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Lacunary harmonic summability in neutrosophic normed spaces
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Abstract. In this study, we introduce the concept of strongly lacunary (H, 1) convergence in the neutro-
sophic normed spaces. We investigate a few fundamental properties of this new concept.

1. Introduction

The neutrosophic set (NS) was investigated by Smarandache [22] who defined the degree of indetermi-
nacy (i) as independent component. In [23], neutrosophic logic was firstly examined. It is a logic where
each proposition is determined to have a degree of truth (T), falsity (F), and indeterminacy (I). Neutrosophic
set and neutrosophic logic has used by applied sciences and theoretical science such as decision making,
robotics and summability theory.

The new concept of a neutrosophic metric space (NMS) was defined by Kiris¢i and Simsek [3]. Also,
they investigated neutrosophic normed space (NNS) and statistical convergence in NNS [4]. The various
convergence properties of the sequences on this space were investigated after NNS was defined. Lacunary

statistical convergence and lacunary ideal convergence of sequences in NNS were presented by Kisi ([5, 6]).
Some works related to this concept can be found ([2, 7-10, 14-16]).

The harmonic means of the sequence x = (xx) is defined by

n

1 v X 1
Ty = f_n; < where €, = Zl TR lognforn=1,2,...
= 1=

A sequence x = (x;) is named (H, 1)-summable to ¢ if

By a lacunary sequence we mean an increasing integer sequence 0 = (k,) of non-negative integers such
thatky = Oand i, = (k, — k,—1) = o0 asr — oo. The intervals determined by 6 will be denoted by I, = (k,—1, k]
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and g1 = k; for convenience. In recent years, lacunary sequences
have been studied in ([1, 17-20)).

The set of all (H, 1)-summable sequences is denoted by H and the set of all real sequences which is
(H,1)-summable to 0 by H°. It is well known that ordinary convergence does imply harmonic summa-
bility. However, the converse implication holds only under additional conditions. Recently, harmonically
summability was studied in ([12, 13, 21]).

The lacunary harmonic means of the sequence x = (x;) is defined by

T, L Z k,whereL —Z%forrzl,Z,....

kel, kel,

2. Preliminaries

Now, we give definition of triangular norms (TN) and its dual operations known as triangular conorms
(TC) which are important for fuzzy operations.

Definition 2.1. ([11]) Let =+ : [0,1] X [0,1] — [0, 1] be an operation. If the conditions are satisfied;
p+1=p,
(@) Ifp<randg <s,thenp+g<r=s,forallp,q,rsec[0,1],
(iii) * is continuous,
(iv) * associative and commutative,
then the operation # is called continuous TN.

Definition 2.2. ([11]) Let ¢ : [0,1] X [0, 1] — [0, 1] be an operation. If the conditions are satisfied;
() pO0 =p,
(i) Ifp <rand g <s, thenpOg <rdsforallp,q,1,5 €[0,1],
(iii) © is continuous,
(iv) © associative and commutative,
then the operation < is said to be continuous TC (Triangular conorms (t-conorms)).

The concepts of the neutrosophic norm and the neutrosophic normed space were defined as the follow-

ing:

Definition 2.3. ([4]) Let F be a vector space and N : F X R* — [0, 1] such that N = {{e, G(e), B(e), Y(e)) : ¢ € F}
be a normed space (NS). Let * and ¢ be the continuous TN and continuous TC, respectively. Provided the
following conditions are satisfied, V = (F, N, *, ¢) is said to be NNS. For eache, f € Fand A, u > 0 and for all
o#0,

N0<G(,A)<1,0<B(e,A)<1,0<Y(e,A) <1,¥YA € RY,

ii)G(e,A)+B(e, A) + Y (e,A) <3,¥A € RY,

iii) G (e, A) = 1 (for A > 0) if and only if e =

iv) G (oe, A) = ( A)

(

(

(

( € fof

(©) Gle,)*G(f,A) <G le+ fu+2),

(vi) G (e, .) is non-decreasing continuous function,
(vid) limy 00 G (e, A) =1,

(viii) B(e, A) = 0 (for A > 0) if and only if e = 0,
(ix) B(oe, A) = B(e, ),

(x) B(e,u) ©B(f,A) = B(e+ f,u+ 1),

(xi) B(e,.) is non—mcreasmg continuous function,
(xii) lim, ., B (e A) =

(xiii) Y (e, A) = 0 (for )\ > 0) if and only if e = 0,
(xiv

xiv) Y (oe,A) =Y (e,ﬁ),
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(x0) Y (e, ) QY (f,A) 2 Y(e+ f,u+A),

(xvi) Y (e, .) is non-increasing continuous function,

(xvii) lim) e Y (e, A) =0,

(xvii)) If A <0, then G(e,A) =0,B(e,A) =1and Y (e, A) = 1.
Then N = (G, B, Y) is called neutrosophic norm (NN).

Example 2.4. ([4]) Let (F, ||.]l) be a NS. Give the operations *and G as TN ex* f =ef; TCeOf = e+ f —ef. For
A > lell,

A el el
, B(e,A\) = , Y, A) = —,
e 2ON = e YN =3

Ve, f € Fand A > 0. If we take A < |le||, then G(e, A) =0, B(e, A) = 1 and Y(¢, A) = 1. Then, (F, N, *, <) is NNS
such that N : F x R* — [0, 1].

G(e, A) =

Definition 2.5. ([4]) Let V be an NNS, the sequence (xx) in V, € € (0,1) and A > 0. Then, the sequence (xx) is
converges to C if and only if there is N € N such that G(xx =, A) > 1 —¢,B(xx —CA) <&, Y (- A) < e
That is, limy_. G (xx — (,A) = 1, limp o B(xx — (,A) = 0 and limy_,0 Y (xx — (,A) = 0 as A > 0. In this case,
the sequence (x) is named a convergent sequence in V. A convergent sequence in NNS is indicated by
N —1lim X = C
Definition 2.6. ([4]) Let V be an NNS. For A >0, w € Fand ¢ € (0,1),
OB(w,e,A)={ueF:Glw—-u,A)>1—¢Bw—-u,A)<eYw-uAl) <c¢e}

is called open ball with center w, radius e.
Definition 2.7. ([4]) The set A C F is called neutrosophic-bounded (NB) in NNS V, if there exist A > 0, and
e €(0,1) such that G(u,A) >1—¢, B(u,A) < ¢ and Y(u, A) < ¢ for each u € A.
3. Main results

In this section we give the main results of this article.
Definition 3.1. Take an NNS V. Let 0 be a lacunary sequence. The sequence x = (xy) is said to be strongly

lacunary (H, 1)—convergent (or (G, B, Y)g-convergent) to C € F with regard to (or w.r.t., briefly) NN (LC—NN),
provided that for every A > 0 and ¢ € (0, 1), there is 1y € IN such that

1 Xk 3 l Xk )
Lr;G(k C,A)>1 ¢ and Lr;B(k CA)<e,

1 Xk
L—T;Y(?—C,A)<€

for all » > ry. In this case, we write (G,B,Y)g — limx = . In case of 0 = (2"), (G, B, Y) — lim x = ( is obtained.

Theorem 3.2. Let V be an NNS and O be a lacunary sequence. If a sequence x is (G, B, Y)g-convergent to C w.r.t.
the NN, then (G, B, Y)g — lim x is unique.

Proof. Let (G,B,Y)p —limx = (3, (G,B,Y)p — limx = (; and (; # (p. For a given ¢ > 0, select p € (0, 1) such
that (1 -p)*(1 —p) > 1—eand pOp < €. Then, for each A > 0O, there is r; € IN such that

1 Xk 1 Xk
L—T;G(?—Cl,/\)>1—p and L—;‘B(?—Cl,/\)<p,

7
r
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1 Xk
Lr;‘Y(k _Cl’A)<p

for all r > r1. Also, there is r, € IN such that

L Z (——Czr )>1—P and %ZB(%—Cz,/\)<p,

r kel,

1 X
LE -
L Z p G, A<
kel,
for all r > r,. Assume that ro = max{ry,7,}. Then, for r > ry, we can find a positive integer m € IN such that

G(Ci - oy A) = (cl+%—%—cz,)>c(——a,) G(x <:2,)
>(1-p)*r1-p)>1-g¢g
BG -G <B(2 -0, D)oB(X -0, D) < pop <,
and
GG <Y (20, S)ov (2 -0, 5) < pop <.

Since ¢ > 0 is abritrary, we have G(C; — (3, A) =1, B(C; — (3, A) = 0 and Y(C; — (3, A) =0 forall A > 0,
which yields (; = (. O

We show the sequence x = (xy) is strongly lacunary (H, 1)—convergence in an NNS with an example.
Let (F|l.I) be aNS. Fore, f € [0,1]and e+ f = ef; TC e&f = minfe + f,1}. For all x € F and every A > 0
we take

A i _ Il
G(x, A) = T3 Tl B(x, A) = Pyl Y(x,A) = 1
Then, V is an NNS. Let us take a sequence defined by
xk [ 1, if k=£(teN)
&k T 1 0, otherwise !
and consider
_ ccfX _ Yk Xk
—{kelr.G(k,/\)>1 sandB(k,/\)<e,Y(k,/\)<e}.
So, the following set for any A > 0 and for all € € (0,1),
X
:{kelr: Axk >1-¢, and ” H <e¢ ||k||<€}
A+ %] A+ %]
Xk
e < 2 ona 2] <]
{kel || ||—1} kel :k=7)

ie.,

pte=frens T o) 1 coma T a(0) <ot T () <o)

kel, r kel,

will be a finite set.
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Theorem 3.3. Let V bean NNS and 0 be a lacunary sequence. If (G, B, Y)o—limx = (i and (G, B, Y)p —limy = (p,
then (G,B,Y)o —lim(x +y) =1 + Gandc € F, (G, B, Y)g — limcex = cC.

Proof. For every A > 0and ¢ € (0,1), there is ry € IN such that

1 X 1 Xi
L—rZG(?—Cl,/\)>1—p and L—VZB(?—Cl,/\)<p,
kel, kel,
1 X
EZY(? —Cl,A)<

kel,

for all » > r1. Also, there is r, € IN such that

T Z (——Cz, )>1—p and T Z ( -0, )<p,

for all r > r,. Assume that rp = max {ry, r2}. Now, for v > 1y we get

%ZG(M (cl+c2)A) ZG(%—C1+— 0 )

kel, keI

1 Y _ o A oY &)
>L,ZG(k Cl’z) G(k G2 3
kel,
>(A-p)x(1-p)>1-¢

((x”yk) (C1+C2)/\) Y B(E-aed-aa)
" kel,

" kel, k

< LA((-a) 3)or((F-5) 5) <por<e

kel,
- Z (%) @rana)= £ X v(E-a+ ¥ -ca)

r kel,

LZ (( ) )OY((ykk C),%)<p<>p<e.

Similarly we can show that (G, B, Y)g —limcx =cC. O

and

Further,

Theorem 3.4. Let V be an NNS and O be a lacunary sequence. Then there is a subsequence (x,,) of x such that
(G,B,Y)o —limx, =C if (G,B,Y)p — limx = C.

Proof. Assume that (G, B, Y)p — limx = C, for every A > 0 and ¢ € (0, 1), there is rg € IN such that

L%;G(%—C, )>1—é and —Z (xk—C, )<e,
L%ZY(%—Q,A)Q

kel,
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for all r > rg. Clearly, we choose py € I, such that,

Xpx 1 Xk
G(k c,A)>Lr;G(k c,)\)>1 ¢

Yo 1 X _ )
B(k c,A)<erZd:B(k CA)<e

Koy 1 Xk
Y(T —C,/\) < LTZY(? —C,/\) <e
kel,
for each r > rg. Therefore (G, B, Y)g —limx, =C. O

Theorem 3.5. Let V be an NNS and O be a lacunary sequence. Then (G, B,Y) € (G, B, Y)y, if liminf, [zi > 1.
r—1

Proof. Assume that (G, B,Y) —limx = C. Since {/,fk’ > 1, then there exists 6 > 0 such that1 + 0 < ffL for all
-1 r—1

r > 1, we have
lZG(ﬂ_C )\)_l 3 G(J&—C )\)_lkmg(ﬂ_c /\)
L, k ! L, k ! L, k !

kel, k=1 k=1
(1 < x & 1 & (x
= =Y e(R-oa)|- = - Ye(R -
L [fk, £\ % L |7, k; k
K k
g T T
&1 G(ﬂ_g)\) S| L G(ﬁ—c,A) >1-¢
L6 &% 6, &°\%

Since L, = €, — {k,_,, we can write
fk (1 + 6) fk.,l 1
— < —and —/— < -.
L= o ML 5%

Itgivesthat(G, B, Y)p—lim x = C. From here, Ll Y B (’% -, /\) < eand Ll Y Y(’% -, /\) < careobtained. [J
" kel, " kel,

Theorem 3.6. Let V be an NNS and 0 be a lacunary sequence. Then (G, B, Y)¢ C (G, B, Y), if lim inf, [fk’ =1.
r=1

Proof. Assume that (G, B, Y)¢ — limx = C. For A > 0, we have
_ 1 Xk
G, = E;G(?—C,A)—) 1

as r — oo. Then for ¢ > 0, there exists rg € IN such that G, < 1+ ¢ for all 7 > ry. Also, we can find P > 0 such
that G, < P,r =1,2,.... Let n be an integer with £ _, < ¢, < ;. Then

k

L T Loy (% )
fn;G(k C’A)<é’k,__1kz_;G(k &A

1 Xk Xk
- G(——C,/\)+~-+ G(——C,/\)l
b, ;1‘ k ;: k
gkr Lr 1 Lr
< sup Grfk,,o] + ﬁcml +ot KG,

1<r<ny
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ng(‘ +(1+ o~ G,
< gkr—l ( 6) fkr—l
Since {y,_, — coasn — oo, it follows that % Y G(% -, ) — 1. Similarly we can show that Z B( A) -
" k=1

Oand}—n Zn: Y(’%—C,/\)—>O. O
k=1

Theorem 3.7. Let V bean NNS and O = (k,) and 6" = (s,) be two lacunary sequences such that I, C ], forall r € N.
If
li L =1 (1)
im —
r—0o0 (L )

holds and A C F is neutrosophic bounded (NB) in NNS V then (G,B,Y)¢ C (G,B,Y)q, where I, = (ky—1,k,],
Jr = (sr-1,5], L Zkel k’ Zke/,

Proof. Assume that x € (G, B, Y)p and (1) holds. Because of A C F is neutrosophic-bounded (NB) in NNSV,
then there exists some A > OsuchthatLl Y G(% — C,A) > 1-¢eand Ll Y B(% - C,/l) <eg L+ Y Y(% - C,A) <
" kel, ’ kel, " kel,

¢ for each (% - C) € A.Now, since I, C |, and L, < L; for all » € IN, we may write

LYol e Ly el e
i/L’Z (%_C’A)

r k ]y
for all r € IN. Therefore,

%ZB(%-M)% L B(%-“)%ZB(%—“)

ke]J, ke, -1, kel,

L, L, k 2 ko
L, - xk

<L "¢ + (— ¢, )
Lr keI, k

(i) g X3 -c)

r keI
Therefore Ll Zke], ( -G, )\) >1l-cand & i Zke] B( -G, /\) < ¢.Itisdemonstrable tobe & N Y Y( -, /\) <

kej,
¢ by similar operations. Hence (G,B,Y)o C (G,B,Y)e. O

Definition 3.8. Let V be a NNS and 6 be a lacunary sequence. A sequence x = (x) is said to be strongly
lacunary (H, 1) Cauchy (or (G, B, Y)p-Cauchy) w.r.t. the NN N (LCa — NN) if, for every ¢ € (0,1) and A > 0,
there is p = p(¢) € N satisfying

, 1 X _ Xy ,
LZ ( ) >1-¢ and LrZB(k p,/\)<é,

kel, kel,

1 X Xp
LrZY(k p,)\)<s.

kel,
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Theorem 3.9. If a sequence x is (G, B, Y)g-convergent to C w.r.t. the NN N , then it is strongly lacunary (H, 1)
Cauchy w.r.t. the NN N .

Proof. Assume that (G, B, Y)g —limx = C. Choose ¢ > 0 then fora given p € (0,1), 1 -p)*(1 —p) > 1 - e and
p<Op < €. Then, we have

1 X A 1 Xk A
L L6(F-eg) 1m0 and LY B(F-0g)<n

" kel, " kel,

1 Xk A
L—ykze;y(r@z)“'

We have to show that

lZ‘G(ﬁ—%,)\)>1—e and

1 X Xm
L—ZB(TWA)<E'

L, k .
kel, kel,
1 X X
L—VZY(? - Z,A) < E&.
kel,
There are three possible situations.
Case (i) we have for A > 0
Yk _ Xm L ﬂ) (x_m _ &) _ _ _
G(k m,)\)zG(k Lo)e(2-05)>a-pra-p>1-e

Case (iii) we have

%5 )y (S Aoy(E o)
Y(k m,A)sY(k ¢ 5)ov (- 5)<pop<e

This shows that (xy) is strongly Cauchy with regards to NN N. [

Acknowledgement

The authors acknowledge that some of the results were presented at the 7th International Conference of
Mathematical Sciences, July 5-9, 2023, (ICMS 2023), Maltepe University, Istanbul, Turkey.

References

[1] N.D. Aral, H. Sengul Kandemir, [-lacunary statistical convergence of order B of difference sequences of fractional order, Facta Univ. Ser.
Math. Inform. 36 (2021), 43-55.

[2] I R. Ganaie, A. Sharma, Kumar, On Sg-summability in neutrosophic soft normed linear spaces, Neutrosophic Sets Syst. 57 (2023),
256-271.

[3] M. Kirisci, N. Simsek, Neutrosophic metric spaces, Math. Sci, 14 (2020), 241-248.

[4] M. Kirisci, N. Simsek, Neutrosophic normed spaces and statistical convergence, The Journal Anal. 28 (2020), 1059-1073.

[5] O. Kisi, Lacunary statistical convergence of sequences in neutrosophic normed spaces, In: 4th Internat. Conf. Math.: Istanbul Meeting
World Mathematicians, Istanbul, 2020, 345-354.

[6] O.Kisi, On Ig—convergence in neutrosophic normed spaces, Fundam. J. Math. Appl. 4 (2021), 67-76.

[71 O.Kisi, Ideal convergence of sequences in neutrosophic normed spaces, J. Intell. Fuzzy Syst. 41 (2021), 2581-2590.

[8] O.Kisi, V. Giirdal, Triple lacunary A-statistical convergence in neutrosophic normed spaces, Konuralp J. Math. 10 (2022), 127-133.

[9]1 O.Kisi, V. Giirdal, On triple difference sequences of real numbers in neutrosophic normed spaces, Commun. Adv. Math. Sci. 5 (2022),
35-45.



[10]

[11]
[12]

[13]
[14]

[15]

[16]
[17]

[18]
[19]
[20]
[21]
[22]

[23]

N. Deniz Aral et al. / Filomat 38:19 (2024), 67636771 6771

V. Kumar, I. R. Ganaie, A. Sharma, On S,-summability in neutrosophic soft normed linear spaces, Neutrosophic Sets Syst. 58 (2023),
556-571.

K. Menger, Statistical metrics, Proc. Nat. Acad. Sci. 28 (12) (1942), 535-537.

E. Moricz, Theorems relating to statistical harmonic summability and ordinary convergence of slowly decreasing or oscillating sequences,
Analysis. 2004, 24, 127-145.

E. Nuray, Lacunary statistical harmonic summability, J. Appl. Anal. Comput., doi: 10.11948/20210155.

A.Sharma, S. Murtaza, V. Kumar, Some remarks on A™ (I )-summability on neutrosophic normed spaces, Internat. J. Neutrosophic Sci.
19 (2022), 68-81.

A. Sharma, V. Kumar, Some remarks on generalized summability using difference operators on neutrosophic normed spaces, ]. Ramanujan
Soc. Math. Math. Sci. 9 (2022).

A. Sharma, V. Kumar, I. R. Ganaie, Some remarks on 7 (Sg)-summability via neutrosophic norm, Filomat 37 (2023), 6699-6707.

H. Sengtil, M. Et, H. Cakalli, On (f, I)-lacunary statistical convergence of order a of sequences of sets, Bol. Soc. Parana. Mat. 38(7)
(2020), 85-97.

H. Sengiil, M. Et, f—lacunary statistical convergence and strong f—lacunary summability of order a, Filomat 32 (2018), 4513—-4521.

H. Sengiil, M. Et, Lacunary statistical convergence of order (a, ) in topological groups, Creat. Math. Inform. 26 (2017), 339-344.

H. Sengiil, M. Et, On (A, I)—statistical convergence of order a of sequences of function, Proc. Nat. Acad. Sci. India Sect. A, 88 (2018),
181-186.

. A. Sezer, Statistical harmonic summability of sequences of fuzzy numbers. Soft Comput. 2020, https://doi.org/10.1007/s00500-020-
05151-9.

F. Smarandache, A Unifying Field in Logics: Neutrosophic ILgic, Neutrosophy, Neutrosophic Set, Neutrosophic Probability and Statistics,
American Research Press Rehoboth, 2005.

F. Smarandache, Introduction to Neutrosophic Measure, Neutrosophic Integral, and Neutrosophic Probability, Sitech-Education, Colum-
bus, Craiova, 2013.



