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Abstract. Generalizing the notion of staircase words, introduced by Knopfmacher et al., we define
staircase graph words. These are functions w from the vertex set V of a graph into the set {1,2,...,k}, such
that |w(x) — w(y)| < 1, for every adjacent x,y € V. We find the explicit generating functions of the number
of staircase graph words for the grid graph, the rectangle-triangular graph and the king’s graph, all of size
2Xn.

1. Introduction

Let k and n be two positive integers and let [k] = {1,2,...,k} be an alphabet. A word over [k] of length
n is an element of [k]". Restricted words are words that do not contain certain subwords. Following the
work of Burstein [1], that may be regarded as the first systematic study of restricted words, much research
has been devoted to the study of this subject (e.g., [5H9| 11} 12]).

In this work we concentrate on a specific kind of restricted words, that was introduced by Knopfmacher
et al. [6], namely staircase words. These are words x = x1---x, € [k]" such that |x; — x;,1] < 1, for every
1 <i < n—1. We propose the following generalization.

Definition 1.1. Let G be a graph with vertex set V. A (G, k)-word is any function w: V — [k]. A (G, k)-word w is
called staircase if |w(x) — w(y)| < 1, for every adjacent x,y € V. The number of staircase (G, k)-words is denoted by
Sk(G).

Example 1.2. Let P, be the path graph with n vertices. A staircase word of length n, in the sense of [l6], is a staircase
(Py, k)-word, in the sense of Definition Knopfmacher et al. have shown in [6, Theorem 2.2] that the generating
function of the number of staircase words of length n is given by

1+

x(k = 3k + 2)x) 2x2 1+ U (12—)
(1 -3x)? (1 - 3x)? uk(l;x) ’

where Uy(x) is the Chebyshev polynomial of the second kind (of degree k).

Moreover, Knopfmacher et al. [l6] have also considered staircase-cyclic words. These are staircase words x =
X1 -+ Xy that additionally satisfy |x; — x,| < 1. In our terminology, these are (C,, k)-words, where C, is the cycle
graph with n vertices.
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In this work we concentrate on the grid graph, the rectangle-triangular graph, and the king’s graph, all
of size 2 x n, defined as follows (see Figure[I|below for a visualization).

Definition 1.3. Let V = {(i,j) : i =1,2and 1 < j < n}. The grid graph of size 2 X n, denoted by P, X P,,
is the graph whose vertex set is V and two vertices (i1, j1), (i2, j2) € V are adjacent if |iy — iz| + |[j1 — jo| = 1. The
rectangle-triangular graph of size 2 X n, denoted by RT,,, is the graph whose vertex set is V and two vertices
(i1, j1), (i, j2) € V are adjacent if (a) [iy —io| + |[j1 — jal =L or () i1 =1,i =2and jo = j1+ L, 0r (c) i1 =2,ip =1
and j, = j1 — 1. The king’s graph of size 2 X n, denoted by KG,, (cf. [2} p. 223]), is the graph whose vertex set is V
and two vertices (i1, j1), (io, jo) € V are adjacent if (a) liy — io| + |j1 — jol =1, 0r (D) [ih = ia| = |j1 — jo| = 1.

Remark 1.4. (1) Let G be one of the graphs defined above with the vertex set V. It will be convenient to think of V
as the index set of a 2 X n matrix. In particular, (1, 1) corresponds to the position of the upper left entry of the
matrix. With this interpretation of V, every (G, k)-word corresponds to a 2 X n matrix, whose entries belong to
[k].

(2) We shall make extensive use of the following refinement of sx(G): For i,j € [k], we denote by si(G, i, j) the
number of staircase (G, k)-words whose first column is (i, j)T, where vT stands for the transpose of the column

vector v.
i i
/ /

O—O

(a) The grid graph P, x Ps.
) ) ()
N N N

(b) The rectangle-triangular graph RT;s.
() () ()

N N N
(c) The king’s graph KG, 5.

Figure 1: Examples of the three graph families considered in this work.

Example 1.5. Table [1| below shows the numbers of staircase (G, 3)-words for n = 1,2,...,7, where G, is either
Py x Py, RT, ,, or KGy,,. The last column refers to the On-Line Encyclopedia of Integer Sequences (OELS) [13].

L [1[2[3 4[5 ] 6 | 7 | OBS |
s3(Py X Py) 35 | 181 | 933 | 4811 | 24807 | 127913 A051926

1
7
s3(RTp,) |7 | 33 | 161 | 783 | 3809 | 18529 | 90135 | not registered
53(KGay) | 7 | 31 | 145 | 673 | 3127 | 14527 | 67489 A086901

Table 1: Number of staircase graph-words corresponding to the graphs considered in this work, over an
alphabet of size 3.

As an illustration, of the four staircase (P, X Py, 3)-words depicted in Figure[2} only the two on the left are staircase
(RT3, 3)-words and neither is a staircase (KGo,z, 3)-word.


https://oeis.org/A051926
https://oeis.org/A086901
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Figure 2: These four staircase (P, X P,, 3)-words illustrate the difference in the numbers appearing in the
second column of Table[T}

2. Main results

We apply the kernel method (e.g., [10]) and make extensive use of the mathematics software Maple.
The generating functions that we obtain are to be understood as defined in a small enough environment
of 0 (e.g., [4, Chapter IV]). The order in which the graphs are studied is according to the complexity of the
analysis, beginning with the easiest graph, namely, the king’s graph.

2.1. The king’s graph

Let Sk(x) = Y.,51 Sk(KGo,,)x" be the generating function of the number of staircase (KG,,, k)-words and,
fori, j € [k], we define Si(x, i, j) = Y. ,i51 Sk(KGa,, i, j)x" to be the generating function of the number of staircase
(KGa,, k)-words whose first column is (i, j)T. We set S(x, 1, j) = 0 if either i ¢ [k] or j ¢ [k].

Lemma21. 1. We have
k k=1
Sk(x) = ) el ii) +2 ) Sel,i+1,0). (1)
i=1 i=1

2. For every i € [k], the generating function Si(x, 1, i) satisfies

Sk(x,i,1) = x4+ xSk(x,i—1,i — 1) + 2xSk(x,i,i — 1)
+ xSk(x, 1, 1) + 2xSk(x, i + 1,1) + xS(x,i + 1,7+ 1). (2)

3. For every i € [k], the generating function Si(x,i + 1,1) satisfies
Se(x,i+1,7) = x + xSk(x,1,1) + 2xSp(x, i+ 1,1) + xSp(x, i+ 1,7 + 1). 3)
Proof. The leftmost column of any staircase (KG,,, k)-word is of the form (i, /)T, for some i, j € [k] satisfying

i — jl < 1. Due to symmetry, sx(KGy, 1, j) = sk(KGo,y, j, i). It follows that

k k-1

i) = Y S i )= ) Sl i) +2 ) Slx,i+1,i).

ijelk], i=1 i=1
li-jl<1

Let w be a staircase (KGy,, k)-word whose first column is (i,7)T. If n = 1, there is only one such word.
Suppose that nn > 2. Then the second column of w must be one of

(l - 1/ i— 1)T/ (l/ i— 1)T/ (l - 1/ i)T/ (l/ i)T/ (l + 1/ Z‘)T/ (Z/l + 1)T/ (l + 1/ i+ 1)T

(see Figure [3). Writing this in terms of generating functions, we obtain (2).
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Figure 3: If the leftmost column of a staircase (KG,,,, k)-word is (i,i), there are at most seven possibilities
for the next column.

The proof is identical to the previous one, except that the second column of w must be one of

G,)7,G+1,)7,Gi+1)7,G(+1,i+ 1)

O
Equation (1)) motivates the definition of two additional generating functions (in the variables x and ¢):
k=1
Ag(x, t) = ZSk (x,1,i)t~" and By(x, t) = ZSk (x,i+1,i) L.
i=1 i=1
Lemma 2.2. We have
_x((2x + 1)(Ag(x, 0) + S(x, k, k) — k) + 4x)
A1) = S : @
o x((x = 1)(Ax(x, 0) + Si(x, k, k) — k) +3x — 1)
Bix, 1) = 22+ 5x— 1 ' ©)
Furthermore,
_ x(3(A(x,0) + Si(x, k, k) — k) — 2x + 2)
Sil) = 22 + 51— 1 ' ©)
Proof. Multiplying (2) and (3) by #1 and summing over i € [k] and 7 € [k — 1], respectively, we obtain
1-¢
Ar(x, t) = x( ) 4 KA, 1) — S, kR + 2xtBy(x, £)
+ -XAk(x/ t) + szk(X, t) + ;(Ak(xl t) - Ak(x/ O))/ (7)
11
Bi(x, £) = y + x(Ak(x ) = S(x, k, k)1
+2xBe(x, ) + ¢ = (A, B = Ax(x, 0)). 8)

Taking lim,_,; in (]ZD and , we obtain a linear system of two equations in the variables Ax(x, 1) and Bi(x, 1).
Solving this system gives @) and ().

To obtain (6), notice that equation (I) may be rewritten as Si(x) = Ax(x,1) + 2B(x,1). The assertion
follows now from the previous part. m]

Theorem 2.3. We have

X(t + 2x)(3kty + 2tx — 3k — 2t — 2x — 41k . (2t1x + 1)(3kt; + 2t1x — 3k + 4t — 2x +2)

Selx) = Tl gk I+l o gk ‘
(2x2 +5x = (B + 207 x + 2tx + 1)(1 = t1) (262 +5x = 1)(#7* + 2t[x + 2hx + 1)(1 = 1)

1-3x—2x2— \/(1-3x—2x2)2—4x2
where t; = 5 .
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Proof. First, we solve (8) for Bi(x, t) and substitute it into (7). This gives us the equation

K(t)

(2tx + 1)x
t

2x2(1 = 1)t + 1) + (x — 2x2)(1 = t5)

Ar(x, t) =
k(x, 1) -1

Ar(x, 0) + (t + 2x)xt5 1Sy (x, K, k) + 9)
where K(t) = xt? + (2x2 + 3x — 1)t + x. The two roots of the kernel equation K(t) = 0 are given by #; and 1/#;.
By substituting # and 1/t into (9), we obtain a linear system of two equations in the variables A(x, 0) and

Sk(x, k, k). Solving this system we obtain

4(BF =t 1+ h)+8)
T X
.2 (2621 = 1+ )1+ £) + 2t§)x LA ATa e vy
T T ’

Ar(x,0) = S(x, k, k) =

where T = (1 - 1) (1 — 1202 — 42— ) — 4(PF - t%)xz). Substituting these in (6), the assertion follows. O

Example 2.4. The generating function of the number of staircase (KGa,y, 3)-words is x(3x + 7) /(1 — 4x + 3x?). Thus,

53(KGy,) = 4 +1i‘/7(2 +V7)" + 7_1—iﬁ(2 - V7).

In Table[2|we list the generating functions of the number of staircase (KGy,n, k)-words for additional values of k.

Generating function
x(3x+7)
1—4x+3x2
2x(5-12x—3x?)
1-7x+9x2+6x3
x(13-30x—42x2—6x°%)
1-7x+6x2+18x3+6x*
2x(8—42x+30x2+51x>+6x*)
1-10x+27x2-3x3-36x*—12x°

N G B~ W=

Table 2: The generating functions of the number of staircase (KG,,, k)-words, for k = 3,4,5, and 6.

2.2. The grid graph

Let Si(x) = Y.,51 Sk(P2 X Py)x" be the generating function of the number of staircase (P, X P, k)-words
and, for i, j € [k], we define Si(x, i, j) = }.,51 Sk(P2 X Py, 1, j)x" to be the generating function of the number of
staircase (P, X Py, k)-words whose first column is (i, j)T. We set S(x, 1, j) = 0 if either i ¢ [k] or j ¢ [k].

Lemma 2.5. 1. We have
k k-1
Sp(x) = Z Sp(x, i, 1) + 2 Z Se(x,i+1,i). (10)
=1 =1

2. For every i € [k], the generating function Si(x, i,1) satisfies

Sk(x,i,1) = x4+ xSk(x,i—1,i — 1) + 2xSk(x,i,i — 1)
+ xSk(x, 1, 1) + 2xSk(x, i + 1,1) + xS(x,i + 1,7 + 1). (11)

3. For every i € [k], the generating function Si(x,i + 1,1) satisfies

Si(x,i+1,1) =x+xSk(x,i,i—1) + xS(x,1,1)
+2xSk(x, i +1,1) + xSk(x, i+ 1,7+ 1) + xSk(x,i +2,i + 1). (12)
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Proof. The proof is identical to the proof of Lemma with the following exceptions: Let w be a staircase

(P, x P,,, k)-word and assume that n > 2. If the first column of w is (i, )T, the second column of w must be
one of

(i-1,i-D5,Gi-D5,G-1,)7, 605, G+1,)7,6Gi+ D, 3G+1,i+ 1)
Similarly, if the first column of wis (i + 1, i)T, the second column of w must be one of

G,i-D5, 6N, 6G+1,),Gi+ DT, G+1,i+ 1), 6G+2,i+1)T.

[m]
We now define two additional generating functions (in the variables x and ?):
k A k-1 ‘
Ap(x, t) = Z Sk(x, i, i)' and B(x, t) = Z Sk(x,i+ 1, i)
i=1 i=1
Lemma 2.6. We have
(A, 0) + Sl b K) — k + Ax(Bi(x, 0) + Si(x k k — 1) + 1))
Ak(x/ 1) - 4x2 _ 7x + 1 ’ (13)
Bi(x,1) = x((x — 1)(Ax(x, 0) + Se(x, k, k) — k) + (3x — 1)(Bi(x, 0) + Sk, k, k- 1) + 1)). (14)
4x2 -7x+1
Furthermore,
x((2x — 3)(Ax(x, 0) + Si(x, k, k) — k) + (2x — 2)(Bi(x, 0) + Sk(x, k, k —1) + 1))
S(x) = 12 : (15)
x> —7x+1
Proof. Multiplying and by #~! and summing over i € [k] and i € [k — 1], respectively, we obtain
x(1 - ) k-1
Ax(x, t) = =7 T xt(Ak(x, £) = Sp(x, k, k)t*) + 2xtBi(x, t)
+ XA, 1)+ 2XBi(, ) + S (Ad(x, ) - Ax(x, 0), (16)
x(1 - #71) k-2 k-1
Bi(x, 1) = B xt(Bi(x, t) = S(x, k, k — 1)E"7) + x(Ax(x, £) — Si(x, k, k)t™)
+ 2xBi(x, 1) + S (A, ) + Bil, ) = A, 0) = By(x, 0). 17)

Taking lim,_,; in ({I6) and (I7), we obtain a linear system of two equations in the variables Ax(x, 1) and
, B(x, 1). Solving this system gives and (14).

To obtain (I5), notice that equation (I0) is equivalent to Si(x) = A(x, 1) + 2Bi(x,1) and the assertion
follows from the previous part. m]

Theorem 2.7. We have

ay(x, tr, )EEHS + ax(x, 01, )t — ap(x, by, 1B + as(x, by, £)
(1 = 1)(t2 = (&2 = 7x + 1)(b1(x, t1, L), + ba(x, tr, 02)t5 — ba(x, to, 1)t + ba(x, 11, 1))

Sk(x) =
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where

a1 (x, tr, ) = tity(ta — 1) (2k(5 — 1)(E — D
+ (=3kE385 + 3kt5 — 2ktity + 3kt — 251, — 2115 + 2kty + 2kty — 2t1ty — 5k — 2)x?
+ (kt1ty + 285ty + 21185 — 3kt — 3kty + 6t1ty + 3k + 4)x — 26rt7),

m(x, 1, 1) = (1 — tit)(2k(t — 1)t + 1)(t2 — D)t + 1)
+ (=3kE15 — 2kty 15 + 3kt3 + 2ktity + 5kt3 + 23ty — 2kt + 21ty + 25 — 3k + 241)x
+ (3kt1£5 — 3ktity — 3kt — 265ty + Bkty — 6111y — 45 — 21)x + 2hoty),

a3(x, t, 1) = (t — b)(2k(#; - 1)(15 — 1)x°
+ (=BkBH + 2kBty + 2kt 5 — 26585 + 3kt§ — 2ktity + 3kt5 — 20ty — 3k — 2t — 2tp)x?
+ (3kt3t5 — 3katy — 3kt + 48515 + 3ktity + 61ty + 2t + 26)x — 211F),

bi(x, t, t2) = tita(t — t2)((f1 + 1)(f2 + D)x = 1),

by(x, t1,t2) = ti(t1tz = 1)((t1 + 1)(t2 + D)x = t),

bs(x, t, t2) = (b2 — t1)((f1 + D)(f2 + 1)x — f11),

and
)
2—x+ \x(Ox +8) + \/(2 —x+ x(9x +8)) - 16x2
f1p0 = .
12 ir
Proof. First, we solve (I7) for Bi(x, t) and substitute it into (16). This gives us the equation

K 2 +t—
%Ak(x, ) = —MA;C(X, 0) — 2x%(t + 1)Bi(x, 0) + x(xt> — t — x)t*Si(x, k, k)
x(octR2 — xR x 2 4t — x)

1-¢ '

where K(t) = x2#* + x(x — 2)£ + (1 — 3x)t* + x(x — 2)t + x2. The four roots of the kernel equation K(t) = 0 are
given by t1,1/t,t,, and 1/t,. By substituting these four roots into (I8), we obtain a linear system of four
equations in the variables Ax(x, 0), Bx(x, 0), Sk(x, k, k — 1), and Si(x, k, k). Solving this system we obtain

filx, tr, ) + fo(x, b1, ) — fo(x, b, 085 + fa(x, 11, £2)

g1(x, b1, R)ESEE + ga(x, 11, B2)E — ga(x, by, 0)ES + ga(x, 11, ty)’

q(x, b, ) + go(x, b1, 1) E = ga(x, b, 1) + g3(x, 1, )

2x (gl(x/ tlr tZ)tllctg + 92(3(/ tl/ tZ)t]{ - gZ(x/ t2/ tl)tlé + 93(9(/ tl/ tZ))

—2x%(t + 1)E*Sk(x, k, k= 1) + (18)

Ak(x, 0) = Sk(xr kr k) =

Bi(x,0) = Sk(x, k—1,k) = (19)

where

filx, b1, b)) = tita(t — ) (12 + 1),

folx, t1, ) = tita(ts + t2)(1 = tit2),

f3(x, t1, b)) = tita(titr + 1)(E2 — 1),

g1(x, t1, t2) = tat1(t1 — D)(t2 = 1)(t1 — L) (titax + bix + tax + x = 1),
g2(x, t, 1) = ti(ty — D)(t2 — 1)(t1t2 — D) (titax + tix + tax — £y + X),
g3(x, 11, 1) = (b1 — 1)(t2 = 1)(t2 — t1)(titax — Bty + Hix + brx + X),
q1(x, 1, 1) = tita(tr — b)(B5x — b — X)(Fx — 1 — x),

G2(x, 1, t2) = (1 — tb2)(B5x + b — X)(Fx — t — X),

33(x, t, 1) = (b — b)(t5x + tr — X)(Bx + £ — x).

Substituting these in (15), the assertion follows. o
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Example 2.8. The generating function of the number of staircase (P, X Py, 3)-words is

x(7 — x?)
1-5x—x2+x3
Thus,
(7 - ﬂz)a2ﬂ3 (7 - az)ﬂlﬂg, (7 - az)ﬂ1ﬂ2
SS(PZ X P") n—1 n—1 ° n-1’
(a1 — ax)(a1 — az)ay (a2 — a1)(az — as)a, (a3 — m)(as — az)ay
where
8 1 3vV111 2(j—=2)m\ .
aj—§+§cos(§arctan( 5 )— 3 ,7=1,2,3.

In Table[3|we list the generating functions of the number of staircase (P X Py, k)-words for additional values of k.

Generating function
x(7—x%)
1-5x—x2+x3
2x(5-8x—3x2+2x%)
1-7x+7x2+4x3-2x*
x(13-31x—31x2+12x>—4x%)
1-8x+10x2+15x3—4x4—2x5
2x(8—34x+4x2+29x3 —6x*—3x%)
1-10x+24x2+3x3-21x*—3x5+2x6

AN G e W

Table 3: The generating functions of the number of staircase (P, X P,, k)-words, for k = 3,4, 5, and 6.

2.3. The rectangle-triangular graph

Let Si(x) = Y.,51 Sk(RT2,,)x" be the generating function of the number of staircase (RT,, k)-words and,
fori, j € [k], we define S(x, 1, j) = }.,51 Sk(RT 2,4, 1, j)x" to be the generating function of the number of staircase
(RTy,, k)-words whose first column is (i, j)T. We set Si(x, i, j) = 0 if either i ¢ [k] or j ¢ [k].

Lemma 2.9. 1. We have

k=1 k=1
Sk(x) = ZSk(xzz+ZSk(x1+1z)+ZSkle+1) (20)
i=1 i=1

2. The generating function Si(x, i, i) satisfies

Sk(x,i,1) = x4+ xSk(x,i—1,i — 1) + xSk(x,1,i — 1) + xSk(x, i — 1,1) + xSk(x, 1, 1)
+xSk(x, i+ 1,0) + xSi(x, 1, + 1) + xSk(x, i +1,i + 1). (21)

3. The generating function S(x, i+ 1,1i) satisfies

Sk(x,i+1,1) = x + xSk(x,1,1) + xSk(x, i+ 1,1) + xSk(x,i,i + 1)
+xSp(x,i+1,i+ 1) +xSp(x,i+2,i+1). (22)

4. The generating function Si(x,1,i + 1) satisfies

Si(x,i,i+ 1) =x+xSk(x,i—1,i) + xSp(x,1,i) + xSp(x, i + 1,1)
+xSk(x,i,i +1) + xS(x, i+ 1,1+ 1). (23)
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Proof. The proof is identical to the proof of Lemma 2.1} with the following exceptions: First, symmetry does
not hold and we cannot claim that if i, j € [k], where i # j, then sp(RT2,, 1, j) = sk(RT2, j, 7). Now, let w be
a staircase (RT,,, k)-word and assume that n > 2. If the first column of w is (i, )T, the second column of w
must be one of

(i-1i-00,Gi-D,60-10)", 60, G+1,)",Gi+ 1T, G+1,i+ 1)
Similarly, if the first column of wis (i + 1, i)T, the second column of w must be one of
G0, G+1,)7,Gi+ D, 6+1,i+ DT, G0 +2,i+ 1)
Finally, if the first column of w is (i, i + 1)T, the second column of w must be one of

i-1,)%,GH",G+1,),Gi+ D), G+1,i+ 1)

m]
We now define three additional generating functions (in the variables x and #):
k k=1 k=1
Ap(x,t) = Z Se(x, i, i)Y, Bi(xf) = Z Se(x i+ 1,0, Culxb) = Z Sp(x,i,i+ 1)F L.
i=1 i=1 i=1
Lemma 2.10. We have
A1) = ~x((x + D)(Ax(x, 0) + Silx, k, k) — k)6-; ixl(Bk(x ,0) + Se(x, k—1,k) + 2)) (24)
x (= 1X(Ax(x, 0) + Sk(x k, k) k) + (222 - 5x + 1)By(x, 0))
Bix 1) = “7 4 7x— 1
x(x(x + 1)Sk(x k-1, k) +3x% —4x + 1) 25)
-7x2+7x-1 ’
x (e = 1) Ak (x,0) + Sk(x k k) = k) + (22 = 52 + 1)S(x, k - 1,k))
Culx, 1) = “7 4 7x— 1
N x (x(x + 1)Bi(x,0) + 3x% — 4x + 1) 6
-7x2+7x-1 '
Furthermore,
Si(x) = X ((x = 3)(Ak(x, 0) + Si(x, k, k) — k) + (x — 1)(Bi(x, 0) + Sg(x, k—1,k) + 2)) 27)

—6x+1

Proof. Multiplying , , and by =1 and summing overi € [k], i € [k—1], and i € [k—1], respectively,
we obtain

Ax(x, t) = x(i — :k) + xt (Ax(x, £) = S, k, K)FT) + xtBi(x, 1) + xtCe(x, t)

+ XAW(x, ) + XBy(x, £) + xCi(x, £) + % (Ax(x, £) — A(x, 0)), (28)
Bi(x, ) = x(11_’;1) +x (Ar(, ) = S, k, ) + xBy(x, £) + xCe(x, )

+Z - (Al ) = Al 0) + 5 2 (Be(x, t) — Bi(x, 0)), (29)
Ce(x, t) = %tkl) +xt (Ck(x, ) = S, k = 1,)572) + x (A, £) = Se(x, k, k)E1)

+ xBy(x, t) + xCr(x, t) + = (Ak(x t) — Ak(x, 0)). (30)



S. Fried, T. Mansour / Filomat 38:18 (2024), 6587—-6599 6596

Taking lim;_,; in , , and , we obtain a linear system of three equations in the variables A (x, 1), Bx(x, 1),
and Ci(x, 1). Solving this system gives (24), (25), and (26).

To obtain (27), notice that equation 20) is equivalent to Si(x) = Ax(x,1) + Bi(x, 1) + Ci(x, 1) and the
assertion follows from the previous part. ]

Theorem 2.11. We have

ﬂl(x, tlr tZ)t]Itg + aZ(xr tlr tZ)t]I - aZ(xl t2/ tl)t’; + ﬂ3(x, tlr t2)
(fl — 1)(t2 — 1)(x2 —6x + 1)(b1(x, tl,tz)tllcfg - bz(x, t, l’z)tlf + bz(x, ty, i’l)tg - bg(x, fl,tg))/

Sk(x) =

where

a1(x, 1, 1) = (b2 = 1)(((f2 = (01 = Dk = 2t11)x°
+((h - DA - ) Bl + s+ B+ hby + 15 + 1 + b + 3k + 2615 + 2826 + 2ht + 4ty + 4b)x*
+((th — Dty — 1) + 48t + At + 383 + 5tity + 313 + 4ty + da)k — 2t (Bt + 115 + 3t + 1)
+((t = 1)(1 = 82)(BB1 + 3832 + 3115 + Thiy + 3t + 3tk — 26513 — 26363 + 28283 — 2hp1y — 4ty — Abp)x?
+ Btaty(tr — 1)(t — 1)k + 2t2t1 (Phy + 113 + Bt1ty + 2))x — 2343),

ay(x, b1, 1) = (tity = (=B (t2 = D)(tr = Dk = 2654)2°
+((h =D — DB+ Bl + h + ity + 385 + b + b + Dk + 26 + 41 £ + 2651 + 263 + 4
+((t — 1)(1 - )BBE + 483t + A1 + 15 + Stity +4hy + 4ty + 3)k — 24 (Bty + Btity + 15 + 1))x°
+((t1 = D)(t2 — 1)t + Bt113 + 38 + Thity + 3ty + Btk — 285t — 4K £ + 263t — 2651 — 28 — 4t2)x?
+ Btita(ts — 1)(1 — t2)k + 2Bty + Btita + 285 + 1))x — 2831),

a3(x, b, 1) = (h — ) (5t — 1)(t2 — Dk —265)x°
+((h - 11— )BEE + Bt + HBh + £ + ity + 5+ + )k + 4615 + AEE + 2635 + 24 + 2p)x*
+((t1 = 1)(t2 — 1)(4E3ty + 41113 + 32 + 5t1ty + 33 + 4ty + 4ty + 1)k — 2632 — 6111 — 2t — 2)x°
+((t = 1)(1 — t2)(383 42 + Bt + Thity + 3ty + 3tx + 3k — 45315 — 48283 — 2282 + 21ty — 2ty — 24p)x?
+ Btita(ts — 1)ty — Dk + 4283 + 611y + 2 + 2h)x — 2t1tp),

bi(x, 1, b) = (h —)(—B5t — 13 — 5 — ity — £ =t — )x® + (B8 + By + 1t + 2ty + 1 + b)x — bty),

ba(x, t, 1) = (it — (B85 + Btr + Hth + ity + 1 + b + D? + (—Btr — 13 — 5 = 2t1tr — i — b)x + bty),

b3(x,tr, 1) = (t — ) (—Bt — hits — 2 —tity — 12—t — b)x® + (Bta + B + 21ty + 1 + b + 1)x — boty),

and

-1 +9E VXL + 01— 22 £ 2262 - 1) V&
12 = 2 + Vi )

Proof. First, we solve for Ci(x, t) and substitute it into (29). Then we solve the result for Bi(x, t) and
substitute it into (28). This gives us the equation

K(t 243 — xt? —t +
KO gy - 2% e
— 7N+ 1)(E = 2)Sk(x, k= 1, k) + x5 1 (83x — 12 — xt + %) Sp(x, k, k)
N x(=xt2 4 5 otk — x24T 4 w283 — xt? — £+ X)
t—1 !

Ax(x,0) + x2(t + 1)(xt — 1)Bi(x, 0)

(31)

where K(t) = x?t* + 2x(x — 1) + (1 — 3x + x2 — x*)t2 + 2x(x — 1)t + x2. The four roots of the kernel equation
K(t) = 0 are given by t1, 1/t1, t,, and 1/t,. By substituting these four roots into , we obtain a linear system
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of four equations in the variables Ax(x, 0), B(x, 0), Sk(x, k-1, k), and Si(x, k, k). Solving this system we obtain
Ak(x,0) = S(x, k, k) =
(x = D+ 1) (il b1, )L + fo(x b1, ) = fo(x, b, )L + f(x, 1, 1))

(t = Dt = 1) (91x, b1, )EEEs — ga(x, by, E2)E5 + ga(x, b, 1)ES — ga(x, 11, 12)
Bk(x/ O) = Sk(x/k - 1lk) =
Q1 (x, b, ) + ga(x, b1, ) E = ga(x, b2, )5 + g3(x, 1, 1)

(32)
a
x(t —1)(t2 - 1) (gl(x, t, )RS — ga(x, 11, BB + go(x, b2, 1) — g3(x, 11, fz))
where

filx, ty, t2) = (t2 = t1) (=t — t2)x + taty(trt2 + 1)),

folx, ty, 1) = ta(titr — 1)(=ta(titp + D)x + £ (t + 1)),

f3(x, ty, 1) = tati(tr — t1)(tfa(t + t2)x — tifp — 1),

100, t1, 1) = (1 — ) (—Bt — HE2 — 2 — ity — 2 — 11 — 0)X2 + (P82 + Pty + B2 + 2hty + 1 + B)X — 112),

g 1 27 h 2 12 Th 2

00t b)) = (e — (BB + B+ b + i + 1 + b + DX + (—83t — 113 — 2 =20ty — 1 — b)x + tito),

g3(x, 11, ) = (h — )(BB + Bty + HE2 + it + 1 + b + D22 + (Bt — Hit2 — 2 = 2hty — t — b)x + hib),

Q¥ b, 1) = (= )P + (1 — )x = ) + (5 — t)x — 1),

Qx, t1, 1) = (it = D(EX + (1 - B)x — 1) + (£ — t1)x — 1),

B33, 1, 1) = (b — t2) (%7 + (1= B)x = ) (X" + (1 = )x — 1)
Substituting these in (27), the assertion follows. m]

g

Example 2.12. The generating function of the number of staircase (RT,,, 3)-words is

x(7 + 5x + x?)
1—4x —4x2 -3

Thus, with i> = =1 and o = (172 + 12 V177)"/3, we have

s3(RT,,) = ({1% + 5m + 7)aras (aé +5a; + 7)ma3 (11§ + 5as + 7)aia; ,
§ (a1 — ax)(a1 — 113)a’1“‘1 (a2 —a1)(az — a3)a;—1 (a3 — a1)(a3 — az)ag"l
where
o @8 (Bi-Da16(E ) =16 ~(VBi+ Do+ 16(VEi— )~ 16
ba 120 oo

In Table[#we list the generating functions of the number of staircase (RTs,,, k)-words for additional values of k.

Generating function
X(7+5x+x7)
1-4x—4x2—x3
2x(5-10x—x3)
1-7x+9x2+x3 +x4
x(13—24x—45x2—9x% +x*—3x5)
1-7x+5x2+18x3+6x4+x°
2x(8—38x+25x2+20x° —2x* —3x5+2x°)
1-10x+27x2-10x3—15x* —x>+2x6—x7

AN G = W=

Table 4: The generating functions of the number of staircase (RT>,,, k)-words, for k = 3,4,5, and 6.
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Remark 2.13. An alternative approach is the Transfer-matrix Method (e.g., [14, Section 4.7]), that we demonstrate
now on the graph P, X P,,. Let
S={ijelk]® : li-jl<1},

ordered in some manner, say, lexicographically. Thus,
S =1{11,12,21,22,23,..., (k — 1)k, kk}.

Set N = |S|. We construct an undirected graph G whose vertex set is V. Two vertices iy j1 and i, of G are adjacent
if lin — | < 1and |j1 — jo| < 1. Let A be the adjacency matrix of G. For example, if k = 3 then

0

b

Il
OO O R R M=
OO R P PR R, =
OR O R R P =
_ R R e
_ =R O
_ = = OO
[EE I o e N )

We define Fij(x) = }.,50(A")ijx". Clearly, s3(P» X P,) = lei/]-SN(A”‘l)ij. By [14, Theorem 4.7.2], we have

o (D)idet(I—xA : i,))
Fij(x) = det(I — xA) ’

where (I — xA : i, j) denotes the matrix obtained by removing the jth row and ith column of I — xA.
Thus, the generating function of s3(Py X P,) is given by

Z s3(P2 X Pp)x" = x Z Z(An_l)ijxn_l

n>1 1<i,j<N n>1
=X Z Fij(x)
1<i,j<N
X Yo jen(=1)" det(I - xA : i, f)
B det(I — xA)

—x0 —2x% +9x* + 16x3 — 15x2 — 14x + 7
X7+ x0—9x5 —9x* +15x3 + 7x2 — 7x + 1
_ x(7-x%)
T 1-5x—x2+x3

This may be done for every k and for each of the three graph families that we study in this work. It follows that all
the generating functions in this work are rational (see [3] for a possible extension of this approach).

Acknowledgments. We thank the anonymous referee for the careful reading of the manuscript and for the
helpful suggestions.
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