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Abstract. Given an idempotent p in a Banach algebra and following the study in [6] of p-invertibility, we
consider here left p-invertibility, right p-invertibility and p-invertibility in the Calkin Algebra C(X), where
X is a Banach space. Then we define and study left and right generalized Drazin invertibility and we
characterize left and right Drazin invertible elements in the Calkin algebra. Globally, this leads to define
and characterize the classes of P-Fredholm, pseudo B-Fredholm and weak B-Fredholm operators.

1. Introduction

Let X be a Banach space, let L(X) be the Banach algebra of bounded linear operators acting on the Banach
space X and let T € L(X). We will denote by N(T) the null space of T, by a(T) the nullity of T, by R(T) the
range of T and by B(T) its defect. If the range R(T) of T is closed and a(T) < oo (resp. f(T) < o0 ), then T is
called an upper semi-Fredholm (resp. a lower semi-Fredholm) operator. A semi-Fredholm operator is an
upper or a lower semi-Fredholm operator. If both of a(T) and B(T) are finite then T is called a Fredholm
operator and the index of T is defined by ind(T) = a(T) — B(T). The notations P, (X), P_(X) and P(X) will
design respectively the set of upper semi-Fredholm, lower semi-Fredholm and Fredholm operators.

For T € L(X), the Fredholm spectrum of T is defined by:

op(T) ={A € C: T — Al'is not a Fredholm operator}.

Define also the sets:
Dy(X) = {T € D, (X) | there exists a bounded projection of X onto R(T)},
and

®,(X) = {T € D_(X) | there exists a bounded projection of X onto N(T)}.

Recall that the Calkin algebra over X is the quotient algebra C(X) = L(X)/K(X), where K(X) is the closed
ideal of compact operators on X. Let G, and G; be the right and left, respectively, invertible elements of
C(X). From [11, Theorem 4.3.2] and [11, Theorem 4.3.3], it follows that ®;(X) = IT"}(G,) and ®,(X) = IT"1(G,),
where IT : L(X) — C(X) is the natural projection. We observe that ®(X) = @;(X) N O,(X).

Definition 1.1. The elements of ®;(X) and ®,(X) will be called respectively left semi-Fredholm operators and right
semi-Fredholm operators .
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In 1958, in his paper [14], the author extended the concept of invertibility in rings and semigroups and
introduced a new kind of inverse, known now as the Drazin inverse.

Definition 1.2. An element a of a semigroup S is called Drazin invertible if there exists an element b € S written
b = a and called the Drazin inverse of a, satisfying the following equations:

ab = ba,b = ab?,a* = b,

for some nonnegative integer k. The least nonnegative integer k for which these equations holds is the Drazin index

i(a) of a.

It follows from [14] that a Drazin invertible element in a semigroup has a unique Drazin inverse.

In 1996, in [15, Definition 2.3], the author extended the notion of Drazin invertibility.

Definition 1.3. An element a of a Banach algebra A will be said to be generalized Drazin invertible if there exists
b € A such that bab = b,ab = ba and aba — a is a quasinilpotent element in A.

In [15], the author proved that a € A is generalized Drazin invertible if and only if there exists € > 0,
such that for all A such that 0 <| A |< ¢, the element a — Ae is invertible and he proved in [15, Theorem 4.2],
that a generalized Drazin invertible element has a unique generalized Drazin inverse. He also proved that
an elementa € A is generalized Drazin invertible if and only if there exists an idempotent p € A commuting
with g, such that a + p is invertible in A and ap is quasinilpotent.

Let A be a ring with a unit and let p be an idempotent in A. Recall that the commutant C, of p is the
subring of A defined by C, = {x € A | xp = px}. In [6, Definition 2.2], the concepts of left p—invertibility, right
p—invertibility and p—invertibility where defined as follows.

Definition 1.4. Let a € A. We will say that:
1- a is left p-invertible if ap = pa and a + p is left invertible in C,,.
2- a is right p-invertible if ap = pa and a + p is right invertible in C,.
3- a is p-invertible if ap = pa and a + p is invertible.

Moreover in [6, Definition 2.11], left and right Drazin invertibility where defined as follows:

Definition 1.5. We will say that an element a € A is left Drazin invertible (respectively right Drazin invertible) if
there exists an idempotent p € A such that a is left p-invertible (respectively right p-invertible) and ap is nilpotent.

For T € L(X), we will say that a subspace M of X is T-invariant if T(M) Cc M. We define Tpy : M — M
as Tim(x) = T(x), x € M. If M and N are two closed T-invariant subspaces of X such that X = M @& N, we
say that T is completely reduced by the pair (M, N) and it is denoted by (M, N) € Red(T). In this case we write
T = Tim @ Tiy and we say that T is a direct sum of Ty and Ty

It is said that T € L(X) admits a generalized Kato decomposition, abbreviated as GKD, if there exists
(M, N) € Red(T) such that T is Kato and Ty is quasinilpotent. Recall that an operator T € L(X) is Kato if
R(T) is closed and Ker(T) ¢ R(T") for every n € IN.

Remark 1.6. For T € L(X), to say that a pair (M, N) of closed subspaces of X is in Red(T), means simply that
there exists an idempotent P € L(X) commuting with T. Indeed if (M, N) € Red(T), let P be the projection
on M in parallel to N. Then since (M, N) € Red(T), we see that P commutes with T. Conversely, given an
idempotent P € L(X) commuting with T, if we set M = P(X) and N = (I - P)X, it is clear that (M, N) € Red(T).

For T € L(X) and a nonnegative integer n, define T7,) to be the restriction of T to R(T") viewed as a map
from R(T") into R(T") (in particular Tg) = T). If for some integer n the range space R(T") is closed and T7; is
an upper (resp. alower) semi-Fredholm operator, then T is called an upper (resp. a lower) semi-B-Fredholm
operator. Moreover, if T|,,) is a Fredholm operator, then T is called a B-Fredholm operator, see [7]. From [7,
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Theorem 2.7 |, we know that T € L(X) is a B-Fredholm operator if there exists (M, N) € Red(T) such that T is
a nilpotent operator and T}y is a Fredholm operator. The notations @p(X), @5+ (X) and ®p-(X) will designate
respectively the set of upper semi-B-Fredholm, lower semi-B-Fredholm and B-Fredholm operators. We
have Op(X) = Pp+(X) N Dp-(X).

The results of this paper can be summarized as follows. First let us recall the following important result,
which we will use throughout this paper. If p is an idempotent element of C(X), then from [3, Lemma 1] there
exists an idempotent P € L(X) such that I1(P) = p. So letting p = I'1(P) being an idempotent in the Calkin
algebra and using the results of [6], we give in the Example 1.7 algebraic characterization of p-invertible
(respectively right p-invertible and left p-invertible) elements in the Calkin algebra C(X). This analysis leads
to the introduction of the class ®p(X) of P-Fredholm ( respectively the class @;p(X) of left semi-P-Fredholm
and the class ®,p(X) of right semi-P-Fredholm) operators in a similar way as the corresponding classes of
Fredholm, left semi-Fredholm and right semi-Fredholm operators. We will see that ®p(X) = ©;p(X)NP,p(X).

In the second section, we introduce the notions of left and right generalized invertibility in a Banach
algebra and we characterize left and right generalized Drazin invertible elements in the Calkin algebra.
In particular we prove that an element of C(X) is generalized Drazin invertible if and only if it is left and
right generalized Drazin invertible. This leads us to introduce the classes ®ipp(X) and ®,pp(X) of left and
right pseudo semi-B-Fredholm operators, completing in this way the study of the class ®pg(X) of pseudo
B-Fredholm operators inaugurated in [9] and [5]. We will prove that ®pp(X) = Qpp(X) N Pppp(X).

Similarly in the third section, after characterizing left and right Drazin invertible elements in the Calkin
algebra, we prove that an element of C(X) is Drazin invertible if and only if it is left and right Drazin
invertible. From [8, Theorem 3.4], we know that T € L(X) is a B-Fredholm operator if and only if 7(T) is
Drazin invertible in the algebra L(X)/Fo(X), where Fy(X) is the ideal of finite rank operators in L(X), and
7 : L(X) = L(X)/Fo(X) is the natural projection. Thus to differentiate the class of operators studied in this
section from B-Fredholm operators, we name them “weak B-Fredholm operators”. We will prove that the
class of weak B-Fredholm operators contains strictly the class of B-Fredholm operators.

This leads us to introduce the classes ®jyp(X), @wp(X) of left and right weak semi-B-Fredholm oper-
ators, completing in this way the study of the class ®qy5(X) of weak B-Fredholm operators inaugurated in
[9] and [5]. We will prove that ®qyp(X) = Opyp(X) N Ppyp(X).

Though, the weak B-Fredholm operators and pseudo B-Fredholm operators, where not explicitly defined
in [9], they where characterized by Drazin (generalized Drazin) invertible elements in the Calkin algebra
in [9, Theorem 6.1,ii] and [9, Theorem 6.1, i] respectively.

Example 1.7. P-Fredholm Operators

Definition 1.8. Let T € L(X) and let p = I1(P) be an idempotent element of C(X). We will say that:
1- T is a left semi-P-Fredholm operator if I1(T) is left p-invertible in C(X).
2- T is a right semi-P-Fredholm operator if II(T) is right p-invertible in C(X).
3- T is a P-Fredholm operator if TI(T) is p-invertible in C(X).

Let p be an idempotent element of C(X), we define the sets G,, and Gy, to be the right and left, respectively,
p-invertible elements of C(X). Then ®;p(X) = IT"1(G,) and @p(X) = I[171(G). If the idempotent p=0, then
Dp(X) = Oi(X), Pro(X) = Di(X), G = Gy and Gy = G,. So we retrieve the previous relations @;(X) = I1Y(G)
and ®,(X) = IT"Y(G,).

The following results characterizes algebraically left semi-P-Fredholm, right semi-P-Fredholm and P-
Fredholm operators. Since these characterizations are obtained straightforwardly by using the correspond-
ing results obtained in [6], we give them without proofs, referring the reader to [6].

Using [6, Theorem 2.5], we obtain the following characterization of left semi-p-Fredholm operators.

Theorem 1.9. Let T € L(X). Then there exist an idempotent p = I1(P) € C(X) such that T is a left semi-P-Fredholm
operator if and only if there exists an element S € L(X) such that STS — S,S*T — S, TST — ST? are compact, there
exists V € L(X) such that the commutator [V, ST] and V(I + T — ST) — I are compact. In this case p = II(I — ST).
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Using [6, Theorem 2.6], we obtain the following characterization of right semi-P-Fredholm operators..

Theorem 1.10. Let T € L(X). Then there exist an idempotent p = I1(P) € C(X) such that T is a right semi-P-
Fredholm operator if and only if there exists an element S € L(X) such that STS — S, TS?> - S, TST — T?S are compact,
there exists V € L(X) such that the commutator [V, TS] and (I+T —TS)V — I are compact. In this case p = II(I-TS).

Using [6, Theorem 2.7], we obtain the following characterization of P-Fredholm operators..

Theorem 1.11. Let T € L(X). Then there exist an idempotent p = I1(P) € C(X) such that T is a P-Fredholm operator
if and only if there exists an element S € L(X) such that the commutator [T,S] and STS — S are compact and that
I+ T — ST is a Fredholm operator. In this case p = II(I — ST).

Remark 1.12. Let p = I1(P) € C(X) be an idempotent. It is clear that T € L(X) is P-Fredholm if and only if
T € L(X) is left and right semi-P-Fredholm. So we have ®p(X) = ®;p(X) N O,p(X).

2. On Pseudo B-Fredholm Operators

Definition 2.1. 1. T € L(X) is called a Riesz- left semi-Fredholm operator if there exists (M, N) € Red(T) such
that Ty is a Riesz operator and Ty € @(N).
2. T € L(X) is called a Riesz- right semi-Fredholm operator if there exists (M, N) € Red(T) such that Tj is a Riesz
operator and Tiy € @,(N).
3. Following [9, Section 6, p.133], T € L(X) is called a Riesz- Fredholm operator if there exists (M, N) € Red(T)
such that Ty is a Riesz operator and Ty is a Fredholm operator.

Definition 2.2. Let A be a Banach algebra. We will say that an element a € A is:

1. left generalized Drazin invertible if there exists an idempotent p € A such that a is left p-invertible in A and ap
is quasinilpotent.

2. right generalized Drazin invertible if there exists an idempotent p € A such that a is right p-invertible in A and
ap is quasinilpotent.

3. generalized Drazin invertible, as defined in [15], if there exists an idempotent p € A such that a is p-invertible
in A and ap is quasinilpotent.

Definition 2.3. Let T € L(X). We will say that:

1. T is a left pseudo semi-B-Fredholm operator if I1(T) is left generalized Drazin invertible in C(X).

2. T is a right pseudo semi-B-Fredholm operator if TI(T) is right generalized Drazin invertible in C(X).
3. T is a pseudo semi-B-Fredholm operator if it is right or left pseudo semi-B-Fredholm.

4. T is a pseudo B-Fredholm operator if II(T) is generalized Drazin invertible in C(X).

Remark 2.4. 1. The class of pseudo B-Fredholm was defined in [5, Definition 2.4]. It involves the class of
B-Fredholm operators defined in [7].
2. In[9],in 2015, the author studied generalized Drazin invertible elements under Banach algebra homomorphisms.
In the case of the Calkin Algebra, he proved in [9, Theorem 6.1, i] that an operator whose image is generalized
Drazin invertible in the Calkin algebra is a compact perturbation of Riesz-Fredholm operator. Later in 2019, in
[5, Theorem 2.10], a second characterization of this result was given in the same terms.
Here in this paper, the concept of p-invertibility enable us to give left and right versions of [9, Theorem 6.1].

Theorem 2.5. Let T € L(X). Then the following properties are equivalent:

1. T is a left pseudo semi-B-Fredholm operator.
2. T is a compact perturbation of a Riesz- left semi-Fredholm operator.

Proof. 1) = 2) Assume that T is a left pseudo semi-B-Fredholm operator, then I'(T) is left generalized
Drazin invertible in C(X). So there exist an idempotent p = I'(P) € C(X) such that:
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o pIL(T) = I(T)p
e pII(T) is quasinilpotent in C(X)
e There exists S € L(X) such that pIl(S) = I1(S)p and IT(S)(II(T) + p)) = I1(I)

Let X = X; @ X, be the decomposition of X associated to P, that's X; = R(P) and X, = N(P). Since I'(T)
and I'l(P) commutes, we have that II(PTP) = I'I(TP) and I1((I — P)T(I — P)) = II(T(I — P)). 1t follows that PTP
is a Riesz operator, TP = PTP + K;, T(I = P) = (I = P)T(I — P) + K3, where K;, K; € K(X), and so:

T = TP+T(I-P)=PITP+(I-P)T(I-P)+K
where K = Kj + K; € K(X). We have that (X7, X3) € Red(PTP) and (X1, X») € Red((I — P)T(I — P)), hence:

PTP = (PTP)x, ® (PTP))x, = (PTP)x, ®0,

and

(I=P)T(I-P) = ((I-P)T( - P))x, & (I = P)T(I = P))x, = 0& (I = P)T(I = P))x,,

Therefore,

T = (PTP)x, ® (I - P)T(I - P))x, + K. (1)

It’s easily seen that (PTP)rp) is Riesz operator. Moreover we show that ((I — P)T(I — P))r¢-p) is a left
semi-Fredholm operator. Since IT(S)(II(T) + p) = I'l(I), we have:

(I-P)SI-P)I-PYT+P)I-P)=1-P+F;,

where F; is a compact operator such that (X;, X») € Red(F1). As I — P is the identity on L(X), it follows that
(I=P)T(I - P))x, = (U= P)T + P)(I - P))x, is a left semi-Fredholm operator. According to (1), we see that
T is a compact perturbation of a Riesz-left semi-Fredholm operator.

2) = 1) Conversely assume that X = X; & X, is the direct sum of the two closed subspaces Xi, X, of
X such that T = T1 & T, + K where T € L(Xj) is a Riesz operator and T, € L(Xj) is a left semi-Fredholm
operator and K € K(X). Let P be the projection of X on Xj in parallel to X,. Then PT = (T; ® 0) + PK and
TP = (T1 ®0) + KP. Thus PT — TP = PK — KP and PK - KP is compact. Let p = Il(P), then p commutes
with II(T). Let also I = Py, and I = (I - P)jy,. As T, is a left semi-Fredholm operator in L(X;), there exists
Sy € L(Xy) such that S, T, — I, is compact and I; ® S; commutes with P because (I; ® S2)P = P(I1 ® S,) = I; ®0.

WehaveT1® T, + P=(T1®0)+ P+ (0 T2) = P[(T1®0) + )]P + (I — P)(I; ® T,)(I — P). As Ty is a Riesz
operator, then T1 &0 is also a Riesz operator and I'1((T7 ©0) +I)) = I1((T1 ®0)) + I1(I) is invertible in C(X). Let
I1(S1) be its inverse, where S; € L(X). We observe that I1(I; & T») is left invertible in C(X) having I1(l; ® S»)
as a left inverse.Then:

TI((PS1P + (I = P)(I; ® S2)(I = P))II(T + P) = II((PS1P + (I — P)I1 & So)(I = P))I(T1 & T2 + P)

= I([PS1P + (I = P)(hh & Sp)(I = P)DILP[(T1 @ 0) + DIP + (I — P)(lh & T2)(I - P)) = ().
It is easily seen that IT((PS1P + (I — P)(I1 @ S2)(I — P))) commutes with I1(P).

Moreover we have I1(PT) = II(T; ® 0) is quasinilpotent in C(X) because T; ® 0 is a Riesz operator. Thus T
is a left pseudo semi-B-Fredholm operator [J

Following the same method as in Theorem 2.5, we obtain the following characterization of right pseudo
semi-B-Fredholm operators. Due to the similarity of its proof with that of Theorem 2.5, we give it without
proof.
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Theorem 2.6. Let T € L(X). Then the following properties are equivalent:

1. T is a right pseudo semi-B-Fredholm operator.
2. T is a compact perturbation of a Riesz-right semi-Fredholm operator.

Combining Theorem 2.5 and Theorem 2.6, we obtain the following natural characterization of pseudo
B-Fredholm operators.

Theorem 2.7. Let T € L(X). Then the following properties are equivalent:

1. T is a pseudo B-Fredholm operator.
2. T is left and right pseudo semi-B-Fredholm operator.

Proof. 1) = 2) Obviously if we assume that T is a pseudo B-Fredholm operator, then T is left and right
pseudo semi-B-Fredholm operator.

2) = 1) Assume now that T is left and right pseudo semi-B-Fredholm operator. So there exists an
idempotent p in C(X) such that II(T) is left p-invertible and II(T)p is quasinilpotent. We have I1(T) =
pIKT)p + (e — pIKT)(e — p) = x1 + x2, where x; = pII(T)p, x» = (e — p)II(T)(e — p) and e = I1(I) is the identity
element of C(X). We know that pC(X)p is a closed subalgebra of C(X) having p as a unit element and
(e=p)C(X)(e—p)is a closed subalgebra of C(X) having e —p as a unit element. Now since x; is quasinilpotent
in pC(X)p and x; is left invertible in (¢ — p)C(X)(e — p), then if A € C\ {0} and | A | is small enough, we have
II(T) — Ae = (x1 — Ap) + (x2 — Ale — p)) is left invertible in C(X).

Similarly as I'l(T) is right generalized Drazin invertible in C(X), we can prove thatif A € C\ {0} and | A |
is small enough, then I'l(T) — Ae is right invertible in C(X).

Consequently if A € C \ {0} and | A | is small enough, then I1(T) — Ae is invertible. So if 0 € o(I1(T)), then
it is an isolated point. From [15, Theorem 3.1], it follows that I'1(T) is generalized Drazin invertible in C(X)
and so T is a pseudo B-Fredholm operator. [

Remark 2.8. 1. Theorem 2.7 gives a left and right versions of [9, Theorem 6.1, i)], where pseudo B-
Fredholm operators where characterized.

2. Intherecent works [2], [12] and [17], the authors studied operators similar to pseudo semi-B-Fredholm
operators considered here. They defined them as the direct sum of a semi-Fredholm operator and a
quasi-nilpotent one. However there exists operators which are pseudo semi-B-Fredholm operators
in the sense of Definition 2.3, but do not have a decomposition as the direct sum of a semi-Fredholm
operator and a quasi-nilpotent operator as seen by the Example 2.9.

3. The set of essentially left (right) generalized Drazin invertible operators was introduced and investi-
gated in [13], An operator is essentially left (right)generalized Drazin invertible operator if and only
if it is a direct sum a quasinilpotent operator and a left (right) semi-Fredholm operator. Example
2.9 shows that the set of essentially left (right) generalized Drazin invertible operators, is contained
strictly in the set of left (right) pseudo semi-B-Fredholm operators.

Example 2.9. Let T be a compact operator having infinite spectrum. Since I1(T) = 0, then T is a pseudo B-Fredholm
operator in the sense of Definition 2.3. We prove that T cannot be written as the direct sum of a semi-Fredholm
operator and a quasi-nilpotent one.

Assume that there exists a pair (M, N) € Red(T) such that T = T & T, where T1 = T is a quasi-nilpotent
operator and To = T\ is a semi-Fredholm operator. As T is compact, T, is also compact. Then necessarily N is
finite dimensional and then o(Ty) is finite. Since o(T) = o(T1) U o(T2), it follows that o(T) is finite and this is a
contradiction.

3. On Weak B-Fredholm Operators

Definition 3.1. 1. T € L(X) is called a power compact-left semi-Fredholm operator if there exists (M, N) € Red(T)
such that Ty, is a power compact operator and Tin € ©y(N).
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2. T € L(X) is called a power compact-right semi-Fredholm operator if there exists (M, N) € Red(T) such that Tip
is a power compact operator and Ty € P,(N).

3. Following [9, Section 6, p. 1331, T € L(X) is called a power compact-Fredholm operator if there exists
(M, N) € Red(T) such that Ty is a power compact operator and Ty is a Fredholm operator.

Definition 3.2. [6, Definition 2.11] Let A be a Banach algebra. We will say that an element a € A is left Drazin
invertible (respectively right generalized Drazin invertible) if there exists an idempotent p € A such that a is left
p-invertible (respectively right p-invertible) and ap is nilpotent.

Definition 3.3. Let T € L(X). We will say that:

1. T is a left weak semi-B-Fredholm operator if II(T) is left Drazin invertible in C(X).

2. T is a right weak semi-B-Fredholm operator if TI(T) is right Drazin invertible in C(X).

3. T is a weak semi-B-Fredholm operator if it is right or left weak semi-B-Fredholm operator in C(X).
4. T is a weak B-Fredholm operator if I1(T) is Drazin invertible in C(X).

Remark 3.4. As each Drazin invertible element in the algebra L(X)/Fy(X) is a Drazin invertible element
in the Calkin algebra, the class of B-Fredholm operators is contained in the class of weak B-Fredholm
operators.

Let (A,), be a sequence in C such that A, # 0 for all n and A, — 0 as n — oo and let us consider the
operator T defined on the Hilbert space I?(N) by:

T(&1, 82,83, 00) = (A1, X282, A3Es, oonn).

Then
Tn(él/ 62/ 53/ """ ) = ((Al)nélr (AZ)nEZ/ (/\3)’453/ """ )

Since (A;,)" # 0 for all m > 0 and (A,,)" — 0 as m — oo for all n > 0 then K" € K(X) and K" is not a finite
rank operator for all n > 1. Hence R(K") is not closed for all # > 1. Thus K is not a B-Fredholm operator.
However as I'I(K) = 0 is Drazin invertible in C(X), K is a weak B-Fredholm operator.

Thus the class of weak B-Fredholm operators ®qy5(X) contains strictly the class of B-Fredholm operators
®p(X), which itself contains strictly the class of Fredholm operators @(X) as seen in [7] and Obviously the
class of pseudo B-Fredholm operators ®pp(X) contains the class of weak B-Fredholm operators ®qyp(X) .

Let T be a Riesz operator which is not power compact, [10, Theorem 4.2] gives an example of such
operator. Then T € ®pp(X) but T ¢ Pyyp(X) and so Pyyp(X) € Ppp(X).

Moreover let ®p(X) = {T € L(X) | AP, P?> = P and Tis P-Fredholm} be the class of all P-Fredholm
operators, when P varies in the set of all idempotents of L(X). Then:

op(X) = | ) @X)
{PeL(X)|P2=P)
and @p(X) contains strictly the class ®pp(X) as shown by the following example.
Example 3.5. Let T : *(IN) — I*(IN) be the forward shift operator defined by:
T(xl, X2,X3, ) = (0, X1,X2,X3, )

Then from [1, Problem 7.5.3], the essential spectrum of T coincides with the unit circle, that is, 0,(T) = {z€ C| |z |=
1}.

Let S =T —1I, then 0 € 0.(S) and 0 is not isolated in 0,(S). Thus S is not a pseudo B-Fredholm operator but S + 1
is a Fredholm operator and I commutes with S. Hence S € ®1(X) and so S € Op(X) but S ¢ Opp(X).

Thus we have the following strict inclusions between these different classes :

D(X) € Pp(X) C Dyyp(X) S Ppp(X) S Pp(X).

Similar inclusion relations can be obtained by considering the left and right versions of the previous
classes.
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Theorem 3.6. Let T € L(X). Then the following properties are equivalent:

1. T is a left weak semi-B-Fredholm operator.
2. T is a compact perturbation of a power compact-left semi-Fredholm operator.

Proof. Since a power compact operator is a Riesz operator, the proof of this result can be obtained by
adapting the proof Theorem 2.5 to this case. [

Theorem 3.7. Let T € L(X). Then the following properties are equivalent:

1. T is a right weak semi-B-Fredholm operator.
2. T is a compact perturbation of a power compact-right semi-Fredholm operator.

Proof. Since a power compact operator is a Riesz operator, the proof of this result can be obtained by
adapting the proof Theorem 2.5 to this case. [J

Combining Theorem 3.6 and Theorem 3.7, we obtain the following natural characterization of pseudo
B-Fredholm operators.

Theorem 3.8. Let T € L(X). Then the following properties are equivalent:

1. T is a weak B-Fredholm operator.
2. T is a left and right weak semi-B-Fredholm operator.

Proof. 1) = 2) Assume that T is a weak B-Fredholm operator. So Il(T) is Drazin invertible in C(X) and
from [16, Proposition 4.9 ], there exists an idempotent p € C(X) such that I(T) is p-invertible and IT(T)p is
nilpotent. So I'l(T) is left Drazin invertible and right Drazin invertible in C(X) and T is a left and right weak
semi-B-Fredholm operator.

2) = 1) Conversely assume now that I'l(T) is left and right Drazin invertible in C(X), so I(T) is left and
right generalized Drazin invertible in C(X). From Theorem 2.7, it follows that I'(T) is generalized Drazin
invertible in C(X). Then from [15, Theorem 3.1] there exists an idempotent p € C(X), commuting with I'(T)
such that II(T)p is quasi-nilpotent and II(T) + p is invertible. From [15, Theorem 3.1], we know that p lies
in the closed subalgebra of C(X) generated by I'I(T).

Now as II(T) is left Drazin invertible in C(X), there exists an idempotent py € C(X), commuting with
I(T) such that IT(T)po is nilpotent and I'I(T) + py is let invertible. Assume that (IT(T)po)" = (II(T))"po = O,
for an integer n > 0. Since pg commutes with I1(T), it commutes also with p. We have:

((T)"p = [(7(T))"po + ((T))"(e = po)lp = [((T))" (e = po)lp,

where e = I(]) is the identity element of C(X). From [6, Theorem 2.15], it follows that (71(T))" (e — po) is left
invertible in the closed subalgebra (e — po)C(X)(e — po) of C(X). So there exists b € (e — po)C(X)(e — po) such
that b(rt(T))"(e — po)) = e — po. Hence:

b"((r(T))")"(e = po)p = (e = po)p and b"((n(T))"p)" (e — po) = p(e = po),
for all integer m > 0. As p commutes with pg, then p(e — po) is an idempotent. If p(e — po) # 0, then

lle —po)pll =2 1.S0 1 < ||b||||(n(T)”p)m||$||e - polli for all integer m > 0. However this is impossible since
(r(T))"p is quasinilpotent. So necessarily (e — po)p = 0 and (((T))"p) = 0. Thus n(T)p is nilpotent and I'(T)
is Drazin invertible in C(X). Therefore T is a weak B-Fredholm operator. [J

Remark 3.9. 1. Theorem 3.8 gives a left and right versions of [9, Theorem 6.1, ii)], where weak B-
Fredholm operators where characterized.
2. The set of essentially left (right) Drazin invertible operators was introduced and investigated in [18].
An operator is essentially left (right) Drazin invertible operator if and only if it is a direct sum of
a nilpotent operator and a left (right) semi-Fredholm operator. Example 3.9 shows that the class of
essentially left (right) Drazin invertible operators, is contained strictly in the class of left (right) weak
semi-B-Fredholm operators.

Acknowledgment: The authors would like to thank Professor S. C. Zivkovié-Zlatanovié for drawing their
attention on the classes of essentially left (right) (generalized) Drazin invertible operators.
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