Filomat 38:18 (2024), 6443-6451

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/F1L2418443D

University of Ni8, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
Wy, @“‘
i axs

2,
%,
e,

¥
5
TIprpor®

Statistical convergence with respect to power series method on product
time scales

Kamil Demirci?, Selin Cinar?, Sevda Yildiz*
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Abstract. In this paper, we will give some new notions on arbitrary product time scales using statistical

convergence in the sense of the power series method. We will then use these new concepts to present
developments in the literature.

1. Introduction

The concept of statistical convergence introduced by Fast [7] has an important place in summability
theory and this concept was extended to the double sequences by Moricz [16]. In recent years, double
sequences and the concept of statistical convergence have gained popularity among mathematicians, re-
sulting in numerous studies exploring this concept (see, for instance, [6, 15]). The main feature of the time
scale calculation introduced by Hilger [14], which is an effective modeling method, is the combination of
discrete and continuous states. This method was generally used in nature and some engineering problems.
Turan and Duman [20] extended this approach to summability theory and provided a new perspective to
the field via the concept of statistical convergence on time scales, which is an extension of the concept of
statistical convergence. It is also known that double sequences can be considered a generalization of single
sequences because they have some specific properties. Therefore, the concept of statistical convergence on
product time scales for double sequences is presented as one generalization in [8].

More recently, the concept of statistical convergence with respect to the power series method was intro-
duced in [22]. This new type of convergence and statistical convergence are incomparable so meaningful
results are obtained. Recent studies provide application areas for extending this new convergence to
different spaces or sequences with different properties ([5, 9-12, 18, 21]).

This study aims to introduce statistical convergence with respect to power series method on arbitrary
product time scales and to present new developments by examining its fundamental characteristics.

2. Preliminary results on convergence methods and product time scales

We now recall some basic definitions and notations used in the paper.
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A double sequence x = (x,;,) is said to be convergent in Pringsheim’s sense if for every ¢ > 0, there exists

N = N(¢) € INy, belonging to the set of all natural numbers, such that |x,,, — L| < ¢ whenever m,n > N,

where L is called the Pringsheim limit of x and denoted by P — limx,,, = L (see [17]). We shall call such an x,
mn

briefly, P—convergent. A double sequence is called bounded if there exists a positive number M such that
|Xnl < M for all (m,n) € ]N% = INp X INp. Note that in contrast to the case for single sequences, a convergent
double sequence need not to be bounded.

In his work ([16]), Moricz introduced the concept of statistical convergence for double sequences, which
has significantly contributed to the field.

Let A c N7 is a two-dimensional subset of positive integers and || denote the cardinality of the set. The
double natural density of A is given by

{m<k n<l: (mn)eA)
kl

02 (A):=P - l}crln

if it exists. The number sequence x = (x,,,) is statistically convergent to L provided that for every ¢ > 0, the
set

A=Aye)={m<k n<l:|xyu, —L|> ¢}

has natural density zero, that is 6, (A) = 0, then we write st;-lim x;,, = L. Clearly, a P—convergent double
sequence is statistically convergent to the same value but its converse is not always true (see for details,
[16]).

Now we will remind some terminology and definitions in [1].

Let (pmn) be a double sequence with pgy > 0, ppun > 0 for every m,n > 1 such that the corresponding
power series

p(u,v) = Z P 0"
mn=0

has radius of convergence 0 < R < coand u,v € (0,R) . If for all u,v € (O, R),

[e9)
lim ﬁ Z pmnumv"xmn =L
0—-R-p (U, 0
uv—R-p (U, s

then we say that the double sequence x = (x;,,) is convergent to L in the sense of power series method and
denoted by P} —1lim x,,, = L ([1]).
Note here this method is regular if and only if

Y ptt™ X pun®"

m=0 . n=0
im ——— =0and lim
up—>R-p (u, U) uv—->R-p (u, Z})

=0, forany y,v,

hold (see, [1]).

Remark 2.1. Note that in the case of R = 1, if py, = 1 and py = m, the power series methods
coincide with Abel summability method and logarithmic summability method, respectively. In the case of
R =coand pyu = -, the power series method coincides with Borel summability method.

Here and throughout the article, this method is always assumed to be regular.

The concepts of P;—density and P;—statistical convergence for double sequences have been introduced
by Yildiz, Demirci and Dirik in [23] as follows:
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Definition 2.2. Let A ¢ INZ. If the limit

1

2 _ m,,n

o5 (A) uhrr}z p—(u m E PtV

exists, then 6%p (A) is said to be the Plz,—density of A. Tt is evident that whenever it exists, 0 < 6%p A) <1

according to the definition of a power series method and P’%—density.

Definition 2.3. Let x = (x,;;,) be a double sequence. Then, x is called statistically convergent with respect
to power series method (Pz—statistically convergent) to L if for any € > 0

uv—»R p( ) Z pmnu v =

(m,n)eA(e)

where A (¢) = {(m, n) € ]Né X — L = e}, in other words 6?’;7 (A (¢)) = 0 for any € > 0. So, we may denote
st%p —limx,, = L.
Definition 2.4. A sequence of real numbers x = (x,,,,) is said to be Pg—statistically bounded if for some
M > 0 such that 6%)p ({(m, n) € N : [Xpu| > M}) =0.

Let us now recall the concepts related to time scales used in the paper.

A time scale T is any closed nonempty subset of IR, the set of real numbers. Here and in the sequel, we

study on a time scales such that inf T =iy (iy > 0) and sup T = co. For i € T, the forward and backward jump
operators are defined as follows, respectively:

0 : T->T,0@):=inf{seT:s>1i},
p : T>T p@):=sup{seT:s<i},

and the graininess function p is defined by
T —[0,0), (i) =0 (i)~

A closed interval in a time scale T is given by the notation [a, by := [a,b]NT ={j € T :a < j < b}. Thus,
open intervals and half-open intervals can be given similarly.

Also, the Lebesgue A—measure which given by Guseinov [13], denoted by s and it is known that
ifa,b e Tand a < b, then pa([a,b)y) = b —a, ua(@,b)y) = b —o @), ua (@ bly) = o(b) —o(a), and
pa ([a,bly) = o (b) - a.

Leti=1,2,and let T be a time scale. Set

T?=TXT={t=(t,f):tie Tforalli=1,2}.

If A is a A—measurable subset of T?, then the density of A is defined by Cinar et al. [8] and given by

5p2 (A) = lim HA ({(S, u) € [io, iy X [jo, jly : (s, u) € A})
(i.j)>eo [N ([z’o, ilr X [jo, ]']T)

if this limit exists. Now let f : T> — R be a A—measurable function. Then, f is said to be statistically
convergent to a number L if, for every € > 0,

or ({6, f) e T [£ (i, ) - L| 2 &f) = 0.

In this case, we write sty2 — lim £ (i, j) = L. This definition can also be written as

1,])4>oo

. U ({(S, u) € [io, iy X [Jo, fly : |f(s, u) = L| 2 E}) ~0

(i) —o0 ua (Tio, ilr % [jo, jlx)
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3. Power series method and statistical type convergence on product time scales

In this section, we aim to present the notion of statistical convergence with respect to the power series
method on arbitrary product time scales. Furthermore, we intend to provide some generalizations.

Here and in the sequel, we assume that p : T> — R is non-negative A-measurable, also for every
(i,j) € T2, p(i,j) is a Lebesgue A-integrable function on T? and sup pa (u,v) < oo where pa (1,0) :=

u,0€(0,R)
[ [p G, j)u'o/AiAj, R € (0, +00] .
T2
We now present the following definition.

Definition 3.1. If for a given A—measurable and Lebesgue A—integrable function f on T?

1 .
lim —— i, Du'v’ f(i,j)AiAj =L
uo—=R~PA (u’v)fifp( ]) f( ]) ]
T

then we say that f is convergent to L in the sense of power series method and denoted Py, —lim f = L.

Lemma 3.2. The power series method is reqular for bounded functions on a product time scales T? provided that, for
every finite M > 0,

5 [ paneisapaia- 1)

[10 Mlrx[jo.M]

lim
0<u,v—R~ PA

Proof. Assume that (lim f(i,j) = L, we can write that, for every ¢ > 0, there exists a M > 0 such that

i,j)—o0
‘ f@j) - L) < eforalli, j> Mwith (i, j) € T2. Also, since f is bounded on TZ, there exists a number M; > 0
such that |f (i, j) — L| < M1. Then

Aé"”)ffp (i, j) u'olf (i, ) AiAj — L
b

< ol |f (i, j) - L| AiA
1 SN il . e o
= pA(M U) ff P(l:])uvflf(l,])—L|AzA]+ ff P(lzj)u0]|f(l,])—L|AzA]
| o, Mlrx[ jo,M] T2 /[io, Ml [ jo.M]
1
< P (4,0) ff p(, ])uvf|f(z - L|A1A]+sffp(1 ])uv]AzA]
[IUM]TX joM]
= 1 ff p (i, j)u'ol |f (i, j) — L| AiAj + ¢
[IOM]TX[]OM
<

PA(u v)ffp(l J) v AIA] + e.

We get immediately from the (1) that

1 .
. N
OJ}ZER-p—A ) f f p @, uv'f (i, j)AiAj=0
']1"2
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this completes the proof. [J

Definition 3.3. For a given A—measurable and Lebesgue A—integrable function f on T?
tim s [ (Gl ) - 1] aisj =0
O0<u,v—>R~ PA (M, ’0)
T2
then we say that f is strongly convergent to L in the sense of power series method (P , —strongly conver-

gent).

Definition 3.4. Let A be a A—measurable subset of T?. P5_,—density of A in T? is defined by

1 .
= 3 . o 1 ] . .
6pAT2 (A): o<pll,1£1<f N v)ffp (i, ) u'v/ AiAj
A

if the limit exists.

We should note that the case of T? = Ny X N, Definition 3.4 reduces to the concept of P-density in
Definition 2.2.

Lemma 3.5. (i) 6pATZ (Tz) =1.
(ii) For any A—measurable subset A of T?,0 < 6pAT2 (A)<1.
(iii) If A is A—measurable subset of T2 and 6p,  (A) exists, then 6p,  (A°) exists and bp, (A) + 6p,  (A°) =1,
T2 T2 T2 T2
since A is A—measurable, A° is A—measurable. On the other hand A U A° = T? and

1 .
_ . R IV
! 0<i,lszprA (u,v)ffp G jyu'olAi
T2

1 . .
. PRI T
0<%,IUIB>R*PA (u,v) [ffp(z,])uvA,A]+ffp(z,])uvAzA] '
A A¢

Assume that A and B are A—measurable subsets of T? and Op, , (A) and 6p, , (B) exists. We have the following
features: ’ !

() If A € B, then dp, , (A) < 0p, , (B).

(0) bp, , (AUB) < op, , (A)+0p, , (B).

(vi) If A is bounded, then 6pAjrz (A) =0,

for a sufficiently large M € T we can write A C [iy, M]yX [jo, M]y, then using the condition (1), we get

1 - 1 o
< 1 SN A < T N AIAT = 0.
0 _0<1{,IUII—I>R_pA (u’v)ffp(z,])uv AA] _0<11¢,152R-;7A (u,v) ff p (i, purvidinj =0
A

Lio, My [jo,M]

(vid) If O, , (A) = 0p,  (B) =1, then op,  (AUB) =0p, (ANB)=1,

Definition 3.6. Let f : T> — R be a A-measurable function on T?. We say that f is P ,—statistically
convergent to a number L if for every ¢ > 0,

oo, (G e |f G p-L| 2 ¢f) =0,
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holds, i.e.,
lim ! ff (i, ) u'v/ AiAj =
O<u,v—>R~ PA (1/{, ’0) P 1=
{(i)eT2]f(if)-Ll=e}
and denoted by stp, , = limf(i,j)=L

Remark 3.7. In the case T?= IN}, statistical convergence with respect to power series method on arbitrary
product time scales is reduced to the statistical convergence in the sense of power series method, which is
given by Definition 2.3.

Definition 3.8. Let f : T>— R be a A-measurable function on T?. We say that f is P, ,-statistical Cauchy if
there exists (I, J) € T? such that, for every ¢ > 0,

1 .
. N N
oclim @) f f p (i, ) wo/AiAj =0
(z ])GTZ |f 1]) —-f(, ])|>5

Now we give some basic properties of P5 , — statistical convergence. Their proofs are similar to those of
statistical ones. We will just Proposition 3.10.

Theorem 3.9. Let f : T?— R be a A-measurable function on T>. Then the followings are equivalent:

(i) stp, , = limf(i,j)=L

(ii) f is P ,-statistical Cauchy on T?,

(iii) there exists two A-measurable functions g and h such that lim g (i, j) = Land Op, , ({(i, NeT?: f(i,j) # O}) =
0 such that f can be represented as the sum of these functions,

(iv) there exists a A-measurable subset A of T? such that 6pAT2 (A)=landlimf(i,j)=L

Proposition 3.10. The stp,  —limit of a function f : T? — R is unique.
T

Proof. Let sifpAjrz —lim f (i, j) = Ly and st‘pATZ —lim f (i, j) = Ly. Thanks to Theorem 3.9-(iv) , we may write that,

for every € > 0, there exist subsets A1, A; of T2 such that (5pA (Ay) = 6p (Az) =1 and( ) 11(1%1 ) f(i, =
i,j)—oo((i,j €A1
1,( ) li(r(n) )f( ,j) = Lo. Hence, weget|f(z i - Llj < 5, for (i, ) €A1 and|f(z - L2| < £, for (i, j) € As.
i,j)—oo((i,j)€A2
Then, for every (i, j) € A1 N A, one has

IL1 — Lol < |f (G, j) — La| + |f G, j) - Lo| <&,
thUSL1 = Lz. [

Proposition 3.11. Let f,g : T>— R. If stp,  —lim f(i,j) = Ly and stp, —limg(i,j) = Ly, then we get the
followings: ' !

(@) stp, , = Um{f (@ j)+g(@, )} =Li1+Lo,

(ii) stpy , = limcf (i, j) = cL1 (c € R).

Lemma 3.12. Let f : T>— R be a A-measurable function on T. If Stpy, = lim f (i, j) = L and f is bounded, then we
get

1 o
. P
oM o ,0) f f p @, uv'f (i, j)AiAj =L
’]1"2
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Lemma 3.13. Let f : T?>— R be a A-measurable function on T? and stp, —limf(i,j) = L. Ifg: R—> Risa
T2
continuous function at L, then we get

stp, , ~limg (£ (i, ) = 9 (L).
Now, considering the above terminology, we can give the following theorem.
Theorem 3.14. For a A-measurable function f : T>— R,
stp, , — limf (i, j)=L (2)

a necessary and sufficient condition, for every x € R,

jorf(inf) -
O<u im N ffp (i, j)u'vle AiNj = ¢'* 3)
Proof. Let stp, — lim f (i, j) = L. Since, for a fixed k € R, g (x) = (i) is continuous, thanks to Lemma 3.13,
2
we get '
st — lim erkf(i,j) — e?’KL
Paga

and since g (x) is bounded, thanks to Lemma 3.12, we immediately get the equality (3). Conversely, assume
that the equality (3) holds. Following [19] (see also [4, 20]), let us define the following continuous function

0, t<-lort>1,
H{)={ 1+, -1<t<0,
1-4¢, 0<t<1.

It follows immediately from the inverse Fourier transformation that we have

H(t)_ _f( E) eV fort € R. (4)
It is enough to prove equality (3) for the case in which L = 0. Hence, by hypothesis, for every x € IR,
lim  — p G, ) uole D AiA] = 1. )
0<u,0—>R™ Pa (u, Z)) !
T2

Lete >0and E := {] eT?: |f @, ])| > e} . Then, from equality (4), we can write

f(l/]) _ € b Smm : rKfi,'
(LKD) = = [(52 ) e

Thus

(242

2
€ sin - ff D in

= — i, D uvle™\HAIAT S dx.
21 ( 5 ) PA(M,U) i p.j) 4
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Note that (4) is an absolutely convergent integral. By the time scale version of Fubini theorem (see [2, 3])

we can get
,0) ffp(l J)uv]H(f( ]))
€ sm’“ 2 y
= — . ]TKf(l,]) P
2ny ( 2 ) {PA (u,v)fmfp(l,])uve AIA]}dK-

Since g (k) is bounded, there exists a finite constants B such that, for every x € R and (i, j) € T2,
<B

1 e YU 1 i
pa (ul v)ffp(l,])uvfe f(rJ)AzA] <B v)ffp(l’])uv]AlA] -B
T2 .

Hence, thanks to Lebesgue Dominated Convergence Theorem and if we consider equality (4) and (5), we
get
_ 1 oy i (£
g L2222
0<:},1z{r—1>R- pa (u,v)ffp(l'])u ¢ H( € AA
T2

o m 2
& sin &£ 1 . L
_ . 2o i i) ATA
2 ( 5 ) {OJ,IgR Pa (u,v)f f p (v }dK
T

e 1 sin 5 2
= 5 dc=H(0) =1, (6)
—00 2

and it follows immediately from the definition of H that we may also have

ffp ) uifo(@)AiAj

oG, ])ufo(f( ]))
{GA)er|£(if)l<c)

ff (i, ])MU]H(f( ]))AA]+ ff p(z,])uz;JH(f( ]))
o}

{(z])eTz —1< L) . {(1])E1F2 0<f(”)<1}

f f p i, j) WO AIA + f f b j)uivj@ i

(1 j)eT2: -1< ’])<0 (1 j)eT2: -1< ’])<0
ff p (i, j) vl AiAj — ff p(, ])uv]f( ])AA
{(z j)eT2: 0< f(”)<1 {(z j)er2: 0< L0 <1

IA

p (i, j)u'viAinj =1 - f f b (i, j) w0 AT
() < () <)
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Then,

p(, ])uv]AzA]<1—ff (i, ])uv]H(f( ]))

{@f)er: | £(iif)]=¢)

Hence, using (6) and taking limit 0 < u,v — R™, we get

. i _
0<11¢,1z?—1>R- ff p (i, ) u'v/ AiAj =

{(i.f)eT: |f(i.f)|=e}

This completes the proof. [J
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