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General improved Chen’s inequality for Warped product bi-slant
submanifolds in Kenmotsu manifolds

Yi Cao?, Ximin Liu®*

?School of Mathematical Sciences, Dalian University of Technology, Dalian 116024, China

Abstract. Recently, B.Y. Chen established a relationship for the squared norm of the second fundamental
form (an extrinsic invariant) of warped product bi-slant submanifolds of Kenmotsu manifolds in terms of
the warping function (an intrinsic invariant). In this paper, we study warped product bi-slant submanfolds
of Kenmotsu manifolds. We obtain a sufficient necessary condition that a bi-slant submanifold is locally
a warped product and prove a characterisation theorem for such submanifolds. Finally, we establish a
general improved Chen type of inequality. The equality case is also investigated.

1. Introduction

In [6], Bishop and O’Neill initiated the concept of the warped product manifolds in their study of
manifolds of negative curvature. Warped product submanifolds have been studied rapidly since Chen
introduced the notion of CR-warped product of Kaehler manifolds in his series papers [10, 11]. Moreover,
Chen [12] established a general sharp geometric inequality for the squared norm of the second fundamental
form for different warped product submanifolds of different ambient manifolds, which embodies the
relationship between the main extrinsic invariant (the second fundamental form) and an intrinsic invariant
(the warping function). Motivated by his work, many distinguished geometers extended and improved
the Chen’s type inequality [1, 16, 17, 19, 21, 24].

On the other hand, ].L. Cabrerizro et al. introduced the notion of bi-slant submanifolds of almost contact
metric manifolds as a generalization of contact CR-submanifolds, semi-slant submanifolds and pseudo-
slant submanifolds in [8]. S. Uddin and B.Y. Chen investigated warped product bi-slant submanifolds
in Kaehler manifolds in [26], They proved the non-existence of warped product bi-slant submanifolds of
Kaehler manifolds, and the non-existence of such submanifolds for cosymplectic manifolds was proved in
[2]. Also, many researchers extended the above special type of submanifolds in some different structure
manifolds (see [18], [20], [22], [25], [27], [4], [5], [3]), they have given many non-trivial examples and proved
several interesting results including characterisation theorems and inequalities. Recently, the idea has been
extended for CR-slant warped products and bi-warped products (see [12],[14], [21], [26], [23]).

The paper is organised as follows: In section 2, we recall some basic formulas and definitions, which
are useful to the next section. Section 3 is devoted to the study of bi-slant submanifolds of almost contact
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metric manifolds and provide some basic results which are useful to the next section. In section 4, we study
warped product bi-slant submanfolds of Kenmotsu manifolds. In the beginning of this section, we give an
example of such submanifolds to prove its existence and then obtain a sufficient necessary condition for
that a bi-slant submanifold to be a warped product. Finally, we prove a characterisation theorem for such
submanifolds. The last section 5 is devoted to establish a general improved Chen’s inequality for warped
product bi-slant submanifolds in Kenmotsu manifolds. Also, the equality is also discussed in details.

2. Preliminaries

Let M be a (2n + 1) dimensional Riemannian manifold, then M is said to be an almost contact metric
manifold if it admits an almost contact metric structure (¢, &, 17, g), where the endomorphism ¢ of its tangent
bundle is a tensor field of the form (1,1), £ is a structure vector field, 17 is a 1-form and g is a Riemannian

metric on M satisfying the following conditions [7]:

2 —

p-=-1+1n1®¢& @i=0, nop=0, n()=1,

J@XpY) =g (X V) - (ON(Y), 100 =g(X8), @D
for any vector field X, Y tangent to M, and from (2.1), we also have
g(pX,Y) = —g(X, @Y). (2.2)
An almost contact metric manifold M is said to be a Kenmotsu manifold [15], if the relation
(Vxp) Y = 99X, Y) &= n(V) X (2.3)
holds, where V is the Levi-Civita connection of g. From (2.1), (2.2), it can be easily derived that
Vx&=X-n(X)E. (2.4)
In addition, the covariant derivative of the tensor field ¢ is defined by
(Vxp) Y = Vx (9Y) - ¢ (VxY), 2.5)

for any vector field X, Y tangent to M.
Lety : (M, g) — (]\7[, g) be an isometric immersion of an almost contact metric manifold. We denote by
v and V* the Levi-Civita connections on the tangent bundle TM and the normal bundle T+M, respectively,
and V the extrinsic connection of M on M. Then the Gauss and Weingarten formulas are repectively given
by
VxY =vxY+0(X,Y),

_ X 2.6)
VxN = -AnX + VXN,

forany X, Y € T (TM) and N € I'(T*M). Where ¢ : TM X TM — T+M is the second fundamental form of M
in M, and A is the shape operator of the submanifold M. Moreover, 0 and A are related as follows

gANX,Y) =g(0(X,Y),N). (2.7)

We assume that dim(M) = m. Let {ey, - - - e} be a local orthonormal frame of the tangent bunble TM and
{em+1, -+ - €2,41) be a local orthonormal frame of the normal bunble T+M. If we set afj =g (a (ei, e]-) , e,,) )=
1,2,---,m,r=1,---,2n + 1, then the squared norm of the second fundamental form is defined by

m 2n+l m

||a||2 = Z g(o (ei, ej),a (e,«, ej)) = Z Z (g (o (ei, ej),er))z . (2.8)

i,j=1 r=m+1i,j=1
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Definition 2.1. [29] A submanifold M ofM is said to be totally geodesic if its second fundamental form ¢ is identically
zero, while it is called totally umbilical if its second fundamental form o satisfies

c(X,Y)=g9(XY)H, (2.9)
1 m
foreach X, Y € I' (TM), where H is the mean curvature vector of H = p o (e;,e;). In addition, M is called minimal
i=1
ifH=0.
For any X € T (TM) and N € I' (TM*), an orthogonal decomposition of pX and ¢N yields
X =TX +FX,
(2.10)
@N =tN + fN,

where TX (resp. tN)and FX (resp. fN)denotes the tangential and normal components of X (resp. ¢N),
respectively. Thus, T is an endomorphism on the tangent bundle TM and F is a normal bundle valued
1-form of TM. Moreover, M is said to be invariant if F = 0, that is, ¢X € I'(TM), and anti-invariantif T = 0,
thatis, X € I' (T*M). Furthermore, from (2.2) and (2.8), we have

g(TX,Y)=—-g(X,TY). (2.11)
For a differentiable function f on a submanifold M of M, the gradient V£ is defined as

g(vf,X) = X(f). (2.12)
Now, an important class of submanifold under the action of ¢ of Mis given.

Definition 2.2. [9] A submanifold M of an almost contact metric manifold M is said to be slant, if for each non-zero
vector X tangent to M at p such that X is not proportional to <¢§p>, the slant angle 0 (X) € [0, g] between X and

T,M is constant, i.e., it is independent of the choice of p € M and X € T,M — <5p>.

Obviously, if 6 = 0, then M is an invariant submanifold and if 6 = 7, then M is an anti-invariant
submanifold. A slant submanifold is said to be proper if it is neither 6 = O nor 6 = 7.
Similarly, we define the slant distribution, if the differentiable distribution D is a O-slant distribution on

a submanifold M of M, then for any non-zero X € D, p € M, the slant angle 0 (X,,) € [O, g] between ¢X, and

D, is constant, i.e., it is independent of the choice of p € M and X € D. Also, it is an invariant distribution if
0 = 0, and it is called anti-invariant if 6 = 7. A slant distribution is said to be proper if it is neither invariant

nor anti-invariant. Moreover, it was proved in [9] that a submanifold M of M such that £ tangent to M, and
there exists a distribution D satisfies TM = D @ (&), then M is slant if and only if D is a slant distribution
with the same slant angle.

For the slant submanifold, the following characterizations are known.

Lemma 2.3. Let M be a submanifold tangent to & of an almost contact metric manifold M, Then M is O-slant
submanifold if and only if [9]
T? = cos*0 (-1 + N ® &). (2.13)
The following relations are the natural consequences of (2.11) and (2.13) as
g(TX,TY) = 050 (9 (X, V) = 1(X) 1Y), o1
g (FX,FY) = sin®60 (g (X, Y) = n(X)n(Y)),

for any X, Y € I' (TM). Another relation for a 6-slant submanifold of M s obtained by using (2.1), (2.10) and
(2.13) as [20]

tFX = sin*0 (=X + n(X) &),
fFX = —FTX,
for any X € T'(TM).

(2.15)
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3. Bi-slant submanifolds

The bi-slant immersion on a almost cantact metric manifold was first introduced in [8], Cabrerizo et al.
defined bi-slant submanifolds as follows:

Definition 3.1. A submanifold M of an almost cantact mertic manifold (1\71, e, &1, g) is said to be a bi-slant
submanifold if there exists a pair of orthogonal distributions D! and D? such that

(i) The tangent bundle TM admits the orthogonal direct decomposition: TM = D! & D? @ (&),
(i) D' L D2 and pD* L D!,
(iii) Each ©'(i = 1,2) is a slant distribution with a slant angle 0;, and the set {01, 0} is called bi-slant angle.

In particular, if the distributions D! and D? are invariant and anti-invariant with respect to ¢, respectively,
then we call this type of bi-slant submanifolds as CR submanifolds. If neither 6; = O nor 6, = 7 (i = 1,2),
then M is called proper. In addition, M is known as semi-slant if D' and D? are invariant and proper,
respectively, and it is called pseudo-slant if D! and D? are anti-invariant and proper, respectively.

Let M be a bi-slant submanifold with slant angle {61, 6,} of a Kenmotsu manifold M, for any X € I'(TM)
, we put

X =T1 X+ ToX + FX, (3.1)
where T; denotes the orthogonal projection of T on D/, for any i = 1,2. Then if X € D/, we obtain
pX =T;X + FX.

Now, we give the following useful results for bi-slant submanifolds.

Lemma 3.2. Let M be a proper bi-slant submanifold of a Kenmotsu manifold (]\71, ©,én, g) with bi-slant angle
{01, 62). Then, the slant distribution D' & (&) defines a totally geodesic foliation if and only if

Arryx, X1 — Arx, T1 X1 + Apr,x, Xo — Apx, T2 Xp € D?,
forany X; €T (Dl ® (é)), X, eT (1‘)2).
Proof. Forany X;,Y; €T (Dl ® (5)), X5, Y, el (DZ), from (2.1), (2.5) and (2.6), we have
g(Vy, X1,X2) =g (<P$Y1 Xy, (PX2) =g (ng@Xlr §0X2) -9 ((.€Y1 (P) Xy, <PX2) .
By (2.3) and (2.10), we derive
97y, X1, X2) = 9 (Vv 9X1, pXo)
= 9 (Vv 1 X1, TaXa) + 9 (Vv,FX1, TaXa) + 9 (Vy, X1, FXa ).
Using the Gauss and Weingarten formulas (2.6), we obtain
9 (Vv X1, X2) = 9 (Vy, T X1, T2 X2) = 9 (Arx, Y1, TaXa) = 9 (Vv, FXo, X1 ).
Then from (2.2), (2.3), (2.5), (2.10) and (2.15), we get

g(Vv, X1, X2) = g (Vy, T1 X1, TaXa) — 9 (Arx, Y1, T2 X2)
— 5in*0,9 (Vy, X2, X1) = 9 (Vv,FTXz, X1).

Again by using (2.6), and the symmetry of the shape operator A, we arrive at

COSZQZg (VY1 X1, X2) =g (VY1 T1X1, TzXz) +g (AFT2X2X1 - AFX1 T>X>, Yl) . (32)
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We note that T; X € I'(D!), T,X, € I'(D?), then, replacing X; by T1X1, X by T, X,, by using (2.13), (2.4) and
the orthogonality of the vector fields, we obtain

05?029 (Vy, T1X1, T2 Xo)
=9 (Y, T1X1, T5Xa) + 9 (Aprax, T X1 — Apr,x, T3 Xa, Y1 )
:605261605292g (Vy, X1, X2) — coszezg (Arx,T1 X1 — Arrx, X2, Y1) .
Since M is proper, then 0526, # 0, from the above relation we get
g(Vy,T1X1, T Xa) = 005291_1] (Vyv, X1, X2) — 9 (Arx, T1 X1 — Arryx, X2, Y1) - (3.3)
Adding equations (3.2) and (3.3), we find that

(cos2 6, — c05261) g (Vy, X1, X2)

3.4)
=0 (Arrx, X1 — Arx, T1 X1 + Arryx, Xo — Apx, To X0, Y1)

Hence, according to definition 2.1, the proof of the Lemma is completed. [

Lemma 3.3. Let M be a proper bi-slant submanifold of a Kenmotsu manifold (]\Z &1, g) with bi-slant angle
{01, 02}. Then, the slant distribution D? defines a totally geodesic foliation if and only if

141:1"])(1 Xz - 141:)(1 TzXz + AFTZX2X1 - AFXZT1X1 + (COSZGZ — COSzgl) n (Xl) Xz € DZ
forany X; €T (@1 ® (é)), X, eT (DZ).
Proof. Forany X;,Y; €T (Dl ® (5)), X5, Y, €T (92), from (2.1), (2.5) and (2.6), we have

g(Vy, X2, X1) =9 (<P$YZX2, (PX1) +1 (FVVYZXZ) n(X1)
= 7 (V90X 0X1) = 9 ((Vra) Xo, 0X1) = 1 (X1) 9 (V1,6 Xo ).

By (2.1), (2.4) and the orthogonality of D* and (&), we derive

g(V, X2, Xa) =g ($Y2§0X2,(PX1) -1(X1) g (X2, Y2).
Using (2.10) and the Gauss and Weingarten formulas (2.6), we deduce
9 (Vv,X2,X1) = 9(Vy,T2Xo, T1X1) — 9 (Apx, Y2, T1X1) 35)
— g (VvFX1, 0X2) =1 (X1) g (Xa, Y2) ‘

Consider the third term in the right hand side of the above relation by using (2.2), (2.3), (2.4), (2.5), (2.6) and
(2.15), we find that

— 9 (Vv FX1,0X,)
=g (p77.FX1, Xa) = g (Tr.pFX1, Xa) = 9 ((Tr,0) FX0, Xa)
=g (V1,tFX1, X2) + 9 (Vv, fFX1, Xa)
= —sin*019 (Vy, X1, Xa) + sin*01n (X1) g ('vvyzgl Xz) .y (’ﬁyszle, Xz)
= —sin*019 (Vy, X1, X2) + sin®011) (X1) g (X2, Y2) + 9 (Arryx, Y2, X2). (3.6)
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Plugging (3.6) into (3.5), we have the following by using the symmetry of the shape operator A

05?019 (Vy, X2, X1) =9 (Vy, T2 X, T1 X1) + 9 (Arr,x, X2 — Arx, T1 X1, Y2)

3.7
— 05?011 (X1) 9 (X2, ). 6.7

Replacing X; by T1X1, Xz by T X5, then by using (2.1), (2.13), (2.4) and the orthogonality of the vector fields,
we obtain

c05*019 (Vy, T2 X, T1 X1)
=g (Vv,T3Xa, TiX1) + g (Aprax, ToXa = Apr,x, Ti X1, V)
=605291605292g (Vy,Xo, X71) + coszelcoszezn (X1)g (%(yzé, Xz)

- 005261g (Apx, ToXo — Arrx, X1, Y2) — coszﬁm X1y ('51/25, PTZXZ)
=c05261c052629 (Vy, X0, X1) + cos261c0526277 (X1) g (Y2, X2)

— 052019 (Arx, T2Xo — Arr,x, X1, Y2).

Since M is proper, then cos*6; # 0, from the above relation we get

9 (Vy, T2 X, T1X1) =c0s*029 (Vy, X2, X1) — 9 (Arx, T2 X2 — Arryx, X1, Y2)

2 (3.8)
+ cos 621] (Xl) g (Yz, Xz) .
Adding equations (3.7) and (3.8), we arrive at
(COS291 - 005292) g (Vy, X2, X1) = 9 (Arryx, X2 — Arx, ToXo + Arryx, X1 — Arx, T1X1, Ya)
+ (c05262 - coszel) n(X1) g (Y2, X2). (3.9)

Thus, similarly to Lemma 3.2, we complete the proof of our lemma. [

4. Warped product bi-slant submanifolds

In [6], Bishop and O’Neill introduced the notion of warped product manifolds as follows: Let (M, g1)
and (M;, g1) be two Riemannian manifolds, respectively, and f a positive differentiable function on M;.
Consider the Riemannian product manifold M; X M, with its canonical projection maps 71 : My X M, — M;

and 7tp : M1 XMy — My. Then their warped product manifold M = (M1 Xy My, g) is the Riemannian product
manifold M; x M, equipped with the Riemannian structure such that

gXY) = g1 (X, m.Y) + (f o i)’ g2 (m2. X, m2.Y), (41)
for any vector field X, Y € T' (TM), where = is the symbol for the tangent maps.

Remark 4.1. A warped product manifold M = (M1 Xf Mz,g) is said to be trivial if the warping function f is
constant. In this case, the warped product manifold is a Riemannian product manifold. From [6] and [10], we have
the following facts for a warped product manifold:

(i) Vx,Xo = Vx, X1 = (Xalnf) Xy, for any Xq € T (TM;) and X, € I (TM,), where V is the Levi-Civita connection
on M.
(ii) My and M, are totally geodesic and totally umbilical submanifolds of M, respectively.

In this section, we study the warped product bi-slant submanifold of a Kenmotsu manifold. We defined
these submanifolds as follows.



Y. Cao, X. Liu / Filomat 38:18 (2024), 6509-6523 6515

Definition 4.2. A warped product M = My Xy M; of a 01-slant submanifold My and a 0,-slant submanifold M, of
a Kenmotsu manifold (ZVI, e, &1, g) is called a warped product bi-slant submanifold.

A warped product bi-slant submanifold M; X M, is called proper if both M; and M, are proper slant

submanifolds with slant angle 01,0, # 0,7 of M. Otherwise, a warped product bi-slant submanifold
M X M is a contact CR-warped product of the form if 01 = 0,0, = § or 6, = 0,0, = 7 discussed in [4, 25].
Also, the warped product pseudo-slant and the warped product semi-slant submanifolds were discussed in
[3] and [22, 27], respectively. It is known that from [22], if the structure vector field ¢ is tangent to My, then
the warped product is trivial. Since we do not study the non-existence of warped products, throughout we
consider & is tangent to Mj, in this case, we have the following facts

&inf =1, 0(Xz,&) =0, (4.2)
for any X, € I'(TM,).

Definition 4.3. A warped product bi-slant submanifold M = My Xy M, of a Kenmotsu manifold (Z\Z, 0, &1, g) is
said to be mixed totally geodesic if o (X1, X) = 0, for each vector field X, € I (TM;) and X, € T (TMy).

First, we provide a non-trivial example of warped product bi-slant submanifols.

Example 4.4. Let R be an Euclidean 11-space endowed with the standard metric and cartesian coordinates
(x1, 1, , X5, Y5, t) and with the canonical structure (@, &, 1, g) defined by

I\ (22 (9=
P\ox:) ™ "oy P\ay;) " ax P\t

5:%, n=dt, g=( , ), 1<ij<5.

If we denote by any vector field X = ﬂz’,;% + bfaiy,- + c% (1 <1i,j <5) tangent to R, it can be easily proved that

(¢, &,1m,9) is an almost contact metric structure on R by using (2.1). Consider a 5-dimensional submanifold M of
R given by

x(u,v,w,s,t) =(u,vcosO,0,vsind, uvwcoso,
uvscosO, uvwsin®, uvssin®, uvs — uvw, Uvs + uvw, t),

for 0 € (O, %), whose tangent space is spanned by the orthonormal vector fields

e1 = i e —cos@i +sin@i
1 - axlr 2 = a]/l ayz/

Jd . d d
e3 = Uvcos@—=— + uvsin@ — — uv— + uv—,

8x3 3x4 axS a]/5
ey = uvcos@i + uvsin@i + uvi +Uv—1, e5= i
‘T 9y dys  dxs o dys’ o ot
Clearly, we have
J J . d

pey = _9_]/1' pey = coseﬁ + sm@a—xz,

e3 = —uvcos@i — uvsin@i + uvi + uv—o
pes &y:; &y4 &y5 8x5'

ey = uvcos@i + uvsin@— — uv— + Uv=—, e5= i
pea = oxs o ays  oxst C T o
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Define the distributions Dl = Span {e1, e2} and D2 = Span {es, e4}, respectively, then it is clear that D! is a Oq-slant
distribution with 61 = 6 and D% is a O,-slant distribution with 6, = arccos (%), such that & is tangent to M. Hence,

M is a proper bi-slant submanifold with bi-slant angle {01, 02} of R'\. Furthermore, it is easy to verify that both the
distributions D! @ (&) and D? are integrable. We denote the integral manifolds of D' @ (&) and D by My and My,
respectively. Then the metric tensor g of the product manifold M = My X M, is given by

2
g = du? + do* + dt* + 3u*v? (dw2 + dsz) =gm, + ( \/guv) I, -
Thus, M is a proper warped product bi-slant submanifold of R of the form My x; M, with warping function
f = VBuw, such that & is tangent to M.
Now, we give the following lemma, which plays a crucial role in our main results.

Lemma 4.5. Let M = My X¢ Mj be a warped product bi-slant submanifold of a Kenmotsu manifold (Z\Z, @, &1, g)

such that & is tangent to My, where My and M, are a 01-slant submanifold and a O,-slant submanifold of ]\71,
respectively, then we have

(i) g(0 (X2, Y2),FX1) —g(0(Xq,Y2),FXo) = (Xalnf —1n(X1)) g (T2 X2, Y2) +
T1X1 lnfg (Xz, Yz) .
(ii) g(o(X1,Y1),FX3) =g(0(Y1,X2),FXy).

For any X1,Y1 €T (TMl) , X, Y, €T (TMz)
Proof. For any X;,Y; € I'(TM;1) , Xz, Y, € I'(TMy), from (2.6) and (2.10), we can write
9(0 (X1, Y2), FX2) = 9(Vv, X1, FXa)
=g (Fvvyle,(PXz) -g9(Vy, X1, TX,).
By (2.2), (2.5) and the (i) of Remark 4.1, we derive
9(0 (X1, Y2), FXa) = — 9 (p¥y, X1, Xa) — Xalnfg (Y2, T2 Xo)
=g ((FVVYZ(P) X1, Xz) -q ($Y2¢X1, Xz) = Xilnfg(Ys, TrX5).
Using (2.3), (2.6), (2.10) and by the orthogonality of the vector field &, we deduce

g(0(X1,Y2),FXo) ==1n(X1) g (T2Y2, Xo) — 9 (Vy,T1 X1, X>)
+ g (Arx, Y2, X2) — Xalnfg (Y, T Xo) .

Then from (2.11), (2.7), and again using the (i) of Remark 4.1, we obtain

g(0(X1,Y2),FX5) =11(X1) g (Yo, ToXp) — T1 Xalnfg (X3, Y>)
+9(0(X2,Y2),FX1) = Xqlnfg (Y2, T2 X3) .

Hence, the proof of the first assertion is complete. Next, we prove the second assertion. Using (2.2), (2.6)
and (2.10), we get

9(0 (Y1, X2), FX1) = =g (p¥y, X2, X1) = 9 (v, Xa, T1X1)
Then from (2.5) and the (i) of Remark 4.1, we arrive at

g(o(Y1,Xz),FXy) = g((%ﬁp) Xz,Xl) -g ($Y1¢X2,X1) - Yilnfg (X, T1X1).
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Since the orthogonality of the vector fields, by (2.3), we find that the first term and the last term in the right
hand side of the above relation vanishes, thus we have

g0 (Y1,Xz),FX1) =—9g ($Y1¢X2,X1)-
Therefore, again using (2.6) and (2.10), we have
g(o(Y1,Xp),FX1) = =g (Vy, T2 X2, X1) + 9 (Arx, Y1, X1) .
Thus, by (2.7) and the (i) of Remark 4.1, the above reduced to
g(0(Y1,X2),FXq) = g(0 (Y1, X1),FX2),
which is the required result together with the symmetry of 0. Hence, the proof of the Lamma is complete. [

Here, we recall the following lemma for later use.

Lemma 4.6 (Hiepko’s Theorem). [30] Let D! and D? be two orthogonal distributions on a Riemannian manifold
M. Suppose that D! and D? both are involutive such that D' is a totally geodesic foliation and D? is a spherical
foliation. Then M is locally isometric to a non trivial warped product My X¢ M, where My and M, are integral
manifolds of D' and D?, respectively.

Theorem 4.7. Let M be a proper bi-slant submanifold of a Kenmotsu manifold (M, e, &, g) with bi-slant angle
{01, 02}. Then, M is locally a warped product submanifold of the form My Xy M if and only if the shape operator
satisfies

Apx, X2 = Apx, X1 = (X1 (@) = n(X1)) TaXo + T1 Xy () X2, (4.3)
for any Xy € D! @ (&), X, € D* and for some smooth function p on M such that Y, (1) = 0, for any Y, € D2

Proof. 1f M = My Xy M, is a warped product bi-slant submanifold, then for any Xy, Y1 € I'(TM;) , X»,Y> €
I' (TM,), from the (ii) of Lemma 4.5, we find that g (Arx, Xo — Arx, X1,

Y1) = 0, which means that Aryx, X> — Arx, X1 has no componenet in TMj, i.e., it is lies in TM, only. Then, the
relation (4.3) follows from the (i) of Lemma 4.5 with p = Inf.

Conversely, if M is a proper {01, 0»}-bi-slant submanifold of a Kenmotsu manifold M with two proper
slant distributions D! @ (&) and D2 such that (4.3) holds, for any Xj,Y; € 1"(331 ® (E)), X5,Y, € 1"(1)2),

replacing X; and X, by T1X; and T»X5, respectively, then the given condition (4.3) becomes the following
by (2.1) and (2.13).

Arryx, Xa — Apx, T1 X1 = —c0s?01 (X1 (1) — 1 (X1)) Xa + T1 X3 (1) T2 Xa,

(4.4)
AFX1 T2X2 - AFT2X2X1 = —c05292 (X1 (}l) - T] (Xl)) Xz + T1X1 (y) TzXz.

First, we consider the distribution D! @ (&), plugging (4.4) into the (3.4) of Lemma 3.2, we find that
(c05262 - c05291) g (Vy,X1,Xz) = 0, since M is proper, we derive g(Vy,X1,X>) = 0, and also, it is clear that
g ([X1,Y1],X2) = 0, which means that the leaves of the distribution D@ (&) are totally geodesic in M and

the distribution D' @ (&) is integrable. On the other hand, for the distribution D2, combining the relations
(4.4) and (3.9) of Lemma 3.3, we conclude that

(c05261 - 605292) g(Vy, X5, X1) = (COSZQZ - c05261) (X1 (u) —n(X1)) 9 (X2, Y2)
+ <c05292 - coszel) n(X1) g (Y, X2).
Since M is proper, the above equality reduced to

9 (Vi X2, X1) = =X (1) 9 (X2, Y2).- (4.5)
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Also, from the above relation we conclude that g ([X, Y2],X;) = 0, that is, the slant distribution 2 is
integrable. If we denote by 6 the second fundamental form of a leaf M, of D? in M, then (4.5) yields

g(6 (X2, Y2), X1) = =X1 (1) g (X2, Y2) .
Therefore, from the definition of gradient (2.12), we get
G (X2,Y2) =-Vug(Xs,Ya),

which means that M, is totally umbilical in M with the non vanishing mean curvature vector H = — V p.
Now we prove that H is parallel corresponding to the normal connection ¥ of a leaf M, of ©2 in M, from

(2.6) and (2.12), we obtain
(9%, v i X1) = g(Vx, V 1, X1) = Xag (Vit, X1) - 9 (Vit, Vi, X1)
=Xo (Xap) = [Xo, Xalpu + 9 (Vx, V 11, X3)
= X1 (Xop) + 9 (Vx, V i, X2) = 0.

Since X (1) = 0 and D! @ (&) is a totally geodesic foliation in M, forany X; € T (Dl ® (cf)), X, el (Dz). Thus,

the leaves of the distribution ©? are totally umbilical in M with non-vanishing parallel mean curvature
vector H, i.e.,, M, is an extrinsic sphere in M. Then from Hiepko’s Theorem, M is a warped product
submanifold, the proof of Theorem 4.7 is complete. []

The following corollary is given by a similar proof procedure to the above theorem.

Corollary 4.8. Let M be a proper mixed totally geodesic bi-slant submanifold of a Kenmotsu manifold (]\7[, e, &1, g)
with bi-slant angle {01, 0,). Then, M is locally a mixed totally geodesic warped product submanifold of the form
My Xy M if and only if the shape operator satisfies

141:]"])(1 Xz - 141:)(1 TzXz = (COSZQZ - C08261> (X1 (y) - T] (Xl)) Xz,

Arnx, X1 — Ar, T1 X1 =0,

forany X; €T (Dl ® (5)), X, €T (DZ) and for some smooth function y on M such that Y, (u) = 0, for any Y, € D2.

Theorem 4.9. Let M = My Xy M, be a mixed totally geodesic warped product bi-slant submanifold of a Kenmotsu
manifold (M, &1, g) such that & is tangent to My, where My and M, are a 01-slant submanifold and a 0,-slant
submanifold of M, respectively, then one of the following two cases must occur:

(i) 62 = 7.

(ii) vinf = &.
Proof. For any X1,Y, € T'(TM;) , Xa,Y, € I'(TM,), since M is mixed totally geodesic, the (i) of Lemma 4.5
becomes

90 (X2,Y2),FXy) = (Xqlnf —n(X1)) g (T2 X, Y2) + T1 Xalnfg (X2, Y3). (4.6)
Interchanging X, by Y5 in (4.6) and using (2.11), we obtain
90 (X2,Y2),FXy) = = (Xalnf = n(X1)) g (T2 X3, Y2) + T1 Xalnfg (X2, Ya) . 4.7)

Then from (4.6), (4.7), we arrive at
(Xalnf —1(X1)) g (T2Xo, Y2) = 0.
Replacing X, by T>X,, we conclude that
—c0s?0, (Xalnf — 1(X1)) g (X2, Y>) = 0.

Hence, the proof of the theorem is complete by using the the definition of gradient (2.12). O
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5. General improved Chen’s inequality for Warped product bi-slant submanifolds

In [28], Uddin et al. established the following Chen’s inequality for a proper mixed totally geodesic
warped product bi-slant submanifold M = M; Xy M, of a Kenmotsu manifold M such that ¢ is tangent to
M;, where M, and M, are a 0;-slant submanifold and a 0,-slant submanifold of M, respectively

||o||2 > 2qcsc261 (c05261 + coszez) (”Vlan2 - 1), (5.1)

where 2g = dimM,. From Theorem 4.9, we find that the inequality (5.1) becomes ||o||* > 0 since M is proper,
which means that the study of this Chen’s inequality is meaningless. Thus, in this section, we establish
the general improved Chen’s inequality for a non-mixed totally geodesic proper warped product bi-slant
submanifold.

Let M = M; Xy M be an m-dimensional proper warped product bi-slant submanifold of a (2 + 1)-

dimensional Kenmotsu manifold M such that M; and M, are proper slant submanifolds with slant angles
01 and 0,, repectively. We denote the tangent bundles of M; and M, by D! and D? with their real dimensions

2p + 1 and 2g, respectively, such that £ € T’ (Dl). Based on the following remark

Remark 5.1. If M = My Xy M is a warped product bi-slant submanifold of a Kenmotsu manifold M, then the
tangent bunble TM and the normal bunble T+M of M are respectively decomposed as

(i) TM =D'® D?,
(i) T*"M =FD' @ FD? v,
where v is the p-invariant normal subbundle of T*M, and & € T (Dl) .

We set that

(1) Dl = Span{el,--- ,€p,epr1 = secOiTrey, -, epp = sec@lTlep,cf},

2) ®*= Span{ezp+2 =81, ,€piqr1 = €q, €2piqe2 = €qs1 = s€COr T8y, -+,
€pt2q+1 = €29 = SeC@széq},

(3) FD!' = Span {em+1 =& =cscOiFey, -, emp = &, = cscO;Fep,
em+p+1 = €pr1 = cscOisecO1FT1eq, - emyop = €2p = csc@lsecé)lFTlep},

(4) F@z = Span {em+2p+1 = ézp+1 = CSCQzFél, te ,em+2p+q = é2p+q = CSCQzFéq,
em+2p+q+l = €2prqr1 = €5CO25€COF T8y, , emspiag = E2pi2g = CSCsteCQZFTZQq} ,

(5) v =Span {em+2p+2q+1 = €p42q+1, """ €20+l = é2n+1—m}-

Theorem 5.2. Let M™ = M Xy M, be a proper warped product bi-slant submanifold of a Kenmotsu manifold
(M2”+1, @, &, g) such that & is tangent to My, where My and M, are a (2p + 1)-dimensional 0,-slant submanifold

and a 2g-dimensional 0,-slant submanifold of M, respectively, then we have the following:

(i) The squared norm of the second fundamental form o of M satisfies
llol* > (4qcsc262c03261 + 4qcot262) (”Vlnf”2 - 1). (5.2)

(ii) If the equality holds in (33), then M is a totally geodesic submanifold of M and M, is a totally umbilical
submanifold of M. In other words, M is a minimal submanifold of M.
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Proof. For the proper warped product bi-slant submanifold M™ with dimension m, using the constructed
frame fields, we can write

lol? = Ha(®1, :91)”2 +2 ”o (o, DZ)Hz + ”o (22, 132)“2. (5.3)
Then, using (2.8), we consider the each term in the right hand side of (5.3) as follows:
o2 2 = ofo(t ). 0 #g (o), 7Y 4 g (o (). 59

As we have no relations for the warped products of the first and the third v-component terms in (5.4), by
dropping these positive terms, we obtain

2p+1 2

Ho (1‘)1,@1 H > csc?0, Z Z el,e] Fé,)z.

i,j=1 r=1

Since ey,11 = &, and from (4.2), it is known that 0 (§, X) = 0, for any X € TM. Then from (ii) of the Lemma
4.5,we get

Ho (’Dl,bl H >c5c292ii o(el,er) Fe]) . (5.5)

i,j=1 r=1

Similarly, by dropping the v-component positive term, using (i) of Lemma 4.5, we derive

e

=g(o (", 22),FD') +¢(o (2", 2%),FD?) +¢(o (2", %))
2p 29 2p 2q

>csc?6, Z:lz; glo (e, é), Fe] + csc 6221:1(219 (o (e;, ér), Fer) (5.6)
ij=1r i=1 kyr=
2p 2 2p 2

=csc?0, Z Z o(e;,é), Fe] + csc QZZ Z {g (o (e, &), Fei)
i,j=1 r=1 i=1 k,r=1

+(n(e) — eilnf) g (&, Tob,) — Treidnfg @, e} .

If we denote (1) (e;) — eilnf) g (&, T26,) — T1eilnfg (é, é,) by hf{r, then we arrive at

o (2,22
2p 2q 2p 2q
>csc?6, Z Z o(e;,é), Fe] + 5?0, Z Z g (o (e, é), Fez) 57)
ij=1 r=1 i=1 kr=1 ’
2p 2q 2p 2q
+ 2¢5¢%0, Z Z g (o (8, &), Fei) h . +csc 20, Z Z
i=1 k,r=1 i=1 k,r=1

Since exp41 = &, we note that 17 (e;) =0,i=1,---,2p. Then, using (2.1), (2.11), (2.13) and the orthogonality of
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the adopted frame fields, we compute the third term in the right hand side of (5.7) as follows

2y 2q

2¢sc?0, Z Z g (o (&, é,),Fe) h;{r

i=1 k,r=1

2 q
=2c520, ) Y {9(0 (@, 8), Fe)) (—eilnfg (&, Taéy) — Taeilnfg (@ &)

i=1 k=1
+sec029 (0 (Taé, &), Fe;) (—eiln fg (Taéx, Toé,) — Treilnfg (Taé, &)
+sec”029 (0 (84, Toéy) , Fei) (—eiln fg (&, T3¢,) = Treidn fg (&, Toe,))
(

+sec*029 (0 (Taby, Toty) , Fei) (—eiln fg (Tadk, T3¢,) - Treilnfg (Taéy, Toty))|

2p 4
=2c520, )| Y {~Taeilnfg (o (@, éx), Fei) - einfq (o (Taéi, &), Fei)

i=1 k=1
+elnfg (o (6, Taék) , Fe;) — sec®0,Treilnfg (o (Taék, Taék), Fei)}
2 2q
= — 2¢s¢20, 2 Z Tiednfg (o (6, &), Fei) = 0. (5.8)
P

Similarly, applying the constructed frame fields, the forth term in the right hand side of (5.7) can be
decomposed as

2 2 2
csc?6, i Zq (h}'{r)Z = i i csc?6, {(—eilnfg (8, T2ér) — Treilnfyg (&, ér))2
i=1 k=1 i=1 k=1

+sec?0, (—eilnfg (Taéy, Toé,) — Treilnfg (T2é, ér))z}
2
+ csc?B,sec? 0 {(—eiln fg (ék, T%ér) —Tieilnfg (&, Tzér))

2
+sec?0, (—e,-lnfg (Tzék, T%ér) — Treilnfg (Toé, Tzér)) }

2p

= Z 2qcsc262 (Tle,-lnf)2 + 2qcot292 (el-lnf)2
i=1
p

= Z (ZqCSCZQZ + 2qcot26256c261) (Treiln f)2
i=1
+ (2q050262c05261 + chotzez) (eiln f)2
2p+1

= 2 (2q050292 + 2qcot29236c291) (T1eiln f)2 .
i=1

Using (2.11), (2.14), and the fact that &Inf = 1, the above expression reduces to

2 2
csc?6, Zp: Zq (hf{r)Z = <2qcsc262c05261 + 2qc0t262) (”Van“z - 1). (5.9)

i=1 k,r=1
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Plugging (5.8) and (5.9) into the (5.7), we get

o (e, 22)
2p 29 9 2p 29
>csc?0, Z Z g (o (e;, &) ,Fe,-) +¢sc?0, Z Z g (o (&, é) ,Fez-)2 (5.10)
ij=1 r=1 i=1 kr=1

+ (2q656262005261 + 2qcot292) (”Vlnf”2 - 1).
Furthermore, we consider the third term of (5.3)
||0 (22, 92)H2 = 9(o (2% 02),F2!) + (0 (%, ?), FD) + ¢ (0 (2% 02) ) . (5.11)

Dropping the no relations for the warped products of the second and third positive terms in (5.11), then we
have

Ho (’Dz, DZ)HZ > csc?0, i i g (o (&, é,),Fei)z. (5.12)

i=1 kr=1
Combining (5.5), (5.10) and (5.12), we conclude that

2y 2

loll? > (csc262 + 2csc291) Z Z g(a (e;, &) ,l—"e]‘)2

ij=1 r=1
2 2q

+ (2csc262 + csc261) Z Z (0 (e, &), Fe;)*

i=1 k,r=1

(5.13)

+ (4qcsc26)2c05261 + 4qcot262) (“Vlnf”2 - 1),

Since M is proper, the inequality (5.2) follows from (5.11) by leaving the first and second positive terms.
If the equality holds in (5.2), then from all the dropped terms in the right hand side of (5.4), (5.6), (5.11)
and (5.13), we deduce to

o(D,®') =0, ¢(2,9})=0, oD, D) cFD% (5.14)

If we denote the second fundamental forms of M; or M, in M and in M by 6 and g, respectively, then we
have ¢ = 0 + 6, using this fact with (ii) of Remark 4.1, we conclude that M; is a totally geodesic submanifold

and M, is a totally umbilical submanifold of M. Also, from the definition 2.1, it is clear that M is minimal.
Hence, we complete the proof of Theorem 5.2. [
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