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Abstract. This article is devoted to obtaining a general method of calculating the expected values and
variances for degree-based topological indices in random hexagonal, phenylene and polyphenyl chains.
Based on the general method, some important degree-based topological indices are discussed and the
explicit analytical expressions of their expected values and variances are presented, in which some known
results are included. Besides, the expected values and variances for degree-based topological indices in

these random chains are compared. In the end, the extremal values and the average values for degree-based
topological indices in these random chains are determined.

1. Introduction

In this paper, we only consider finite simple connected graphs, and refer to Bondy and Murty [1] for the
notations and terminologies freely used but not defined here.

Let G be a graph with the vertex set V(G) and the edge set E(G). The degree of u € V(G) is denoted by
dg(u). If u,v € V(G) are adjacent, the edge connecting them is labeled by uv.

In the mathematical and chemical literature, several dozens of degree-based topological indices have
been introduced and extensively studied [5, 11, 16]. Their general formula is of the form

TIG) = ), F(da(w),do(@), (1)
uveE(G)

where F is a binary nonnegative function with the property F(x, y) = F(y, x).

Let m;; denote the number of edges in G with end-vertices of degree i and j. Then we have the following
formula used later on:

TG = Y, Fle,ds@)= Y, mFG)).

1uoeE(G) 1<i<j<n-1
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By selecting different functions F(x, y) in (1), we can obtain different degree-based topological indices.
Some important degree-based topological indices mentioned in this paper are listed in Table 1. For more
details, see [5, 11, 16] and the references cited therein.

Table 1: Some important degree-based topological indices

name F(x,y) | name F(x,v)
first Zagreb index x+y | first Gourava index X+y+xy
second Zagreb index Xy | second Gourava index (x+y)xy
first hyper-Zagreb index (x+y)? ‘ first hyper-Gourava index (x+y+xy)?
second hyper-Zagreb index (xy)? | second hyper-Gourava index  ((x + y)xy)?
Randi¢ index 1 product-connectivity 1
(product-connectivity index) VXY Gourava index (x+ y)xy
; tivity ind 1 sum-connectivity 1
sum-connectivity index Y Courava index —m
reciprocal Randi¢ index VXy ‘ Albertson index |x - y|
i 1
reciprocal o x+y extended index .
sum-connectivity index 2\y «x
2
sigma index (x—yy? harmonic index Py
. X+y-2 . T
atom-bond-connectivity index T forgotten index X+ y
24/x
geometric-arithmetic index x\-/i-_;/ inverse degree index xl_z + %
. . . Xy e . . 1 1
inverse sum indeg index — modified first Zagreb index =+
x+y ¥y
. w Y
augmented Zagreb index Try-2

Topological indices play an important role in predicting physicochemical properties of chemical molecules
by means of their structures. Currently, many researchers focus on the expected value of some indices in
random hexagonal, phenylene and polyphenyl chains. Here are the definitions of these three random
chains [21].

The random hexagonal chain RHC,, = RHC(n, p1, p2, p3) with n hexagons is constructured in the following
way:

(1) RHC; is a hexagon and RHC; contains two hexagons, see Figure 1.

(2) For every n > 2, RHC, is constructured in attaching one hexagon to RHC,_; in three ways, resulted
in RHC}, RHC2, RHC? with probability p1, p2, p3 respectively, where p1 + p2 + p3 = 1, see Figure 2.

DEERG

RHC, RHGC,
Figure 1: The graphs of RHC; and RHC,
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RHC} RHC? RHC?
Figure 2: The three link ways for RHC,,(n > 2)

The random phenylene chain RPC,, = RPC(n, p1, p2, p3) with n hexagons is constructured in the following
way:

(1) RPC; is a hexagon and RPC, contains two hexagons, see Figure 3.

(2) For every n > 2, RPC, is constructured in attaching one hexagon to RPC,,_; in three ways, resulted in
RPC!, RPC?%,RPC? with probability p1, p2, p3 respectively, where p1 + p2 + p3 = 1, see Figure 4.

SRS LS

RPC RPCy
Figure 3: The graphs of RPC; and RPC;
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RPC} RPC? RPC3
Figure 4: The three link ways for RPC, (1 > 2)

The random polyphenyl chain PPC,, = PPC(n, p1, p2, p3) with n hexagons is constructured in the following
way:

(1) PPC; is a hexagon and PPC, contains two hexagons, see Figure 5.

(2) For every n > 2, PPC, is constructured in attaching one hexagon to PPC,_; in three ways, resulted in
PPCL, PPCZ%, PPC3 with probability p1, pa, ps respectively, where p; + p, + p3 = 1, see Figure 6.

In [6], the expected values of the first Zagreb and Randi¢ indices in random polyphenyl chains are given.
In [10, 13], the expected values for atom-bond connectivity and geometric-arithmetic indices in random
polyphenyl and phenylene chains are determined. In [14], the expected values of the Harmonic and second
Zagreb indices in random polyphenyl and spiro chains are presented. In [19, 20], the expected values and
variances for the Gutman index, Schultz index, multiplicative degree-Kirchhoff index and additive degree-
Kirchhoff index in a random polyphenyl chain are presented. In the most recent paper [21], the expected
values and variances for Somber indices in a general random chain are discussed. For more related results,
we refer the reader to see [2,4,7,12,17, 18]

Motivated by [6, 10, 13, 14, 19-21], we devote to studying the expected values and variances for degree-
based topological indices with the form (1) in random hexagonal, phenylene and polyphenyl chains.
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PPCy PPC,
Figure 5: The graphs of PPCy and PPC,
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Figure 6: The three link ways for PPC;,(n > 2)

This paper is organized as follows. In Section 2, we obtain a general method of calculating the expected
values and variances for degree-based topological indices in random hexagonal, phenylene and polyphenyl
chains. Based on the general method, the explicit analytical expressions of the expected values and variances
for some important degree-based topological indices in these random chains are presented in Appendix. In
Section 3 and Section 4, the expected values and the variances for degree-based topological indices in these
random chains are compared. In Section 5, the extremal values and the average values of degree-based
topological indices in these random chains are determined.

2. A general method

In this section, we obtain a general method of calculating the expected values and variances for degree-
based topological indices in random hexagonal, phenylene and polyphenyl chains, see Theorem 2.4. In
order to complete the proof of Theorem 2.4, we first briefly recall some of the basic facts from probability
theory.

The multinomial distribution M(r, p) is a distribution with a parameter vector p in the parameter space

E

The sample space of M(n, p) is

s{

The probability mass function of M(n, p) is

f) = (Z) [Trixes
i=1

where

n\ _ nl
x) H;t':1 xi!‘

Let X be a random vector which follows the multinomial distribution M(n, p), denoted by X ~ M(n, p).
Then the expected value and variance of X is given by

E(X) = np, Var(X) = n(diag(p) — pp’). 3)

t
p=@,py - ,p) €R,p;>0,i=1,2,---,t and Zpi = 1}-
i=1

t
x=(x1,%,- ,x) €Z,x>0,i=1,2,---,t, and Zx,- = n}.
=1
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In fact, when n = 1 and ¢t = 2, the multinomial distribution is the Bernoulli distribution, denoted by
B(p1), whenn > 1 and ¢ = 2, the multinomial distribution is the binomial distribution, denoted by B(, p1),
when n =1 and t > 2, the multinomial distribution is the categorical distribution, denoted by C(p).

Here are two important properties of the multinomial distribution.

Proposition 2.1 (Addition Rule [8]). Let X1, Xy, -+, Xk be independent random vectors and X; ~ M(n;, p) for
eachi=1,2,--- ,k. Then

k

Xi ~ M()_ i, p).

i=1 i=1

-

Proposition 2.2 (Marginal Distribution [8]). Let X = (X1, X, -+, X¢) ~ M(n,p). Then X; ~ B(n, p;) for each
i=1,2,---,t

For more details on the multinomial distributions, we refer the reader to see [3, 8]. The following lemma
is frequently used.

Lemma 2.3 ([9]). Let X be a random variable and a,b € R. Then
E(@X + b) = aE(X) + b, Var(aX + b) = a*Var(X).

Now we present a general method of calculating the expected values and variances for degree-based
topological indices in random hexagonal, phenylene and polyphenyl chains.

Theorem 2.4. Let n > 2, G, = G(n, p1, p2, p3) with G € {RHC, RPC, PPC} be one of the three random chains and X
be a random variable which follows the binomial distribution B(n — 2, p1). Then TI(G,) = AX + B(n —2) + C and its
expected value and variance are given by

E(TI(G,)) = (1A + B) (1~ 2) + C, Var (TI(G,)) = A%(n — 2pi(1 - py),

where (A, B, C) = (F(2,2),F(2,3),F(3,3))M and

o))

, if G = RHC,

, if G = RPC,

, if G = PPC.

Il
N
R DNOOONRFE NN -

— = 0 O

Proof. In order to quantify the random variable TI(G,), we define a family of 3-dimensional random vectors
{Zx}}_, as follows:

(1,0,0)T, if we choice G}, in the k-th step,
Z;y={ (0,1,0)T, if we choice G2 in the k-th step,
(0,0,1)T, if we choice G in the k-th step.

By the definition of the three random chains, we can check that Z; follows the categorical distribution
C(1,p1,p2,p3) and Z3, Zy, - - -, Z,, are independent.
For eachk =3,4,---,n, TI(Gi) can be quantified as

TI(Gy) = (TG}), TI(G}), TI(G}))Zk. (4)
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By the definition of degree-based topological indices, we have

TI(G,) — TI(Gk-1) = TIGS) — TI(Gy), for eachk =3,4,--- ,nandi=1,2,3.
We denote A; = TI(G}) — TI(G,), i = 1,2,3. Then

TI(G}) = TI(Gk1) + A;,i = 1,2,3.

Associated (4) with (5), we obtain the following recurrence relation:

TI(Gr) = THGk-1) + (A1, Az, A3)Zy.

Solving the recurrence relation with the boundary condition TI(G,), we obtain

TIGy) = (A1, Az, Ag)X + THG), X = (X1, Xo, X3)T = ) Z.
k=3

By Proposition 2.1, X = };_; Z follows the Multinomial distribution M(n — 2, p1, p2, p3)-

By (2), we have

(F(2,2),F(2,3),F(3,3)) , ifG=RHC,

(A1,A2,A3) =3 (F(2,2),F(2,3),F(@3,3)) , if G=RPC,

(F2,2), F(2,3),E(3,3)) , if G = PPC.

NN Wk bk OR RO
R R DNOOONRFE NN
R R NOONRF NN

Therefore, A; = Az. By (7), we have

TH(G,) =(A1, Az, A2)X + TI(G?)
=(A1 - A2)(1,0,00X + Ax(1, 1, )X + TI(Gy),
=(A1 - Az)Xl + Az(l’l - 2) + TI(Gz)
By Proposition 2.2, we have X; follows the binomial distribution B(n — 2, p;).
Put A=A, - Ay, B=A;, C=TIG,), then
-1

(F(2,2),F(2,3),F3,3))| 2
-1

, if G=RHC,
(A,B,C) =1 (F(2,2),F(2,3),F@3,3))| 2 , ifG=RPC,

(F(2,2),F(2,3),F(3,3))| -2 , if G=PPC.

R DNUONRFRE NN
— R NOOONRFEF NN

Therefore, the proof of the first part is completed.
Applying Lemma 2.3 in (8), we obtain

E(TI(G,)) = (p1A + B) (1 - 2) + C, Var (TI(G,)) = A%(n - 2)pi(1 - py).

This completes the proof. [

6568

(®)
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In fact, Theorem 2.4 obtains a general method of calculating the expected values and variances for
degree-based topological indices in random hexagonal, phenylene and polyphenyl chains. The vector
(F(2,2),F(2,3),F(3,3)) and three matrices in Theorem 2.4 play an important role in calculation. For the sake
of simplifying presentation, we denote tr = (F(2,2), F(2,3), F(3,3)) and

-1 16 -1 16 1 2 8
Mruc=|(2 2 4|, Mgpc=|2 2 4|, Mppc=|-2 4 4|.
-1 21 -1 5 4 1 11
In the following, an important value Ar is used frequently, denoted by
Ap =2F(2,3) — F(2,2) — F(3,3).

By applying Theorem 2.4, we can easily obtain the explicit analytical expressions of the expected values
and variances for some important degree-based topological indices listed in Table 1.

In Appendix, Table 2 shows the values of the vectors tr and Ar. And the explicit analytical expressions
of the expected values and variances are demonstrated in Tables 3 - 6.

Remark 2.5. Tables 3 -5 include some known results. For example, the expected values of the first Zagreb and Randi¢
indices in random polyphenyl chains [6], the expected values for atom-bond connectivity and geometric-arithmetic
indices in random polyphenyl and phenylene chains [10, 13] and the expected values of the Harmonic and second
Zagreb indices in random polyphenyl chains [14] are obtained in Tables 3-5.

3. Comparisons of the expected values

In this section, we make comparisons of the expected values for degree-based topological indices in
random hexagonal, phenylene and polyphenyl chains.

Letn > 2, G, = G(n, p1, p2, p3) with G € {RHC, RPC, PPC} be a random chain. The following Propositions
3.1-3.2 show that TI(G,) increases or decreases monotonically with increasing p;.

Proposition 3.1. Let n > 2, G, = G(n,p1,p2,p3), G, = G(n,p,p5,p3) be two random chains with py < p; and
G € {RHC, RPC}. Then the following statements hold.

(1) If Ap = 0, then E(TI(G,,)) = E(TI(G})).
(2) If Ap > 0, then E(TI(G,)) < E(TI(G,)).
(3) If Ar <0, then E(TI(G,,)) > E(TI(G,)).
Proof. By Theorem 2.4, we have
E(TI(Gy)) = (mAr + B)(n - 2) + G E(TI(G,)) = (p14F + B)(n - 2) + C,
where

_ treMgruc, if G = RHC,
(4r, B,C) = { treMgpe, if G = RPC.

Let f(x) = (xAr + B)(n—2)+ C,0 < x < 1. When Ar = 0, we have
E(TI(Gy) = f(p1) = B(n = 2) + C = f(py) = E(TI(G)).
When Ar > 0, by the increased monotonicity of f(x), we have
E(TI(G,) = f(p1) < f(p) = E(TI(Gy)).
When Ar < 0, by the decreased monotonicity of f(x), we have
E(TI(G,) = f(p1) > f(py) = E(TI(G,)).
This completes the proof. [
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Proposition 3.2. Let n > 2, PPC, = PPC(n,p1,p2,p3), PPC;, = PPC'(n,p},p5,p5) be two random polyphenyl
chains with py < p|. Then the following statements hold.
(1) If Ap = 0, then E(TI(PPC,)) = E(TI(PPC})).
(2) If Ap > 0, then E(TI(PPC,)) > E(TI(PPC})).
(3) If Ar <0, then E(TI(PPC,)) < E(TI(PPC})).
Proof. By Theorem 2.4, we have
E(TI(PPC,)) = (=p14r + B)(n — 2) + C,E(TI(PPC})) = (-pj4r + B)(n - 2) + C,
where (-Ag, B, C) = teMppc.
Let f(x) = (—xAr+ B)(n —2) + C,0 < x < 1. When Af = 0, we have
E(T(PPCy)) = f(p1) = B(n = 2) + C = f(p}) = E(TI(PPC))).
When Ar > 0, by the decreased monotonicity of f(x), we have
E(TI(PPC,)) = f(p1) > f(p}) = E(TI(PPC}).
When Ar < 0, by the increased monotonicity of f(x), we have
E(TI(PPC,) = f(p1) < f(p}) = E(TI(PPC})).
This completes the proof. [J

For a graph G, let TI'(G) be another degree-based topological index defined as
TIG) = ) F (de(),de(0)),
uveE(G)

where F’ is another binary nonnegative function with the property F'(x,y) = F'(y,x). We denote tp =
(F'(2,2),F'(2,3),F'(3,3)) and Ap = 2F'(2,3) — F'(2,2) - F'(3,3).

For TI(G) and TT'(G), we write tr < tp if F(2,2) < F'(2,2), F(2,3) < F'(2,3), F(3,3) < F'(3,3) and tr # tp.
The following Proposition 3.3 gives an effective sufficient condition for comparing the expected values for
different degree-based topological indices in the same random chains.

Proposition 3.3. Let n > 2, G, = G(n,p1,p2,p3) with G € {RHC,RPC,PPC} be a random chain and TI(G,),
TI'(Gy,) be two degree-based topological indices with tp < tp. Then E(TI(G,)) < E(TI'(G,,)).

Proof. By Theorem 2.4, we have
E(TI(G,)) = (1A + B)(n —2) + CE(TI'(G,)) = (A’ + B)(n-2)+ C,

where (A,B,C) =t:tM and (A’,B’,C’) = tp M.
Note that
E(TT'(Gy)) — E(TI(Gy))
=(p1 (A" - A)+ (B' - B))(n—2) +(C' - C)
=(A’-A,B' -B,C' - CO)(p1(n—2),n-2,1)"
=(tp — tp))M(p1(n —2),n —2,1)"

tr — tp)MRHc(p1(Tl -2),n-2, 1)T, if G, = RHC,,
te — te)Mgrpc(p1(n —2),n —2,1)T, if G, = RPC,,
tr — tp)Mppc(pl(Tl -2),n-2, 1)T, if G,, = PPC,,
tr —tp)(L—p)(n—2)+6,2+2p)(n—2)+4,5-p)n—-2)+4)" >0,
te —tr)(2+p1)(n—2)+8,(4-2p1)n—2)+4,(1+p1)(n—2)+ 1T > 0.
Therefore, E(TI(G,)) < E(TT'(G,)). O

(
(
(
(tr —tp)(L—p)(n —2) + 6,2+ 2p1)(n = 2) + 4,2 - p1)(n —2) + ) >0,
(
(
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According to Proposition 3.3 and the values of tr in Table 2, we can order the expected values for the
indices listed in Table 1.

The following Propositions 3.4-3.6 give some effective sufficient conditions for comparing the expected
values for the same degree-based topological indices in different random chains.

Proposition 3.4. Letn > 2, RHC,, = RHC(n, p1, p2, p3) be a random hexagonal chain and RPC,, = RPC(n, p1, p2, p3)
be a random phenylene chain. Then E(TI(RHC,)) < E(TI(RPC,)) with equality if and only if F(3,3) = 0.

Proof. By Theorem 2.4, we have
E(TI(RHC,,)) = (11A + B)(n — 2) + C,E(TI(RPC,)) = (1A’ + B )(n —2) + C/,

where (A, B, C) = tFMRHC and (A/, B/, CI) = tFMRpc.
Note that
E(TI(RPC,)) — E(TI(RHC,))
=(p(A" = A)+(B' = B))(n—2) +(C' - C)
=(A’-A,B' -B,C' -CO)(p1(n—2),n-2,1)"
=tp(Mgpc — Mruc)(p1(n —2),n—2,1)"
=(3n - 3)F(3,3)
>0.

Therefore, E(TI(RHC,,)) < E(TI(RPC,)) with equality if and only if F(3,3) = 0. O

Proposition 3.5. Let n > 2, RHC,, = RHC(n, p1, p2, p3) be a random hexagonal chain, PPC, = PPC(n, p1,p2, p3)
be a random polyphenyl chain and (1 — 2p1)Ar > 0. Then E(TI(RHC,,)) < E(TI(PPC,)).

Proof. By Theorem 2.4, we have
E(TI(RHC,)) = (11A + B)(n — 2) + C,E(TI(PPC,)) = (1A’ + B )(n -2) + C’,

where (A, B, C) = tFMRHC and (AI, B’, CI) = tpMppc.
Note that
E(TI(PPC,)) — E(T(RHC,))
=(p1(A" = A)+(B' = B))(n—2) + (C' - C)
=(A’-A,B' -B,C' -C)(pi(n—2),n-2,1)"
=tr(Mppc — Mruc)(pi(n — 2),n —2,1)"
=tp((1 +2p1)(n = 2) +2,(2 = 4p1)(n = 2), (=1 + 2p1)(n - 2))"
=(1-2p1)Ar(n —2) + 2n — 2)F(2,2)
>0.

Therefore, E(TI(RHC,,)) < E(TI(PPC,)). O

Proposition 3.6. Let n > 2, RPC,, = RPC(n, p1, p2, p3) be a random phenylene chain and PPC,, = PPC(n, p1, p2, P3)
be a random polyphenyl chain. Then

(1) If (1 —2p1)Ap > 0.and 2F(2,2) > 3E(3,3), then E(TI(RPC,)) < E(TI(PPC,)).

(2) If (1 —2p1)Ar < 0 and 2F(2,2) < 3F(3,3), then E(TI(PPC,)) < E(TI(RPC,)).
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Proof. By Theorem 2.4, we have
E(TI(RPC,)) = (1A + B)(n — 2) + C,E(TI(PPC,)) = (A" + B )Yn-2) + C’,

where (A, B, C) = teMgpc and (A',B', C') = teMppc.
Note that
E(TI(PPC,)) — E(TI(RPC,))
=(p1(A" - A)+ (B'-B))(n-2)+(C' -C)
=(A’-A,B' -B,C' - O)(p1(n—2),n—2,1)"
=tr(Mppc — Mrpc)(p1(n —2),n —2,1)"
=tp((1+2p1)(n —2) +2,(2 — 4p1)(n — 2), (=4 + 2p1)(n - 2))"
=(1 = 2p1)Ap(n — 2) + (2F(2,2) — 3F(3,3))(n — 1).

Therefore, if (1 — 2p1)Ar > 0 and 2F(2,2) > 3F(3, 3), then E(TI(RPC,)) < E(TI(PPC,)). If (1 — 2p1)Ar < 0 and
2F(2,2) < 3F(3,3), then E(TI(PPC,)) < E(TI(RPC,)). O

4. Comparisons of the variances

In this section, we make comparisons of the variances for degree-based topological indices in random
hexagonal, phenylene and polyphenyl chains.
Letn > 2, G, = G(n, p1, p2, p3) be a random chain and G € {RHC, RPC, PPC}, by Theorem 2.4, we have

Var(TI(G,)) = (4p)*(n = 2)p1(1 — pr). ©)

It is obvious that (9) implies Var(TI(RHC,)) = Var(TI(RPC,)) = Var(TI(PPC,)).
By (9), we can easily obtain Propositions 4.1-4.3.

Proposition 4.1. Let n > 2, G, = G(n, p1, p2, p3) be a random chain with 0 < p; <1, G € {RHC,RPC, PPC}. Then
Var(TI(G,,)) = 0 if and only if A = 0.

Proposition 4.2. Let n > 2, G, = G(n,p1, p2,p3) be a random chain with 0 < p; <1, G € {RHC,RPC, PPC} and
Ar # 0. Then

0 < Var(TI(Gy)) < =

_2 5
Ar)”,
1 (Af)

with equality if and only if p; = %

Proof. By Theorem 2.4, we have

Var(TI(G,) = (401 - Dpi(1 - py) = (4P =) (1 - 27 + ) < 2@,

with equality if and only if p; = % d
Proposition 4.3. Let n > 2, G, = G(n, p1, p2,p3) be a random chain with 0 < p; < 1, G € {RHC, RPC, PPC} and
TI(G,), TI'(G,) be two degree-based topological indices of G,,. Then the following statements hold.

(1) If|Af| = |Ap|, then Var(TI(G,)) = Var(TT'(Gp)).

(2) If |1Af| < |Ap|, then Var(TI(G,)) < Var(TT'(Gp)).
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(3) IflArl > |Ap|, then Var(TI(G,)) > Var(TI'(Gy)).
Proof. By Theorem 2.4, we have
Var(TI(Gy)) = (Ap)*(n = 2)p1(1 = p1), Var(TI'(Gy)) = (Ap)*(n = 2)pr(1 = p1).

Therefore, if |Ar| = |Ap/|, then Var(TI(G,,)) = Var(TT'(G,)). If |Af| < |Ap|, then Var(TI(G,)) < Var(TI'(G,)). If
|AF| > |Ap|, then Var(TI(G,,)) > Var(TI'(G,)). O

According to Proposition 4.3 and the values of Ar in Table 2, we can order the variances for the indices
listed in Table 1.
The following Proposition 4.4 shows that the variances change with increasing p;.

Proposition 4.4. Letn > 2, G, = G(n,p1,p2,p3), G, = G(n,p}, p5, p5) be two random chains with 0 < p; < p; <1,
G € {RHC, RPC, PPC} and Ar # 0. Then the following statements hold.

(1) Ifpr +p) =1, then Var(TI(G,)) = Var(TI(G),)).
(2) Ifp1 +p <1, then Var(TI(G,)) < Var(TI(Gy)).
() Ifpr +p} > 1, then Var(TI(G,)) > Var(TL(G})).
Proof. By Theorem 2.4, we have
Var(TI(Gy)) = (Ap)*(n = 2)p1(1 = p1), Var(TI(G})) = (Ap)*(n = 2)p; (1 = p)).
Note that Var(TI(G})) — Var(TI(G,)) = (Ap)*(n — 2)(p} — p1)(p1 + P}, — 1) and p1 < p}. Therefore, if p1 +p| =1,

then Var(TI(G,)) = Var(TI(Gj)). If p1 +p; < 1, then Var(TI(G,)) < Var(TI(G})). If p1 +p; > 1, then
Var(TI(G,)) > Var(TI(G},)). O

5. Extremal values and average values

In this section, we determine the extremal values and the average values for degree-based topological
indices in random hexagonal, phenylene and polyphenyl chains.

Proposition 5.1. Let n > 2, G, = G(n, p1, p2, p3) with G € {RHC, RPC, PPC} be a random chain. Then
TImax(Gy) = max{B(n —2) + C, (A + B)(n — 2) + C},
TImin(Gy) = min{B(n — 2) + C, (A + B)(n — 2) + C},

where

trMgruc, if G, = RHC,,
(A/ B/ C) = tFMRPC/ szl’l = RPCTLI
trMppc,  if G, = PPC,,.

Proof. By Theorem 2.4, put X = 0 and X = n — 2, then the proof is completed. [J

Denote by HC, the set of all hexagonal chains with n hexagons, £C,, the set of all phenylene chains with
n hexagons and PPC,, the set of all polyphenyl chains with n hexagons. The average value of degree-based
topological indices among HC,,, PC, and PPC,, are defined as follows:

Tlayr (RH Cn) =T

TI(Gy),
‘?{C"| G,eHC,
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1
Ly (RPC,) = —— TI(G,),
(RPC) =g,y 2 THGN

1
Tl (PPCy) = ——— TI(G,).
)= e &, "

1
By Theorem 2.4, put p; = 3 then we have the following Proposition 5.2.

Proposition 5.2. Let n > 2, G, = G(n, p1, p2, p3) with G € {RHC, RPC, PPC} be a random chain. Then
A
Thos(Gy) = (5 + B) (n—2)+C,

where

trMgruc, if G, = RHC,,
(A/ B/ C) = tFMRPC/ lj:Gl’l = RPCH/
trMppc,  if G, = PPC,,.

1
Appying Propositions 3.4-3.6 with p; = 3 we have the following Propositions 5.3-5.5.

Proposition 5.3. Let RHC, bearandom hexagonal chain and RPC,, be a random phenylene chain. Then Tl,(RHC,) <
TLw+(RPC,,) with equality if and only if F(3,3) = 0.

Proposition 5.4. Let RPC,, be a random phenylene chain, PPC, be a random polyphenyl chain and Ar > 0. Then
TLayr(RPCy) < Tlaye(PPC,).

Proposition 5.5. Let RPC,, be a random phenylene chain and PPC,, be a random polyphenyl chain. Then
(1) If Ap > 0and 2F(2,2) > 3F(3,3), then Tlar(RPCy) < Tlay(PPC,).

() If Ap < 0and 2F(2,2) < 3F(3,3), then Tloye(PPCy) < Tlayr(RPC,).

6. Conclusion

In this paper, we obtain a general method of calculating the expected values and variances for degree-
based topological indices in random hexagonal, phenylene and polyphenyl chains, see Theorem 2.4. As
applications, we obtain the explicit analytical expressions of the expected values and variances for some
important degree-based topological indices, see Tables 3 — 6, in which some known results are included, see
Remark 2.5. Besides, we make comparisons of the expected values in Section 3 and the variances in Section
4. In Section 5, we determine the extremal values and the average values for degree-based topological
indices in these three random chains.

Appendix

In Appendix, Table 2 shows the values of the vector tr and Ar. Tables 3 — 6 show the explicit analytical
expressions of the expected values and variances for the indices listed in Table 1 in random hexagonal,
phenylene and polyphenyl chains.
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Table 2: The vector tr and Ar of some important degree-based topological indices

name F(x,y) tr Ap
first Zagreb index xX+y (4,5,6) 0
second Zagreb index xy 4,6,9) -1
first hyper-Zagreb index (x+y)? (16,25, 36) -2
second hyper-Zagreb index (xy)? (16,36, 81) =25
Randi¢ index 1 111 2 1 1
(product-connectivity index) VXY 2" V6’3 Ve 2 3
sum-connectivity index ! (1 = L) 211
! VETY 2’5 Ve V52 Ve
reciprocal Randi¢ index VXY 2, V6, 3) 2v6-5
reciprocal sum-connectivity index VX +vy (2, V5, \/6) 2vV5-2- 6
first Gourava index X+y+xy (8,11,15) -1
second Gourava index (x+ y)xy (16,30,54) -10
first hyper-Gourava index (x+y+xy)? (64,121,225) —47
second hyper-Gourava index ((x + y)xy)? (256,900, 2916) -1372
product-connectivity Gourava index S (1 1 L) 2 11
V& + y)xy 4" \30" V54 V30 4 54
sum-connectivity Gourava index (AL i) 2 1 1
VIFyFIy 8 Vil vi5)] Vi1 V8 V15
Albertson index |x - y| 0,1,0) 2
extended index 1 X + y (1, E,l) 1
2\y «x 12 6
sigma index (x—y)? 0,1,0) 2
.. 2 121 1
harmonic index Xty (2, 5 5) ~30
+y-2
atom-bond-connectivity index Iy (L, L, g) L - %
Xy 2 V2’3 V2 3
24/x
geometric-arithmetic index x:/-z (1, 25—6, 1) 4?\/3 -2
forgotten index X2+ 12 (8,13,18) 0
1 1 113 2
inverse degree index 2 ? (E' %, §) 0
. . . xy 6 3 1
inverse sum indeg index Tty (1, 5 E) 10
A, . 1 1 1 35 2
modified first Zagreb index = + ﬁ (Z' 216’ 2—7) 0
3
. xy 729 ) 217
augmented Zagreb index (x Ty 2) (8, 8, o4 o4
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Table 3: The expected values for some indices in RHC,,(n > 2)

name

Expected values

first Zagreb index

26(n — 2) + 50

second Zagreb index

(=p1 +34)(n-2)+57

first hyper-Zagreb index

(—2p1 +138)(n — 2) + 232

second hyper-Zagreb index

(=25p; + 250)(n — 2) + 321

Randi¢ index
(product-connectivity index)

((=5+2Vo)p1/6 +(7 +2V6)/6) (n-2)
+(10 +2V6)/3

sum-connectivity index

(-1/2+2/V5-1/Vé)p; + 1/2+2/ V5
+2/V6)) (n - 2) + (3 + 4/ V5 +1/ Vo)

reciprocal Randi¢ index

(=5 +2VB)p1 + (8 +2V6)) (n = 2) + (15 + 4 V6)

reciprocal sum-connectivity index

((—2+2V5- Vo +@2+2V5+2V6)) (1 - 2)
+(12+4V5 + Vo)

first Gourava index

(—p1 + 60)(n — 2) + 107

second Gourava index

(~10p; + 184)(n — 2) + 270

first hyper-Gourava index

(—47p; + 756)(n — 2) + 1093

second hyper-Gourava index

(~1372p; + 7888)(n — 2) + 8052

product-connectivity Gourava index

((-1/4+ V30/15 - V6/18)p; + (1/4 + V30/15
+V6/9)) (n - 2) + (3/2 +2V30/15 + V6/18)

sum-connectivity Gourava index

(-1V8+2/V11 -1/ V15)p, + (1/ V8 +2/ V11
+2/\/ﬁ))(n—2)+(3/\/§+4/\/ﬁ+1/\/ﬁ)

Albertson index

2p1+2)(n—-2)+4

extended index

(p1/6 +31/6) + 34/3

sigma index

2p1+2)(n—-2)+4

harmonic index

(=p1/30 +59/30) (n — 2) + 74/15

atom-bond-connectivity index

(/V2-2/3)p1 +(3/ V2 +4/3)) (n - 2)
+(10/ V2 +2/3)

geometric-arithmetic index

(<10 +4 Vo)1 /5 +(15 + 4V6)/5) (n - 2)
+(35+8V6)/5

forgotten index

70(n — 2) + 118

inverse degree index

5(n —2)/3 + 14/3

inverse sum indeg index

(—p1/10 +32/5) (n — 2) + 123/10

modified first Zagreb index

13(n — 2)/18 + 20/9

augmented Zagreb index

(—217p1/64 + 1497/32) (n — 2) + 5849 /64
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Table 4: The expected values for some indices in RPC;(n > 2)

name

Expected values

first Zagreb index

44(n - 2) + 68

second Zagreb index

(=p1 +61)(n—2)+ 84

first hyper-Zagreb index

(~2p1 +246)(n — 2) + 340

second hyper-Zagreb index

(~25p; +493)(n — 2) + 564

Randi¢ index
(product-connectivity index)

(=5 +2V6)p1/6 +(13 +2V6)/6) (n - 2)
+(13+2V6)/3

sum-connectivity index

(=1/2+2/V5-1/Ve)p, + (1/2+2/ V5
+5/\/5))(n—2)+(3+4/\/§+4/\/3)

reciprocal Randi¢ index

((=5+2Vo)p: + (17 +2V6)) (1 - 2) + (24 + 4 V6)

reciprocal sum-connectivity index

((—2+2\/§— \/g)pl +(2+2\/§+5\/€))(n—2)
+(12+4V5 + 4 Ve)

first Gourava index

(=p1 +105)(n — 2) + 152

second Gourava index

(—10p; + 346)(n — 2) + 432

first hyper-Gourava index

(—47p; + 1431)(n — 2) + 1768

second hyper-Gourava index

(—1372p; + 16636)(1 — 2) + 16800

product-connectivity Gourava index

((-1/4 + V30/15 — Ve6/18)p; + (1/4 + V30/15
+5V6/18)) (1 - 2) + (3/2 + 2 V30/15 + 2 V6/9)

sum-connectivity Gourava index

(=1/V8+2/ V11— 1/V15)p, + (1/ V8 + 2/ V11
+5/ V15)) (n = 2) + (3/ V2 + 4/ V11 + 4/ V15)

Albertson index

Cpr+2)n-2)+4

extended index

(p1/6 +49/6) +43/3

sigma index

Cpr+2)n-2)+4

harmonic index

(=p1/30 + 89/30) + 89/15

atom-bond-connectivity index

((1/V2=2/3)p1 +(3/ V2+10/3)) (n —2)
+(10/ V2 +8/3)

geometric-arithmetic index

((-10+4Vo)p1 /5 + (30 + 4V6)/5) + (50 + 8V6) /5

forgotten index

124(n - 2) + 172

inverse degree index

7(n—-2)/3+16/3

inverse sum indeg index

(=p1/10 + 109/10) (n — 2) + 84/5

modified first Zagreb index

17(n — 2)/18 + 22/9

augmented Zagreb index

(—217p1 /64 + 5181/64) (n — 2) + 2009/16
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Table 5: The expected values for some indices in PPC, (1 > 2)

name

Expected values

first Zagreb index

34(n — 2) + 58

second Zagreb index

(p1 +41)(n—-2) + 65

first hyper-Zagreb index

(2p1 + 168)(n — 2) + 264

second hyper-Zagreb index

(25p; + 257)(n — 2) + 353

Randi¢ index
(product-connectivity index)

(6-2Vo)p1/6+ (4 +2V6)/3) (1 —2) + (13 +2V6)/3

sum-connectivity index

(1/2-2/V5+1/Veyp1 +(1 +4/V5+1/ V6)) (n - 2)

+(4+4/V5+1/Ve)

reciprocal Randi¢ index

(6-2VE)p: + (7 +4V6)) (n - 2) + (19 + 4V6)

reciprocal sum-connectivity index

(@-2V5+ Vo +@+4V5+ V6)) (n-2)
+(16 +4V5 + V6)

first Gourava index

(p1 +75)(n — 2) + 123

second Gourava index

(10p; + 206)(1 — 2) + 302

first hyper-Gourava index

(47p; +837)(n — 2) + 1221

second hyper-Gourava index

(1372p; + 7028)(n — 2) + 8564

product-connectivity Gourava index

((1/4 - V30/15 + V6/18)p; + (1/2 + 2V30/15
+V6/18)) (n - 2) + (2+2V30/15 + V6/18)

sum-connectivity Gourava index

((1/ V8 =2/ V11 + 1/ V15)p; + (1/ V2 + 4/ V11
+1/V15)) (n - 2) + (4/ V2 + 4/ V11 + 1/ V15)

Albertson index

(-2p1 +4)(n-2)+4

extended index

(=p1/6 +22/3) +40/3

sigma index

(-2p1 +4)(n-2)+4

harmonic index (p1/30 + 44/15) + 89/15
o ((=1/ V2 +2/3)p1 +(6/ V2 +2/3)) (n-2)
atom-bond-connectivity index
+(12/V2 +2/3)

geometric-arithmetic index

(10— 4Vo)p: /5 + (15 + 8 V6) /5) + (45 + 8 V6) /5

forgotten index

86(n —2) + 134

inverse degree index

8(n—2)/3+17/3

inverse sum indeg index

(p1/10 + 83/10) (n — 2) + 143/10

modified first Zagreb index

11(n - 2)/9 + 49/18

augmented Zagreb index

(217p1 /64 + 3801/64) (n — 2) + 6873 /64
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Table 6: The variances for some indices in RHC,,, RPC,, and PPC,,(n > 2)

name

Variances

first Zagreb index

0

second Zagreb index

(n—=2)p1(1 - p1)

first hyper-Zagreb index

4(n - 2)p1(1 —p1)

second hyper-Zagreb index

625(n — 2)p1(1 = p1)

Randié¢ index
(product-connectivity index)

W(n =211 —p1)

sum-connectivity index

73—24\/§+10\/5—8\/3_0(
60

n=2)p1(1-p1)

reciprocal Randi¢ index

(49 - 20 V6)(n = 2)p1(1 - p1)

reciprocal sum-connectivity index

(30— 85— 4 V6 — 4V30) (n — 2)pi (1 - p)

first Gourava index

(n=2)p1(1 —p1)

second Gourava index

100(n = 2)p1(1 = p1)

first hyper-Gourava index

2209(n - 2)p1(1 — p1)

second hyper-Gourava index

1882384(n — 2)p1(1 — p1)

product-connectivity Gourava index

463 — 96 V5 + 60 V6 — 7230
2160 (n=2)p1(1 —p1)

sum-connectivity Gourava index

733 — 120 V22 + 4430 — 32 V165
1320

(n=2)p1(1 —p1)

Albertson index

4(n - 2)p1(1 —p1)

extended index

3 (1= 2P —p)

sigma index

4(n - 2)p1(1 - p1)

- 1
harmonic index %(Tl 211 —p1)
atom-bond-connectivity index %(Tl - 2)p1(1 —p1)
196 —
geometric-arithmetic index 962—50‘/6(;1 - 2)p1(1 —p1)
forgotten index 0
inverse degree index 0
1
inverse sum indeg index m(n -2)p1(1—p1)
modified first Zagreb index 0
47089

augmented Zagreb index

1096 (n=2)p1(1 - p1)
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