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Properties of harmonically-h-convex functions related to the
Hermite-Hadamard-Fejér type inequalities

Muhammad Amer Latif?

“Department of Basic Sciences, Deanship of Preparatory Year, King Faisal University, Hofuf 31982, Al-Hasa,Saudi Arabia

Abstract. The Hermite-Hadamard-Fejér inequalities for a harmonically-h-convex function are explored
in this study, and the findings for specific classes of functions are highlighted. Several generalizations of
the Hermite-Hadamard inequalities are also discussed. Some properties of functions H and ¥, which are
naturally defined for Hermite-Hadamard-Fejér type inequalities for harmonically-h-convex functions, have

also been studied. Finally, we find applications of the results concerning the p-logarithmic mean and the
order p mean.

1. Introduction

Mathematical inequalities have emerged as a new area of study mathematicians in recent decades.
This topic has far-reaching implications for mathematical analysis, functional analysis, numerical analysis,
applied mathematics, physics, and other applied sciences. This subject is so rich in mathematical reasoning
due to which many new proofs of classical results have arisen in mathematical literature. This topic is

largely reliant on convex sets and convex functions, as well as its innovative generalizations. The following
is the classical definition of convex functions:

Definition 1.1. Let @ # I € R. The function x : I — R is said to be convex on Lif for all u,c € I and o € [0, 1], one
has the inequality:

Xap+ (1 -a)g) < ax(u) + 1 -a)x().

Let x : @ # I CIR — R be a convex function. Then the following double inequality:

p+o 1 x(p) + x(0)
(5= 755 [ o < HOTX2 0

holds for p, 0 € [ with p < 0. This is known as the Hermite-Hadamard inequality for convex mapping. The
inequalities in (1) hold in reversed direction if y is a concave function on I.

In [22], Hudzik and Maligranda considered some properties of two classes of s-convex real valued
functions already exist in the literature.
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Definition 1.2. [22] A function x : [0, c0) — IR is said to be s-convex in the first sense if

x(ap+ (1 =a)c) < a’x(u) + (1 - a”)x(c)
forall y,c €[0,00) and all a € [0,1]. The class K! contains all the s-convex in the first sense.
Definition 1.3. [22] A function x : [0, 00) — IR is said to be s-convex in the second sense if

X(ap + (1 =a)e) < a’x(p) + (1 = a)x(c)
forall u,c €[0,00) and all a € [0, 1]. The class K2 contains all the s-convex in the second sense.
Remark 1.4. It is clear that s-convexity in the first sense and in the second sense mean just the convexity when s = 1.

Dragomir and Fitzpatrick demonstrated in [22] the following form of Hermite-Hadamard’s inequality
for s-convex functions in the second sense:

Theorem 1.5. [22] Suppose that x : [0, 00) — [0, 00) is an s-convex function in the second sense, where s € (0, 1)
and let p,o € [0, ), p < 0. If x € L1([p, c]) then the following inequalities hold:

w1 (PtoO 1 x(p) + x(o)
> (5 )So_pfx<“>d“ST @

4

The constant —5

is the best possible in the second inequality in (2).

In the paper VaroSanec [35], considered a larger class of non-negative functions, which is known as h-
convex functions. This class contains several well-known classes of functions such as non-negative convex
functions, s-convex in the second sense, Godunova-Levin functions and P-functions.

Definition 1.6. [35] Let h: ] C R — IR, where (0,1) C ], be a positive function. A function x : I € R — IR is said
to be h-convex or that x is said to belong to the class SX(h, ), if x is non-negative and for all p,c € I and a € (0,1),
we have

Xap + (1= a)e) < h(@)x(u) + h(l = a)x(c)- )
If the inequality (3) is reversed then x is said to be h-concave and we say that x belongs to the class SV (h, I).

Fejér [15], established the following double inequality as a weighted generalization of (1):

p+oy (7 7 x(p) + x(o) (7
(239 fp Sy < fp xSy < XD fp Sy, @

where y : I — R, 0 # I C R, p,0 € I with p < ¢ is any convex function and 9 : [p, o] — R is non-negative
integrable and symmetric about u = pTM.

When the class of convex functions is extended to the class of h-convex functions, the features associated
with the integral mean of the function y do not change, according to Bombardelli and Varo$anec [1]. The
authors additionally illustrated the Hermite-Hadamard-Fejér inequality for an h-convex function, as well
as specific examples for other classes of function such as convex functions and s-convex functions. It was
also discovered in this study that the left-hand side inequality of their result is stronger than the right-hand
side inequality. This research also includes various features of the following functions:

H(t) = G%pf:x(twu —t)me)dy
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and

1 [0
F(@#) = 1- dud
0 (G_p)zf:fp ¥ (b + (L= 0 ¢) dpde

that arise when the function y is an h-convex function.
We recall that harmonically convex functions, also known as HA-convex functions, are prominent
generalizations of convex functions.

Definition 1.7. [23] A function x : I C (0, 00) — R is considered to be harmonically-convex, if

X(m) <ax(w+1-a)x() (©)

forall yu,c € Land a € (0,1). The function x : I — R is HA-concave if the inequality in (5) hold in reversed.

The results below include some significant information underlying HA-convex and convex functions.

Theorem 1.8. [9, 10] If [p,0] C I C (0,c0) and if we consider the function g : [%, %] — R defined by g(t) =
(x o k) (t), where k(t) = 1, then x is harmonically convex on [p, o] if and only if g is convex in the usual sense on
11
5}
Theorem 1.8 can easily be extended to harmonically /-convex functions as follows:
Theorem 1.9. If [p,0] € I C (0, o0) and if we consider the function g : [%, ’%] — R defined by g(t) = (x o k) (¥),
where k (t) = 1, then x is harmonically h-convex on [p, ) if and only if g is h-convex in the usual sense on | 1 l].

o’ p

Theorem 1.10. [9, 10] If I C (0, 00) and x is convex and nondecreasing function then x is HA-convex and if x is
HA-convex and nonincreasing function then x is convex.

The following inequality of Hermite-Hadamard type for HA-convex (harmonically-convex) functions
holds (see for instance [33] its extension for for an HA-h-convex functions):

Theorem 1.11. [23] Let x : I C (0, ) — R be a HA-convex function and p,o € Iwith p < 0. If x € L([p, 0]) then
the following inequalities hold:

X(290)< po f“x(/;)dysx(phx(o)
P

pto) o-p u 2 ©)

The notion of harmonically symmetric functions was introduced in [31].
Definition 1.12. [31] A function 9 : [p, ] C (0, ) — R is harmonically symmetric with respect to (0, co) if

-

1y
p

9(u)=\9[

SYE

holds for all u € [p, d].

Fejér type inequalities using HA-convex functions using harmonically symmetric functions were pre-
sented in Latif et al. [31].
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Theorem 1.13. [31] Let x : I € (0,00) — R be a HA-convex function and p,c € I with p < 0. If x € L([p, 0]) and

9 : [p, 0] €(0,00) — R is nonnegative integrable harmonically symmetric with respect to % then
2 79 ? 9 + 79
X( po )f (f)dy < f X(H)Z (u)dy LX) +x() f (f)dy. )
prald, o H 2 p M

Noor et all. [33] considered a larger class of HA-convex functions, know as the class of HA-h-convex
functions. This class contains many classes of functions such as non-negative HA-convex functions, HA-
s-convex in the second sense, HA-Godunova-Levin functions and HA-P-functions. This class is defined
as:

Definition 1.14. [33] Let h : [0,1] — [0, 00) be a non-negative function. A function x : I € (0,00) — R is said to
be HA-h-convex, if

X(m)sh(a)x(y)%(l—mx(c) ®)

forall u,c € Iand a € (0,1). The function x : I — R is HA-h-concave if the inequality in (8) is reversed. Note that
harmonically-h-convex function becomes harmonically-s-convex function for h(a) = s and harmonically-h-convex
function is reduced to harmonically-P-function for h (a) = 1.

The interested readers are referred to [33] for integral inequalities for the class of HA-h-convex functions.
The main motivation of this research is the study given in Bombardelli and VaroSanec [1]. In the next

(1)

section, we will prove that there will be no change in the properties of % fp‘ ’ p—zd u if the class of HA-convex

functions is extended to the class of HA-h-convex functions. We will also prove Hermite-Hadamard-Fejér
type inequalities for an HA-h-convex function and we will consider some special cases for other classes of
functions such as HA-convex functions and HA-s-convex functions.We will discuss in this research that in
our obtained result, the left-hand side of the inequality is stronger than the right-hand side of the inequality.
Lastly, some properties will be observed as well for the mappings H, ¥ : [0,1] — R be defined by

_ po 1 2pop
7{(t)_(f—p‘flj ‘u2X(2pat+(1—t)y(p+o))d#'

7t = - sz ; B ) aud
“o=p) J, Jy et \a=nueie )

where x : I € (0,00) = R is HA-convex on [ and p,o € I.

2. The Hermite Hadamard Fejér inequalities for a HA-h-convex function

We begin this section with the following Hermite-Hadamard-Fejér Inequality for an HA-h-convex func-
tion.

Theorem 2.1. Let x : [p,0] € (0,00) = R be an HA-h-convex function and 9 : [p,0] — R be non-negative,
integrable and symmetric with respect to %. Then

po_ (7 x (WS () ' po
o= p fpﬂ 2 du < [X(P)JFX(O)]fO h(f)s(m)dt )

If x : [p, 0] € (0, 00) = R is an HA-h-concave function, then the inequality in (9) holds in reversed direction.
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Proof. Let u € (p,0) there exists & € (0,1) such that y =
function, we have

—a rao” where @ = 1 — a. Since x is a HA-h-convex

po po -
x(ap . m)S(@p : w) < [h@x(p) +h(@ x (0)] S(ap - w) (10
and
po po _
x(ap = M)S(ap = D_m) < (@ x(p) +h(@) x 0] 8(&p . M)- an

Adding (10) and (11) and integrating with respect to « over the interval [0, 1], we obtain

1 1
po po po po

j;x(&p+ao)8(ap+a0)da+jo‘ X(ap+5¢o)s(ocp+5ca)da

<X(p)f h(a)S( )da+)((p)f h(a)S( _Hw)da

+)((o)f h(a)S( )da+)((a)f h(a)S(ap+ )da. (12)

By making use of the substitution & = ¢ in (12) and using the assuption that 3 is symmetric with respect to
2p9
pta’

we have

1 1
po po po po
j; X(tp+(1—t)a)s(tp+(1—t)a)dt+j; X((l—t)p+t0)‘9((l —t)p+tc7)dtL

1 1
po po

1
=2[x(p)+x(o)]f0h(t)s(lw(pl—o_t)a)dt. (13)

By using the change of variable techniques, we observe that each integral on right hand side of (13) is equal
to % fp ’ %d‘u. Hence the theorem is established. [

Remark 2.2. Ifin Theorem 2.1
(i) The function x is convex, that is, if h (t) = t, then

x (1) S (w) ( po ) f“(l__)s(u)
[ = (2 i v (5 1) (14
(ii) The function x is an s-convex, that is, if h (t) = t°, s € (0, 1), then
x (@) S (w) ( po ) f“(___) 9(#)
fp 2 du < s [x (p) + x (0)] dp. (15)

Theorem 2.3. Let h be defined over the interval [O max {0 ﬂ}] and x : [p,o] € (0, 00) — R be a HA-h-convex
function and S : [p, o] — R be non-negative, integrable and symmetric with respect to wzth f ’ st(zt)dt > 0. Then

2po 7 x (@) S (w)
X(m) < Cj; Tdy, (16)
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where C = 2(3) .

Furthermore, sz;% fpf’ h(% - %)dgd,u # 0, h(u) # 0 for u>0and

(i) If his multiplicative or
(ii) If h is supermultiplicative and x is non-negative
and if x is an HA-h-convex function, then inequality (16) holds for

() 5T G ()
fﬂs(u)d i fﬁﬁi (-4 S(”)S(“ddy
v

p+o

C = min

Proof. Since x be a HA-h-convex function, then for o = %, u =
of a HA-h-convex function, we have the following inequality

2po 1 po po
X(p+o) Sh(z)[)(((l—t)p+ifo)+)((tp+(1 —t)a)]'

Now we multiply it with 9 (m) =39 (ﬁ) and integrate by t over [0, 1] to obtain

2po 1 po
i5a) | o laha)

po
(1-t)p+to and ¢=

6316

m, from the definition

1 1 po po 1 po P
Sh(i)[fo X((l—f)P”G)S((l—f)pHo)dHfo X(tp+(1—t)o)‘9(fp+(1-t)a)dt]' 47

Making suitable substitution, we get that

1 0
|2 )< 2(3) f ORI
+o0)" (v 9 2
The equality (16) is thus established.
We oberve due to the h-convexity g on [ ] that

1 1
U U
1_ pto pro _ 1
t ) (1 5o~ 1) (1
Sh[ T 1 ]g(;)+h[ T 1 ]g(g)
¢ H ¢ u
1 _ pto 1 pto _ 1 1_ pto pto _ 1
2po o ¢ o 2po
=h(1_§ ](xok)(;)ﬂi( ’;_;‘](xok)(—)=h( — ]X(#)+h[ Q_;‘]x(c)
[ ¢ u ¢ I
1_pto pto_ 1
Leta = 2% and @ = 1 — a = %, hence (18) takes the form
B T

2
x(pi"a) <h(@)x () +h(@x (©)-

(18)

(19)
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Since h is supermultiplicative, we have

1_pto h(l - £t
h(a)=h{g Zﬁ“]s (£ - %)

1_ 1_1
¢ u h(E_ﬁ)
and
p+o 1 +0 1
() )
h@=hlT—5|<—F7
e ) on(E-d)
Thus (19) becomes
1 1 2p0 1 p+a) (p+a 1)
hl==-=x|——|=<h|{-- +h - = . 20
(g H)X(p+6) (c 290 x (u) 2o x () (20)
Multiplying (20) with (H) P o] with respect to 1 and then multiplying with
(#)

and integrating over interval [p, ] with respect to ¢ we get

2po = h(2 (!J) d(c
()

pto

0 \9 ? 9 %
Sf x(u)z(u)d”fp h(}_ﬁw)&(zc)dﬁf’h(ﬁa_l) ([:)dyfp X(g)f(g)d(,—
20 i 0 ¢ 2p0 /] ¢ 2 2p0  u) p P G

BTN f 1 p+0)3()
- fzp 7 du p h il v R de. (21)

pto

&

Substitution t = % - g%g in the first integral and substitution t = ﬁ - ﬁ in the second integral on the rifht
hand side of (21), we get

2pa 1 1
2 Eh(l-L)sw o
( po)f fp — 2 dgdy
p+o 1) yg
9 o 9 =
Sf X(H)Z(M)dufp h(l—p+g)8(§)dg+fh(p+a—l) (5)@]# X80,
oo p ¢ 2p0 ) ¢ 2z \ 200 p) p p ¢

_ "X(M)S(u) po p+o
_ﬁpn u? j(; (9 (p+o+2pcﬁf)diL

o-p
%0 7 o

+f T AL dtf KWW, (2
0 p +0 —2pot 20 u?

) for all

Since the mapping 9 is geometrically symmetric with respect to m, hence 9 ( 5 +§:§ pgt) =9 (
te [O, 2pa] Thus from (22), we get

2 Eh(E-1)3 W) e 2 7 x (1) 9
4po. f f ; d dusf h(t) 9 P9 dtf Md[u
p+c7 290 y ¢ 0 p+ 0 +2pot P y?

Hence (16) is established. [

p+o— ZpUt
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Remark 2.4. Suppose that the conditions of Theorem 2.3 are satisfied and
(i) If x is an HA-h-concave function, then the inequality in (16) is reversed.

(ii) If h submultiplicative with ﬁ f o ME) e

2 r2
p+o uee

decdu # 0, h > 0, and if x is an HA-h-concave function then
the inequality in (16) is reversed with constant C as given in Theorem 2.3 by changing min fo max.
Remark 2.5. In Theorem 2.3
(a) If x is HA-convex, i.e. h(t) = t, then inequality (16) holds for C =

1
I

2p0 (1_1

Furthermore, lff f’““ (C;)z\:%d du #0, h(u) #0for u>0and

Ifhis multzplzcatwe or if h is supermultiplicative and x is non-negative, then inequality (16) holds for

a—p

Zpo 2po
. 1 j(;zp [’1‘9 (pﬂﬁpray ) d[’l
C = min - S(‘Ll 2p0 1 l S(ILL)S(C
f ﬁ/m ftHr Cngd[J
(b) If x is HA-s-convex, i.e. h(t) = t°, then inequality (16) holds for C = T“)d
u
b 2

Furthermore, lffzm fpt” Mdgdy #0,h(u) #0for u>0and

Ifhis multzplzcatwe or if h is supermultiplicative and x is non-negative, then inequality (16) holds for

122

l-s ;;” ped GZP‘T —)du
comnl 2
+o 3_7 H)vie
f du f fp S —dedu

p+o
Remark 2.6. In Theorem 2.3

(a) If x is HA-convex, i.e. h(t) = tand 9 (u) = %, u € [p, o], then inequality (16) becomes the first inequality
in (6).

(b) If x is HA-s-convex, i.e. h(t) = ttand 9 (u) = %, u € [p,ol., then inequality (16) becomes the first inequality
proved in [33, Corollary 3.3, page 5.].

Let us now consider non-weighted Hermite Hadamard inequalities for HA-h-convex function from [33]:

1 290) po_ (T x), Y
2h(%)x(‘o+a Sg—p[) 12 HS[X(P)"'X(U)]‘IO‘ () dt, (23)

where h(%) > 0.
Now we define L : [p,c] > Rand P : [p,d] = Rby

1
L@ =l +x@n(s -2 [Cnoa- ["XBa
P

X (<) 2pc ) (c—p)
P()—fp =z dC—X(p+g)2pgh(%)

respectively.

and
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Theorem 2.7. If the function x is HA-h-convex, x >0, h( ) > 0and 4h( MOk fo (t) dt, then

L(c)>=P(c)>0,c € [p,0]. (24)

Proof. Applying the second Hermite-Hadamard type inequalities over the intervals [p, B +C] and [p e y]
we obtain

B 1@+ x(GE) (c—P) !
L 12 du < 5 e Lh(t)dl‘ (25)
and
ELX}EH)EZM< x (3 )2+x(c) ( pgp)f h )t 26)

Adding (25) and (26), we obtain

f: X,if)d” < (cp—gp)[x(pzicg) . x(p);x(y)]folh(t)dt -

Multiplying both sides of (27), we get

0¥ (c p) ! ( p) (ZPC) ' (M xw
fp R [x(p)+x(g]f0 hdr<2| = Xp+gfoh(t)dt fp i @9)

We can observe now that

(o (ﬂ) (c-p) xw) (ﬂ) (ﬁ) !
P(c)—fp : du—x e —Zpgh(%)sfp 2 du—2 o X e foh(t)dt

_ 1 C
S(CP—CP)[){(;)HX(C)]IO h(f)df—fp X;f)d#=l‘(g)'

Hence the first inequality in (24) is proved. The second inequality in (24) follows from the first inequality
in (23). The proof is thus accomplished. O

3. Mappings connected with the Hermite-Hadamard type inequalities for HA-convex functions

Consider the mappings H, ¥ : [0,1] — R be defined by

_ po 1 2pop
W(t)_a—pfp MZX(ZpaH(l—t)u(pw))d”

2 0 [0
po 1 Us
H=|— dude,
7O (U—P) fp fp MZCZX((l—t)yHc) K

where x : I € (0,00) - Ris HA-convexon I and p,o € I.

The author has proved that H (0) = (5?;) and H (1) = Jp j;) ’ )%dy. The author has discussed some

properties for HA-convex functions and now we investigate which of those properties of the mappings H
and ¥ for HA-h-convex mappings.

and
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Theorem 3.1. Let x be HA-h-convex on [p,c] € (0,00) and h : | — R, [0,1] € J. Then the mapping H is
HA-h-convex on (0,1] for t € (0,1]

H(0) < tC1H (1),
where
2h (%) , in general case,

min {Zh (%) Jy H(5)u }

fn fo 555 ’( ))dgdy

tC1 =

h satisfies (i) or (ii) of Theorem 2.3.

Proof. We kknow thatif x : [p,0] — R is HA-h-convex on [p, 0] C (0, o), then x o k is h-convex on 1 1] In

order to show that H is HA-h-convex on (0, 1], it suffices to prove that the mapping H:[0,1] > R defmed

by
. po ’ A N
ﬂ(t)——a_pj; (x k)(ty+(1 t)(zpa ))dp

is h-convex on (0,1]. Leta, B € [0, 1] witha + f =1 and t;, £, € (0,1], then

7:{ (0(t1 + i’zﬁ)

L 1
- ap_ap ﬁ (xok) ((ah +tp) u’ (1= (at + tzﬁ))(%)) "

=P j;ﬂ (x o k) ((atl + 1) i + (a+ B —(at1 + 12B)) (,)274_‘:)) du

o=p
- GP_GP f; (x ok (a [tli +(1- tl)(pZP )] +ﬁ[tzﬁ e t2)(p2;00)])dy'

Since x o k is h-convex, we get

H(aty +tf) <a [GP_GP j;p (x ok) (tli +(1- tl)(%))dﬂ]

ﬁ|:0_ o f ()(Ok)(tzﬁ+(1—t2)( ))du] = 0(7’[(t1)+ﬁﬂ(t2)

By making the substitution 1 = l‘1 +(1-1L= ZPU, we get

2t+(1t)(+a) u
)fp ’ X( ) i

20t+(1— t)(; +0)

7{(t)—

2po 2po
_ (20t+(1,t>(pw))(zpﬁ(l,t)(m)) S )ty f X0 9

2p0 _ 2po 2p0 u? uu —ur
2pt+(1ft)(p+(r) 2crt+(1ft)(p+0) 20t+1-H(p+0)
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Multiplying both sides of (29) by C;, we obtain

C 2 200
it = T [ () - () 0)
uy —ur u2 urp + Uy pt+o
where C; is a constant defined in Theorem 2.3 over the interval [u;,u;], where u; = 22¢ and
crt+(1ft)(p+o)
2
uy = m and 9 (Ll) = uMuLst, ue [LIL, Mu]. O
Remark 3.2. If x is a HA-convex function, then we get
H©O)<H®), (31)

forallt € [0,1]. It is a known result for a HA-convex function proved in [32]. If x is an HA-s-convex function in the
second sense, then tCq = 252 (s + 2) so we have

HO0) <252 (s +2)H (t). (32)

Theorem 3.3. Let x be HA-h-convex on [p,o] € (0,00) and h : | — R, [0,1] C J. Then the mapping F is is
symmetric with respect to 1 and HA-h-convex on (0,1]. Furthermore, the following inequalities hold

Zh(%)?'(t) z?(%) and 1C,F (1) = H (1 - ¢) (33)
fort € (0,1], where Cy is defined as in the Theorem 3.1.
Proof. We observe that the following equality holds for all i, ¢ € [p,o] and t € (0, 1]:

e _ (o) (i)
B 3 (etie) + 4 (i)

(I-tu+tc tu+(1-t)c

Since x is a HA-h-convex on [p, ], we have

2uc 1 il 1 pe
X(y+g) = h(i)"(u —t)y+tg)+h(§)x(ty+ (1 —t)g)' (54)
Multiplying the inequality (34) by #%gz, integrating with respect to u over [p, o], with respect to ¢ over [p, 0]
and using the fact that

3 0 1 MC
ffch ((1—t)/~l+fc) Cd“‘fp fchZX(tu+<1—t>c)dCd”

we obtain the inequality

j;ofylgzx(yig )dgdy<2h(2)j:’fp“MJCZX((l_tF)‘;HC)dgdy
0 g 2
=2h(%)(%——) prf, ( :)liﬂg)dgdy:Z(%) h(%)?‘(t). (35)

Thus the first inequality in (33) is proved.
Let us consider the mapping

po 71 Uc
W(t)—a—pf ZX(m)dU
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for a fixed c. i
By making use of the substitution u = O—Sﬁ’ we get

f‘l o X(M) Uyur fpu X (u)
= > du,
p) uu —Uur oL u

(1-t)p+tc

7’15 )=

where 1, = and uy =

ps ¢
(1-t)p+tc (1-t)o+tc*
Using the result from Theorem 2.3, we get

CH()=C f X0 _uu duZ}({ﬂ] (36)

W W MU= UL (1—t)(2"")+tg

Multiplying both sides of the inequality (36) by 4 , integrating with respect to 11 over [p, o] and multiplying
both sides by L we get

uy—ur”’

ICIF(F) > H(1 - 1),

Hence the second inequality in (33) is also established, where C; is given in Theorem 3.1. [J

Remark 3.4. If tCq > 0, then we have
F(t) > 'H(l ) (37)

forallt € (0,1]. Replacing twith 1 —t in (37), we have

1

T(l—t)>( - re

H(t) (38)

forallt € (0,1].
Since F is symmetric with respect to % we have

1
F(t) = max{E?{(l —-1), = ) W(t)} (39)
If x is a HA-convex function, then we get the following result:
F(t) = max {H(1 - t), H(t)}. (40)

If h is a multiplicative function, then tC; = (1 — t) C1. Thus, we obtain
1
F(t) = 7o, max {H@ - 1), H()}. 41)
1
If x is a HA-s-convex function, then h(t) = t° and we get the following result

F(t) = max {H(1 - ), H(t)}. (42)

1
25%2 (5 + 2)

4. Applications to Special Means

Suppose that x is HA-concave and HA-h-convex simultaneously, or vice versa, when x is HA-convex

and HA-h-concave. If x is a HA-concave and HA-h-convex function with fol h(t)dt > 0, then the Hermite-
Hadamard type inequalities of Theorem 1.11, Theorems 2.1 and 2.3 lead us to the following inequalities

du<x|——|=<C d (43)
o-pJ, W K p+o p W K
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and

po T x ) 200 (7 x(w)
ap < S| 44
w—Mﬁ%GMhL w H<Xuﬁﬁ“®<0—-ﬁ w (“4)

If x is a HA-convex and HA-h-concave function simultaneously, then the inequalities (43) and (44) hold in
reversed directions.

Let p and o be two non-negative real numbers, then the p-logarithmic mean L, and geometric-mean of
the order p are defined as follows:

O.p+1_pp+1 P
R (e | R
and
P+ oP\b
MP(PrU)Z(p ZO) .

It has been shown in [35] that for the functions x and # defined as Iy (1) = p*, g(u) = WP, u >0,k p € R,
we have the following facts:
(i) The function y is hx-convex if
(@) p€(=00,0]U[1,00)and k < 1;
(b) pe(0,1) and k < p.
(ii) The function y is hy-concave if
(@ pe(,l)and k> 1;
(b) p>landk >p.
According to Theorem 1.9 for the functions hy (1) = p*, g (1) = pP, 1 > 0, k, p € R, we have that
(i) The function x (1) = g(%) = u? is HA-hy-convex if
(@) pe(—00,0]U[l,00)and k < 1;
(b) pe(0,1) and k < p.
(ii) The function x (1) = g(i) = u7? is HA-hg-concave if
(@ pe(,l)andk>1;
(b) p>landk = p.
Letp € (0,1) and 0 < k < p, then we have the following inequalities:

e _ 1 k+2 e
300 <M ) 2 (2 ) 0 ) )
and
L2 (p,0)
pZ—k <M; (pk, ok) < L:p:i (p,0). (46)
2(a-p)Li(p,0) P

5. Conclusion

Since the last four decades, the field of mathematical inequalities has emerged as an emerging topic,
and a lot of research has been generated by a number of mathematicians with innovative results. There
are numerous applications for this concept in applied mathematics, pure mathematics, and other applied
disciplines. Convexity and its generalizations have yielded a variety of unique results with applications
in numerical analysis, fixed point theory, differential equations, and optimization theory. In this study, we
have used the harmonic convexity as a generalization of convexity to get new Fejér type inequalities with
the help of some mappings defined over the interval [0, 1]. We have discussed some of very interesting
properties of those mappings and as a consequence we get refinements of number of number of results
previously obtained in this topic.
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