigated by Caglar et al. [8] and Srivastava et al. [21]. On the other hand, Al-Shbeil et al. [3], Srivastava
et al. [22], Srivastava and El-Deeb [24] and Srivastava et al. [25] introduced the classes of analytic and
bi-univalent functions defined by means of g-calculus and obtained some results for coefficient bounds
of functions belonging to the these classes defined by authors (see also [9]). Further Ali et al. [1], by
defining an interesting subclass of analytic and multivalent functions by means of the g-derivative operator,
have investigated the coefficient bounds, distortion results, convex linear combinations, and the radii of
starlikeness, convexity and close-to-convexity for functions belong to this class.

We need following basic definitions of the g-calculus which are used in this paper (see, for details,
[11,12]).

For 0 < g < 1, the g-number and the g-factorial are defined by

1-q"

g , neC

[n], =
1+g+g¢*+---g"! , neN
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and

[l =1 & ,

respectively. Asq — 17, [n], = nand [n],! — nl.
For a function f defined on a subset of C, Jackson's g-derivative d, f is defined by (see [11, 12])

f@—f(q2)
) z#0

f/(O) ’ z=0

9f (2) =

provided that f’ (0) exists. Then a function g (z) = z", we have

9, @") = [n], 2",
qll)r{l (8‘7 (Zn)) = nz”_l = gl (Z) 7

where g’ is the ordinary derivative.
Jackson [12] introduced the g-integral by

f it =2(1— ) Y (=),
0 k=0

as long as the series converges. Then a function g (z) = z", we obtain

Z Z 1
H)d t = f1dt= —— 1 n+-1
fog()q ﬁ q [n+1]q ( )

lim f (O d,t = f g(Ht,
91" Jo 0

where foz g () dt is the ordinary integral.
Let A denote the class of functions of the form

and

f@)=z+ i a,z" (2)

n=2
which are analytic in the open unit disk U. We also denote by S the class of all functions in the normalized

analytic function class A which are univalent in U. We note that if the function f € A is of the form (2),
then we obtain

0,f () =1+ Z [, 42" (zeU). 3)
n=2
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For a function f € A given by (2), from (1), we deduce that

Nf@ = Z (1], a,2"" =: 9,f (2)
n=1
Wf@ = Y [nlln—1]a,2"2
n=2
() S L
8 = g n ]
g f (@ ;[n—]]q!az

where 8gj ) f (2) is the j" g-derivative of f (z).
By means of the g-derivative, Alqahtani ef al. [2] introduced the following class of functions associated
with vertical strip domain as follows:

Definition 1.1. [2] Let o, € Rsuch that 0 < a <1 < B and f € A be defined by (2). Then

zd;f (2)
f@

The class S; (@, f) is non-empty. For example, the function f € A given by

B ﬁ—a,le 1—qe2mflﬁt
f(z)—zexp{ — i | tlog T dgt

is in the class S (a, B), (see [2]).

feS;(a,,B)@a<‘R( )<ﬁ (zeU).

Remark 1.2. In Definition 1.1,

(i) if we let g — 17, then we have the class S (o, B) which consists of functions f € A satisfying
2" (2)
f@

introduced by Kuroki and Owa [13];
(ii) if we let B — oo, then the class S (a, B) reduces to the class S; (a) of g-starlike functions of order a (0 < a < 1),
which consists of functions f € A satisfying
zd,f (z
®(22)>a
f@)

studied by Seoudy and Aouf [18].

a<?’\( )<ﬁ (ze)

(ze )

Lemma 1.3. [2] Let f € A be defined by (2),0 <a <1< Band0 < g < 1. Then

feSy@p e

20, f (2) B—a. 1- qezmﬁz
<1+ ilo
f(2) & 1-gz

J (zeU).

Lemma 1.3 means that the function f; .4 : U — C defined by

Fap@=1+P"%ilog 1-¢e"Fz 4)
ap m 1-gz
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is analytic in U with f; ,(0) = 1 and maps the unit disk U onto the vertical strip domain
Qup={weC:a<R(w)<p}. ()

Also it has the form, [2],

Frap@ =1+ Z B,z" € P, (6)
n=1
where
IB - ne 2117'[1‘ﬂ
B, = po qz(l—e ﬁ*{*) (neN). (7)

Here, in our present sequel to some of the aforecited work of Algahtani et al. [2], we first introduce the
following subclasses of analytic functions.

Definition 1.4. Let o, € R such that 0 < o < 1 < . We denote by S, , (a, B) the class of functions f € A
satisfying

<R (Zaqf (2)

g(z) )<ﬁ (ZEU)/

where g € S; (6,p) with0 <6 <1 <.

Note that for given 0 < a,0 <1 < B, f € S;,(a,p) if and only if the following two subordination
equations are satisfied:

20,f(z) 1+(1-(1+g)a)z 20,f(z) 1-(1-(1+q)p)z
< and < .
g(2) 1-gz g(z) 1+4gz

Remark 1.5. In Definition 1.4,
(i) if we let ¢ — 17, then we have the class S, (, B) which consists of functions f € A satisfying

zf' (z)
< %( e

)<ﬁ (9€S8,8), zel)

introduced by Bulut [6];
(ii) If we let B — oo, then the class S, , (a, B) reduces to the class Cy(0, @) of q-close-to-convex functions of order 6
and type o, which consists of functions f € A satisfying

Zaqf (2)
9%( 9(z)

)>a (geS;(é), ZGU)

introduced by Bulut [7].
Using (5) and by the principle of subordination, we can immediately obtain Lemma 1.6.

Lemma 1.6. Let a, p and 6 be real numbers such that 0 < o, 6 < 1 < B and let the function f € A be defined by (2).
Then f € 84 (a, ) if and only if

zd, f (2)
92
where f; . p(z) is defined by (4).

< fo.a8(2) (zeU)
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The coefficient problem for close-to-convex functions studied many authors in recent years, (see, for
example [4, 5, 16, 23, 26-29]). Upon inspiration from the recent work of Alqahtani et al. [2], we obtain
coefficient bounds for the Taylor-Maclaurin coefficients for functions in the function class S,, (a, ) of
analytic functions which we have introduced here.

The main purpose of this paper is to obtain some coefficient bounds for functions belong to the subclass
BM (o, B; 1), which consists of functions f € A satisfying the following non-homogenous Cauchy-Euler
fractional g-differential equation:

207 f@) +2(1 +u) 200 f@) + u (1 +u) f(2) = (1 +u) 2 + 1) (2) (8)

(f €A; @ €S8yy(a,B); u R\ (—00,—1]).

Lemma 1.7. [17] Let the function g given by
g(z) = Z bz (ze )
k=1

be convex in U. Also let the function f given by

(9]

i)=Y w  (zel)

k=1
be holomorphic in U. If
fz)<a@@  (zel),
then
lag| < b (keN).
Lemma 1.8. [15] Let p € P with p (z) = 1 + c1z + c22% + - - - . Then for any complex number v,
|cz - vcﬂ <2max{l, 2v—-1}},
and the result is sharp for the functions given by

+ 22 1+z

P@ =1 ad pE) =7

— Z :
2. Coefficient inequalities for the class S; )

Theorem 2.1. Let o and f be real numbers such that 0 < a < 1 < p and let the function f € A be defined by (2). If
fe S; (a, B), then

4 2(p-a) . n(l-a)
kEIz [k -2], + = sin ﬁ_a“)

lan| < n=2,3,..).

[n—1],!

Proof. Let the function f € S; (a, B) be of the form (2). Let us define the function p(z) by

_ 20,f (2)
- f@

p(2) (zel). )
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Then according to the assertion of Lemma 1.3, we get

p(2) < foa5(2),

where f, . 3(z) is defined by (4). Hence, using Lemma 1.7, we obtain

PRON <l e,
m!
where
pi)=1+cz+cz* +--- (ze L)
and (by (7))

|B1| = "8 ; aqi (1 - ezmtjﬁf)‘ _ (ﬁn_ ®) sin nél_—aa).

Also from (9), we find

20,f @) =p@)f()  (ze).

Since a; = 1, in view of (14), we obtain
n—-1
([n]q - 1)11,1 =Cy1 +Cpnlly + -+ 101 = Z T n=273...).
j=1
Applying (11) into (15), we get
n-1
(I, = 1)laad < B1 Y Jawy| — (1=2,3,..).
j=1

Forn = 2,3,4, we have

1Bl
| < ———,
2] ([Z]q_l)
|B1| |B1| |B1|
sl < =< (el < 1 ,
asz| < ([3]q_1) +laz|) < ([3]q_1)[ +([2]q_1)J
ol < B o < (121, - 1 +1B1l) ([3], — 1 + |Bal)
- () S (L)L) e, )

respectively. Using the principle of mathematical induction and the fact that
[kl;-1=qlk-1],  (k=2),
and the equality (13), we obtain
nk-1], - 1+|Bi|

ol < ]| ==

k=2

1l (qlk =21, + IBi])

gtn- 1],!

i (.3_“) . n(l-a)
TT [k - 21, + 22 sin 200
= ":2( ) n=23..).

[n— 1]q!

6009

(10)

(11)

(12)

(13)

(14)

(15)
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This evidently completes the proof of Theorem 2.1. [J
Letting § — oo in Theorem 2.1, we have the following result.

Corollary 2.2. Let a be a real number such that 0 < o < 1and let the function f € Abe defined by (2). If f € S; (a),
then

kljz (k-21,+20 - a))
[n—1],!

Remark 2.3. If we let g — 17 in Theorem 2.1, then we have [13, Theorem 2.1].

|a,| < n=273..).

Theorem 2.4. Let o and B be real numbers such that 0 < a < 1 < p and let the function f € A be defined by (2). If
f€S;(a,p), then for any p € C
2-a) m(-a) { B, (1—(1+¢1)#)Bl}
maxi1, |- + —————|¢,
B1 q
By = ﬁ_ qz( i ) and B, = ‘B—q 1( 4”’”). (16)

|a3_#a2|_(1+q)n B—a

where

The result is sharp.
Proof. If f € S (@, B), then we have

P(2) < frapz)  (z€l)),
where

20, f (2)
f @@

=l+ciz+cz%+--- (zeU) (17)

P(2) =

and

8

2717'[11

ﬁg)z” (z € U).

Foup@) = 1+Zan =

n=1
As explained in the proof of Theorem 2.1, from (15) we get

€1 = ([2],1 — 1>a2, 0 = ([3],7 - 1) as — ([2],7 - 1)a§
or equivalently

c1 = qay, =9 [(1 +q)az — ai] . (18)
Since f; 4, (2) is univalent and ¢ (z) < f;4,6 (z), the function
1+, 0@)
£ (@)

is analytic and has a positive real part in U. Also we have

_ h(z)—-1) _ Bim By ) B, 2
(P(Z)‘f"'“'ﬁ(h(z)+1)‘1+ 2 ?(hz_i 2

h(z) = 1+ Mz +hoz? + - (ze W)

zZ+ 224, (19)
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Thus by (17)-(19) we get

B
@ = Z—;hl, (20)
_ _ B |, _1(,_B:_Bi),»
S Zq(1+q)[h2 2(1 By q)hl]' =

Taking into account (20) and (21), we obtain

o, B 42
R A e (h2 - A12), (22)

where

_1[, B (-(+9uh

Our result now follows by an application of Lemma 1.8. The result is sharp for the functions

20,f (2) _ 2af @ _
~® - foap (zz) and Fo faap (@)

O

3. Coefficient inequalities for the class S, , («, B)

Theorem 3.1. Let a, f and 6 be real numbers such that 0 < a,6 < 1 < p and let the function f € A be defined by
(). If f € S, (a,B), then

26-9) . m(1-9) 29(F-a)  n(l-0a)
[2], 7 -0 [2], 7 p—a

and forn =3,4,...

laz| <

n

1T ([k—Z],7 + @Sinw)

=
k=2
la,| < [”]q!
20(B-a) . n(l-a) 7 2(8-06) . m(1-9)
[n—Z]q![n]qnsm f-a g([k]q+ ——sin 5=5 )’
where g € S; (6, B).-

Proof. Let the function f € S, ; (o, ) be of the form (2). Therefore, there exists a function

9@ =2+ ) biz" € S;(6,p) (24)
n=2

so that

zd,f (2)
<%( e )<ﬁ. (25)
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Note that by Theorem 2.1, we have

n

1 ([k—Z]q N MsinM)

) P b4 -6
b, < [n_llq! n=23..). (26)
Let us define the function p(z) by
zd, f (2)
p(z) = z € U). 27
== D) @7

Then according to the assertion of Lemma 1.6, we get

PE) < foapz)  (z€), (28)

where f, ,4(z) is defined by (4). Hence, using Lemma 1.7, we obtain

ﬁ%ﬂ=mmﬁ| m=12,.), 9)
m
where

PpR) =1 +diz+doz> + - (z e U). (30)
Also from (27), we find

20, f (2) = p(2)9(2). (31)

Since a; = by = 1, in view of (31), we obtain

n—1
[1)y @5 = by = dyy + dyosby + -+ dib,g = Z diby;  (n1=2,3,..). (32)
j=1

Now we get from (29) and (32),

n-1
0 < — 10l + 2L Y o, .

SO T

Using the fact that

n

-2 _ s
(1, + 2 sin 222)
k=1

[n—2],! !

—_

n—

|bn_j| =14bof+ - +|byal <

Il
—_

j
the proof of the Theorem 3.1 is completed. [

Letting B — oo in Theorem 3.1, we have the following result.

Corollary 3.2. Let o and 6 be real numbers such that 0 < o, 6 < 1 and let the function f € A be defined by (2). If
f €Cy(5,a), then

201-0) , 29(1-a)

ol < =g, )



S. Bulut / Filomat 38:17 (2024), 6003-6015 6013

and forn =3,4,...

kl:jz([k—Z]q+2(1—6)) 2001 —a)

[r],! T -2, L

n-2
lan| <

(Ik1, +2(1-9)),

where g € S} (0).

Letting f — co and ¢ — 17 in Theorem 3.1, we have the coefficient bounds for close-to-convex functions
of order « and type 6.

Corollary 3.3. [14] Let a and 0 be real numbers such that 0 < a, 6 < 1 and let the function f € A be defined by (2).
If f € C(a, 0), then

2(3-20)(4—-206)---(n—20)
n!

la,| < [n(1-a)+ (a-09)] n=273...).

4. Coefficient inequalities for the class 8, , («, ; u)

Theorem 4.1. Let a, § and 6 be real numbers such that 0 < o,6 <1 < B and let the function f € A be defined by
(). If f € By 4 (a,B;u), then

A+uw)Q+u) [2(6-0) . n(1-6) 29B-a) . n(l-a)
|a2|s(n+u)(n+l+u)[ [2],7 s B-96 M [2], 7 st -« ] (33)
and forn =3,4,...
(e — 2(p=0) ;) n1-0)
ol (1+ 1) 2+ 1) k:Hz([k 2y + =% sin ﬁ-é)
fhn m+u)(n+1+u) [n],!
20-a) . mn(l-a) 17 2(-0) . n(1-0)
-2, p-a g([k]ﬂ S )l (34)

where u € R\ (=00, ~1] and g € S (6, p).

Proof. Let the function f € A be given by (2). Also let

piz)=z+ Z Pnz" €Sy4(a,p),
n=2

so that

A+u)2+u)
m+u)(n+1+u)""

n=2,3,...; ue R\ (-o0,—1]).

n=

Thus, by using Theorem 3.1 in conjunction with the above equality, we obtain desired inequalities (33) and
(34). O
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5. Conclusion and Future Work

In this study, for functions of the form

f@)=z+ Zanz” and p(z)=z+ Z pz" (ze),
n=2 n=2

we consider following subclasses:

. { 20, f (2)
S (v,p)=3feA: a<‘R(—)<ﬁ (05a<1<[3)},
! f@
where z € U and d, f is Jackson’s g-derivative of f;

20, f (2)

S,w(a,ﬁ)z{feﬂ: a<‘R( TE)

)<ﬁ (05a<1<ﬁ)},
whereze Uand g € S} (6,f) with0 <6 <1< p;

By (a,Biu) = { feA: 20V f@)+20+u) 200 f@) +ul +u) fz) = 1 +u) (2 +u) (p(z)},

wherez e U, p € §,,(a,p) and u € R\ (-co, —1].

For functions f belong to the classes S; (,B), Sy (a,p) and B, , (a, B; 1), we investigate upper bounds
for the general coefficient |a,|, respectively. Also for functions f € S; (, p), we obtain sharp bounds for the
Fekete-Szegd functional ¢, (f) = a3 — paj when u € C.

This study could inspire light on further researches such as analytic (or meromorphic) and multivalent
g-starlike and g-convex functions associated with vertical strip domain

Qup={weC:a<R(w) <p}.

On the other hand Srivastava, in his recent survey-cum-expository review articles [19, p. 340] and [20,
pp- 1511-1512], pointed out the fact that current trend of translating known g-results into the corresponding
(p,g)-results (0 < g < p < 1) is trivial and in-consequential, simply because the additional forced-in
parameter p is obviously redundant.
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