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A new classification for almost C(a)-manifolds

Umit Yildirim?

? Amasya University, Faculty of Arts and Sciences, Department of Mathematics, Amasya, Turkey

Abstract. In this paper, D-conformal curvature tensor on an almost C(a)-manifold has been considered. At
first, a few fundamental geometric properties of D-conformal curvature tensor on an almost C(a)-manifold
have been obtained with some interesting outcomes. Moreover, the necessary and sufficient conditions
have been addressed for almost C(a)-manifold to be D-conformally flat, D-conformally semi-symmetric,
B(¢, xl)Z =0, B(¢, X3)P = 0 and B(¢, X1)S = 0. It is shown that a D-Conformal flat C(«) manifold reduces
to the Kenmotsu manifold and a D-Conformal Semi Symmetric C(a) manifold reduces to the co-Keahler
manifold. At the end, an example of an almost C(a) manifold has been presented.

1. Introduction

Almost C(a)-manifolds are given as sub-class of almost contact metric manifolds or almost co-Hermitian
manifolds. In addition, almost C(a)-manifolds are general case of co-Keahler, Kenmotsu and Sasakian
manifolds. That is, if @« = 0, an almost C(«)-manifold corresponds to co-Keahler, for a = 1, it is Sasakian
and it corresponds to Kenmotsu manifold for &« = —1 [12]. For characterization of special manifold types,
generally the covariant derivative of C* (1, 1)-type tensor field ¢ is utilized. However, this derivative could
have not been defined yet for almost C(a)-manifolds. Therefore, investigation of under what conditions an
almost C(a)-manifold reduces to a co-Keahler, Sasakian, or Kenmotsu manifold is currently a hot topic in
the literature.

To reduce an almost C(a) manifold to a more specific type of manifold, i.e. co-Keahler, Sasakian,
Kenmotsu, or Einstein, certain curvature conditions should be satisfied. Although there have been several
works which address the curvature properties of Keahler, Sasakian and Kenmotsu manifolds, studies on
almost C(a)-manifold, which is the more general case of these special manifold types, are quite limited.

One of the pioneering studies on almost contact structures and curvature tensors was presented by D.
Janssens and L. Vanhecke in 1981 [12]. The paper by M. Atceken and U. Yildirim can be given as one of
the recent studies on curvature tensors on almost C(a) manifolds [1-3]. In addition, T. Mert has studied
pseudo-symmetry conditions for the classification of an almost C(a) manifold [13-16].

Let (M, g, ¢, &, 17) be an almost co-Hermitian manifold with Riemann connection V. Then
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(i)-M is co-Keahlerian if and only if V, = 0.

(i)-M is Sasakian if and only if
VX1, X0 € x(M) : (Vx,9) X2 = (X1, X2)& — n(X2)Xi.

(iii)-M is Kenmotsu manifold if and only if

VX1, X2 € x(M) : (Vx, )Xz = g( X5, X2)E = 1(X2)p X
Let M be a (2n + 1)-dimensional C*-manifold, x(M) be the space of the vector fields on M and
X1,X2,X3,X5 € x(M). If M admits a tensor field ¢ of type (1,1), a vector field £ and a 1-form 7 satis-
fying
¢*=-T+n®s nE)=1, (1)
where [ denotes the identity transformation, then it is said that M has an almost contact structure. A
manifold M with an almost contact structure admits a Riemannian metric g such that

9(PX1, pXo) = g(X1, Xz) — n(X1)n(X2), )
and M is said to be an almost contact metric manifold.

An almost contact metric manifold is said to be normal if ,
[(P/ (P](Xl/ XZ) + 2dT](X1, XZ)é = O/ (3)

where [¢, ¢] is the Nijenhuis tensor of ¢.
Almost contact metric structures (M, ¢, &, 1, g) are an almost C(«)-manifold if the Riemannian curvature
tensor R satisfies the following equality

R(X1, X2, X3,Xs) = R(X1, X, X3, $X5) +a — g(X1, X3)9(Xz, X5)
9(X1, X5)9(X2, X3) + 9(X1, X3)9(X2, $X5)
(X1, §X5)9(X, X5)] @)

for all Xi, X5, X3, X5 € x(M). Moreover, if such a manifold has constant ¢-sectional curvature equal to c,
then its curvature tensor is given by

+

R(X1, X0)X; = (C+43a)[g(X2,X3)X1—g(Xl,X3)X2]
+ ()90, $X)0Xa = (X, $X)OX1 + 29(X1, 9Xa)PXo
+ () nex0n (X)X - n(X2n(Xs) X%
+ g(X1, X3)(Xa)E - g(Xa, Xa)n(X1)éE]. 5)

Also, a normal almost C(a)-manifold is called C(a)-manifold.

2. Preliminaries

In 1983, Chuman defined a tensor field B on a n-dimensional Riemannian manifold, (M", g), (n > 4) as

1
B(X1, X2)Xs = R(X1, X2)Xs + ——[S(X1, Xa)Xa = 5(Xa, Xa)Xi + 9(X1, X3)QXz ~ (X2, X3)QXi

=
+ S(Xa, Xa)(X1)E = S(Xi, X3)(X2)& + (X2)1(X3)QX1 — n(X1)1(X3) QX |

K-2
2 91, X)Xz — (X, X)X

+ ni_?)[!](XLXS)T](Xz)E — g9(X2, X3)n(X1)E + n(X1)n(X3)X3 — U(XZ)T](XS)Xll' (6)
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Such a tensor field B is known as D-conformal curvature tensor, where K = %, R is Riemannian curva-

ture tensor, Q is the Ricci operator, S is the Ricci tensor and r is the scalar curvature of M.

Let (M, g) be (2n + 1)-dimensional Riemannian manifold. Then the concircular curvature tensor Z and

the projective curvature tensor P are defined by

Z = R(X1, X2)Xs |92, X3)X1 = g(X1, X3)Xa |,

.
C 2n(2n + 1)

and
1
P(X1, X2)Xs = R(X1, X2)Xs = ~——[S(Xz, X3)X1 = 5(X1, X3) Xz,

where S is the Ricci tensor and r is the scalar curvature of M.

In a (2n + 1)-dimensional almost C(a)-manifold the following relations are satisfied:

R(E, X2)X5 = afg(Xa, Xa)E - n(Xa)Xa],

R(X1, Xo)& = afn(X2)X1 - n(X1)Xa),

R(X1, )E = af X1 = n(X1)é],

N(R(X1, X2)X3) = a[g(Xa, Xa)n(X1) - g(X1, Xa)n(X2)],

Z(&,X2)X3 = [Oé Xa, X3)& — n(X3)X2],

r
T n@n+ 1)]{9(

1
P(él XZ)X3 = ag(XZ/ X3)£ - %S(XZI XB)é/

a+1

B(X2, X3)é = [1 mp

|[n(xa)%2 - n(X2)Xs],

and
B(&, X2) X3 = [%][!](xz,xa)é - T](X3)X2]-

Also, from (5), we can state

n

3
Z{( oz4+ C){nxl —g9(Xq,e)e; + nXy
im1

- g(Xy1, pe))pe; + Xq — g(X1, £)E}
89X, depe; ~ 2mn(Xn)é
+ 39(X1, %) pPein(X1)E — X1}

R(X1, ep)ei + R(X1, pej)pe; + R(Xq, £)E

+

for {eq, es, ..., en, Pe1, Pea, ..., Pe,, £} orthonormal basis of M. From (17), for X, = & € x(M), we obtain

S(X,, Xy) = (a(?m - 1)2+ c(n + 1))g(X1, X,) + (W) n(X)n(Xz)

which is equivalent to

a(3n — 1)2+ c(n + 1>) X, + (W)nma

QX1=(

(7)

(10)
(11)
(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)
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Corollary 2.1. An almost C(ar)-manifold is always an n-Einstein manifold.

Also, from (18), we can easily see

r = nla@n +1) +c(n +1)] (20)
and

S(X1, &) = 2nan(Xy). (21)
This yields to

Q& = 2nak. (22)

3. D-Conformally Flat C(a@)-manifolds

Theorem 3.1. Let M be (2n + 1)-dimensional an almost C(ar)-manifold. Then M is D-conformally flat if and only if
M reduce a Kenmotsu manifold.

Proof. Let an almost C(a)-manifold M be a D-conformally flat, for X, X5, X3 € x(M), then we have O

B(X1, X2)X3 = 0. (23)
In (23), choosing Z = £ we obtain

5[0, 0% — (X, X0 + 90X, Qs — 9%, QK

+ S(Xa, ON(X1)E = S(Xa, EMK)E + N(X)N(E)QX = N(X1)1(E) QX |

0 R(X1, X2)E +

- 212__22[9(}(1, &)Xz — 9(Xa, 5)X1]
{000, OM0RE - g%, ICE + NXEKz — IODNOX ] 9

Using (1) and (21) in (24), we obtain

1
0 = afn(X2)Xi - n(X1)Xo] + 5 2[2na17(X1)X2 — 2nan(X2)X |
K-2 K
- m[ﬂ(xl)xz - U(Xz)Xl] g 2[77(X1)X2 - U(Xz)Xl]- (25)
By direct calculations, we conclude that
a+1
no1 Y (26)

So, for & = —1, M is an almost C(-1) (Kenmotsu) manifold.

4. D-Conformally Semi-Symmetric Almost C(a)-Manifolds

Theorem 4.1. Let M be (2n + 1)-dimensional an almost C(a)-manifold. Then M is D-conformally semi-symmetric
if and only if M either reduce a Kenmotsu manifold or it is a Keahler manifold.
Proof. O
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We suppose that (211 + 1)-dimensional almost C(«)-manifold M is D-conformally semi-symmetric. Then we
have

(R(X1, X2)B)(X4, X5)X3 = 0. (27)
From (27) we obtain

(R(X1,X2)B)(X4, X5)X5 = R(Xq,X2)B(Xy, X5)X3 — B(R(X1, X2)X4, X5)X3
- B(X4, R(X1, X2)X5)X3 — B(Xy, X5)R(X1, X2)X3, (28)

for all X1, Xp, X3, X4, X5 € x(M). In (28), choosing X; = £ and using the equation (9) we obtain
0 = afg(X2B(Xs, Xs)X3)E ~ 1(B(Xs, X5)X3)Xz
— B(a] 90Xz, Xa)& - n(X)Xa), X5 )X
B(X4, a[g(Xz, X5)E — TT(XS)XZ])X3
B(Xs, Xs)(a[g(Xa, X3)& - 1(X3)Xa])]. (29)

Now, putting X4 = £ in (29) and using the equations (15) and (16) we obtain
0 = aB(Xy X5)X;

Tji)[g(Xs,XﬁU(Xz)é - (X5, X3) X2 + g(Xa, X3) X5 — U(Xa)'?(Xz)Xs]. (30)

+ of

In the same way, choosing X3 = £ in (30) and using (15) we conclude

a+1
o(=1)=0 (31)
So, M either reduces a Kenmotsu manifold (@ = —1) or it is a Keahler manifold (¢ = 0). The converse is

trivial. The proof is complete.

5. Curvature Conditions B(&, XZ)Z =0,B(¢,X;)P =0and B(&,X3)S =0

Theorem 5.1. Let M be (2n + 1)-dimensional an almost C()-manifold. Then B(E, XZ)Z = 0 if and only if M either
reduce a Kenmotsu manifold or real space form with constant sectional curvature ¢ = (Za — 2T )

Proof. Let (B(é, Xz)Z)(X4, X5)X3 = Obe on (2n+1)-dimensional almost C(«a)-manifold M, for any X5, X3, Xy, X5 €
x(M), then we have O

0 = B(& X2)Z(Xa, X5)X5 — Z(B(E, X2) X4, X5)X3
- Z(X4,B(&, X2)X5) X3 — Z(X4, X5)B(&, X2)X3. (32)

In (32), using (16) we obtain

0

)(9(X2, Z(Xa, X5)X3)E = (Z(Xs, X5)X3)X2)

Z(9(Xa, X)& = (Xa)Xa, X5)Xs

1
a+1
1-n

|
—~ —~ —~

)
V2%, (9060, X3)E - n(X3)Xo))
)

Z(X4,X5)(9(X2,X3)5 - U(Xs)Xz)- (33)
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In (33) using (13), we have

0 = (fi““l)[Z(Xz,xs)X3

i <“ 2n(2n +1) )[-‘7 (X5, X5)X2 = g(X2, X3) XS]] (34)
With help to (7), we get
0= ({f + 1)[R(X2, Xs)X; — (a m)[g(xs, X3)Xa - (X2, X5)Xs]| (35)

This shows that the manifold reduces a Kenmotsu manifold (for {* ‘”1 = 0). On the other hand, from (35)
we have R(X;, X5)X3 = (

sectional curvature ¢ = (Za -

GTeT] +1>)[g(X5,X3)X2 - 9(Xp, X3) X5]. So, M is a real space form with constant

—r
n(2n+1) )*

Theorem 5.2. Let M be (2n + 1)-dimensional an almost C(a)-manifold. Then B(E, Xo)P = 0 if and only if M either
reduce a Kenmotsu manifold or an Einstein manifold.

Proof. Assume that (B(, X2)P)(Xy, X5)X3 = 0 for all Xy, X3, X4, X5 € x(M), then we have O

0 = B(& X2)P(Xy, X5)X5 — P(B(E, X)Xy, X5) X3
—  P(X4,B(&, X2)X5)X3 — P(X4, X5)B(&, X2)X. (36)

In (36), using (16) we obtain

1), P(Xs, X3)Xa)E — n(P(Xs, X5)X)Xa)

ST
+ |
—_ 3

P90, Xo)& = (X0 X2, X5 )Xs

S M=
+ |
_ 3

I (05, X9 - %)

SR
+ |
_

= (1=
-
-
= (T )P, Xs5)(9(Xa, Xa)E = 1(X3)Xa) (37)

Putting X4 = £1in (37), we get

0 = (EE)[g0% P& X0)X0)E ~ P Xo) X))
- n(X2)P(&, X5)X3 + n(Xs5)P(&, X2) X5 + (X3)P(E, X5) X5 + P(X2,X5)X3]- (38)

With the help of (14), we have

0 =

a+1 1
(§5) - agXs, Xa)Xa + 5-S(Xs, Xa)Xa

1
P(Xa, X5)X5 + ag(X2, X3)n(Xs)E — ES(X2/X3)77(X5)5

+

ag (X, Xo)n(Xs)E = 5-S(Xs, Xa)(Xa)E], 9)

+

In (39), choosing X3 = £ and using the equations (1), (21) we conclude

- )[S(X2, X5)& — 2na9(Xs, X5)&] = 0. (40)

0 = (61¥+1

This tell us M either reduce a Kenmotsu manifold or it is an Einstein manifold. The converse is obvious.
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Theorem 5.3. Let M be (2n + 1)-dimensional an almost C(a)-manifold. Then B(E, X2)S = 0 if and only if M either
reduces a Kenmotsu manifold or an Einstein manifold.

Proof. Suppose that (B(&, X2)S)(X4, X5) = 0, for all X5, X4, X5 € x(M), then we have [

S(B(él XZ)X4r X5) + S(X4/ B(é/ XZ)X5) =0. (41)

In (41), using (16) obtain

0:(a+1

T )[S(0(Xa, X)E = 1(Xa)Xa, X5) + S(Xs, 9(Xe, Xs)E ~ 1(X5)Xa) | (42)

In (42), choosing X4 = &, we conclude

((X-i-l

T n)[S(Xz,X5) - 2nag(x2,x5)] =0. (43)

So, the almost C(a)-manifold is a Kenmotsu manifold or an Einstein manifold. The converse is obvious.
This proves our assertion.

6. D-Conformal Pseudosymmetric and D-Conformal Ricci Pseudosymmetric Almost C(a)-Manifolds

Theorem 6.1. Let M be a (2n+1)-dimensional almost C(a)-manifold. M is a D-conformal pseudosymmetric manifold
if and only if M is either a Kenmotsu manifold or a D-conformal semisymmetric manifold.

Proof. Let us suppose that the M is a D-conformal pseudosymmetric manifold. Then we have;
(R(X1, X2)B)(X3, X4, X5) = AQ(g, B)(X3, X4, Xs5; X1, X>) (44)

for any Xj, X», X3, X4, X5 € x(M). In this case we get
R(X1, X2)B(X3, X4)X5 — B(R(X1, X2) X3, X4) X5 — B(X3, R(X1, X2)X4)X5 — B(X3, X4)R(X1, X2) X5
= —MB((X1A;X2)X5, X4) X5 + B(X3, (X1A,X2)X4) X5 + B(X3, Xa)(X1A,X2) X5}
Putting X; = £ in (44), we obtain
R(&, X2)B(X3, X4) X5 — B(R(E, X2)X3, X4)X5 — B(X3, R(&, X2)X4) X5 — B(X3, X4)R(E, X2)X5
= —Mg(Xz2, X3)B(&, X4)X5 — n(X3)B(X2, X4) X5 + g(X2, X4)B(X3, £) X5
—1(X4)B(X3, X2)Xs5 + g(X2, X5)B(X3, X4)& — 1n(X5)B(X3, X4) X2} (45)

When we use equations (9), (15), (16) in (45) then make a direct calculation by choosing X3 = X5 = &, we
obtain

a+1
AG)lg(Xa, Xe) = n(X2)(Xe)] = 0. (46)
From (2), we conclude that
a+1
M)9(0X2, 9Xa) = 0. (47)
So, M either reduces a Kenmotsu manifold (@ = —1) or it is D-conformal semisymmetric manifold (A = 0).

The converse is obvious. [

Theorem 6.2. Let M be a (2n + 1)-dimensional almost C(a)-manifold. M is a D-conformal Ricci pseudosymmetric
manifold, if and only if M is either an Kenmotsu manifold or a D-conformal semisymmetric manifold or an co-Keahler
manifold.
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Proof. We us assume that the M is a D-conformal Ricci pseudosymmetric manifold. Then we have
(R(X1, X2)B)(X3, X4, X5) = AQ(S, B)(X3, X4, Xs5; X1, X2) (48)

for any Xj, X5, X3, X4, X5 € x(M). Then we have

R(X1, X2)B(X3, X4)X5 — B(R(X1, X2) X3, X4) X5 — B(X3, R(X1, X2)X4)X5 — B(X3, X4)R(X1, X2) X5
= —MB((X1AsX3)X3, X4) X5 + B(X3, (X1AsX2)X4) X5 + B(X3, X4)(X1 As X4) X5). (49)

In (49), choosing X; = &, we obtain

R(&, X2)B(X3, X4) X5 — B(R(E, X2) X3, X4) X5 — B(X3, R(&, X2)X4) X5 — B(X3, X4)R(E, X2) X5
= —M5(X2, X3)B(&, X4) X5 — 5(&, X3)B(X2, X4)X5 + S(X2, X4)B(X3, £)X5
= 5(&, X4)B(X3, X2)X5 + S(X2, X5)B(X3, X4)& — S(&, X5)B(X3, X4)Xo}. (50)

Using (9), (15), (16), (21) in (50) and then direct calculation by choosing X3 = X5 = &, we obtain
a+1
2”a)\(m)[g(xz, X4) = n(X2)n(X4)] = 0. (51)
From (2), we conclude
a+1
2na)\(m)g(¢le $Xy) = 0. (52)

So, for & = —1 M is an almost C(—1) (Kenmotsu manifold), for a = 0, M is a co-Keahler manifold, for A = 0,
M is D-conformal semisymmetric manifold. The converse is obvious. [

Example 6.3. We consider the 5-dimensional Riemannian manifold M = {(x1, X2, X3, X4, X5) € Ro:x, #0,x3 # 0},
where (x1, X2, X3, X4, X5) are standard coordinates in R®. We chose the following vector fields

d d d d d d
A=z tagh emnlar gy emnlag ag)

S )
+T 3(93(2 8x4’ 5_9.7{5.

Let n be the 1-form defined by n(es) = g(X, es) for any vector field X on M. We define the (1, 1)- tensor field ¢ as
Qer =e, Qey=-—e;, Qez=ey, (Qeyg=-e3, ¢es=0.

Let g be the Riemannian metric defined by
0, i#j
g(eirej) ={ 1, iz /
The linearity properties of ¢ and g yield to
nes) =1 ¢*X = =X +n(Xes,

g9(@X, 9Y) = g(X,Y) — n(X)n(Y),

for any vector fields X,Y € x(M). Thus, for es = &, M(p, &, 1, 9) is almost contact metric manifold. Let V be
Levi-Civita Connection with respect to g. Then we have

[e1,e2] = [e1,e5] = [e2, e5] = [e3,e4] = [e3,€5] = [e4,€5] = 0,

_ X2 X3 X3 X2 _ X3 X2 X3 X2
e es] = —e1 — —e1, e, ea]l =——e1+ —ey, [er,e3]=——er— —e3, [er,e4] =——e1— —ey.
X3 X2 X2 X3 X2 X3 X2 X3
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Takin es = & and using Kozsul formula, we obtain

6807

Veer = i—j(es tes), Vees= —;C—jeh Vees = —;C—zel Veer =V, es =0,
Ve,e2 = %(63 +eg), Veez= —jz—zezl Ve,eq = —jz—z@z Vee1 = Vyes =0,
Ve,e3 = z_j(el —e), Veer= —3%63, Ve = —jz—i% Ve,eq = Vees =0,
Ve4e4 = ;C—i(el - 62), Ve4€1 = —%6‘4, Ve4€2 = ;C—§€4 Ve4€3 = Ve4€5 = 0,

Vg5€1 = Vg5€2 = VE5€3 = VE5€4 = VE5€5 =0.

By using above results, we can easily obtain the following

2 2 2
_% _ 3 X
R(er,e2)e1 = e +es+es,  Rleyer)er =(———— e +es+ey,
X, X1xX2 X5
X2X3 X2
R(er,e2)e3 = (——5- — —)e1 —e2,  Rler, ex)es = —e1 — ey,
x] X1
2 2 2 2
X2 — X1 Y2 % X3 X2 2x;
R(er,e3)er =(—)er+e2+ (5 + 5)es+ —es, Rle,es)er = ——e1 — —-e3,
X1 x5 ooX x5 X1 X3
2 2 2
XoXz —Xp X3 X3 ) X1 — X2
R(ey, e3)e3 = ( - - —)31 +25e+ (—)33 + ey,
X1 X3 X1X2 X3 X1
X 2x3 x, 205 2x3
R(e1, e3)es = —2—e1 —e3,  Rler,ea)er =e2 + —e3 + ( -—+—+ —)6’4,
x2 x2 X3 x2 X2
2 2 3 2
2x2 x2 X
2 3 2
R(e1,es)er = —e1 — —es Rler, ea)es = ———e1 — —ey,
X5 X1X2 X1
-20 X 2x2
R(e1, eq)es = (—2 - —2)61 +—etes
x x x
3 3 3
262 23 2x3
R(ez,e3)er = ez, Rlez,e3)e2 = —eq + (—2 + —2)63 + ey,
Y3 0N )
213 2x3 2x2
R(er e3)e3 = —e1— —e2—es Rlep,e3)es = ——-er +e3,
3 x x3
2x2 2x2 2x2

2 3 2
R(ez,es)er =2 — —es  Rley,es)er = —e1 + —e3 + —-eu,
*3 2 *3
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2x3 2x2 203 2x3
R(ez, es)es = ——er+es Rep es)es = —e1 + ( - - —2)62 —e3,
*2 *3 30050

R(ei, e))é = R(e;, &)ej =0
fores = Eand 1 < i, j < 5. The definition of Ricci tensor is given as 3-dimensional manifold :
5
S(X,Y) =) g(Ree, X)X, e). 53)
i=1

Using the components of the curvature tensor in (53), we get the following results:

3
S(ere)=-—> -2 -2 T2 22 Ty
2 2 2
X1X x] X X3 X1 X1
10x2 242 22 22
3 2 3 2 2
S(ea,e0)=————+4, Slze)=-—-—+=-1,
X x X1
2 3 2 3
2 2
X X be X X X X
3 2 2 2 3 2 2
Sy es) =——-5+—+—-1 Slye)=—F-—-—+3,
X X be X1 X3
2 3 2
2 2 2 2 2
S 2x2 4x3 ) S _ 2x3 ) S 5 X5
(82/ 63) - P + 5 4 (62/ 64) - 5 4 (63/ 84) ) + X
X305 X 3 X3
and
S(ei, &) = 0.

So, the scalar curvature function r of almost C(a)-manifold M is calculated as

2 2 2
x3  7x;  3x3  x3x  xox3 —4x

X2
5 > +—==-2.
X X1X2 X X1 X3
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