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Abstract. Our motive in the present article is to study the bivariate and GBS associated properties of
the Szász-Mirakjan-Jakimovski-Leviatan-Kantorovich operators. We design the operators and obtain the
weighted approximation properties by mixed modulus of continuity and convergence of Lipschitz class
bivariate function. Finally, we design GBS type bivariate mixed difference operators and calculate the
approximation properties in Bögel continuous functions space.

1. Introduction and Preliminaries

Szász-Mirakjan Positive linear operators [26] for the continuous function f on [0,∞) were developed
by mathematician Szász-Mirakjan in 1950 and were extensively explored in place of Bernstein operators
[5]. Finally, for all z ∈ [0,∞) and f ∈ C[0,∞) Szász introduced the operators follows:

Sr( f ; z) = e−rz
∞∑

k=0

(rz)k

k!
f
(k

r

)
, (1)

where f ∈ C[0,∞) is the continuous function space on [0,∞). In recent years, Sucu [25] proposed an
exponential function on the Dunkl generalization by inserting a non-negative number suppose be η ≥ 0,
which led to the development of Szász-Mirakjan-operators by

S
∗

r( f ; z) =
1

eη(rz)

∞∑
κ=0

(rz)κ

γη(κ)
f
(
κ + 2ηθκ

r

)
, (2)

where eη(z) =
∑
∞

κ=0
zκ
γη(κ) and a recursion formula for κ = 0, 1, 2, . . .

γη(κ + 1)
(κ + 1 + 2ηθκ+1)

= γη(κ),

θκ =

0 for κ = 2r, r ∈N ∪ {0},
1 for κ = 2r + 1, r ∈N ∪ {0}.

(3)

2020 Mathematics Subject Classification. Primary 41A36; Secondary 441A25, 33C45.
Keywords. Bernstein-Stancu type polynomials; q-calculus; modulus of continuity; Peetre’s K-functional; Korovkin’s theorem;

Voronovskaja-type theorem.
Received: 04 October 2023; Revised: 01 December 2023; Accepted: 16 December 2023
Communicated by Miodrag Spalević
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By utilizing the Appell polynomials [3], Jakimovski and Leviatan established the series of Szász-
Mirakjan positive linear operators in 1969, called it Szász-Mirakjan-Leviatan operators as follows:

Jr(h; z) =
e−rz

L(1)

∞∑
κ=0

Hκ(rz) f
(
κ
r

)
, (4)

where the Appell polynomials be L(u)euz =
∞∑
κ=0

Hκ(z)uκ and L(1) , 0, L(u) =
∑
∞

κ=0 bκuκ, Hκ(z) =
∑κ

j=0 b j
zκ− j

(κ− j)! (κ ∈

N). For L(1) = 1 the equality (4) reduced to the Szász-Mirakjan-operator by (1). Recently, in [17], by use
of generated exponential function Nasiruzzaman and Aljohani studied the approximation properties of
Szász-Mirakjan-Jakimovski-Leviatan operators. Most recent, A. Alotaibi studied the bivariate type approx-
imation properties of operators [17] by applying the unbounded sequences of positive function (see [2]).

Nasiruzzaman and Aljohani have also construct the Kantorovich operators which involving the Appell
polynomials by generalized exponential function [18]. Thus for every f ∈ Cϑ[0,∞) = { f ∈ C[0,∞) : f (t) =
O(tϑ)} as t→∞, and all z ∈ [0,∞), ϑ > n, n ∈N, L(1) , 0, η ≥ 0 operators define by

R
∗

r,η( f ; z) =
r

L(1)eη(rz)

∞∑
κ=0

Hκ(rz)
∫ κ+1+2ηθκ

r

κ+2ηθκ
r

f (t)dt. (5)

Lemma 1.1. [18] Let basic test function γ j = t j, for j = 0, 1, 2, 3, 4, operators R∗r,η have R∗r,η(γ0; z) = 1, R∗r,η(γ1; z) =

z + 1
2r

(
2L′(1)
L(1) + 4η + 1

)
, and

(1) R
∗

r,η(γ2; z) = z2 +
1
r

(
2

L′(1)
L(1)

+ 4η + 2
)

z

+
1

3r2

(
3

L′′(1)
L(1)

+ 6(1 + 2η)
L′(1)
L(1)

+ 12η2 + 6η + 1
)

;

(2) R
∗

r,η(γ3; z) = z3 +
3
2r

(
2

L′(1)
L(1)

+ 4η + 3
)

z2

+
3

2r2

(
2

L′′(1)
L(1)

+ 2(3 + 4η)
L′(1)
L(1)

+ 8η2 + 8η + 3
)

z

+
1

4r3

(
12

L′′′(1)
L(1)

+ 6(3 + 4η)
L′′(1)
L(1)

+ 6(8η2 + 8η + 3)
L′(1)
L(1)

+ 32η3 + 8η2 + 8η + 1
)
;

(3) R
∗

r,η(γ4; z) = z4 +
1
r

(
4

L′(1)
L(1)

+ 8η + 8
)

z3

+
1
r2

(
6

L′′(1)
L(1)

+ (14 + 24η)
L′(1)
L(1)

+ 24η2 + 36η + 9
)

z2

+
1
r3

(
4

L′′′(1)
L(1)

+ (14 + 24η)
L′′(1)
L(1)

+ (38 + 72η + 48η2)
L′(1)
L(1)

+ 32η3 + 48η2 + 36η + 13
)
z

+
1
r4

(L′v(1)
L(1)

+ 4(3 + 2η)
L′′′(1)
L(1)

+ (19 + 36η + 24η2)
L′′(1)
L(1)

+ (13 + 36η + 48η2 + 32η3)
L′(1)
L(1)

+ 16η4 + 16η3 + 8η2 + 2η + 1
)
.
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There are numerous articles about these works that have been published, however we prefer those
by Jakimovski-Leviatan-Beta integral operators [1], family of Bernstein-Kantorovich operators [11], Stancu
type Bernstein-Kantorovich operators [12], Korovkin and Voronovskaya types approximation theorems
[13], bivariate type generalized Bernstein–Schurer operators [14], modified q-Bernstein–Kantorovich op-
erators [15], q-analogue of Jakimovski-Leviatan operators [16], Szász operators to bivariate functions [19],
Baskakov-Durrmeyer operators [20], Beta Jakimovski-Leviatan operators [21], Jakimovski-Leviatan-Beta
operators [22], univariate and bivariate λ-Kantorovich operators [23], B-differentiable functions by GBS
operators [24], Szász-gamma operators [27].

2. Operators and its Basic Estimates

In this section we focus on the operators R∗r,η defined by (5) and constructed the bivariate form for the
operators by taking into account the operators introduced by [4, 10] and we then examine the convergence
outcomes.

We take R2
+ = R+ × R+ where R+ = [0,∞) and I2 = {(z1, z2) : 0 ≤ z1 < ∞, 0 ≤ z2 < ∞}, and

C
(
I

2
)

be the set of all continuous functions defined on I2 and which satisfies the norm equipped by
|| f ||C(I2) = sup(z1,z2)∈I2 | f (z1, z2)|. Then for all f ∈ C(I2) considering the operators Kη1,η2

r1,r2
which acting

C(I2)→ C(I2) by

K
η1,η2
r1,r2

( f ; z1, z2) =
∞∑
κ1=0

∞∑
κ2=0

Lη1,η2
r1,r2

(z1, z2)Hr2,κ2
r1,κ1

(z1, z2)
∫ κ1+1+2η1θκ1

r1

κ1+2η1θκ1
r1

∫ κ2+1+2η2θκ2
r2

κ2+2η2θκ2
r2

f (t1, t2)dt1dt2, (6)

where Lη1,η2
r1,r2

(z1, z2) = r1
L1(1)eη1 (r1z1)

r2
L2(1)eη2 (r2z2) and Hr2,κ2

r1,κ1
(z1, z2) = Hκ1 (r1z1)Hκ2 (r2z2) with L1(1),L2(1) , 0, and

r1, r2 ∈ R, η1, η2 ≥ 0.

Lemma 2.1. For all i = 1, 2 and zi ∈ [0,∞), Hκi (zi) ≥ 0, ηi ≥ 0 and Li(1) , 0, if we define

Li(α)eηi (αzi) =
∞∑
κi=0

Hκi (zi)ακi . (7)

Then we have
∞∑
κi=0

Hκi (rizi) = Li(1)eηi (rizi), (8)

∞∑
κi=0

κiHκi (rizi) =
(
L′i (1) + riziLi(1)

)
eηi (rizi), (9)

∞∑
κi=0

κ2
i Hκi (rizi) =

(
L′′i (1) + (2rizi + 1)L′i (1) + rizi(rizi + 1)Li(1)

)
eηi (rizi), (10)

∞∑
κi=0

κ3
i Hκi (rizi) =

(
L′′′i (1) + 3(rizi + 1)L′′i (1) + (3r2

i z2
i + 6rizi + 2)L′i (1)

+ rizi(r2
i z2

i + 3rizi + 2)Li(1)
)
eηi (rizi),
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∞∑
κi=0

κ4
i Hκi (rizi) =

(
L′vi (1) + (4rizi + 6)L′′′i (1) + (6r2

i z2
i + 18rizi + 11)L′′i (1)

+ (4r3
i z3

i + 18r2
i z2

i + 22rizi + 6)L′i (1)

+ rizi(r3
i z3

i + 6r2
i z2

i + 11rizi + 6)Li(1)
)
eηi (rizi).

Lemma 2.2. Let we define the auxiliary operators from the equality (6) by

P
η1
r1

( f ; z1, z2) =
r1

L1(1)eη1 (r1z1)

∞∑
κ1=0

Hκ1 (r1z1)
∫ κ1+1+2η1θκ1

r1

κ1+2η1θκ1
r1

f (t1, t2)dt1 (11)

Q
η2
r2

( f ; z1, z2) =
r2

L2(1)eη2 (r2z2)

∞∑
κ2=0

Hκ2 (r2z2)
∫ κ2+1+2η2θκ2

r2

κ2+2η2θκ2
r2

f (t1, t2)dt2, (12)

then we get the equality

K
η1,η2
r1,r2

( f ; z1, z2) = Pη1
r1

(
Q
η2
r2

( f ; z1, z2)
)
= Q

η2
r2

(
P
η1
r1

( f ; z1, z2)
)
.

Proof. It is obvious to write that

P
η1
r1

(
Q
η2
r2

( f ; z1, z2)
)
= P

η1
r1

( r2

L2(1)eη2 (r2z2)

∞∑
κ2=0

Hκ2 (r2z2)
∫ κ2+1+2η2θκ2

r2

κ2+2η2θκ2
r2

f (t1, t2)dt2

)

=
r2

L2(1)eη2 (r2z2)

∞∑
κ2=0

Hκ2 (r2z2)Pη1
r1

( ∫ κ2+1+2η2θκ2
r2

κ2+2η2θκ2
r2

f (t1, t2)dt2

)

=

∞∑
κ1=0

∞∑
κ2=0

Lη1,η2
r1,r2

(z1, z2)Hr2,κ2
r1,κ1

(z1, z2)
∫ κ1+1+2η1θκ1

r1

κ1+2η1θκ1
r1

∫ κ2+1+2η2θκ2
r2

κ2+2η2θκ2
r2

f (t1, t2)dt1dt2

= K
η1,η2
r1,r2

( f ; z1, z2).

Similarly, we prove Qη2
r2

(
P
η1
r1

( f ; z1, z2)
)
= K

η1,η2
r1,r2

( f ; z1, z2).

Lemma 2.3. Let ψm,n = tm
1 tn

2 be the test function then we have Kη1,η2
r1,r2

(ψ0,0; z1, z2) = 1 and for m = 1, 2, 3, 4 and
n = 0, operators (6) have the following basic estimates:

(1) K
η1,η2
r1,r2

(ψ1,0; z1, z2) = z1 +
1

2r1

(
2

L′1(1)
L1(1)

+ 4η1 + 1
)

;

(2) K
η1,η2
r1,r2

(ψ2,0; z1, z2) = z2
1 +

1
r1

(
2

L′1(1)
L1(1)

+ 4η1 + 2
)

z1

+
1

3r2
1

(
3

L′′1 (1)
L1(1)

+ 6(1 + 2η1)
L′1(1)
L1(1)

+ 12η2
1 + 6η1 + 1

)
;

(3) K
η1,η2
r1,r2

(ψ3,0; z1, z2) = z3
1 +

3
2r1

(
2

L′1(1)
L1(1)

+ 4η1 + 3
)

z2
1
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+
3

2r2
1

(
2

L′′1 (1)
L1(1)

+ 2(3 + 4η1)
L′1(1)
L1(1)

+ 8η2
1 + 8η1 + 3

)
z1

+
1

4r3
1

(
12

L′′′1 (1)
L1(1)

+ 6(3 + 4η1)
L′′1 (1)
L1(1)

+ 6(8η2
1 + 8η1 + 3)

L′1(1)
L1(1)

+ 32η3
1 + 8η2

1 + 8η1 + 1
)
;

(4) K
η1,η2
r1,r2

(ψ4,0; z1, z2) = z4
1 +

1
r1

(
4

L′1(1)
L1(1)

+ 8η1 + 8
)

z3
1

+
1
r2

1

(
6

L′′1 (1)
L1(1)

+ (14 + 24η1)
L′1(1)
L1(1)

+ 24η2
1 + 36η1 + 9

)
z2

1

+
1
r3

1

(
4

L′′′1 (1)
L1(1)

+ (14 + 24η1)
L′′1 (1)
L1(1)

+ (38 + 72η1 + 48η2
1)

L′1(1)
L1(1)

+ 32η3
1 + 48η2

1 + 36η1 + 13
)
z1

+
1
r4

1

(L′v1 (1)

L1(1)
+ 4(3 + 2η1)

L′′′1 (1)
L1(1)

+ (19 + 36η1 + 24η2
1)

L′′1 (1)
L1(1)

+ (13 + 36η1 + 48η2
1 + 32η3

1)
L′1(1)
L1(1)

+ 16η4
1 + 16η3

1 + 8η2
1 + 2η1 + 1

)
.

Proof. For the test function ψm,n = tm
1 tn

2 , from article [18] it is very easy to see that for all n = 0 and
m = 0, 1, 2, 3, 4

K
η1,η2
r1,r2

(ψm,n; z1, z2) = R
∗

r,η(t
m
1 ; z1).

Lemma 2.4. Take test function ψm,n = tm
1 tn

2 for any n = 1, 2, 3, 4 and m = 0 then operators Kη1,η2
r1,r2

( f ; z1, z2) have the
following identities:

(1) K
η1,η2
r1,r2

(ψ0,1; z1, z2) = z2 +
1

2r2

(
2

L′2(1)
L2(1)

+ 4η2 + 1
)

;

(2) K
η1,η2
r1,r2

(ψ0,2; z1, z2) = z2
2 +

1
r2

(
2

L′2(1)
L2(1)

+ 4η2 + 2
)

z2

+
1

3r2
2

(
3

L′′2 (1)
L2(1)

+ 6(1 + 2η2)
L′2(1)
L2(1)

+ 12η2
2 + 6η2 + 1

)
;

(3) K
η1,η2
r1,r2

(ψ0,3; z1, z2) = z3
2 +

3
2r2

(
2

L′2(1)
L2(1)

+ 4η2 + 3
)

z2
2

+
3

2r2
2

(
2

L′′2 (1)
L2(1)

+ 2(3 + 4η2)
L′2(1)
L2(1)

+ 8η2
2 + 8η2 + 3

)
z2

+
1

4r3
2

(
12

L′′′2 (1)
L2(1)

+ 6(3 + 4η2)
L′′2 (1)
L2(1)

+ 6(8η2
2 + 8η2 + 3)

L′2(1)
L2(1)

+ 32η3
2 + 8η2

2 + 8η2 + 1
)
;

(4) K
η1,η2
r1,r2

(ψ0,4; z1, z2) = z4
2 +

1
r2

(
4

L′2(1)
L2(1)

+ 8η2 + 8
)

z3
2
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+
1
r2

2

(
6

L′′2 (1)
L2(1)

+ (14 + 24η2)
L′2(1)
L2(1)

+ 24η2
2 + 36η2 + 9

)
z2

2

+
1
r3

2

(
4

L′′′2 (1)
L2(1)

+ (14 + 24η2)
L′′2 (1)
L2(1)

+ (38 + 72η2 + 48η2
2)

L′2(1)
L2(1)

+ 32η3
2 + 48η2

2 + 36η2 + 13
)
z2

+
1
r4

2

(L′v2 (1)
L2(1)

+ 4(3 + 2η2)
L′′′2 (1)
L2(1)

+ (19 + 36η2 + 24η2
2)

L′′2 (1)
L2(1)

+ (13 + 36η2 + 48η2
2 + 32η3

2)
L′2(1)
L2(1)

+ 16η4
2 + 16η3

2 + 8η2
2 + 2η2 + 1

)
.

Proof. For the test function ψm,n = tm
1 tn

2 , from article [18] it is very easy to see that for all m = 0 and
n = 0, 1, 2, 3, 4

K
η1,η2
r1,r2

(ψm,n; z1, z2) = R
∗

r,η(t
n
2 ; z2).

Lemma 2.5. OperatorsKη1,η2
r1,r2

(. ; .) have the following central moments:

(1) K
η1,η2
r1,r2

((t1 − z1); z1, z2) =
1

2r1

(
2

L′1(1)
L1(1)

+ 4η1 + 1
)

;

(2) K
η1,η2
r1,r2

((t2 − z2); z1, z2) =
1

2r2

(
2

L′2(1)
L2(1)

+ 4η2 + 1
)

;

(3) K
η1,η2
r1,r2

((t1 − z1)2; z1, z2) =
z1

r1
+

1
3r2

1

(
3

L′′1 (1)
L1(1)

+ 6(1 + 2η1)
L′1(1)
L1(1)

+ 12η2
1 + 6η1 + 1

)
;

(4) K
η1,η2
r1,r2

((t2 − z2)2; z1, z2) =
z2

r2
+

1
3r2

2

(
3

L′′2 (1)
L2(1)

+ 6(1 + 2η2)
L′2(1)
L2(1)

+ 12η2
2 + 6η2 + 1

)
;

(5) K
η1,η2
r1,r2

((t1 − z1)4; z1, z2) =
−7
r2

1

z2
1 +

1
r3

1

(
− 8

L′′′1 (1)
L1(1)

− 4
L′′1 (1)
L1(1)

+ 4(5 + 6η1)
L′1(1)
L1(1)

+ 4
(
10η2

1 + 7η1 + 3
) )

z1

+
1
r4

1

(L′v1 (1)

L1(1)
+ 4(3 + 2η1)

L′′′1 (1)
L1(1)

+ (19 + 36η1 + 24η2
1)

L′′1 (1)
L1(1)

+ (13 + 36η1 + 48η2
1 + 32η3

1)
L′1(1)
L1(1)

+ 16η4
1 + 16η3

1 + 8η2
1 + 2η1 + 1

)
;

(6) K
η1,η2
r1,r2

((t2 − z2)4; z1, z2) =
−7
r2

2

z2
2 +

1
r3

2

(
− 8

L′′′2 (1)
L2(1)

− 4
L′′2 (1)
L2(1)

+ 4(5 + 6η2)
L′2(1)
L2(1)

+ 4
(
10η2

2 + 7η2 + 3
) )

z2

+
1
r4

2

(L′v2 (1)
L2(1)

+ 4(3 + 2η2)
L′′′2 (1)
L2(1)

+ (19 + 36η2 + 24η2
2)

L′′2 (1)
L2(1)

+ (13 + 36η2 + 48η2
2 + 32η3

2)
L′2(1)
L2(1)

+ 16η4
2 + 16η3

2 + 8η2
2 + 2η2 + 1

)
.
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Lemma 2.6. Let z1, z2 ∈ I
2 then for sufficiently large r1, r2 ∈N we can observe the following inequalities:

(1) K
η1,η2
r1,r2

((t1 − z1)2; z1, z2) ≤ O

 1
r2

1

 (z1 + 1)2
≤M1(z1 + 1)2 as r1, r2 →∞;

(2) K
η1,η2
r1,r2

((t2 − z2)2; z1, z2) ≤ O
(

1
r2

2

)
(z2 + 1)2

≤ C1(z2 + 1)2 as r1, r2 →∞;

(3) K
η1,η2
r1,r2

((t1 − z1)4; z1, z2) ≤ O

 1
r4

1

 (z1 + 1)4
≤M2(z1 + 1)4 as r1, r2 →∞;

(4) K
η1,η2
r1,r2

((t2 − z2)4; z1, z2) ≤ O

 1
r4

2

 (z2 + 1)4
≤ C2(z2 + 1)4 as r1, r2 →∞.

Remark 2.7. For the operators Pη1
r1

and Qη2
r1

be defined by (11) and (12) then operators we get Kη1,η2
r1,r2

(ψ0,0; z1, z2) =
P
η1
r1

(ψ0,0; z1, z2) = Qη2
r2

(ψ0,0; z1, z2) and for all i, j = 1, 2, 3, 4, we have

(1) K
η1,η2
r1,r2

(ψi,0; z1, z2) = P
η1
r1

(ψi,0; z1, z2);

(2) K
η1,η2
r1,r2

(ψ0, j; z1, z2) = Q
η2
r2

(ψ0, j; z1, z2).

3. Degree of convergence and weighted approximation properties

Suppose ϕ ∈ C(I2), the set of all continuous functions onI2 and δ1, δ2 > 0, then one has the properties
of mixed modulus of continuity for order two

ω
(
ϕ; δ1, δ2

)
= sup{| ϕ(t, s) − ϕ(z1, z2) |: (t1, t2), (z1, z2) ∈ I2

}

where | t1 − z1 |≤ δ1, | t2 − z2 |≤ δ2 and the partial modulus of continuity given by:

ω1

(
ϕ; δ1

)
= sup

0≤z1≤1
sup

|y1−y2 |≤δ1

{| φ(z1, y1) − φ(z1, y2) |},

ω2

(
ϕ; δ2

)
= sup

0≤z2≤1
sup

|x1−x2 |≤δ2

{| φ(x1, z2) − φ(x2, z2) |}.

Theorem 3.1. Suppose (z1, z2) ∈ I2, then for all ϕ ∈ C(I2) we get the inequality

| K
η1,η2
r1,r2

(ϕ; z1, z2) − ϕ(z1, z2) |≤ 2ω1(ϕ; δr1 (z1)) + 2ω2(ϕ; δr2 (z2)).

Proof. We get our desired results by use of well-known Cauchy-Schwarz inequality, thus easy to get here

| K
η1,η2
r1,r2

(ϕ; z1, z2) − ϕ(z1, z2) | ≤ K
η1,η2
r1,r2

(
| ϕ(t1, t2) − ϕ(z1, z2) |; z1, z2

)
≤ K

η1,η2
r1,r2

(
| ϕ(t1, t2) − ϕ(z1, t2) |; z1, z2

)
+ K

η1,η2
r1,r2

(
| ϕ(z1, t2) − ϕ(z1, z2) |; z1, z2

)
≤ K

η1,η2
r1,r2

(
ω1(ϕ; | t1 − z1 |); z1, z2

)
+K

η1,η2
r1,r2

(
ω2(ϕ; | t2 − z2 |); z1, z2

)
≤ ω1(ϕ; δ1)

(
K
η1,η2
r1,r2

(ψ0,0; z1, z2) + δ−1
1 K

η1,η2
r1,r2

(| t1 − z1 |; z1, z2)
)

+ ω2(ϕ; δ2)
(
K
η1,η2
r1,r2

(ψ0,0; z1, z2) + δ−1
2 K

η1,η2
r1,r2

(| t2 − z2 |; z1, z2)
)
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≤ ω1(ϕ; δ1)
{
P
η1
r1

(
ψ0,0(t1, t2); z1, z2

)
+

1
δ1

√
K
η1,η2
r1,r2

((t1 − z1)2; z1, z2)
√
P
η1
r1

(
ψ0,0(t, s); z1, z2

)}
+ ω2(ϕ; δ2)

{
Q
η2
r2

(
ψ0,0(t1, t2); z1, z2

)
+

1
δ2

√
K
η1,η2
r1,r2

((t2 − z2)2; z1, z2)
√
Q
η2
r2

(
ψ0,0(t1, t2); z1, z2

)}
.

If we put

δ1 =

√
K
η1,η2
r1,r2

((t1 − z1)2; z1, z2) = δr1 (z1)

δ2 =

√
K
η1,η2
r1,r2

((t2 − z2)2; z1, z2) = δr2 (r2),

then easy to get desired inequality.

We suppose CB(I2) be the set of all continuous and bounded function on I2, then for any φ ∈ CB(I2)
and χ1, χ2 ∈ [0, 1], one has the Lipschitz class bivariate function for the sets J1 ×J2 ⊂ I

2 by:

Lχ1,χ2 (J1 ×J2) =
{
φ : sup(1 + t1)χ1 (1 + t2)χ2

(
φχ1,χ2 (t1, t2) − φχ1,χ2 (z1, z2)

) }
≤ C

1
(1 + z1)χ1

1
(1 + z2)χ2

,

φχ1,χ2 (t1, t2) − φχ1,χ2 (z1, z2) =
| φ(t1, t2) − φ(z1, z2) |
| t1 − z1 |

χ1 | t2 − z2 |
χ2

; (t1, t2), (z1, z2) ∈ I2. (13)

Theorem 3.2. For all φ ∈ Lχ1,χ2 (J1 ×J2), we get the inequality

| K
η1,η2
r1,r2

(φ; z1, z2) − φ(z1, z2) |

≤ C
{ (
δ2

r1
(z1)

) χ1
2
(
δ2

r2
(z2)

) χ2
2
+ (d(z1,J1))χ1

(
δ2

r2
(z2)

)χ2

+ (d(z2,J2))
χ2
2
(
δ2

r1
(z1)

) χ1
2
+ 2 (d(z1,J1))χ1 (d(z2,J2))χ2

}
,

where χ1, χ2 ∈ [0, 1], C > 0 and δr1 (z1), δr2 (z2) are given by Theorem 3.1.

Proof. We take | z1 − x0 |= d(z1,J1) and | z2 − y0 |= d(z2,J2). For any (z1, z2) ∈ I2, and (x0, y0) ∈ J1 × J2 we
let d(z1,J1) = inf{| z1 − z2 |: z2 ∈ J2}. Thus we can write here

| φ(t1, t2) − φ(z1, z2) |≤ C | φ(t1, t2) − φ(x0, y0) | + | φ(x0, y0) − φ(z1, z2) | . (14)

Apply operatorsKη1,η2
r1,r2

, then easy to obtain

| K
η1,η2
r1,r2

(φ; z1, z2) − φ(z1, z2) | ≤ K
η1,η2
r1,r2

(
| φ(z1, z2) − φ(x0, y0) | + | φ(x0, y0) − φ(z1, z2) |

)
≤ CKη1,η2

r1,r2

(
| t1 − x0 |

χ1 | t2 − y0 |
χ2 ; z1, z2

)
+ C | z1 − x0 |

χ1 | z2 − y0 |
χ2 .

For all a, b ≥ 0 and χ ∈ [0, 1] we know inequality (a + b)χ ≤ aχ + bχ, thus

| t1 − x0 |
χ1≤| t1 − z1 |

χ1 + | z1 − x0 |
χ1 ,



Md. Nasiruzzaman / Filomat 38:18 (2024), 6621–6637 6629

| t2 − y0 |
χ1≤| t2 − z2 |

χ2 + | z2 − y0 |
χ2 .

Therefore

| K
η1,η2
r1,r2

(φ; z1, z2) − φ(z1, z2) | ≤ CKη1,η2
r1,r2

(| t1 − z1 |
χ1 | t2 − z2 |

χ2 ; z1, z2)

+ C | z1 − x0 |
χ1 Q

η2
r2

(| t2 − z2 |
χ2 ; z1, z2)

+ C | z2 − y0 |
χ2 P

η1
r1

(| t1 − z1 |
χ1 ; z1, z2)

+ 2C | z1 − x0 |
χ1 | z2 − y0 |

χ2 K
η1,η2
r1,r2

(
ψ0,0; z1, z2

)
.

Apply the Hölder inequality onKη1,η2
r1,r2

, we get

K
η1,η2
r1,r2

(| t1 − z1 |
χ1 | t2 − z2 |

χ2 ; z1, z2) = K
η1,η2
r1,r2

(| t1 − z1 |
χ1 ; z1, z2)Qη2

r2
(| t2 − z2 |

χ2 ; z1, z2)

≤

(
K
η1,η2
r1,r2

(| t1 − z1 |
2; z1, z2)

) χ1
2
(
P
η1
r1

(ψ0,0; z1, z2)
) 2−χ1

2

×

(
Q
η2
r2

(| t2 − z2 |
2; z1, z2)

) χ2
2
(
Q
η2
r2

(ψ0,0; z1, z2)
) 2−χ2

2 .

Thus we can obtain

| K
η1,η2
r1,r2

(φ; z1, z2) − φ(z1, z2) |

≤ C
(
δ2

r1
(z1)

) χ1
2
(
P
η1
r1

(ψ0,0; z1, z2)
) 2−χ1

2
(
δ2

r2
(z2)

) z2
2
(
Q
η2
r2

(ψ0,0; z1, z2)
) 2−λ2

2

+ C (d(z1,J1))χ1
(
δ2

r2
(z2)

) χ2
2
(
Q
η2
r2

(ψ0,0; z1, z2)
) χ2

2

+ C (d(z2,J2))χ2
(
δ2

r1
(z1)

) χ1
2
(
P
η1
r1

(ψ0,0; z1, z2)
) λ1

2

+ 2C (d(z1,J1))χ1 (d(z2,J2))χ2 .

Thus we complete the desired proof.

Theorem 3.3. If ϕ′ ∈ C(I2), then for all (z1, z2) ∈ I2, operatorsKη1,η2
r1,r2

satisfying

| K
η1,η2
r1,r2

(ϕ; z1, z2) − ϕ(z1, z2) |≤∥ ϕz1 ∥C(I2)

(
δ2

r1
(z1)

) 1
2
+ ∥ ϕz2 ∥C(I2)

(
δ2

r2
(z2)

) 1
2 ,

where δr1 (z1) and δr2 (z2) are defined by Theorem 3.1 and ϕ′ defined for the first order set of all continuous function on
I

2.

Proof. For any fixed (z1, z2) ∈ I2 and for all ϕ′ ∈ C(I2), we get the following equality

ϕ(t1, t2) − ϕ(z1, z2) =

∫ t1

z1

ϕϱ(ϱ, t2)dϱ +
∫ t2

z2

ϕµ(z1, µ)dµ.

On applyKη1,η2
r1,r2

K
η1,η2
r1,r2

(
ϕ(t1, t2); z1, z2

)
− ϕ(z1, z2) = Kη1,η2

r1,r2

(∫ t1

z1

ϕϱ(ϱ, t2)dϱ; z1, z2

)
+K

η1,η2
r1,r2

(∫ t2

z2

ϕµ(z1, µ)dµ; z1, z2

)
. (15)
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Apply the sup-norm on I2 then easy to get∣∣∣∣∣ ∫ t1

z1

ϕϱ(ϱ, t2)dϱ
∣∣∣∣∣ ≤ ∫ t1

z1

| ϕϱ(ϱ, t2)dϱ |≤| t1 − z1 |∥ ϕz1 ∥C(I2) (16)

∣∣∣∣∣ ∫ t2

z2

ϕµ(z1, µ)dµ
∣∣∣∣∣ ≤ ∫ t2

z2

| ϕµ(z1, µ)dµ |≤| t2 − z2 |∥ ϕz2 ∥C(I2) . (17)

In the view of (15), (16) and (17) we can obtain

| K
η1,η2
r1,r2

(
ϕ(z1, z2); z1, z2

)
− ϕ(z1, z2) | ≤ K

η1,η2
r1,r2

(∣∣∣∣∣ ∫ t

z1

ϕϱ(ϱ, t2)dϱ
∣∣∣∣∣; z1, z2

)
+ K

η1,η2
r1,r2

(∣∣∣∣∣ ∫ t2

z2

φµ(z1, µ)dµ
∣∣∣∣∣; z1, z2

)
≤ ∥ ϕz1 ∥C(I2) K

η1,η2
r1,r2

(| t1 − z1 |; z1, z2)

+ ∥ ϕz2 ∥C(I2) K
η1,η2
r1,r2

(| t2 − z2 |; z1, z2)

≤ ∥ ϕz1 ∥C(I2)

(
K
η1,η2
r1,r2

((t1 − z1)2; z1, z2)Kη1,η2
r1,r2

(ψ0,0; z1, z2)
) 1

2

+ ∥ ϕz2 ∥C(I2)

(
K
η1,η2
r1,r2

((t2 − z2)2; z1, z2)Kη1,η2
r1,r2

(ψ0,0; z1, z2)
) 1

2

= ∥ ϕz1 ∥C(I2)

(
δ2

r1
(z1)

) 1
2
+ ∥ ϕz2 ∥C(I2)

(
δ2

r2
(z2)

) 1
2 .

Take weight function Θ(z1, z2) = 1 + z2
1 + z2

2, then one satisfies the property BΘ
(
R2
+

)
= { f :| f (z1, z2) |≤

M fΘ(z1, z2)}, where M f > 0. Let C(r)
(
R2
+

)
be the set of r-times continuous and differentiable functions on

R2
+ = {(z1, z2) ∈ R2 : z1, z2 ∈ [0,∞)}. In addition, suppose

CΘ
(
R2
+

)
= { f : f ∈ BΘ ∩ CΘ

(
R2
+

)
};

Ck
Θ

(
R2
+

)
= { f : f ∈ CΘ

(
R2
+

)
; such that lim

z1,z2→∞

f (z1, z2)
Θ(z1, z2)

= k f < ∞};

C0
Θ

(
R2
+

)
= { f such that f ∈ Ck

Θ

(
R2
+

)
; satisfying lim

z1,z2→∞

f (z1, z2)
Θ(z1, z2)

= 0}.

The norm on BΘ be defined as ∥ f ∥Θ= supz1,z2∈R2
+

| f (z1,z2)|
Θ(z1,z2) .

For all f ∈ C0
Θ

(
R2
+

)
and δ1, δ2 > 0, the modulus of continuity in weighted space be

ωΘ( f ; δ1, δ2) = sup
z1,z2∈[0,∞)

sup
0≤|h1 |≤δ1, 0≤|h2 |≤δ2

| f (z1 + h1, z2 + h2) − h(z1, z2) |
Θ(h1, h2)Θ(z1, z2)

(18)

and for any r1, r2 > 0 satisfying the inequality

ωΘ( f ; r1δ1, r2δ2) ≤ 4(r1 + 1)(r2 + 1)(1 + δ2
1)(1 + δ2

2)ωΘ( f ; δ1, δ2).

It also follows that

| f (t1, v) − f (z1, z2) | ≤ Θ (| t1 − z1 |, | t2 − z2 |)Θ(z1, z2)ωΘ
(

f ; | t1 − z1 |, | t2 − z2 |
)

≤ (1 + z2
1 + z2

2)(1 + (t1 − z1)2)(1 + (t2 − z2)2)ωΘ
(

f ; | t1 − z1 |, | t2 − z2 |
)
.
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Theorem 3.4. Let f ∈ C0
Θ

(
R2
+

)
then for sufficiently large any positive integers r1 and r2 we deduce that

| K
η1,η2
r1,r2

( f ; z1, z2) − f (z1, z2) |

(1 + z2
1 + z2

2)3
≤ M

(
O(r−2

1 )
) (

O(r−2
2

)
ωΘ

(
f ; O(r−2

1 ),O(r−2
2 )

)
,

where δ1 =
√
K
η1,η2
r1,r2

((t1 − z1)2; z1, z2) ≤ O
(

1
r1

)
and δ2 =

√
K
η1,η2
r1,r2

((t2 − z2)2; z1, z2) ≤ O
(

1
r2

)
.

Proof. We use above inequalities then for all δ1, δ2 > 0 easy to deduce that

| f (t1, t2) − f (z1, z2) | ≤ 4(1 + z2
1 + z2

2)
(
1 + (t1 − z1)2

) (
1 + (t2 − z2)2

)
ωΘ

(
f ; δ1, δ2

)
×

(
1 +
| t1 − z1 |

δ1

) (
1 +
| t2 − z2 |

δm

)
(1 + δ2

1)(1 + δ2
2)

= 4(1 + z2
1 + z2

2)(1 + δ2
1)(1 + δ2

2)

×

(
1 +
| t1 − z1 |

δ1
+ (t1 − z1)2 +

| t1 − z1 |

δ1
(t1 − z1)2

)
×

(
1 +
| t2 − z2 |

δ2
+ (t2 − z2)2 +

| t2 − z2 |

δ2
(t2 − z2)2

)
ωΘ

(
f ; δ1, δ2

)
.

Applying operatorsKη1,η2
r1,r2

, then get

| K
η1,η2
r1,r2

( f ; z1, z2) − f (z1, z2) | ≤ K
η1,η2
r1,r2

(
| f (t1, t2) − f (z1, z2) |; z1, z2

)
4(1 + z2

1 + z2
2)

× K
η1,η2
r1,r2

(
1 +
| t1 − z1 |

δ1
+ (t1 − z1)2 +

| t1 − z1 |

δ1
(t1 − z1)2; z1, z2

)
× K

η1,η2
r1,r2

(
1 +
| t2 − z2 |

δ2
+ (t2 − z2)2 +

| t2 − z2 |

δ2
(t2 − z2)2; z1, z2

)
× (1 + δ2

1)(1 + δ2
2)ωΘ

(
f ; δ1, δ2

)
= 4(1 + z2

1 + z2
2)(1 + δ2

1)(1 + δ2
2)ωΘ

(
f ; δ1, δ2

)
×

(
1 +

1
δ1
K
η1,η2
r1,r2

(| t1 − z1 |; z1, z2) +Kη1,η2
r1,r2

((t1 − z1)2; z1, z2)

+
1
δ1
K
η1,η2
r1,r2

(| t1 − z1 | (t1 − z1)2; z1, z2

)
×

(
1 +

1
δ2
K
η1,η2
r1,r2

(| t2 − z2 |; z1, z2) +Kη1,η2
r1,r2

((t2 − z2)2; z1, z2)

+
1
δ2
K
η1,η2
r1,r2

(| t2 − z2 | (t2 − z2)2; z1, z2

)
.

Applying Cauchy-Schwarz inequality, we get

| K
η1,η2
r1,r2

( f ; z1, z2) − f (z1, z2) | ≤ 4(1 + z2
1 + z2

2)(1 + δ2
1)(1 + δ2

2)ωΘ
(

f ; δ1, δ2
)

×

[
1 +

1
δ1

√
K
η1,η2
r1,r2

((t1 − z1)2; z1, z2) +Kη1,η2
r1,r2

((t1 − z1)2; z1, z2)

+
1
δ1

√
K
η1,η2
r1,r2

((t1 − z1)2; z1, z2)
√
K
η1,η2
r1,r2

((t1 − z1)4; z1, z2)
]

×

[
1 +

1
δ2

√
K
η1,η2
r1,r2

((t2 − z2)2; z1, z2) +Kη1,η2
r1,r2

((t2 − z2)2; z1, z2)

+
1
δ2

√
K
η1,η2
r1,r2

((t2 − z2)2; z1, z2)
√
K
η1,η2
r1,r2

((t2 − z2)4; z1, z2)
]
.
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In the view of Lemma 2.6 we get

| K
η1,η2
r1,r2

( f ; z1, z2) − f (z1, z2) | ≤ 4(1 + z2
1 + z2

2)(1 + δ2
1)(1 + δ2

2)ωΘ
(

f ; δ1, δ2
)

×

[
2 +M1(z1 + 1)2 +M2(z1 + 1)2

][
2 + C1(z2 + 1)2 + C2(z2 + 1)2

]
.

By choosing δ1 =
√
K
η1,η2
r1,r2

((t1 − z1)2; z1, z2) ≤ O
(

1
r1

)
and δ2 =

√
K
η1,η2
r1,r2

((t2 − z2)2; z1, z2) ≤ O
(

1
r2

)
, we led to get

our results.

Theorem 3.5 ([8, 9]). Let the weight function Θ(z1, z2) = 1 + z2
1 + z2

2, then for all (z1, z2) ∈ R+ × R+ the sequence
of positive linear operators {Ln,m}n,m≥1 : CΘ → BΘ satisfying

lim
n,m→∞

∥ Ln,m(Θ; z1, z2) − 1 ∥Θ≤ C,

where C be a positive constant.

Theorem 3.6 ([8, 9]). The sequence of positive linear operators {Ln,m}n,m≥1 which acting CΘ → BΘ satisfying the
following conditions

1. limn,m→∞ ∥ Ln,m(1; z1, z2) − 1 ∥Θ= 0,
2. limn,m→∞ ∥ Ln,m(t1; z1, z2) − z1 ∥Θ= 0,
3. limn,m→∞ ∥ Ln,m(t2; z1, z2) − z2 ∥Θ= 0,
4. limn,m→∞ ∥ Ln,m(t2

1 + t2
2; z1, z2) − (z2

1 + z2
2 ∥Θ= 0,

then for each f ∈ C0
Θ

,

lim
n,m→∞

∥ Ln,m( f ) − f ∥Θ= 0,

and for any 1 ∈ CΘ \ C0
Θ

, it follows that

lim
n,m→∞

∥ Ln,m(1) − 1 ∥Θ≥ 1.

Theorem 3.7. For all f ∈ C0
Θ

(
R2
+

)
the operatorsKη1,η2

r1,r2
by (6) satisfying the equality

∥ K
η1,η2
r1,r2

f − f ∥Θ= 0.

Proof. ∥ Kη1,η2
r1,r2

(Θ; z1, z2) ∥Θ

= sup
(z1,z2)∈R2

+

| K
η1,η2
r1,r2

(1 + t2
1 + t2

2; z1, z2) |

1 + z2
1 + z2

2

≤ 1 + sup
(z1,z2)∈R2

+

[ 1
1 + z2

1 + z2
2

∣∣∣∣∣(Kη1,η2
r1,r2

(t2
1; z1, z2) +Kη1,η2

r1,r2
(t2

2; z1, z2)
)∣∣∣∣∣]

= 1 + sup
(z1,z2)∈R2

+

1
1 + z2

1 + z2
2

[
z2

1 +
1
r1

(
2

L′1(1)
L1(1)

+ 4η1 + 2
)

z1 + z2
2 +

1
r2

(
2

L′2(1)
L2(1)

+ 4η2 + 2
)

z2

]

+ sup
(z1,z2)∈R2

+

1
1 + z2

1 + z2
2

[
1 +

1
3r2

1

(
3

L′′1 (1)
L1(1)

+ 6(1 + 2η1)
L′1(1)
L1(1)

+ 12η2
1 + 6η1 + 1

)

+
1

3r2
2

(
3

L′′2 (1)
L2(1)

+ 6(1 + 2η2)
L′2(1)
L2(1)

+ 12η2
2 + 6η2 + 1

) ]
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≤ 1 + max
(z1,z2)∈R2

+

∣∣∣ξr1,r2 (z1, z2)
∣∣∣ + max

(z1,z2)∈R2
+

∣∣∣γr1,r2 (z1, z2)
∣∣∣

where

ξr1,r2 (z1, z2) =
1

1 + z2
1 + z2

2

[
z2

1 +
1
r1

(
2

L′1(1)
L1(1)

+ 4η1 + 2
)

z1 + z2
2 +

1
r2

(
2

L′2(1)
L2(1)

+ 4η2 + 2
)

z2

]
γr1,r2 (z1, z2) =

1
1 + z2

1 + z2
2

1
3r2

1

(
3

L′′1 (1)
L1(1)

+ 6(1 + 2η1)
L′1(1)
L1(1)

+ 12η2
1 + 6η1 + 1

)
+

1
1 + z2

1 + z2
2

1
3r2

2

(
3

L′′2 (1)
L2(1)

+ 6(1 + 2η2)
L′2(1)
L2(1)

+ 12η2
2 + 6η2 + 1

)
.

Therefore, if r1, r2 → ∞, and max(z1,z2)∈R2
+

then there exists positive number M such that ξr1,r2 (z1, z2) +
γr1,r2 (z1, z2) < M. Finally, we conclude that

∥ K
η1,η2
r1,r2

(Θ; z1, z2) ∥Θ≤M.

In the view of Theorem 3.5 we can see Kη1,η2
r1,r2

: CΘ
(
R2
+

)
→ BΘ

(
R2
+

)
. Therefore, if we can show the

conditions of Theorem 3.6 are satisfied then we complete the proof of Theorem 3.7. Thus by use of Lemma
2.3 and Lemma 2.4 we can see limr1,r2→∞ ∥ K

η1,η2
r1,r2

(1; z1, z2) − 1 ∥Θ= 0, limr1,r2→∞ ∥ K
η1,η2
r1,r2

(t1; z1, z2) − z1 ∥Θ= 0,
limr1,r2→∞ ∥ K

η1,η2
r1,r2

(t2; z1, z2) − z2 ∥Θ= 0 and

lim
r1,r2→∞

∥ K
η1,η2
r1,r2

(t2
1 + t2

2; z1, z2) − (z2
1 + z2

2) ∥Θ

≤ sup
(z1,z2)∈R2

+

1
1 + z2

1 + z2
2

[ ∣∣∣Kη1,η2
r1,r2

(t2
1; z1, z2) +Kη1,η2

r1,r2
(t2

2; z1, z2) − (z2
1 + z2

2)
∣∣∣ ]

≤ max
(z1,z2)∈R2

+

1
1 + z2

1 + z2
2

∣∣∣Kη1,η2
r1,r2

(t2
1; z1, z2) − z2

1

∣∣∣ + max
(z1,z2)∈R2

+

1
1 + z2

1 + z2
2

∣∣∣Kη1,η2
r1,r2

(t2
2; z1, z2) − z2

2

∣∣∣ ,
if r1, r2 →∞, and max(z1,z2)∈R2

+
, then obvious we get that

1
1 + z2

1 + z2
2

{ ∣∣∣Kη1,η2
r1,r2

(t2
1; z1, z2) − z2

1

∣∣∣ + ∣∣∣Kη1,η2
r1,r2

(t2
2; z1, z2) − z2

2

∣∣∣ } = 0,

therefore, we obvious get that limr1,r2→∞ ∥ K
η1,η2
r1,r2

(t2
1 + t2

2; z1, z2) − (z2
1 + z2

2) ∥Θ= 0, which completes the proof
of Theorem 3.7.

Theorem 3.8 ([8, 9]). Let Θ1(z1, z2) ≥ 1 be another set of continuous function such that limz1,z2→∞
Θ(z1,z2)
Θ1(z1,z2) = 0.

Then for all f ∈ CΘ
(
R2
+

)
the operators {Ln,m}n,m≥1 : CΘ1 → BΘ1 satisfying all the conditions of Theorem 3.6, we get

the equality

∥ Ln,m( f ) − f ∥Θ1= 0.

Theorem 3.9. For any Θ∗(z1, z2) ≥ 1 the set of all continuous functions such that lim|z1,z2 |→∞
Θ(z1,z2)
Θ∗(z1,z2) = 0. Then for

all f ∈ CΘ∗
(
R2
+

)
the sequence operatorsKη1,η2

r1,r2
: CΘ∗

(
R2
+

)
→ BΘ∗

(
R2
+

)
satisfying the equality

∥ K
η1,η2
r1,r2

( f ) − f ∥Θ∗= 0.
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Proof. We take in accounts the Theorem 3.7 and Theorem 3.8, then easy to write that the operators Kη1,η2
r1,r2

acting from CΘ∗
(
R2
+

)
→ BΘ∗

(
R2
+

)
. Now from the Theorem 3.5 we can write here

∥ K
η1,η2
r1,r2

(Θ; z1, z2) ∥Θ∗ ≤ 1 + sup
(z1,z2)∈I2

z2
1

Θ∗(z1, z2)
+

1
r1

(
2

L′1(1)
L1(1)

+ 4η1 + 2
)

sup
(z1,z2)∈I2

z1

Θ∗(z1, z2)

+
1

3r2
1

(
3

L′′1 (1)
L1(1)

+ 6(1 + 2η1)
L′1(1)
L1(1)

+ 12η2
1 + 6η1 + 1

)
sup

(z1,z2)∈I2

1
Θ∗(z1, z2)

+ sup
(z1,z2)∈I2

z2
2

Θ∗(z1, z2)
+

1
r2

(
2

L′2(1)
L2(1)

+ 4η2 + 2
)

sup
(z1,z2)∈I2

z2

Θ∗(z1, z2)

+
1

3r2
2

(
3

L′′2 (1)
L2(1)

+ 6(1 + 2η2)
L′2(1)
L2(1)

+ 12η2
2 + 6η2 + 1

)
sup

(z1,z2)∈I2

1
Θ∗(z1, z2)

≤ 1 + max
0≤z1≤R+
0≤z2≤R+

z2
1

Θ∗(z1, z2)
+ max

0≤z1≤R+
0≤z2≤R+

z2
2

Θ∗(z1, z2)

= 1 + α(z1, z2) + β(z1, z2), r1, r2 →∞

where clearly, α(z1, z2) = 1+max0≤z1≤R+
0≤z2≤R+

z2
1

Θ∗(z1,z2) and β(z1, z2) = max0≤z1≤R+
0≤z2≤R+

z2
2

Θ∗(z1,z2) , thus there exists a positive

constant C such that α(z1, z2) + β(z1, z2) < C. Therefore we can write

∥ K
η1,η2
r1,r2

(Θ; z1, z2) ∥Θ1≤ 1 + C.

In the view of Theorem 3.5 we can see Kη1,η2
r1,r2

: CΘ∗
(
R2
+

)
→ BΘ∗

(
R2
+

)
. Therefore, from the conditions of

Theorem 3.6 and Lemma 2.3, and Lemma 2.4 we can get ∥ Kη1,η2
r1,r2

(1; z1, z2)−1 ∥Θ∗= 0, ∥ Kη1,η2
r1,r2

(t1; z1, z2)−z1 ∥Θ∗=

0, ∥ Kη1,η2
r1,r2

(t2; z1, z2) − z2 ∥Θ∗= 0 and

∥ K
η1,η2
r1,r2

(t2
1 + t2

2; z1, z2) − (z2
1 + z2

2) ∥Θ∗= 0.

Therefore, operatorsKη1,η2
r1,r2

satisfies all the conditions of Theorem 3.6, thus we can write ∥ Kη1,η2
r1,r2

( f )− f ∥Θ∗= 0,
which completes the proof of Theorem 3.9.

4. Approximation properties in Bögel space

For any (u, v), (z1, z2) ∈ I2, we define the bivariate type mixed difference operator ∆̃(u,v) f (z1, z2) such
that

∆̃(u,v) f (z1, z2) = f (u, v) − f (u, z2) − f (z1, v) + f (z1, z2),

where f : I2
→ R which defined on real compact intervals of I2. For lim(u,v)→(z1,z2) ∆̃(u,v) f (z1, z2) = 0, at

any point (z1, z2) ∈ I2 then we call the function f : I2
→ R is Bögel-continuous function defined on I2.

Let we define the space of all Bögel-continuous (B-continuous) on (z1, z2) ∈ I2 by CB(I2) and given that
CB(I2) = { f such that f : I2

→ R be f , B-bounded on I2
}. Moreover, the function f : I2

→ R is known as
the Bögel-differentiable function defined for all (z1, z2) ∈ I2 which the limit exits finite and be finite given
by

lim
(u,v)→(z1,z2)

∆̃(u,v) f (z1, z2)
(u − z1)(v − z2)

= DB f (z1, z2) < ∞. (19)

Let we define the space of all Bögel-differentiable function by Dφ f (z1, z2) such that Dφ(I2) = { f such that f :
I

2
→ R known B-differentiable defined on I2

}. If f : I2
→ R be B-bounded, then for any (u, v), (z1, z2) ∈ I2

there exits a real positive number M such that | ∆̃(u,v) f (z1, z2) |≤ M. Clearly, for any compact subset of I2



Md. Nasiruzzaman / Filomat 38:18 (2024), 6621–6637 6635

the B-continuous function is also be the B-bounded on I2. Suppose Bφ(I2) be the space of all B-bounded
function defined on I2 and which the norm on B equipped by ∥ f ∥B= sup(u,v),(z1,z2)∈I2 | ∆̃(u,v) f (z1, z2) |. Let
the mixed modulus of continuity be ωB : I2

→ R, then for any f ∈ Bφ(Iαn ) and all (u, v) ∈ I2, (z1, z2) ∈ I2 it
defined by:

ωB( f ; δ1, δ2) = sup{∆̃(u,v) f (z1, z2) :| u − z1 |≤ δ1, | v − z2 |≤ δ2}. (20)

Moreover, let Cφ(I2) be the set of all B-continuous function on I2, where I2 = [0,∞) × [0,∞). For more
related article on Bögel continuous functions space we see [6, 7].

Let (z1, z2) ∈ I2 and r1, r2 > 0 be an integer then for each f ∈ C(I2) we define the GBS type an auxiliary
operators by

G
η1,η2
r1,r2

(
f (t1, t2); z1, z2

)
= K

η1,η2
r1,r2

(
f (t1, z2) + f (z1, t2) − f (t1, t2); z1, z2

)
. (21)

More precise we can write

G
η1,η2
r1,r2

(
f (t1, t2); z1, z2

)
=

∞∑
κ1,κ2=0

Lη1,η2
r1,r2

(z1, z2)Hr2,κ2
r1,κ1

(z1, z2)
∫ κ1+1+2η1θκ1

r1

κ1+2η1θκ1
r1

∫ κ2+1+2η2θκ2
r2

κ2+2η2θκ2
r2

1(t1, t2)dt1dt2 (22)

where, 1(t1, t2) =
(

f (t1, z2) + f (z1, t2) − f (t1, t2)
)
.

Theorem 4.1. Let (z1, z2) ∈ I2, then for all f ∈ Cφ(I2), we get

| G
η1,η2
r1,r2

(
f (t1, t2); z1, z2

)
− f (z1, z2) |≤ 4ωB

(
f ; δr1 (z1), δr2 (z2)

)
,

where δr1 (z1) and δr1 (z2) are defined by Theorem 3.1.

Proof. Let (z1, z2) ∈ I2, then clearly for all (t1, t2) ∈ I2 and δ1 > 0, δ2 > 0, we see

| ∆̃(z1,z2) f (t1, t2) |≤ ωB
(

f ; | t2 − z2 | | t1 − z1 |
)
≤

(
1 +
| t2 − z2 |

δ2

) (
1 +
| t1 − z1 |

δ1

)
ωB

(
f ; δ1, δ2

)
.

Applying the monotonicity property, linearity and Cauchy-Schwarz inequality then easy to obtain

| G
η1,η2
r1,r2

(
f (t1, t2); z1, z2

)
− f (z1, z2) |

≤ K
η1,η2
r1,r2

(
| ∆̃(z1,z2) f (t1, t2) |; z1, z2

)
≤

(
K
η1,η2
r1,r2

(ψ0,0; z1, z2) +
1
δ1

(
K
η1,η2
r1,r2

((t1 − z1)2; z1, z2)
) 1

2

+
1
δ2

(
K
η1,η2
r1,r2

((t2 − z2)2; z1, z2)
) 1

2

+
1
δ1

(
K
η1,η2
r1,r2

((t1 − z1)2; z1, z2)
) 1

2 1
δ2

(
K
η1,η2
r1,r2

((t2 − z2)2; z1, z2)
) 1

2
)
ωB

(
f ; δ1, δ2

)
.

From Theorem 3.1, easy to see δ2
1 = δ2

r1
(z1) = Kη1,η2

r1,r2
((t1 − z1)2; z1, z2) and δ2

2 = δ2
r2

(z2) = Kη1,η2
r1,r2

((t2 −

z2)2; z1, z2).

Let t = (t1, t2), s = (z1, z2) ∈ I2, then for a positive L and any number 0 < χ ≤ 1, the Lipschitz class of
maximal functions for B-continuous functions defined by

Lipχ =
{

f ∈ C(I2) :| ∆̃(z1,z2) f (t, s) |≤ L ∥ t − s ∥χ
}

(23)

where ∥ t − s ∥=
√

(t1 − z1)2 + (t2 − z2)2 is the Euclidean norm.



Md. Nasiruzzaman / Filomat 38:18 (2024), 6621–6637 6636

Theorem 4.2. For all f ∈ Lipχ we get

| G
η1,η2
r1,r2

(
f (t, s); z1, z2

)
− f (z1, z2) |≤ L{δ2

r1
(z1) + δ2

r2
(z2)}

χ
2 ,

where δr1 (z1) and δr2 (z2) are defined by Theorem 3.1 and L > 0, 0 < χ ≤ 1.

Proof. For the operators Gη1,η2
r1,r2

, we can write

G
η1,η2
r1,r2

(
f (t, s); z1, z2

)
= K

η1,η2
r1,r2

(
f (z1, s) + f (t, z2) − f (t, s); z1, z2

)
= K

η1,η2
r1,r2

(
f (z1, z2) − ∆̃(z1,z2) f (t, s); z1, z2

)
= f (z1, z2)Kη1,η2

r1,r2

(
ψ0,0; z1, z2

)
−K

η1,η2
r1,r2

(
∆̃(z1,z2) f (t, s); z1, z2

)
.

Which implies that

| G
η1,η2
r1,r2

(
f (t, s); z1, z2

)
− f (z1, z2) | ≤ K

η1,η2
r1,r2

(
| ∆̃(z1,z2) f (t, s) |; z1, z2

)
≤ LKη1,η2

r1,r2
(∥ t − s ∥χ; z1, z2)

≤ L{Kη1,η2
r1,r2

(
∥ t − s ∥2; z1, z2

)
}
χ
2

≤ L{Kη1,η2
r1,r2

(
(t1 − z1)2; z1, z2

)
+K

η1,η2
r1,r2

(
(t2 − z2)2; z1, z2

)
}
χ
2 .

5. Conclusion and Observation

Purpose of this manuscript is to study the bivariate and GBS associated properties of the Szász-
Jakimovski-Leviatan-Kantorovich operators. We finally obtain the mixed modulus of continuity and more
generalized appropriate approximation properties in Bögel continuous function spaces rather than the re-
cent published article [18].
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[23] F. Özger: Weighted statistical approximation properties of univariate and bivariate λ-Kantorovich operators, Filomat 33(11) 3473–3486
(2019)

[24] O.T. Pop: Approximation of B-differentiable functions by GBS operators, An. Univ. Oradea, Fasc. Mat. 14 15–31 (2007)
[25] S. Sucu: Dunkl analogue of Szász operators, Appl. Math. Comput., 244, 42–48 (2014)
[26] O. Szász: Generalization of S. Bernstein’s polynomials to the infinite interval, J. Res. Natl. Bur. Stand., 45, 239–245 (1950)
[27] A. Wafi, N. Rao: Szász-gamma operators based on Dunkl analogue Iran. J. Sci. Technol. Trans. A, Sci. 43 (1) 213–223 (2019)


