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Approximation by GBS associated properties of
Szasz-Mirakjan-Jakimovski-Leviatan-Kantorovich operators

Md. Nasiruzzaman?

?Department of Mathematics, Faculty of Science, University of Tabuk, PO Box 4279, Tabuk-71491, Saudi Arabia

Abstract. Our motive in the present article is to study the bivariate and GBS associated properties of
the Szasz-Mirakjan-Jakimovski-Leviatan-Kantorovich operators. We design the operators and obtain the
weighted approximation properties by mixed modulus of continuity and convergence of Lipschitz class

bivariate function. Finally, we design GBS type bivariate mixed difference operators and calculate the
approximation properties in Bogel continuous functions space.

1. Introduction and Preliminaries

Szész-Mirakjan Positive linear operators [26] for the continuous function f on [0, co) were developed
by mathematician Szasz-Mirakjan in 1950 and were extensively explored in place of Bernstein operators
[5]. Finally, for all z € [0, o) and f € C[0, c0) Szdsz introduced the operators follows:

s == (),
k=0

1)
wheref € C[0, o) is the continuous function space on [0, ). In recent years, Sucu [25] proposed an

exponential function on the Dunkl generalization by inserting a non-negative number suppose be n > 0
which led to the development of Szasz-Mirakjan-operators by

. 3 (rz)c [k + 210,
Sitfia) = en(rZ)Zyn(K) ( )

2
= @
where e,(z) = Y72, ” ( and a recursion formula for k = 0,1,2,.
yn(k +1) ()
(k+1+2n0,41) Vi),
0, = 0 forx =2r, re NU{0}, 3)
1 fork =2r+1, reINU{0}.
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By utilizing the Appell polynomials [3], Jakimovski and Leviatan established the series of Szdsz-
Mirakjan positive linear operators in 1969, called it Szdsz-Mirakjan-Leviatan operators as follows:

9= S Y (), @
x=0

where the Appell polynomials be L(u)e"* = Z H(z)u*and L(1) # 0, L(1) = Yo bett*, H(z) = Z] obj (f ]J), (x €

IN). For L(1) = 1 the equality (4) reduced to the Szasz-Mirakjan-operator by (1). Recently, in [17], by use
of generated exponential function Nasiruzzaman and Aljohani studied the approximation properties of
Széasz-Mirakjan-Jakimovski-Leviatan operators. Most recent, A. Alotaibi studied the bivariate type approx-
imation properties of operators [17] by applying the unbounded sequences of positive function (see [2]).

Nasiruzzaman and Aljohani have also construct the Kantorovich operators which involving the Appell
polynomials by generalized exponential function [18]. Thus for every f € C3[0,00) = {f € C[0,00) : f(t) =
Ot ast — oo,and allz €[0,0), 9>n, neN, L(1)#0, n > 0 operators define by

K+142n0x

”ﬁ)‘uuwnZH“ﬁL# it ®)

Lemma 1.1. [18] Let basic test function y; = t/, for j = 0,1,2,3,4, operators R;

z+217(2L Q) +4n+1) and

7,1 have R:,q(VO? Z) =1, R:,W(Vl}z) =

a>wwm)=z+( D |y }

L(1)
1 (,L"(1) L'(1) .
_@un o1+ 20) Ty +120° )
2 R,z = 2+ 2% (zLL ((11)) +4n+3) z2

L"(1) L'(1)

+ ﬁ(z 0 +2(3+4n )L(l)
1 L/N(l) Il( )

4 3(12 L(1) L(1)

+8n2+817+3)z

L'(1)
L(1)

+6(B+4n)—++ 6(8n +8n+3)

+ 327 + 87 +8n+ 1),-

1(. (1)
4Jr?(m) g )Z3

(B) R, (rs:2)

1 L/l 1 /
+ —2(6 L((l)) + (14 + 24n )L((l)) +241]2+361]+9)22

1 Ll//(l) LI/( ) l( )
+ —(4 0 + (14 + 24n) 0 +(38+7217+4817)L(1)

+ 32n° +48n% + 3670 + 13)z

1 L/U(l) L//I( )
—( L) +4(3+2n) 0

+ (13 + 361 + 487> + 321°) L((l))

//()
L(1)

+16n* + 160 + 8n* + 21 + 1).

+ (19 + 367 + 241 —=
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There are numerous articles about these works that have been published, however we prefer those
by Jakimovski-Leviatan-Beta integral operators [1], family of Bernstein-Kantorovich operators [11], Stancu
type Bernstein-Kantorovich operators [12], Korovkin and Voronovskaya types approximation theorems
[13], bivariate type generalized Bernstein-Schurer operators [14], modified g-Bernstein-Kantorovich op-
erators [15], g-analogue of Jakimovski-Leviatan operators [16], Szdsz operators to bivariate functions [19],
Baskakov-Durrmeyer operators [20], Beta Jakimovski-Leviatan operators [21], Jakimovski-Leviatan-Beta
operators [22], univariate and bivariate A-Kantorovich operators [23], B-differentiable functions by GBS
operators [24], Szdsz-gamma operators [27].

2. Operators and its Basic Estimates

In this section we focus on the operators R}, defined by (5) and constructed the bivariate form for the
operators by taking into account the operators introduced by [4, 10] and we then examine the convergence
outcomes.

We take R2 = R, X R, where R, = [0,00) and 72 = {(z1,22) : 0 < z; < 00, 0 < 2 < oo}, and
C (I 2) be the set of all continuous functions defined on 7? and which satisfies the norm equipped by
Ifllerzy = supg, .yer If(z1,22)l. Then for all f € C(I %) considering the operators K" which acting
C(I*) — C(IH) by

s s K1+1+27]16K1 1<2+1+21126,<2
M2, g, _ i P,k " "2
KIE(fiz,m) = Y| Y LRz, 2)Hp (21, 20) f f flty, )dtdty, (6)
x1=0 k=0 R 2
where L' (z1,20) = Ll(l)elr;: ) Lz(l);;(mz) and H»X(z1,22) = Hy, (r121)Hy,(r222) with Li(1),L2(1) # 0, and

r, 12 €R, n1,m2 2 0.

Lemma 2.1. Foralli=1,2and z; € [0,0), Hy,(zi) 20, n; = 0and L;(1) # 0, if we define

Li(a)ey(az;) = Z Hy (zi)a™. 7)
x;=0
Then we have
Y Hi(riz) = Liley, (riz0), ®)
K,’=0
Y wiH(riz) = (L) + rizLiD) e (i), ©)
K,‘IO
Y k3 (i) = (L7(1) + @rizio+ DL + rizirizs + DLD e (), (10)
K,':O

o]

Z 1;Hy, (rizi)

K=l

(L;"(1) +3(riz + DL (1) + (3222 + 6riz; + 2)L(1)

+

r,-zi(rizzi2 + 3riz; + 2)L,-(1))e,,,.(r1-zi),
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[e9]

Z KiHy (rizi) = (L,’.”(l) + (4rizi + 6)L (1) + (61727 + 18r;z; + 11)L}' (1)
Kl'=0

+ (4r z + 18r z +22rz; + 6)L (1)

+ r,-zi(r?z? + 67‘?2% + 11r;z; + 6)Li(1))€m (1’,‘21‘).

Lemma 2.2. Let we define the auxiliary operators from the equality (6) by

K1 +14201 Oy

g, 1
P02 = e ZHm(rlzo f T S tdn a
QL (fiz1,20) = WZHKz(rZZZ)j:+ZqH f(t1, t2)dta, (12)

then we get the equality

Ko (fiz1,22) = P (QL(fr21,22)) = @ (P (fiz1,22).

Proof. It is obvious to write that

k2+1+21]26;{2
m 2 £, — "
PL@ ) = P Zszmzz) Jo, St2)

K +1+2172 9;\2

= L2(1)61 ) Z sz(rZZZ)pr] (ﬂzﬂwzﬂ f(t1, tz)dtz)

K +1+2n1 O K1 x2+1+21]26,<2
n n
— Z Z M2 72,K2
- L”l T2 (Zl’ 2 Hrl K1 (Zl’ Zz) j;1+2111 O ﬂ2+21]29112 f(tll tz)dtl dt2
x1=0 x2=0 2] )

K (fr21,22).
Similarly, we prove Q" (7’:711 (f;z1, zz)) =K (fiz1,22). O

Lemma 2.3. Let ¢, = t;”tg’ be the test function then we have ng,}zz(lpo,o}zlizz) = 1and form = 1,2,3,4 and
n = 0, operators (6) have the following basic estimates:

1 (.Ly(1)
— (2 4m +1);
Zl+21’1(L1(1)+ 171+ ;

D) K021, 22)

1 (L1
11,112 . _ 2 = 1
(2) 7(.,1/72 (1)1}2/0,21,22) =z + ” (le(l) +4T]1 + 2)21
1 (.L7() Li(1) )
+ —13 +6(1+2 +12ns +6m +1]);
372 ( LD O 2mg gy * 1AM em

@) K (30521, 22)

3 (,Li()
3 2 1 4 2
Zl+_2r1( L1(1)+ m +3|z;
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LY (1) Li(1)
?(2;(1) 2(3+4m)L D +8n% +8m +3)21
L7(1) Ly (1) Li(@)
+ 4’,3(12L(1) +6(3 +4n 1)L(1)+6(8n1+8171+3)L(1)

+ 32 + 807 + 8 + 1);

Li(1)
Ly(1)

1
4) 7(21,;22 (Va,0;21,22) 241; + — (4 +8m1 + 8) Zi

1 L1 1) Li(1) ) )
6—— + (14 +24m)—— + 24 36 9
+ Vl ( L + (14 + m)Ll(l) +24n] + 3611 +9]z]
/II( ) LI/(1) LI (1)
1 231
+ (4 LM + (14 + 241 1)L D + (38 + 72m +48171)L1(1)

+ 32171 + 48’71 +36m1 + 13)z1

1 (L7 LY"(1) LY (1)
(L @ 4B+ 2T+ (19 + 36m + 247 s

’

2 3 Ll(l) 4 3 2
+ (13 + 361 +48n; + 32771)L1(1) +16n] + 16n; + 817 + 211 + 1.

Proof. For the test function v, = t't;, from article [18] it is very easy to see that for all # = 0 and
m=0,1,2,3,4

7(21,}22(111111,11;21,22) = R:,n(tyln;zl).

O

Lemma 2.4. Take test function {y,, = t"'t2 for any n = 1,2,3,4 and m = 0 then operators K" \* (f; z1, 22) have the
following identities:

1) K521, 22)

1 (, LD
—2 dm +1);
Zy + 2 ( +am+1);

Ly(1)
m, 1 (. L50)
@ TGz =ty (ZLi(l) i 2) B
1 (. Ly Ly(1) , )
+ |3 +6(1+2 + 125 + 61 + 1;
3r§( Lz( ) 1+ UZ)L >(1) 1, + 612
/112 . 3 Ly(1) )
@) K Wogizi,z2) = z3+ 5 2r2 2L2(1) +4n, + 3|22
3 (,L5() L
+ E(sz(l) +2(3+4772)L2(1) +8172+8172+3)Z2
1 Lll/(l) L/l(l) ) L’z(l)
+ —|12 +6(3+4 +6(8n;+8m+3
4;32( La Te6F ) La To®m+8mn ) L)

+ 32172 +8n% + 81 + 1)

Ly(1)
Ly(1)

|
N

1
4) 7(,21,;22 (1100,4; Z1,23) = 244 7’_ (4 +8m2 + 8) Zg
2



Md. Nasiruzzaman / Filomat 38:18 (2024), 6621-6637 6626

1 ( L7(1) L3(1) ) )
— 16 + (14 + 24 +24n; + 361, + 9|z
2 (o, + 04+ 24m iy 24+ 36m2+9)

1/, LM Ly (1) N
+ %(4 0 +(14+ 24172)L 0 +(38+72n2+48172)L2(1)

+ 3202 + 4817 +36m; + 13)z2

. (Lm(l) ca@ 22D | (19 4 36, + 24 )2 L0
A\La(1) ) TR
L@
+ (13 +36m, + 4815 + 3213) LZE 1; +16n; + 1615 + 85 + 2 + 1).
2

Proof. For the test function ¢, = #]'t], from article [18] it is very easy to see that for all m = 0 and
n=0,1,273,4

Ko W 21,2) = R, (85;22)-
O

Lemma 2.5. Operators K;"/7(. ; .) have the following central moments:

1) K"t - z1); 21, 22)

1 (L)
E(le(l) +4m +1};

1)
1,12 _ . 2 .
(2) 7(1‘1,1‘2 ((tZ ZZ)/ erZZ) 27"2 (2L (1) + 4172 + 1) ’
1

21

B KiF(h-2)z,2) = —+ (3L/'(1)+6(1+2 )L,(l)+1z 2+6 +1)-
11,12 1 1) 741,42 = rl 37‘% L (1) m ( ) 771 m ’
1,12 _ 2. _ Z_Z i Lé’(l) ( ) 2 .
(4) 7(,,1,,,2 ((tz Zz) ,Zl,Zz) = P + 32 (3L (1) + 6(1 + 27]2) ( ) + 127]2 + 6772 +1);
-7 1 L’ L7(@) Li(1)
.12 4. - L2, ~[_g™1 1
S I A S wi ity Ry
+ 4107 +7m +3) )zl
1 (LF() L (1) » L)
— +4(3+2 + (19 + 361, + 24
* g a6 20Ty a9+ 3o+ 2
+ (13 +36m +4817% + 32171)L1§1; +16n% +16n° + 812 + 2 + 1)
-7, 1( Ly@ LI(1) Ly(1)
6) KIL(t2-m)mm) = S+ (-8t A 4G+ 6m)
© Kon(b=nlimmn) = Fu+ 5\ -8y ay ~H,m HHO oL
+ 4(10n3 + 702 + 3) )22
/U( ) Ll//(l) L/l(l)
2
+ 4(L D +4(3+2n Z)L ) +(19+36n2+24172)L XE)

l

1
) + 161 + 1615 + 813 + 212 + 1).

+ (13+36n, + 481]2 + 32172)L 2@
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Lemma 2.6. Let z1,2, € I? then for sufficiently large r1,r, € IN we can observe the following inequalities:

1) KPPt —z1)%21,20) < O( ! ](zl +1)2 < My(z1 + 1)? as ry, 1y — oo;
@) KPPt —22)%21,20) < ( (z2+ 12 < Ci(z2 + 1)? as 11,12 > o0;
@) Kt -z1)%z1,22) < (

](21 + 1) < Mo(z1 + D)*as ri, r — oo;
)(22 + 1)4 < C2(22 + 1)4 as ri,r, — oo,

A
"
1
@ KIP(tr—2z2)%21,20) < (—4
"

Remark 2.7. For the operators P and Q" be defined by (11) and (12) then operators we get """ (o,0; 21, 22) =
Pl (0,05 21,22) = QE (0,05 21, 22) and for all i, j = 1,2, 3,4, we have

1) K Wiosz1,22) Pl (i0;21,22);
@) K" (o,j;z1,22) QL (Yo j; 21, 22)-

3. Degree of convergence and weighted approximation properties

Suppose ¢ € C(I?), the set of all continuous functions on 72 and 81, 6, > 0, then one has the properties
of mixed modulus of continuity for order two

w (¢, o1, 62) = SUP{| (P(tr S) - (P(erZZ) B (tlr tZ)/ (Zlf ZZ) € Iz}
where | t; —z;1 [ 01, | f2 — 22 |< O and the partial modulus of continuity given by:

w1 (¢;01) = sup sup {l p(z1,y1) - plz1, 1) I},

0<21<1 |y1-12l<8
@x(¢503) = sup sup g, z) = gl z)
Theorem 3.1. Suppose (z1,22) € I?, then for all ¢ € C(I?) we get the inequality
| TG (521, 22) = (21, 22) 1< 201(; 0, (21)) + 2002(h; 01, (22)).-
Proof. We get our desired results by use of well-known Cauchy-Schwarz inequality, thus easy to get here

| KN (@571,22) = Pz, 22) | < KO (1 bt o) = Bz, 22) 21, 72)

< K (| Pt 1) — P(z1, 1) |;lezz)

+ K (191 ) ~ 91, 2) |21, 22)

< K (“)l(q5 It =2z |)}21/Zz) + K (w2(¢F| th—2p I);zl,zz)
= w1(¢);61)(7(21/;22(17[}0/0;21,22) + O K (| — 7 |;zl,zz))

+  w(¢p; 52)( KT (005 21,22) + 65 KR (| t2 — 22 |;21,Zz))
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< wl((f);él){??f (Yoo(tr, t2); 21, 22)

1 1,1 T
b o KL — 22, 7) P (oot 9z, 2)

+ w¢; 52){9;’; (Po0(t1, t2); 21, 22)
1
02

(](rql,:zh ((t2 - 22)2}21, Zz) ngz (l/lo,o(tl, tz),‘Zl, Zz)}.

If we put

5y = \/(Kr’?l;zz((tl —21)%21,22) = Oy, (21)

02= ‘/7(21,222((152 - 22)%21,22) = 0ry(r2),
then easy to get desired inequality. [

We suppose Cp(Z?) be the set of all continuous and bounded function on 1?2, then for any ¢ € C5(1?)
and x1, x2 € [0, 1], one has the Lipschitz class bivariate function for the sets J1 X J> C I by:

L)a,/\'z(jl X jZ)

{(p csup(1+ B) (L + B)2 (@, 1t B2) — (pxlm(zl,zz))}

1 1
(1 + Zl))(1 (1 + Zz)XZ !

| p(t, t2) — p(z1,22) | |
It —z1 [0] ty —zg 2

(P)Cl,)(z(tlr t2) - (P)\’1,X2(21/Z2) = (tll tZ)r (erZZ) € Iz- (13)

Theorem 3.2. Forall ¢ € L, ,(J1 X J2), we get the inequality

| K (521, 22) — (21, 22) |
X2
2

< o{(e0)T (2) " + eI ()"

b TN () + 20T e )"

where x1, x2 € [0,1], C > 0 and 0,,(z1), 0r,(22) are given by Theorem 3.1.

PTOOf. We take | Z1 — Xo |= d(Zl,jl) and | Z2 — Yo |= d(Zz,jz). For any (21,22) € ]'2, and (XO, yo) € J1 X 9o we
let d(z1, 1) = inf{] z1 — 22 |: zo € J>}. Thus we can write here

| p(t, £2) = @(z1,22) I< C | @(t1, £2) = (X0, Yo) | + 1 (X0, Yo) = p(z1,22) | - (14)
Apply operators K"/, then easy to obtain

| K (@521, 22) — (z1,22) | < FGHE (| (21, 22) — @(x0, Yo) | + | (x0, o) — (21, 22) |)
< CKMP (It —x0 Mt = yo %521, 20)
+ Clzi—xo Ml z2—yo I** .

Foralla,b > 0and x € [0,1] we know inequality (a + b)* < a* + b¥, thus

[t —x0 V<[ t1 — 21 ' + |z —x0 [V,
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[ty —yo M<lty —zp P + |20 = yo .

Therefore
| K2 (@521, 22) — plz1,20) | < CKIP (1t —z1 M 8o — 20 12521, 22)
+ Clzi—x M QF (I t2 — 22 %21, 20)
+ Clz—y 2Pl (1t —z1 M21,20)
V- T ,
+ 2C|z1—x0 N z2 — yo I K (Y005 21, 22) -

Apply the Hélder inequality on K;"',”, we get

KNPt —z 9 =22 [%21,20) = KPP (=21 M521,22) QF (| 12 — 20 112521, 20)
X 2-x1.
< (KAt -2 Pz, z) (PR Woniz1,22))
X (QRt -2 Pzn,2) (QRWosz,2))
Thus we can obtain
| K (s 21, 22) — (21, 22) |
< C(2 @) (Pl Wonz22) " (03(=) (QFWo0:z1,22)
X2 X2
+ Cldz, T (8%(22) 7 (QR(Woeiz1,22))
X M
+ Cld(z2, T2 (8%(20) * (PP (opiz1,22))

2C (d(z1, )" (d(z2, T2)* -

Thus we complete the desired proof. [

Theorem 3.3. If ¢’ € C(I?), then for all (z1,2,) € 17, operators K", satisfying

2

| K (321, 22) — a1, 22) 121 @ ey (83,(20))° + 1l b, Nler) (64(22))°

6629

where 6,,(z1) and 0v,(z2) are defined by Theorem 3.1 and ¢’ defined for the first order set of all continuous function on

Iz
Proof. For any fixed (z1,2,) € 72 and for all ¢’ € C(Z?), we get the following equality
t1 5]
Pt b) = P(z1,22) = f Polo t2)do + f Puz1, w)dp.

On apply K/

r,r2

tl t2
K (CP(tL t2); Zl,Zz) - P(z1,22) = KT (f Po(0, t2)dg; Zl/ZZ) + K (f Qu(z1, wdy;z1,z2 ). (15)
Z1 22
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Apply the sup-norm on 72 then easy to get

1 f
f @0, t2)do| < f | o0, t2)do <] t1 — 21 Il P2, oy (16)
Z1 21
fz t2
f ¢H<zl,y)dy‘ < f | e, 1A 1< b2 — 22 1l sy legrs (17)
Zy 2

In the view of (15), (16) and (17) we can obtain

A

K (o zrm ) otz | < KD

;21,22)

;21,22)

f

f $o(0,t2)do
15}

f Pulz1, w)du

22

M2
+ (]<V1 12 (

< N ¢z ez KNP (1t — 21 |21, 22)
Il ¢z, ey K2 (| b — 22 |5 21, 22)

1

< Nz e (VCF,;T((tl —z1)% 21, 22) K (1,00,0;21,22))2

[NIE

+ @z e (7@1?}22((152 —20)% 21, 22) K (1,00,0;21,22))
1 1
= ¢z lle@ (531 (21))2 + 1 ¢z e (532(22))2 .
O

Take weight function ©(z1,22) = 1 + 22 + 23, then one satisfies the property Be (]Ri) ={f: f(z1,22) IS
M¢®(z1,2)}, where My > 0. Let c® (]R_%) be the set of r-times continuous and differentiable functions on
R? = {(z1,22) € R%: 21,25 € [0, 0)}. In addition, suppose

Co(R2) ={f: f € Bo N Co (R2));

k 2) = : 2. . f(Zl,Zz) _ .
Co (]R+) ={f:feCe (]R+), such that 21,12121300 oG " K < ool;
Co (]R'z*) = {f such that f € Cg (]Ri); satisfying lim fa1,7) _ 0

21,220 @(Zl, Zz) h

|f(z1,22)l

The norm on Bg be defined as || f |lo= SUP, _cR2 O z)

Forall f € CO® (]Ri) and 61,62 > 0, the modulus of continuity in weighted space be

| f(z1 +h1,20 + hy) — h(z1,22) |
w ( /(S ’ o ) = su su
olfi1,02 zl,zZe[Ig,oo) 0<l|<61, (I))Slhzlséz O(hy, h2)O(z1, 22)

(18)

and for any ry,r; > 0 satisfying the inequality
we(f;7101,1202) < 4(r1 + 1)(r2 + 1)(1 + 61)(1 + §)we(f; 61, 62).
It also follows that

| f(t1,0) = f(z1,22) | O(ti—z1 |1t =2 1)Oz1,z2)we (f;| i —z1 || t2 = 22 )

T+22+2)1+(th —z2))A + (b —22))we (f; | —z1 |, | =22 ]).

IAN A
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Theorem 3.4. Let f € C3) (]Ri) then for sufficiently large any positive integers r1 and r, we deduce that

| K (f521,20) = flz1,22) |
2 2\3
(1+2z7 +25)

< M(007))(0(52) we (f; 0073, 0(5?)),

where 5, = \/7(,’]1,’;2(@1—,21) i21,22) < O (L) and & = \/ (1 — 2521,22) < O ().

Proof. We use above inequalities then for all 61,0, > 0 easy to deduce that

| f(t, b)) = f(z1,22) | < 4(1+22+22) (1 +(h - zl)z) (1 + (- Zz)z) we (f;61,62)
[t —z1 | [t — 25 |
x (1) (e e Ja v eha )
= 401+ z1 + zz)(l +069)(1 + 63)
X (1 + M + (tZ — 22)2 + M(fz - Zz)z)OJ@ (f;61/62) .
62 62

Applying operators K;',”, then get

| K (fr21,22) = flz1,22) | < KPP (| f(h, ) — f(z1,20) |21, 20) 41+ 23 + 22)
, [t —z1 | |t — 21 |
X K (1 +————+(h-z1) + T(tl - 21)2;21,22)
11,12 |t — 22 | s lhh=2z 2.
X K |1+ 5 T (t2—z2)" + 6—(t2 - 2)521,22
2 2

X (1+6)(1 + 83)we (f;01,02)
= 41+ z1 +25)(1 + &2)(1 + )we (f; 61, 62)

X (1 + _7(21220 t—z1 lz1,20) + KPR (1 — 21)%5 21, 20)
1 i
5 =K (b -z | (h-2)%21,2
x ( 7(21;;20 by — 23 21, 22) + K2 (b — 22)%5 21, 22)
+ 6_27(’21'22“ =z | (tr - 22)2,‘21,22)-
Applying Cauchy-Schwarz inequality, we get

7(21}’12]2 f Z1, 22) f(Zl/ZZ) |

IN

41+ 23 + z5)(1 + &)1 + )we (f; 61, 62)

1
x [T*+3 V(0 2% 21,22) + KL (0~ 215 20,22)

1
+ - \/7(21,;22((151 - 21)%21,22) \/7(21,}22((151 - 21)4;21,22)J

1
X 1 + = \/ K2 (t2 — 22)% 21, 22) + K P (2 — 20)%5 21, 22)

+ — K (t2 - 220221, 20) \/7(21}22((152 - 22)4;21,22)J.
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In the view of Lemma 2.6 we get

| Ko (fiz1,22) = flz1,22) | < 41+ 25 +25)(1 + 67)(1 + 83)we (f; 61, 02)
X [2 + My(zy + 17 + Ma(zy + 1)2][2 +Ci(za+ 17+ Calzn + 1)2].

By choosing 6; = \/7(,711,22((h - 21)%,21,22) < O( ) and 6, = \/7(;711/;22((1‘2 —23)%21,22) < O (:—2), we led to get
our results. [J

Theorem 3.5 ([8, 9]). Let the weight function ©(z1,z2) = 1 + z + z then for all (z1,z2) € R* X R the sequence
of positive linear operators {Lym}nm=1 : Co — Be satisfying

M| Lyn(®;21,22) ~ 1 llo< C,
where C be a positive constant.

Theorem 3.6 ([8, 91). The sequence of positive linear operators {Lym}nm=1 which acting Ceo — Beg satisfying the
following conditions

1. hmn,m—)oa I Ln,m(l} z1,22) — 1 le=0,

2. hmn,m—)% Il Ln,m(tl;zll z2) —z1 le=0,

3. limy, —eo || Lum(t2;21,22) — 22 lle= 0,

4. limy, ;e || Ln,m(t2 + tz 21,22) — (Z% + Z% lle=0,

then for each f € C2,
Tim || Lyn(f) - f llo=0,
and for any g € Ce \ CY, it follows that

Jm A Lnn(9) = 7 lle> 1.
Theorem 3.7. For all f € C} (]Ri) the operators K"\ by (6) satisfying the equality

M,
” q(rzl,rrzhf - f ”G): 0.
Proof. || K77 (©;21,22) lle

| I (1 + £ + 1321, 20) |

= sup

(21,22)eR2 1+ z1 + z2
= 1+ (zlizl)gmz —1 " Zl — [zf + % (258; +4m + 2) z1 + z2 + — (25 8; +4m + Z)Zz]
+ (le::)ERZ m[ + 3% (328)) +6(1 + 2171)28 + 1217 + 61 + 1)

7 (1) L(1) )
3r (3L @D +6(1 + an)m + 125 + 61y + 1)]
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< 1+ max |§,1,2(zl,zz)|+ m?x |)/,1,2(21,zz)|

(z1,22)eR?
where
Enm(z1,20) = #M[z% (2;8; + 4 + 2) z + 22+ (szgi +4m, + 2) zz]
Ven(z1,22) = . Z% o 317% (3?11((1)) +6(1 + 21;1)% +12n7 + 6m1 + 1)
N +Z; +Z§317§( ig((i)) +6(1 +2nz)% + 1205 + 61 + 1).

Therefore, if 71,7, — o0, and max,, .,)cg: then there exists positive number M such that &, ,,(z1,22) +
Yrr(21,22) < M. Finally, we conclude that

| K2 (©; 21, 22) llo< M.

In the view of Theorem 3.5 we can see K;"/"* : Co (]R_%) — Be (]R%r) Therefore, if we can show the
conditions of Theorem 3.6 are satisfied then we complete the proof of Theorem 3.7. Thus by use of Lemma
2.3 and Lemma 2.4 we can see lim,, ;, e || 7(21,;22(1;21,22) -1 le= 0, lim,, r, | ‘Krrzl,;zz(tl;zl,zz) - 71 lle= 0,

. N1,
hmh,rz—)oo ” 7(;11’;2]2 (t2/ Zl/ZZ) — 22 ”@Z 0 and

lim || KPP (82 + 13;21,20) — (22 + 23) o

71,200
1 M2 (42 M2 (42
< sup ﬁ [T (21, 22) + K (821, 22) — (22 + 23)|
(21,22)€R?
< 1 7]17 2 711 M2 42, 2
ma —2| o (F1521,22) — zl| + max —2| s (E ,zl,zz)—zzﬂ,
(z1 zz)G]RZ 1+ z +z (z1,2)eR2 1 + z +z

if ri,7 — o0, and maxg, -,)er? then obvious we get that

1
T K - ] R Gz -] =0

therefore, we obvious get that lim,, ,, e | 7(21722(1%2 + t%;zl,zz) - (z% + Z%) llo= 0, which completes the proof
of Theorem 3.7. O

Theorem 3.8 ([8, 9]). Let ©1(z1,22) = 1 be another set of continuous function such that lim,, »,—c0 % =0.

Then forall f € Co (Ri) the operators {Lym}nms=1 : Co, — Be, satisfying all the conditions of Theorem 3.6, we get
the equality

I Lum(f) = f lloy= 0

Theorem 3.9. For any ©*(z1,2) > 1 the set of all continuous functions such that limy,, ,,—e g((zzll'z)) = 0. Then for
all f € Cor (]Ri) the sequence operators K", : C (]Ri) — Ber (IR_%) satisfying the equality

I K7 () = f lle= 0.
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Proof. We take in accounts the Theorem 3.7 and Theorem 3.8, then easy to write that the operators K,
acting from Ce- (IR_%) — Be- (IR_%) Now from the Theorem 3.5 we can write here

2
I 7(21/;22(6;21,22) loo < 1+ sup — 1 4= (2 1 +4m +2) sup d

< =
(1 m)el? O (z1,22) Li(1) (@1, zm)er? ©7(21,22)
LY (1) Li(1) ) 1
+ 3 +6(1+2 +122+6m +1| sup ——
312 ( L) T O H2m)E ay + 120+ 6m o O (21, 22)
z2 (1) zZ
2 2 2
+ su 2 +4n, + 2] su _
b &,z ( Lo " )<>p Oz, 2)
5 (1) Ly(1) ) 1
+ 32 4 6(1+2m)—2— +12n2+6m, + 1| su
372 ( Lo TOU ARy AR o) Sup e S
. z2 z3
< N S— <
= I o, n) og‘ﬁk & (z1,22)
0<z <R, <R,

1+ a(z1,22) + B(z1,22), 11,72 —

Z 2
where clearly, a(z1,22) =1+ rr1axo<zl<]R+ o (21 = and f(z1,22) = max0<zl<]R+ 2 (Z e thus there exists a positive
0<z<R 0<z;
constant C such that a(zy,zp) + ﬁ(zl, zz) < C. Therefore we can write

192(©;21,22) lloy < 1 +C.
In the view of Theorem 3.5 we can see ‘Kr”llrg2 Cer (]Rz) — Be (]R%r) Therefore, from the conditions of

Theorem 3.6 and Lemma 2.3, and Lemma 2.4 we can get || ‘Kr”llrg2 (1;z1,20)-1 |le= 0, || 7(,'11,7272 (t1;21,22)— 21 o=
0, | K" (t2;21,22) — 22 lle= 0 and

I K + 13521, 22) = (22 + 22) llo = 0.

Therefore, operators K;"',"* satisfies all the conditions of Theorem 3.6, thus we can write || K"/ (f)- f lle-= 0,
which completes the proof of Theorem 3.9. O

4. Approximation properties in Bogel space

For any (u,v), (z1,22) € 1 2 we define the bivariate type mixed difference operator A(M) f(z1,22) such
that

A f(z1,22) = f(u,0) = f(u,20) — f(z1,0) + f(z1,22),

where f : T 2 — R which defined on real compact intervals of I 2. For im0 (z1,2) A(w) f(z1,22) = 0, at
any point (z1,22) € 72 then we call the function f : 72 — R is Bogel-continuous function defined on 7.
Let we define the space of all Bogel-continuous (B-continuous) on (z1,z2) € 1 2 by Cg(I 2) and given that
Cp(Z?) = {f such that f : 7 —> R be f, B-bounded on I?}. Moreover, the function f : 72 — R is known as
the Bogel-differentiable function defined for all (z1,2;) € I 2 which the limit exits finite and be finite given
by

A(u,v)f(zll ZZ)

m — =D 71,2) < 0. ;
(u,0)—(21,22) (1/{ — Zl)(v — ZZ) Bf( 1 2) ( )

Let we define the space of all Bogel-differentiable function by D, f(z1, z2) such that D,,(Z?) = {f such that f :
I? — R known B-differentiable defined on 72}. If f : 72 — R be B-bounded, then for any (1, v), (z1,22) € 12
there exits a real positive number M such that | A, f(z1,22) |< M. Clearly, for any compact subset of 12
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the B-continuous function is also be the B-bounded on 72. Suppose B, (Z?) be the space of all B-bounded
function defined on 72 and which the norm on B equipped by || f |lz= SUP ;o) (21,2007 | Ao f(z1,22) | Let
the mixed modulus of continuity be wp : 72 — R, then for any f € By(Z,,) and all (u,v) € 7 2 (z1,22) € I?it
defined by:

wp(f;061,02) = sup{Awm f(z1,22) }|  — 21 [< 61, | 0 — 23 I< 62} (20)

Moreover, let Cy (2 2) be the set of all B-continuous function on 72, where 72 = [0, o) X [0, o). For more
related article on Bogel continuous functions space we see [6, 7].

Let (z1,22) € 7% and r1, 72 > 0 be an integer then for each f € C(I?) we define the GBS type an auxiliary
operators by

GhY (flt, )21, 22) = KE (flt, 22) + f(z1, k) = f(b1, )21, 22) (21)

More precise we can write

s K1 +14+207 Oy K +1+21 Ok
" &
111,11 . — T /K:
Gt tizz) = Y, LPe s Gz [ [ otuodnds (22)
K1,K2:0 rn )

Where/ g(tll t2) = (f(tll'ZZ) + f(zlr tZ) - f(tll tZ))
Theorem 4.1. Let (z1,2,) € 12, then for all f € Cy,(1?), we get
|G (f(t, 1); 21, 22) — f(z1, 22) | dwg (f; 61, (1), 01, (22)),
where Oy, (z1) and 6,,(z2) are defined by Theorem 3.1.

Proof. Let (z1,2,) € I?, then clearly for all (t;,t,) € I? and 6; > 0, 62 > 0, we see

~ th —z t1—2z
| Aeafl ) 1S @ (Fi1 =22 11121 ) < (14 N )+ N ) (61,52).

Applying the monotonicity property, linearity and Cauchy-Schwarz inequality then easy to obtain

| G (f(t, t);21,22) — f(z1,20) |

< K (1 Ao f(h, 1) 71, 22)
1 1
= (7(21}22(%,0;21/22) + & ('KZI,}ZZ((tl - 21)2;21,22))2
1 1
TS (7(;711,}22((1‘2 - 22)2;21122))2
2

1 i1 L
+ = (7(21,}22((151 - Zl)z;lezz)) - (7@?1,}22((152 - 22)2/'21/Z2)) )ﬂ)B (f;061,02).
o1 )

From Theorem 3.1, easy to see 6> = 6%(z1) = K P ((h — z1)%21,22) and 6% = 0% (z) = K ((t2 —
2)%71,22). O

Lett = (t1, 1), s = (z1,20) € T2, then for a positive L and any number 0 < x < 1, the Lipschitz class of
maximal functions for B-continuous functions defined by

Lip, = {f € C(I?) 1| Aoy f(5) <L || £ =5 |1 } (23)

where || t — s ||= /(t1 — z1)? + (t2 — 22)? is the Euclidean norm.
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Theorem 4.2. Forall f € Lip, we get

| GI (F(t,5);21,22) = f(21,22) < L{S}, (21) + 67, (22))2,
where Oy, (z1) and 6,,(z2) are defined by Theorem 3.1 and L >0, 0 < y < 1.

1,12

Proof. For the operators G'"*, we can write

gll,'rzz (f(t,s);z1,22) (KZ],}ZZ (f(z1,8) + f(t,22) = f(t,5); 21, 22)
= KNP (f(Z1,Zz) = Ay ) f(t,9); 21,22)

f(z1, 22)KTP (0,05 21,22) = Kor (A(zl,zz) f(t,s); Zl,Zz) .

Which implies that
|G (f(t,9); ) — | < K"2(|1A t,s)l;
i f( , S)/ 71,2 f(zl/ZZ) < 1,12 (Zl,zz)f( ’ S) 721,22
< LI (It =511 21,22)
< L{KM"F (II t—s ||2;21,22)}§
X
< L{(](;?,;Zz ((tl _ 21)2; 21’22) + (](21,;,22 ((tz - Z2)2; 21, 22)}2 .

O

5. Conclusion and Observation

Purpose of this manuscript is to study the bivariate and GBS associated properties of the Szdsz-

Jakimovski-Leviatan-Kantorovich operators. We finally obtain the mixed modulus of continuity and more
generalized appropriate approximation properties in Bogel continuous function spaces rather than the re-
cent published article [18].

Ava

ilability of data and material

No data were used to support of this manuscript.
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