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Asymptotic formula for the sum of eigenvalues of fourth order
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Abstract.

In this paper, we derive a trace formula for self adjoint fourth order differential operator with bounded
operator coefficient in the separable Banach space. Compared with the regularized trace problems studied
in Hilbert space, the fact that the asymptotic formulas obtained are on Banach space is an important result
of the theoretical setting which we considered.

1. Introduction and History

Spectral theory of differential operators is an extremely rich field which has been studied by many mathe-
maticians. This area of study has significant applications in both physics and mathematics. One particular
aspect of this field that has garnered attention is the study of the regularized trace of differential operators,
which was started in the middle of the 20th century with the work of Gelfand and Levitan [16]. The
results obtained in the study employed by many mathematicians. After the pioneering work of Gelfand
and Levitan, Gasymov [19], Dikiy [18], Levitan [1], Levitan and Sargsyan [2] and Halberg and Kramer [3]
found the regularized trace formulas for different type of differential operators. The list of these works on
the subject is given by Sadovnichi and Podolsky [32] and Fulton and Pruess [30].

On the other hand trace formulas of abstract self adjoint operators are studied by researchers Gohberg and
Krein [15], Gul [8], Bayramoglu and Aslanova [20], Baksi and Sezer [24], Baksi, Karayel and Sezer [23]].
Among the publications about regularized trace for Sturm-Liouville type are Chalilova [27], Maksudov,
Bayramoglu and Adigtizelov[10], Adigiizelov, Avc: and Gul [6], Adigiizelov [7], Zaki and Hagag [9] and
Aslanova [22]. The regularized trace theory allows for the approximate calculation of eigenvalues of
such differential operators, which is useful for solving inverse problems and studying integrable systems.
Applications of this theory have been studied in various research works by authors such as Guan and Yang
[28], Gesztesy, Holden, et al [12]. Isozaki and Korotyaev [14], Kerimov [21], Ismail, Majid and Ibrahim [11]
and Allogmany, Ismail, et al [26].

Considering the previous studies on the subject, the regularized traces of higher order differential operators
take an important place for understanding the behaviour of physical systems and deriving mathematical
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results. In particular, the fourth order self adjoint differential operators have significant applications in
quantum mechanics, quantum field theory and mathematical physics.

One of the important applications of fourth-order self-adjoint differential operators is in the study of
quantum systems with higher-order interactions. Such systems becomes naturally in many physical models,
including the study of atoms, molecules, solid-state materials and vibration theory [13], [33].

In our paper, we obtain the second regularized trace formula of the fourth order differential operator and
we extend this formula for the first time on an infinite dimensional separable Banach space. Applying the
theoretical setting to boundary value problem in [29], we have the extension of the first regularized trace
formula in Hilbert space to Banach space.

The main purpose of this article is to show, using the continuous dense embedding theory, and the results
about uniqueness of adjoint operator, that the analysis and operator theory for regularized trace in Hilbert
space is provided in Banach space.

This paper is structured as follows. In the next section, after we recall some theorems as well as definitions
and notations used in this article, we introduce our problem. In section three, we start with the formulation
of the regularized trace and give the main results. In the last section, we present the proofs of theorems and
give some examples of operators acting on Banach space, which we calculate the regularized trace of them.

2. Preliminaries

We begin this section with introducing our problem. Let X be a separable Banach space with dual space
X* and H be a separable Hilbert space with dual space H* such that X is continuous densely embedded
in H, [17]. Consider the operators Ly and L in the Hilbert space H; = L,(0, ; H) defined by the differential
expressions:

o(y) =y (x)

Uy) = y"V () + Q(x)y(x) (2.1)
with the same boundary conditions
y0) =y"(0) = y'(m) = y"'(m) = 0, 22

respectively. Suppose that the operator function Q(x) in satisfies the conditions for every x € [0, rt]:
Ql. Q9x):H—>H (i=0,1,2,3,4) are self adjoint kernel operators. Q(x) has continuous derivative of
order 4 with respect to norm S;[H]. Q®(x) is the ith derivative with respect to x. The functions QD ()| S, [H]
(1=0,1,2,3,4) are bounded and measurable.

Q2. [1Qllg, < % and there is an orthonormal basis {¢,};; ; in the space H such that ;1 1Q)@ulle, < oo.

Here, S1[H] is Banach space consisting of all kernel operators from H to H, [1';3]. Further, the sum of
eigenvalues of a kernel operator T is denoted by trT = traceT.
Every point of the spectrum of the operator Ly is an eigenvalue with infinite multiplicity:

oL) = (), )%+ 3) ),

which is also point spectrum ¢,(Lo) of the operator Ly.
The orthonormal eigenfunctions corresponding to eigenvalue (m + 3)* have the form:

Yn(x) = \/%sin(m + %)x.qon n=1,2,..). (2.3)

We take the space X; = Y»(0, 7, X) to consist of all measurable functions defined on interval [0, 7] with
values in Banach space X so that the square of the function’s norm is integrable with respect to the norm of
X and focus on the differential operators Ly and L in X; with the boundary conditions (2.2).
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Assume that Q(x) holds the following conditions:

QL. Q(x) : X — X is a self-adjoint, kernel operator for every x € [0, 7t].
Q2. The functions [|Q®(x)]|s, x](i=0,1,2,3,4) are bounded and measurable for every x € [0, rt].
Here, S1[X] is Banach space consisting of all kernel operators (trace class operators) from X to X.

Now, we mention about a new structure which helps us to lift our theory from Hilbert space to Banach
space. Accordingly, we employ the following definitions and theorems related to self adjoint operators on
Banach Space.

Theorem 2.1. Suppose that X is a separable Banach space, continuously and densely embedded in a Hilbert space H,
and A is a bounded linear operator on X and symmetric with respect to the inner product of H (i.e., (Ax, y)u = (x, Ay)n
forall x,y € X). Then,
1. A is bounded with respect to the norm in H and ||A*Ally = |All%, < cl|All% , where c is a positive constant,
2. The spectrum of A in H is the subset of the spectrum of A in X,
3. 0,(A) in H is equal to 0,(A) in X,
[25].

Let] : H — H* be the (conjugate) isometric isomorphism between Hilbert space and its dual, and Jx = J|x
be the restriction of J on X. Since X is densely and continuously embedded in H, J is a (conjugate) bijective
mapping of X onto Jx(X) C H* as a continuous dense embedding. It is defined a new norm on Jx(X), to
obtain a continuous dense embedding from J(X) to H* same as between the spaces X and H .

2
Definition 2.2. For u € X let u; = Jx(u) and u; = ”Z“;‘ u; and define X2 = {u} : u € X}, with norm
H

). = ullx.

X is called Zachary representation for X in H*.

Here, X} is a separable Banach space such that X; ¢ H* continuous densely embedded and a (conjugate)
isometric isomorphic copy of X, [4], [5].

Theorem 2.3. Let the functional [.,.] on X X X be [v,u] = ul(v). Then the functional defines a semi-inner product
structure on X , [4], [5]].

Let B[X], B[H] denote the spaces of bounded linear operators on X, H, respectively. C[X] denote the space
of closed densely defined linear operators on X. If A € C[X] and A’ is its dual mapping on X", then there is
a unique operator A* = ]§1A’]X € C[X]. If A € C[X] is in B[X], then ||A*A|lx <M ||A||§( , for some constant M
and A has a bounded extension to B[H] , [31]].

Let U, V be subspaces of X. Then U is orthogonal to V if and only if, for each v € V,u}(v) = 0, Yu € U and
foreachu € U, ui(u) =0,Yo e V.

Theorem 2.4. (Polar Representation) If A € C[X], then there exists a partial isometry U and a self-adjoint operator
T with D(T) = D(A) and A = UT. Furthermore, T = [A*A]Y? in a well-defined sense, [31]].

Theorem 2.5. For every ¢ € H, there exists an element ¢, € X" and a constant cy > 0 depending on ¢ such that

(f.0),, = ' (. 0;,),, forall f € X, I3

Let So[X] be the set of all compact operators on X and A = U[A*A]? € S[X] and let A be its extension to H.
By [25], 0,(A) = 0,(A), so that A is also compact. Thus, without loss of generality there exists a orthonormal

family {qbn|n € IN} C X such that A = i SH(Z)(.,(pn)Hﬁ(pn.
n=1

From Theorem 2.5. and the fact that s,(A) = s,(A) [25], we state A in the form
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Y e (Al «
A= L si(A), (- 95,),. Ubn
IfAe Sp[H], the Schatten class of order p in B[H], its norm is defined by

—H N TNTp/2 1/p [ p/2 p 0 _ 1/p
4], = {r@@p?) = {;1<(A*)(A)¢n,¢n>H } = {;1 |sn(A>|P} :

Definition 2.6. S,[X], the Schatten class of order p in B[X], is defined by

=1

o 1p
SplX] = {A € Sl XT: Al = {Z |Sn(A)|p} < 00},1 Sp<oo.

If A € S,[X], from s,(A) = s,(A) then A € S,[H] and ||A]}} = ZHf , [311.

If A € 5,[X] then, by the polar representation theorem, A*A is a non negative self-adjoint operator and
|A| = [A*A]Y? € S [X], where A* is the adjoint of A. Let s1(A) > s2(A) > s¢(A) (1 < k < c0) be the non zero
eigenvalues of |A| with each eigenvalue is repeated as many times as its multiplicity (s-numbers). When
k < oo, we assume thatsj(A) =0for j=k+1,k+2,...

3. Main Results

In this section, we derive the second regularized trace formula for the operator L. We begin this operation
by establishing relations between the resolvents and eigenvalues of Ly and L. We denote the resolvent
operators of Ly and L by R} and R;.
Since the operator function Q(x) : X — X in holds conditions Q1, 02, we can show the following
expressions:

a. QRY € 51[H;] for every A ¢ o(Lo).

b. The spectrum of the operator L is a subset of the union of intervals F,,, = [(m + %)4 —1QIl, (m+ %)4 + ||Q||]

(m=0,1,2,...), which are pairwise disjoint, i.e. 6(L) € |J Fy.
m=0

c. Every point different from (m + 3)* on F,, is a discrete eigenvalue with finite multiplicity in the
spectrum of L.

d. The series Y, [Amn —(m+ %)4] (m=0,1,2,...) are absolutely convergent, where {A,,},_, is the set of
n=1

eigenvalues of the operator L in the interval F,,.
Let p(L) be resolvent set of the operator L i.e. p(L) = C\o(L). Since QRR € 51[Hi] forevery A € p(L), from
the equation

Ry, =R} -R,QRY, (3.1)
we obtain R, — Rg € S1[H1] .

On the other hand, if we consider the series Y, [/\mn - (m+ %)4] (m =0,1,2,...) are absolutely convergent
n=1

then we get

o 0 1 1
rR KD =) [ )

m=0 n=1

/\2
2ni

for every A € p(L) [27]. Multiplying both sides of this equality with
AM=b,=p+1* (p=1,2..),then wehave

and integrating over the circle
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p [
1 1 1 1
— A2tr(R, — R%)dA — A2 - i
27 f r(Ry - Ry) 27 ZZ[/\W—/\ (m+%)4_A]

Al=b, A=p, ™

If we compute the value of integrals above by using the cases |A,,| <b, form=0,1,2,..,p and |A| > by
form=p+1,p+2,..,n=1273, .., then we obtain

gk

P
1 2 0 _
oy f A2tr(R, - RO)dA = Z

IAI=b, m=0 n

Using and (3.2), we find

[(m + %)8 - Agm]. (3.2)

I
—_

hs 1 1 1
ZZ[A%W—W 5)8] = 5= | AHIRYQRDMA - 5 f IR} QR 1A +

T
m=0 n=1 1AI=b, |Al=b,
L 2 0 043 _ i 2 0 04
+ 5= | AHIRYUQR)’MA - = | A0IR}(QRY)'1dA
A|=b, Al=b,
1 2 0\5
+ 5= | AHIRUQR)dA
A|=b,
S 2 1 8 : (_1)j+1 2 0 0yj 1 2 045
— _ — ] R
ZZ[AW (m+3) ] = Z o f IR QR A + 5 — f A2tr[RA(QRI)JdA. (3.3)
m=0 n=1 j=1 IAl=b, A=,
If we set
(_1)j+1 2 0 04/ .
My == | PulRGQRYMA, (p=12,.., j=1234)
AI=b,
_ L 2 0\5 _
My=5—= | PHIRMQR)DMA, (p=1,2,.), (3.4)
IAI=b,

then the equality becomes

14 oo
1
Y, [Aﬁm —(m+ 5)8} = My + My + My + My + M, (3.5)

m=0 n=1

Since the operator function Q(x) satisfies the condition Q2, we have
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M,,,-z;—;?] f Atr[(QROY 1A (3.6)
IAI=b,

Before we give the main result, we need to give the following theorems :

Theorem 3.1. If the operator function Q(x) holds conditions Q1 and Q2, then

2 v 1, 2 v 1,
My = p Za(m + E) ftrQ(x)dx - Za(m + E) ftrQ(x) cos(2m + 1)xdx.
m= 0 m=| 0
Theorem 3.2. If the operator function Q(x) holds conditions Q1 and Q2, then

p

p+1 L f Q) -~y f trQ*(x) cos(2m + Dxdx + O(p™),
0 m=0 0

2 p+
o trQ-(x)dx + o

0

My =

A

where, O(p~') is a function depending on p and i, satisfying the inequality |O(p~")| < cp™! (c=constant).
Now we are ready to give the main result of our paper:

Theorem 3.3. If the operator function Q(x) holds conditions Q1 and Q2, then we have the second regularized trace
formula of L on Banach space Xi

Tt

Z[ZW” o+ )= S 3 f QU — -2 + D20 () + 10 0)

m=0tn=1 0

+=(trQ” () + 1rQ”(0) - C] = 5= (117 () + 80Q(0) - Q" () - 8 Q%)

" 2
where, C = zl f trQ?(x)dx + —tr( f trQ(x)dx) is a constant.
0

4. Proofs
Proof of Theorem 3.1. By (2.3), (3.6) and the condition Q1, we have

(o9

Mpl = - 7_1(1 f /\i’T(QRO = - f A Z Z(QRO \IIVHHI \Ijmn)Xl dA

wsz |/\| bp m=0 n=1
= 2)" ) QW )i 5 f (m+ pR——— ZZZ(m + QW Yo,
m=0 n=1 IAI=b, m=0 n=1
P ~
_ L, 2 i+ Lxon, |2 sing s 1
= Zz_ozl(m + 2) f[Q(x) sin(m + )x(pn, - sin(m + 2)xqon] dx
m=U n= 0 V4

Tt

P o
= ZZZ(WHL%)“%fsin2(m+%)x(Q(x)(pn,(pn)de

m=0 n=1 0
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p T
= ZZ(m + %)4% f(z (Q)@u, @y), (1 — cos 2m + 1)x)] dx
0 n=1

m=0

p T o T
= % Z(m + %)4 fz (QM)Pn, Pu), dx = fz (QX)Pn, Pn), cos(2m + 1)xdx]
o =1 o n=1

m=0

p R z (
= %Z(m + %)4 ftrQ(x)dx - %Z(m + %)4 ftVQ(x) cos(2m + 1)’“1"]'

m=0 0 m=0 0

where, the Zachary functional on X'is (., .); . O

Proof of Theorem 3.2. We now evaluate M, by using (3.6)

- f A (QROdA = — f /\Z Z((QR&)Z\Pmn,‘I’mn)xldA

Wb Wb m=0 n=1

4 _1
Moreover, we know that (QRg)\Pmn =Q ((m + %) - A) W¥,., and

Q\ymn — 1
(m+%)4—/\ (m+%)4—A

(QRY)*®,, = QRY (QR)W,y) = QR Q(RSQW,m)

o v ( QWi Wig)x, W
=—0 [Z qZ (1, " 1)4‘7 q

1 i i (QW¥in, \Ijrq)Xl Q\prq

(m + %)4 - A =0 =1 (r+3)*-

1 = e 1 = v (QW i, Wig)x, QW
w2 A;2[<m ek
H

A=b, n=1 + % —A =0 :
1 [SS I o] [eS) [eS) ‘y ,\y ) \Ilr ,‘y
= /\ZZZZ(Q mn 4rq)X (Q ql 4mn)X1dA
2ri S AR S L = AN+ 3 -]
e

m=0 n=1 r=0 ¢=1 i, (/\ - (m + %) )(/\ - (r +1

33 Y v ), [ 5 [ T

6065

4.1)

4.2)

4.3)

By separating the series according to m and r into four series and applying the Cauchy Integral Formula,

we obtain M,; in the following form



O. Baksi, Y. Sezer / Filomat 38:17 (2024), 6059—-6086 6066

) [ 5 [ ! A
m=0 n=1 r=0 g=1 , 2mi (/\ — (m + 1)4) (A — (1’ + 1)4)

[Al=by

da. (4.4)

If m,r < p, then % A dA =1andif m,r > p, then 5 & A
o M:fbp (A—(er%) )(HHZ) ) 2mi | be ( ~(m+1) )(HH%) )
If we use the results of the integrals into (4.4), we find

P oo P o
Mo = YY)V (@ ),
m=0 n=1 r=0 g=1
P o o o0 2 1 1
* ZZZ;KQ‘MW‘PW)XJ ﬁf : 1)4)dA

m=0 n=1r=p+1 ¢ =, ()\ - (m + §)4) (/\ - (r +3

Il
1=
[-1¢
1~
[1e
<

=
S
T)

N
1=
[-1¢
[1e
gk
<

=
IS
CNl
I
+

m=0 n=1 r=0 g=1 m=0 n=1 r=p+1 q=1 (1’ %)4 — (m + %)4
P o o0 oo P o 0 2 1 4
2520y CTSANIES 30329 ] IR AN {ERPt: s e
m=0 n=1 r=0 g=1 m=0 n=1 r=p+1 g=1 r+ % — (m + %)
= 2 (r+ )4 + (m + )4

1 1

2 2

1\* 1\
n=1r=p+ l]1 (T+§) —(m+§)



O. Baksi, Y. Sezer / Filomat 38:17 (2024), 6059—-6086 6067

2 () +(m)’

(e d) (e d)’

Let a,,(n,q) = i E

m=0r=p+1

P o S
My =Y Y IIQlly, = Y Y ay(n,9), (45)

m=0 n=1 n=1 g=1

(Q\Pmnl \I/rq)x . Hence we get

here, we rewrite a, (1, q) as a sum of three series denoted by a;1, ay2, a3 , respectively:

4 2

f cos(m — PYX(QE)pu, Py):dx

0

4 n n

Re[f cos(m — r)x(Q(X)@n, Pq)-dx fcos(m +7r+ 1)xmzdx

)

m+%)4 0 0
)
)

2

fcos(m + 1+ D)(QM)Pu, ¢g).dx

= aprtapmtap . (4.6)

If we substitute (4.6), in (4.5), we find

o]

Mp2 = i i ||Q‘I’mn||§<1 - i Z(apl + ap2 + 05;13)- (4-7)

m=0 n=1 n=1 g=1

Set Epi = {(r,m):r,meN,r—m =i,m <p,r>p}, where p and i are positive integer numbers.
First we start with calculating a;

1 w fn . @r+1)*+@m+1)*
Ay = — (QX)u, ;) cos ixdx . (4.8)
now ; J PP W;‘E @r+1)*-@m+1)*
We focus on the second sumin @.8). If i <p+1 (m > 1), then
4 4
Z (2r+1)4+(2m+1)4=P+1+i20(1)’ 4.9)
m,r€E (2}’ + 1) - (2m + 1) p
here, O(%) depends on p, also satisfies the inequality 0 < O(%) < F% (i=1,p22) (c = constant).
Ifi>p+1, then
Qr+1D*+m+1)*
= O(p), (4.10)

2+ 1)t - 2m+ 1)t

here, O(p) satisfies the condition 0 < O(p) < 4p (p = 2).
We use the results and (4.10) in the equality



O. Baksi, Y. Sezer / Filomat 38:17 (2024), 6059—-6086 6068

2

15 [ @r+1)* + Qm + 1)4]
m,reE

n? = @r+1)*-@m+1)*

f (Q)@n, @g)- cos ixdx
0

b4 2

f (Q()@n, @g)- cos ixdx

0

L Ly @r+1)* +@m+1)*
T[Z =p+2 \m,reE (21’ + 1)4 - (Zm + 1)4

2

= %(P + 1);‘ f(Q(x)(pnr(Pq)z cos ixdx
ptl 2
* 2 Z zo(p f(Q x)(pﬂ/ (Pq)z CcOos Zxdx
2
T2 Z O(p) f(Q X)Pn, Pq)- cOS ixdx| .
i=p+2

Now we obtain an asymptotic formula for the sum )’ }. a,; in (4.7)
n=1g=1

2

o0

ii%l =ﬂ’2(P+1)iiz
1

n=l g= n=1 g=1 i=1

Y f‘, £0(p™)

f Q(X)@n, Pg)- cos ixdx

=

2

f (Q(X)@n, @y). cosixdx

2

f (Q()@n, @g)- cos ixdx

2 n

1
~om f (Q)@n, @g)-dx

0

[ fn Q(x)dx [ ¢n

2

+0(p™). (4.11)

2
} +0(p™)

3 [ @ g

0
2

+0(p™)

_p+l ) p+1

——nftrQ (x)dx—ﬁz

0 n=1
_p+l A 2 _p+l f‘

o f Qx-S tr| | Qo
0 0

Since Q(x) holds the conditions Q1 and Q2, we have

(j = 2,3) (c = constant). (4.12)
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Substitude (4.1T) and (#.12) in [£.7), we have

2

p+1 r
My, = Z Z IQW il — 5— f trQA(x)dx + & o tr[ f Q)dx| +0p™). (4.13)
m=0 n=1 0
We calculate the sum in
P LS [ 1
2 _ £ 2 o2
Y Y IQwiE, = 2Y Y [ sindn+ Px@ @ oy
m=0 n=1 m=0 n=1 0
1 A
- P (Y @@= 1Y [ Y Qg0 coszm + s
o =1 m=071  n=1
_ptl 2 2
= = trQ°(x)dx — —— trQ (x) cos(2m + 1)xdx. (4.14)
0
Substitude in
My, = — fter(x)dx + — fQ(x) dx - — Z fter(x) cos(2m + 1)xdx + O(p~ b,
here, O(p~!) depends on p, also satisfies the inequality 0 < O(p~!) < c.p™ ( c=constant). ]

Proof of Theorem 3.3.

First, we calculate the limit of Myy3:

00

1 v v v R A
M= 50 ZZZZ ZZ;[fM:h,, ((m+ D= )+ D =)+ Dt - A)‘M]

m=0 n=1 r=0 g=1 s=0
~(lemnr Hbrq)Xl (Q’#rqr Ebsk)Xl (lesk/ lgl’mn )Xn

which is absolutely convergent. If we define

00

F(mr T, 5) = Z Z Z(Qﬁbmn/ Hl’rq)Xl (Ql#rq/ Hljsk))ﬁ (Q’]bsk/ lpmn)Xlz

n=1 g=1 k=1
A
Glm,1,5) = fw A=(m+ YA -+ HHA -+ 31>4>d

7

then we express M3 as:

Mpz = — 2 Z G(m,r,s)F(m,1,s). (4.15)
0

By using the inner product in X;, we have the following formula for F(m, 7, s):
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F(m,r,s) = i Z 2 Z LW(Q(x)(p,,,(pq)z[cos(m —7)x —cos(m + v+ 1)x]dx

X fﬂ(Q(x)(pq, @x)z[cos(r — s)x — cos(r + s + 1)x ]dx fn(Q(x)(pk, @n)zlcos(s —m)x — cos(s + m + 1)x Jdx
0 0

and also
F(m,r,s) = F(m,s,r) = F(r,s,m) = F(r,m,s) = F(s,m,r) = F(s, r,m).

By applying the Cauchy integral formula in ( , we obtain

4i i i o + %)4 F( )
- m,7,s
m=0 r=0 s=p+1 (m + %)4 - (1’ + %)ﬂ[(m + %)4 - (S + %)4]

(s+3)*

G+ D=+ P

|
N

ORI
i i

F(m,m,s)

s

i (m + 2)4 F(m,r,s)
Sy [m+ ) = (4 H[0m + 3)* = (5 + 3)1] T

Define the following equalities by

Fi(m,7,5) := % ' f (QU)Pn, pq). cos(im — r)x dx

n=1 gq=1 k=1

X f (Q@)@g, Pr). cos(r — s)x dx f (Q(x)@x, Pn). cos(s — m)x dx,
0 0

FZ(m/ 7, S) = F(m/ 7, S) - Fl(mr r, S)/

A ii i ks I Fi(m, 1,5) (=12
= i\m,r,s), 1=1,2),
m=0 r=p+1s=p+1 [(71’1 + %)4 - (1" + %)4][(771 + %)4 - (S + %)4]
SMR (m+ 1) '
Bi = Fi 7 1ro), = 1,2 ,
;02)‘;1 (s DG Dl e g 7 (=12)
_ P © (S + %)4 -
- _mzo;l G i Iip (=12

We rewrite M3 by using A;, B; and C;
Mp3 =2A1 + 4By — 2Cq + 2A, + 4B, — 2Cs.
The relations

Fi(m,1,5) = F1(r,s,m) = F1(r,m,s) = Fi(s,m, 1) = Fy(s,r,m),
Fi(m,s,s) = Fy(m,m,s) (m>1)

6070

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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are satisfied. If we consider the last two relations in A;, we have

14 ) o)

A =2 (m+%)4 -
1 Z Z Z (m+%)4_(7+%)4][(m+%)4_(5_’_%)4] 1(m,1,s)

m=0 r=p+1 s=p+1
r>s

) 1y4
+Z m + 3) Fyi(m,m,s).

7 ((m+ D=+ )4

B - p P (m+%)4 .
o ZZ 21 (m+ 1% = (r+ DyHy(m + 1t = (s + )b 1(m,1,5)

Ss=p+

p P (7’+ %)4 .
+ZZ Zl ((r+ 2)4 (m + %)4)((r+ %)4—(s+ %)4) 1(m,1,s)

m=0 r=0 s=p+
r>m

T i o+ 3" o+
g3 Zl<m+2>4 r+ Do+ -G+ Dt D -G+

m=0 r=0 s=p+

— p.-r R (S+%)4 .
= —ZZ Zl (s + 2)4 (m+ %)4)((S+%)4—(r+ %)4) 1(m, 7,s).

m=0 r=0 s=p+
r>m

If we substitude A; and A, in (4.22), we have M, as:

Mp3 =4T, — 4T, - 2T5 + 2A5 + 4B, — 2C,,

where
EIID) i Fim,1,9)
1 m=0r= p +1s=p+1 ((m + 2)4 (r+ %)4)((111 + %)4 —(s+ %)4) T
p 0 l 4
T2 B Z Z (S - 2) Fl(m,r,s),

L (5 + DT - DG+ D -0+ DY

§ﬁ
oY}

- itl’lv

Mg

05 ((s+3)* - ( +%)4)Fl(m’m/s)-

3
Il

For any integers p, i and j such thati > jand p > j, let
Ei={mrs):mrseN;r—-m=i;s—m=j,m<p;r,s>ph

If we consider

14 o]

8

(m + 3)*

Z(‘)r o1 sopr1 ((m + )% = (r+ 2)9(m + 3)* = (s + 3)%)

[F1(m, 1,5)| < 00

6071

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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6072
and
1 (o9 (o9 [ee]
7= Y1), [ @ cosixar [ @0, cosi - s
n=1 q=1 k=1
X (Q(x)(Pk, @n). cos jxdx, (4.28)
0
we express T7 as
SR (m+ 1yt
T, = i
=LY G e e 0
Lo (m+ $)*
" Z@ _,,ZH ;1 v D=+ D Gy "
r>s,S—m>p
=T + T (4.29)
By using the set E;, since
2 (m + 3)*
e, (G D =+ D+ DI =5+ DY
B (m+ 1)?
" T D 6 D I e e
<) L
e (m+ ) =+ )+ 1)+ + )N+ 3) =5+ ))(m+3)+(5+3)
~ 1 1
m;& m—-ry(m+r+1)(m—-s)(m+s+1) ljm;a m+r+1)(m+s+1)
1 v 1 1 v 1
~ij _;_. Cm+i+D@m+j+1) ij _;;_. @m@m+))
1 1y 1 v 1
]m; 21D 2p-p i Z; ]2<p+2> < ij ; P i_
we obtain
1y4
Z 14 (;n:- 2) 1\4 1\4 = ‘10(1)’
e, (M4 2)8 =+ )0 +3)* = (s +3)H) P
where O(1) is a function, which depends on p,i and j and |O(1)| < 1. Hence, we find
[ p 1
T = Z Z(EO(D)%] (4.30)
i=2  j=1

For any integers p, i, j such thati < j < p, let

Ey={m,1,s):m,r,seIN;r—m=i;s—m=j,mr<p;s>p}
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Consider

i i i (s+3)" [F1(m, 7,5)| < 00
((s+3) = (m+ PN+ =+ DY

n=y Y% -+ .
N R o s s A

m=0 r=0 s=p+

4 p 0 (S + %)4 .
+ Z Z Z (s+ 3= (m+ H((s+ )= (r + 3)h) )

y (s il 2)4 ..
[( Zn (s + %)4 —(m+ %)4)((5 + %)4 —(r+ %)4))7/1]]

i
j=2 i=1 m,r,s€E;
i

* i )y co iy Fim,1,9)
m,r,s
. GG D e DY D -+ DY

=T + T (4.31)

By using the set E;, we focus on the following sum in Ty;:

(s+3)*
Z (s+ 3= (m+HH6+ - +3)Y

m,r,SEE,

- T "y
- 1 1 1 1

W (s + 1P =+ DD+ 12—+ DG+ D2+ (m+ DA + 12 +(r+ 1)
<Y !
i, (5+3) =+ )5+ 3) + (m+3)((s+3) = (r+ DNE +3) + (r+3))
1
- Z‘ s-m)s+m+1)(s—r)(s+r+1)

m,r,s€E,

1
- Z j(s+m+1)(j—i)(s+r+1)

m,r,s€Ey

Z (s+ m)(s +7)

m,r,s€E,

](] —1i)

1 2 1
](]-1) Z (2m+]')(2m+i+]')

m=p+1-

1 & 1 1
z](]—z) Z [2m+j_2m+i+j]

BT 1 1
Cijlj-i Z 2m+j j-i Z ,2m+i+j]' (4.32)
m=p+1-j —j
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Here,
pl
1 j—1 1 1 1
- = - < = 4.33
j- ,,,;;]Zmﬂ Ji2prl-p+]  pH2-) 2p—] pap-j p 39
and
1 1 j—i 1 1 1
<— —— = — < — < —. (4.34)
j— m;]2m+z+] ]—12(p—z)+z+] 2p—i+j 2p+j-i 3p

If we substitude (#.33) and (4.34) in (£.32), we have

Z (S + 1)4 ( B )
e (5 + 3 = (m+ M+ 3) = (r + %)4) ijp ijp’
So, we get
14
Z oty = —O(1). (4.35)

wiee, (6 + D =+ (G + ) =0+ )Y i

Hence, we have

p

Ty = ZZ lmO(l) Vi (4.36)

=2 i=1
j>i

Since y;j = y;i, by @24), @.27), #29), (¢-30), (#31) and (4.36), we obtain:

o P p pl
01 o1
MP3:4E E () 4E ())/1]+4T12—4T22—2T3+2A2+4Bz—2€2
i=2 j=1

i=2 1
i>j i>

\._\_.

Moreover, since Q(x) has continuous derivative with respect to the norm S;[X] on the interval [0, 7],
lyijl < w”“ . So, we have

|§Z 00y < 1303 (B <cons (3 2N Y 2) =00y
1

i=2 j=1 =2 j=1 ]
p p p-1 4 p-1
‘Z Vz]‘ < %Z Z (;)|y1]| < const—(z %)( 31 ) - ()(1)/
i=2 j=1 Pimi=m i <o’ T J<e0 p
and we write M3 as
Mp3 =4T1, —4T» — 2T3 + 2A2 + 4B, — 2C2 + O(p_l) (437)

Now, we prove that the limits of every term in are zero as p — oo.
By (.16),(4.17) and (4.18), and the formula of mtegra’uon by parts, for m # r # s, we have
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6075

|Fo(m,t,s)| < const. [(m

1 1
—1)2(r —s)*(s + m + 1)? " (m—1)2(r + s+ 1)2(s — m)?
1 1
(m—r2r+s+1)2(s+m+1)? " (m + 1+ 1)%(r — 5)?(s — m)?
1 1

+(m+r+1)2(r—s)2(s+m+1)2 *

(m+7r+1)2(r+s+1)*(s —m)?

1
+(m +7r+1)2(r+s+1)%(s+m+ 1)2]
< const [ ! + ! + ! ] (4.38)
- Lm—r)2(r—s)2(s+m)2  (m—=1)2r+5)2(s—m)? (m+r)2(r—s)(s — m)? '
1 1 1
< const. [(m —1)2(s + m)? * (m—1)2(r+8)2(s—m)2  (m+r)2(s— m)Z] (4.39)
1
< const. [ 5= m)i + GG T m)Z]' (4.40)
Moreover by (#17), (£:28) and [y;| < G5, we get
|F1(m, 1,s)| < const. m ,  (form#r,m#5s) (4.41)
and
|F1(m, r,s)| < cons. (for m #s,r #5). (4.42)

From (4.29) and (4.41), we obtain

ITal < mi() yil s :1 [(m + 1) (”(1;%;;5(1;"1:;2[ (s+3)']
s, s-m>p
< constm=0 p ;1 [+t —(m +(;4]+[(%S)i A= (m+ 14 (m— r);(m —5)?
s, s-m>p
scomtl, rz:;l Sg}l [(r+ 1) = (m + %)4]1[(5 + )t = (m 4 5)1]
ros 3 m>p
) C"”St;;ﬁ [ +1 (m +3)1] 2 [+ 3)* - (m+ 3]
= CO”SthP:OSgl [(s+1 (m + Ly g [+ 3= (p+ 1)2]1[(r+ D+ (p+ 3
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const 1 - 1
< .
T n;,s;ﬁ [(s+3)* = (m+ 3)4] ,;,‘1 [(r+3) =+ DIC+3)+ P+ 3)]
_ const i i 1 i 1
P = s+ %)4 —(m+ 3)*] ' ] (r-pr+p+1)

A
|8
"z
1
1
=
+
—
gk

const P&
(r—p)(r— Z‘ Z‘ [(s+ 1) - (m+%)4]

—4—<m+§>41'

m=0 s=p+1 r=p+1 m=0 s=p+1
const const 1 const
< +1). < p+1)—= = . (4.43)
s%l (s+3) - (}7 + )t p? pr p?
Then we get
lim Ty, = 0. (4.44)
p—ooo
Now, we calculate lim,,_,o, T2;. By (4.31) and (4.42), we have
Tl < va‘ Zp: i (s + 3) . IF1(m, 7,9)|
2| <
b = S s+ )= 3 + )t - (r + 5)
r>1, S—m>p
= G U [(s+ %)4 —(m+ %)4][(5 + %)4 —(r+ %)4](7” = 8)%(r —s)?
r>m,s—m>p
m=0 =0 s=p+1 ((S + %)2 - (m + %)2)((5 + %)2 (I’ + )2)((5 + 2)2 + (I’}’l + 2)2)
>, s—m>p
1
s+ D2+ (r+ D)= sP(s— 1
p P o 1
<
mz‘zo § Zo‘ . 5;1 (s +3)% = (m + 5)((s + 5)% = (r + 5)?)(m = 8)2(s = 1)?
r>m,s—m>p
== (s+m+1)((s+r+1)(s—m)d(s—r)3
4 p o 1 1 &L & 1
< mZ=o = ; (s +m)((s+1)(s—m)3.(s—r)3 ;ﬁ Z:l); S:ZJ;1 (s —m)3.(s—r)3
r>m s—m>p
L1 - Z”:i 1 _p+1z”:i 1 <p+1z”:i 1
p5 m=0 r=0 s=p+1 (S - 7)3 pS r=0 s=p+1 (S - 7’)3 p5 r=0 s=p+1 (S - 7’)3
(p + 1) i 1 (r+1)? i 1 const
= (4.45)

Then we obtain

lim Ty, = 0. (4.46)

p—)OO
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By using (4.19) and (4.39), we have an inequality of absolute value of A;:

Ayl < sl v (m+ 3)* .
| ZI_’”Z:‘ ; Z [(m + 3)* - (”+%)4][(m+%)4—(s+%)4]| 2(m, 7,5)l,

LI L b [
= [m+ L)% = (r + DA0m + D)% = (s + DL n = r2(r + 5+ 1)%(s — m)?

1 1
- (m—=r2F+s+1)2(s+m+1)? " (m+7r+1)2(r —s)%(s — m)Z]

[e] (e8]

SHIW (n+ 3 —
1m0 tepl sl [(m+ 1)t = (r + DA + D)* = (s + )AL = 1)2(r + 5)*(s — m)?

1 1
(m —1)2(r + 5)%(s + m)? i (m+71)2(r —s)(s — m)z]

o] o)

SWIDI (n+ ) [ 1
1m0 rep 1 seprl [(m + %)4 - (r+ %)4][(711 + %)4 - (s+ %)4] (m —7)2(r + 5)2(s — m)?

T I
(r=m)>(s+m)>  (m+r)>(s —m)?

) o7 D =G Dl D~ - Do PG - e =

m=0 r=p+1 s=p+1

) P © © (m+ %)4
UL L o e i b6 r Dl s e

p+1 1
<s—p)3<r— Z Y Z [+ 37—+ 1710 -

r=p+1s=p+1 m=0 r=p+1 s=p+1 s) 2p (s — P)Z
= 1 const
<const[ — ] < —. (4.47)
P 3 3 2 2
7;1 r 5;1 S ;1 [(r+3)* - (P +3) s;l S p
Then we find
p—

Using (4.21) and (4.40), we take absolute value of C; and write as
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Cal < Z 2 [(S+2)4 = +1)4] IFs(m, m, )

m=0 s=p+1

oo (s + 2)4 1 1
< const. Z [+ 1)4 (m + %)4]2[(5 — m)4 + (s —m)2(s + m)Z]

s=p+1

- iMw

= const i (s + 2)4

T L L s D) - (o DYRGs - m)2(s + m)?
p i (s+3)* = const.(Ca1 + Cao) (4.49)
L5+ 3)% = (m + 1)412(s — m)* ’

t.
m=0 s=p+

oo - p ©0 (S+%)4
21‘221 [(s + 1y — (m + 1)*Ps — m)2(s + m)’

m=0 s=p+

o= s+ 2)*
” _Z Z [+ 1) = (m+ D*P(s — m)*

i (s+3)*
s+ 32— (m+ 3)2P(s + 3)? + (m + 5)212(s — m)>(s + m)?

0s=,
S5 s+ 12 = (m + 2)212(s% + m2)2(s — m)>(s + m)?
) 1y4
(s+3)
<
mZ:Osgl (8% + m2)2(s — m)*(s + m)*
p 0 14 e
1 1 1 p+1 1
< —_— < — — < const < const—, (4.50)
mZ:()s=pZ+1 (s —m)*(s + m)* Z:(l) p* s;1 s4 p* P

and

- (s+ 1)
Zp: [(s+ 3)2 = (m + 3PP[(s + 3)> + (m + 3)212(s — m)*

P (S + 1)4
) MZ:‘ Z‘ (s —m)2(s + m+ 1)2[(s + )2 + (m + $)21%(s — m)*

IN

1
Z (s — m)°(s + m)?

. 1 v p+1
Z(s m)4(s+m)4 Ezz(s—mw: 2

m=0s=p+1 m=0 s=p+1

o)

(4.51)

w
{0
=
T
R
mchl’_\
A
Q
s}
S
©»
-+
|
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From (4.49), 4.50) and (4.51), we find

lim C, = 0. (4.52)

p—)OO

By (4.27) and (4.42), we obtain

1

mi-|Y

m=0s

s+ 1y - (m+ 1)4 1(m, m, S)| Z Z = 2)4 2)4|F1(111,m,s)|

+ m=0 s=p+1

1l
=

P> 1 il 1
Sconstmz:_osgj:1 (6 + 1y = (m+ DY —m)* CUWSfZ Z p+1-mr(s+ -+

m=0 s=p+1
1 - 1 const \v 1 const
= const . < — < . (4.53)
mZ=O<P+1—m>4 ; CES VG N = LU &
So, we get
lim T5 = 0. (4.54)
p—o
By using and (4.38), we find
PP o 1y4
(s +3)" [Fa(m, m, )|
|32|SZZZ 2142 14 14
=k S,,+1((S+ = (m+ )6+ ) = (r+2)")
PP 1y4
(S + E)
< const
mzozzl G+ D =0+ DG+ D -0+ DY
[ 1 N 1 N 1 ]
L(m - r)z(s —m)>(r+s)2  (m+r)2(s—m)2(r—s)?> (r—s)>(m—r)>(s+m)?
(LY ¥ o
= cons
0 10 s (5 + 3 = (m+ )N+ )* = (r+ ) m = 1)2(s = m)*(r +5)?

PP © (S+ 2)4
> 21 (5 +DF = m+ DO + D = 0+ DH0m + 12 = mp2(r =5

m=0 r=0 s=p+

PP © (S + 2)4
PHIPD (s + 1)* = (m+ DH(s + D = (r + D)= s)2m — (s + m)z)

m=0 r=0 s=p+1

= COTISt(B21 + By + B23). (455)

Let us start with By
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le:i ¥ 6+
e e (s + %)2 + (m + %)2)((5 + %)2 + (r+ %)2)(5 —-m)(s+m+1)
e 1
= ;:o ;)4 5;1 (s =m)3(s + m)(s — r)(s + r)3(m —r)?

p.p ol 1 L& = 1
< mZ; Z Z (s —m)3.5.8%.(s — r)(m — 1)? = Z‘ Z‘ Z (s —m)3(s —r).s*

0 71;1=<0r s=p+1 m=0 ;1=0r s=p+1
WM Y)Y
< <
0 18 S (s —m)*(s —m)(s —r).s* = (s —m)?(s —r)2.s*
W) :
<
o e e p+1-mPp+1-r2st
p p 00
1 1 1
- (mZ:o pr+1 m)z)'(;; p+1 7)2)( ;l 54)
p ()
1 1 const
= (), DS : (4.56)
mZ::O(p+1—m)2 5;1 st p*
We limit the formula of By, for simplicity, plug 2p into p:
2p 2 o (S + %)4

Ba=),) ), [(s +m)(s+m+1)((s+ 22+ + DD+ +r+1)((s+ 12+ (r+ 1)?)

m=0 ryn:<07 s=2p+1
1 ]
(s = m)(s — r)(m + 1)2(s — m)2(r — 5)?
2p 2p o0

1
= Z Z Z (s —m)3(s + m)(s — r)3(s + r)(m + r)2

m=0 r=0 s=2p+1
m<r

Zp Zp (o]

1 1
< @ZZ Z (s —m)3(s — r)3(m + r)?

m=0 r=0 s=2p+1
m<r

1 &d S 1 2 2 1
< @(;6;5_;11 (s —m)3(s —r)3(m+r)? +m;r1;)‘s—22pi1 (s—m)3(s—r)3(m+r)2)
= L(Bgz +B3)- (4.57)

8p?



1
B22

and

2 _
B22_
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) r 2 )
WZO;SZZ]J-H s—m)3s—r)3(m+r) ;)Zszpil
<A
_5;1;5( —p)3;;(s—2p)3
Qr+17° - 1 const
TR SZZZP‘+1(S—2P)3< p
2p 2p oo 2p 2p

m=p+1 r=0 s=2p+1

1
:@[Z ((Zp +1-7r)9
2p

1 1 © 1
E[; (et * Z; fw e @)

Z (s - T)6

s=2p+2

10 1 1
SE[(ZpH)S i 5; (2p+2—r)5]

1

(s —m)3(s —r)3

(e8]

1
Z Z Z (s—mB3(s—rPm+r?2~ Z Z Z (5—1’)64m2

m=p+1 r=0 s=2p+1

1 1 1w 1

% G e Z (r—<2p+3>)4]

<l[ 1 1 ZPZH const N const < const
apl@p+1p  10(p+1) r4 pe p? p*

By substituding (.58) and #.59) in {#.57), we obtain

By <

L(const N const> L(const) < const
p>\ p p* 8t p P

x®

Consider B3

6081

(4.58)

(4.59)

(4.60)
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(s+3)*
= (s + 32— (m+ HH((s + 3)* = (r + DH( — 5)2(m — 1)2(s + m)?

M‘w
M‘m
gk

m:Orrn:gs:p
~ rp.r © (S+%)4
- W;J%S_;l(((s + 32+ (m 4+ )5 + 5)2 + (1 + 32 = 8)2(m — 1)2(s + m)?
1
'(s—m)(s+m+1)(s—r)(s+r+1))
PP 1
= n;); s—Zm—‘l (s =m)(s + m)3(s — r)3(m —r)?(s + 1)
<
r=i= p+1-mp+1-r)Bst
S 1 - 1 =1
szza(p+1—m) — (p+1-71) Z s
4
SMZJ(p+1 p)Z(p+1—r)2(p+1) ;154
p+lig 1 (1 const
ST;ﬁfp+1x—4dx< 5 (4.61)

By using (4.56) and (#.60) in (£.61), we obtain, we have

lim B, = 0. (4.62)

p—)OO

From (444), (¢-46),(4.48),[@52),#54) and {@.62) , we find

lim My = 0. (4.63)

p—oo

We also see that

lim M,; =0, for j>3. (4.64)

p—)OO

We can prove that

1 1
IOR 5 1y < r%' (c = constant),  |[RYl; < = o IRl < 5, lors|, <1. (4.65)

For |A| = (p + 1)*, we limit the formula for M, by using

b2
Ml = f V4R, (QR)dA < 51 f IRA(QR® g 1911

Al=b, Al=b,

IN

—f IRl QR QR34 < 5

IAl=b,
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Therefore, we obtain

lim M, = 0. (4.66)

p—}OO

By Theorem 3.1. and Theorem 3.2. we restate the formula

P P s
Z Z (Aﬁm = (m+ %)8) % Z(m + %)4 ftrQ(x)dx
m=0 0

m=0 n=1

P 14
+ o[+ Q)] D @1 5 [ @ +0Q 0] )

m=0
b4 g

p ( 2
_ % Z ftrQlV(x) cos(2m + 1)xdx + % fter(x)dx + %tr [f Q(x)dx]
m=0 0 0

0

Tt

f trQ*(x) cos(2m + 1)xdx + O(p™") + Myz + Mps + M.
m=0 0

p

|
A=

e

P oo
Y Y (M- n+ %)8) - %(m +2)* f trQ(e)dx - %(Zm +12[6rQ () + #Q (0)]

0

TU TU 2
+ %[trQw(n)+ter(O)]— % f trQ?(x)dx + Ltr[ f Q(x)dx]

272
0 0

T

P
- % Y f (#rQ" (x) + 8trQ*(x)) cos(2m + 1)xdx + O(p™") + My + My + M, (4.67)
m=0 0

Taking the limit of (4.67) as p — oo, and using (4.66) and (4.64), we obtain

Tt

i[ 0:1</\$nn - (m + %)8) — %(m + %)4 ft}’Q(x)dX - %(27” + 1)2<trQ/(n) + t?’Q/(O))

m=0Ln 0

+i(trQ'"(n) +trQ"(0)) - c] = —L(trQIV(O) +8trQX(0) — trQ" (m) - 8trQ*(m)),
8m 327
s T 2
where, C = 3 [ trQ*(x)dx + Zlﬁtr( i Q(x)dx) is a constant.
0 0
This completes the proof. o

Example 1: Take X; = Y»(0,7, X), where X is a separable Banach space, which is continuous dense
embedding in a Hilbert space H. Consider the operator function Q(x) for every x € [0, 7] defined by

Q(x) = xA, where A is an operator for every t € X from X to X defined by At = }, r}—4(t, e,)z€, such that
n=1
{ex}”, is orthonormal basis in H. Here (., .), is the Zachary functional on X.
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For every t,s € [0, ] we have

(o8] (o)

Z %(tl €4)26n,5)z = Z %(tr en)z(enr S)z

n=1

(At,s),
n=1
i(tr l(Sr en)zen)z = (tri l(sl en)zen)z = (t/ As)z-
=1 nt n=1 nt

n

1

Since A has eigenvalues {;;}> |, A is a kernel operator. Therefore Q(x) is a kernel operator on X.

Moreover Q(x) has continuous derivatives of order 4 with respect to norm $;[X]. Fori =0,1,2,3,4, Qf(x)
are self adjoint kernel operators. The functions 10D ()| six; 1=0,1,2,3,4) are bounded and measurable
for every x € [0, ], where S;[X] is Banach space consisting of all kernel operators from X to X. For every

y=yx) eXy

sl = [ ewwoolfae = [ 10wl < [ oo = o,
0 0 0

lovlly, <ellvly,

which follows that the operator Q is a bounded operator on Xj.

Example 2: We take the Banach space X = C[0, 7] defined by the set of all continuous functions on [0, 7t]. Let
X be a continuous dense embedding in H = L,[0, ] ; and X; = Y»(0, , X) = C([0, ]x[0, 7]) as a continuous
dense embedding in H; = L»(0, 7t, L»[0, t]) = Lu([0, m]x[0, =])

We define the operator function Q(x) on X for every x € [0, 7t]:

QM)p(t) = sinxz m~sinmt f @(s)sinmsds.
m=1 0

It is clear that Q(x) has derivatives of all order with respect to the norm in the space 5;[X].
We have the derivatives in the fOI'Ing

Q@*N(x) = (~1)icosx Y, m~*sinmt [ q(s)sinmsds, ~for i=0,1;
m=1 0

oo n
Q@) (x) = (=1)'sinx ¥, m~*sinmt [ (s)sinmsds, for i=0,1.
m=1 0

The eigenvalues of the operators Q%*D(x) and Q®)(x) (i = 0,1) are

{ (_1)incosxsinnt}::

(=1)imsinx | o
4 } 1

and { o

respectively. Therefore Q%) (i=0,1,2,3,4) are self adjoint operators. On the other hand, we have

I @l = 5 L =00

n=1

Q¥ gy = 5 X G=0,1).

n=1

So, we see that Q(x) holds the condition Q2.
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Now, we define the self adjoint linear operators Ly and L on Xj,

*u(x, t)
Lou=—5a—
*u(x, t)
Lu = Lou + Qu = ———> + Q(x)u(x, t),
Ixt

with same boundary conditions

u(ol t) = uxx(o/ t) = le(ﬂ, t) = uxxx(n/ t) =0

u(x,0) = uy(x,0) = u(x, ) = uy(x, ) =0,
respectively. The eigenvalues of the operator Ly have the form (m+1)* (m = 0,1, ...) and the corresponding

orthonormal eigenfunctions are \/gsin(m + %)x.(pn n=1,2..).

u(x, t) has continuous partial derivatives of order 4 on [0, t]x[0, 7t]. Since Ly is self adjoint operator and Q is
bounded and self adjoint operator, L is also self adjoint operator.

TISinx TUOSinX
trQ(x) = Z nt=

2 180
HO'() = m3cosx O () = _ mcosx 0" (x) = m3sinx
~ 180 © 180 180
us 7-(3
trQ0) =0, trQ(n) =0, f trQ(x)dx = %
0
Therefore the regularized trace formula of the opertor L is
i i(/\Z —(m+1)8)—3(m+ 1)4”—3—c =0
m 2 Tt 2790
m=0Ln=1
= 2
where, C = }I + ﬁtr( f Q(x)dx) is a constant. O
0
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