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Beta-expansion in Pisot and Salem unit bases in F,((x™!))

R. Ghorbel®

TFaculté des Sciences de Sfax, Departement de Mathematiques, BP 1171, Sfax 3000, Tunisia.

Abstract. In [11] K. Schmidt studied the lengths of periods occurring in the p-expansion of a rational
number 7 noted by Perg(r) for the Pisot numbers of a very special form satisfying B* =np+1forsomen > 1.
He showed the curious property ”Perﬁ(g) = Perﬁ(%)” for all positive integers p, gwithp Ag=1and p <g.

The aim of this paper is to prove that in the case of a formal power series over finite fields this property is
true for special cubic Pisot unit basis.

1. Introduction

B-expansions of real numbers were introduced by A. Rényi [9]. Since then, their arithmetic, diophantine
and ergodic properties have been extensively studied by several researchers. In this paper, we consider an
analogue of this concept in algebraic function fields over finite fields. There are striking analogies between
these digit systems and the classical p-expansions of real numbers. In order to pursue this analogy, we
recall the definition of real f-expansions and survey the problems corresponding to our results.

Let B be a fixed real number greater than 1 and let x be a positive real number. A convergent series Y, x;*

k<n
is called a p-representation of x if
v=) uf
k<n
and for all k the coefficient x; is a non-negative integer. If moreover for every —co < N < n we have
Z Xk ﬁk < 5N+1

k<N

k<n
expansion of reals and we sometimes use the natural notation dg(x) = x,x-1...X0.X-1 ... Every x > 0 has a
unique p-expansion which is found by the greedy algorithm [9]. We can introduce lexicographic ordering
on B-representations in the following way. The B-representation x,8" + x,-18""! + ... is lexicographically
greater than xkﬁk + xk,lﬁk‘l + .-+, if k < n and for the corresponding infinite words we have x,x,_1 ... >

0...00 xxxg—q ..., where the symbol < means the common lexicographic ordering on words in an ordered
~———

(n—k)times

alphabet.

the series Y, x;8" is called the f-expansion of x. The -expansion is an analogue of the decimal or binary
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We say that dg(x) is finite when x; = 0 for all sufficiently large i. A f-expansion is periodic if there exists
p = 1 and m > 1 such that x; = xiy, holds for all k > m; if x; = x4, holds for all k > 1, then it is purely
periodic. We note by Per(fB) the sets of real numbers in [0,1) with periodic expansions.

Let Q(f) be the smallest field containing Q and . An easy argument shows that Per(8) € Q(B) N [0,1)
for every real number g > 1. K. Schmidt [11] showed that if § is a Pisot number (an algebraic integer whose
conjugates have modulus <1), then Per(8)=0Q(B) N [0,1). It establishes a remarkable analogy as in the case
of the expansion in a rational integer base.

In the real case and with a quadratic base f3 satisfied > = nf + 1 for some integer n > 1, K. Schmidt [11] has
given this theorem:

Theorem 1.1. Suppose that B satisfies B> = nf + 1 for some n > 1. Then every r € Q N [0, 1) has strictly periodic
B-expansion. If r = s be written in reduced form with 0 < p < g, then Perﬁ(g) = Perﬁ(%).

In [2] and [3], D.W. Boyd investigates the length of the period for some Salem numbers of degree 4 and 6.

The aim of this paper is to studies analogue results in the field of power series over finite fields.

This paper is organized as follows: In section 2, we will define the field of formal power series over finite
fields as well as the analogues to Pisot and Salem numbers. We will also define the B-expansion algo-
rithm for formal power series. In section 3, we prove that the length of the period of the expansion can
be computed algorithmically in a finite group by mimicking an Euclidean algorithm, avoiding difficult
computations of power series.

2. B-expansions in F,((x™"))
Let IF; be a finite field of g elements, IF;[x] the ring of polynomials with coefficient in IF;, IF;(x) the field

of rational functions, IF;(x, B) the field of rational functions in base  and IF,[x, ] the ring of polynomials in
base . Let ]Fq((x‘l)) be the field of formal power series of the form :

)
f=, fd, fieF,

k=—o0
whereby
B ) max{k: fy #0} for f #0;
l—degf.—{_oo for f =0.

Define the absolute value

fl = qiesf  for f #0;
0 for f =0.

Note that the set of possible values of |.| is a discrete set. Then ]Fq((x‘l)) is the completion of IF,(x) with
respect to |.|. Since |.| is not archimedean, it fulfills the inequality of the strict triangle

A

If +91 < max(fllg) and
If+g1 = max(fllg) if Ifl #Igl.

!
Let f € F,((x™")) define the integer (polynomial) part [f] = }_ fix* where the empty sum, as usual, is defined
k=0
to be zero. Therefore [f] € IF;[x] and (f — [f]) € My where My = {f € ]Fq((x‘l)) :1fl < 1}. Now let

Fi[x] = {P € Fy[x] : |P| < |B]}.



R. Ghorbel / Filomat 38:19 (2024), 6871-6879 6873

Proposition 2.1. [8] Let K be complete field with respect to (a non archimedean absolute value |.| ) and L/K (K C L)

be an algebraic extension of degree m. Then |.| has a unique extension to L defined by : |a| = 3/|Np/x(a)|l and L is
complete with respect to this extension.

We apply Proposition 2.1 to algebraic extensions of IFq((x‘l)). Since IFy[x] C ]Fq((x‘l)), every algebraic
element over FF[x] can be valued. However, since F,((x™")) is not algebraically closed, such an element
does necessarily need a power series. For a full characterization of the algebraic closure of IF,[x], we refer
to Kedlaya [5].

An element § € ]Fq((x’l)) is called a Pisot (resp Salem) series if it is an algebraic integer over IF;[x] such
that |8| > 1 and |B;| < 1 for all conjugates f3; (resp |;| < 1 and there exists at least one conjugate f such that
|Bx| = 1). P. Bateman and A. L. Duquette [1] characterized the Pisot and Salem elements in ]Fq((x‘l)):

Theorem 2.2. Let f € ]Fq((x‘l)) be an algebraic integer over IF,[x] and
P(]/) = yn _Alyn_l - _An/ Ai € ]Fq[x]/
be its minimal polynomial. Then

(i) Bis a Pisot series if and only if |Aq| > max |Ail.
<isn
(if) B is a Salem series if and only if |Aq] = max |Ail.
<isn

Let B, f € Fy((x")) with || > 1. A representation in base f (or B-representation) of f is an infinite sequence
(@1)iz1, a; € Fy[x] with

ai

f = P

= B
A particular f-representation of f is called the f-expansion of f in base f, denoted dg(f). This is obtained
by using the p-transformation Tj in the unit disk which is given by Ts(f) = Bf — [Bf]. Then ds(f) = (a;)i»1
where a; = [BT; " (f)].

An equivalent definition of the f-expansion can be obtained by a greedy algorithm. This algorithm
works as follows: 1y = f, a; = [Bri-1] and r; = Bri_; —a; for all i > 1. The p-expansion of f will be noted as

dg(f) = (@)iz1-

Notice that dg(f) is finite if and only if there is a k > 0 with Tg( f) = 0, dg(f) is ultimately periodic
if and only if there is some smallest p > 0 (the pre-period length) and s > 1 (the period length) when
TZ+S (f) = Ty(f), namely the period length will be noted by Perg(f).

Now, let f € F,((x!)) be an element, with |f| > 1. Then there is a unique k € IN having | < |f| < |[*1.
Hence, |}g%| < 1. We canrepresent f by shifting dﬁ(ﬁ%) by k digits to the left. Therefore, if dg(f) = 0.d1d>d5 .. .,

then d’g(ﬁf) = dl.dzdg, .
If we have dg(x) = did; 1 ...do-d-1...d_, then we put ordg(x) = —m.

Afterwards, we will use the following notation:
Per(B) = {f € ]Fq((x‘l)) . dg(f) is eventually periodic }
Remark 2.3. In contrast to the real case, there is no carry occurring, when we add two digits. So, if z, w € IFq((x‘l)),

then we have dg(z + w) = dg(z) + dg(w) digitwise and if c € Ty, then dg(cz) = cdg(z).

Theorem 2.4. [4] A B-representation (d;)»1 of f in the unit disk is its f-expansion if and only if |d;| < |B| for j > 1.
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In the case of the field of formal series, Hbaib - Mkaouar and Scheicher were proved the following

theorems independently;

Theorem 2.5. [10] B is a Pisot or Salem series if and only if Per(8) = Fy(x, f).

Theorem 2.6. [4] f is a Pisot or Salem series if and only if dg(1) is periodic.

In the papers [6] and [7], metric results are established and the relation to continued fractions is studied.

3. The length of the period

Now, we will study specifically the length of the period and its extension as well as some of its specific
properties. We will prove that the f-expansion of f € IF;(x) presents some surprising regularities. Let us
start with this proposition.

Proposition 3.1. Let f be a Pisot or Salem series of algebmic degree n and f a rational series in the unit disk. If there
exists a con]ugate B® (2 < k < n) such that |p®| = |ﬁ| and |f| < 7= (s = 0), then dg(f) = 0.7 ... a, withn > s + 1
and a, = -+ = a,_s = 0.

Iﬁls

Proof:
Assume that § is a Pisot or Salem series, by Theorem 2.5 we can deduce that dg(f) is periodic. Suppose that
f does not have a purely periodic f-expansion, so dg(f) = 0.a1...apap+1...0p+m and a, # ay,. Hence

a Ap+1 a ap
fzﬁl+."+ﬁ:} ﬁz+1+” +‘3P+Wl ﬁm(f_ﬁl ..... ‘BP)
Since ay, ..., Apim € ]Fq[x] and f € IFq(x), we have
a Aps1 Ap+m 1 a a

gty T e e T

S0 1 a a a 1 a
ai +1 +m ay
fO- ) = 5w+ Gy g T Gy gweCaw oy
(BY) B (ﬁ) (BY) (ﬁ) (ﬁ) p (%)
Therefore
f(_‘g(k))mﬂﬂ - (ﬁ(k))p) = al(ﬁ(k))"’+P_1 +oo ot Ay — @ (‘B(k))z?—l .

Since [B¥] = ﬁ, then we get
|f||(ﬁ(k))p| = |ap+m - ap|-

|1

o 2 |ﬂ +m — 4 |
|ﬁ|p P P

So

Since ayy, —a, # 0, |f| 2 |BIP. which is absurd because f is in the unit disk.

Now, suppose that dg(f) = 0.a1 ... a,, so
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this gives
n
1- —) e+ —.
f= T
Since ay, ..., a, € Fy[x], we get
1 _om a
G Tt ey

As we have [g¥)] = Iﬁl Clearly, we get |B" f| = a1 + - -+ + anp"| = la,p"].

Fors =0, |f| = |a,| < 1, therefore a, = 0. So |B"f| = |a1f + -+ + a,1p" | Fors =1, |f| = Ia" L < W therefore

a,-1 = 0. By iteration, we get a,_s = 0. ]

Corollary 3. 2 Let B be a Pisot or Salem series of algebraic degree n. If there exists a conjugate p® (2 < k < n) such

that |B0| = Iﬁl then every rational r in the unit disk satisfies dg(r) = 0.a7 ... a, with a, = 0.

Remark 3.3. If B is a Salem or Pisot series of algebraic degree n which has a conjugate ® (2 < k < n) satisfying
BO1 = g, then such B is unique and B is unit. This means that all other conjugates (if they exists) are of absolute

value one. So p is a quadratic Pisot unit or a special Salem element whose conjugates have absolute value one except
B and p®.

Now, we giving a sufficient condition for § for which the curious property P ” every rational in the unit
disk has purely periodic f-expansion” is satisfied.

Let B be a Pisot or Salem unit series of minimal polynomial H(y) = y" + A1y + - + Ag where A; € IFy[x]
forie{1,...,n—1}and Ag € IF;. Let B?,...,B" be the conjugates of . For f = ro+r1f+raf*++ -+ 11"
with r; € IF,(x), the s-th conjugate of f is defined by f© = rg + 118 + rp(B9)? + -+ + 1,1 ()" 1.

Proposition 3.4. Let 8 be Pisot or Salem unit series of algebraic degree n which has at least one conjugate f® € My
(2 <'s < n). Then every rational in the unit disk has a purely periodic f-expansion.

Proof:
Let B be Pisot or Salem unit series. Since f € [F,(x), so for all 2 < i < n, we have f = f. To complete the
proof, we need the following lemma.

Lemma 3.5. Let 8 be a Pisot or Salem unit series of algebraic degree n which has at least one conjugate B € My
(2 <s<mn)andlet f € Mo NFy(x,p). If If¥)] < then f has a purely periodic f-expansion.

|ﬁ<’)|
Proof:
Letfbea Pisot or Salem unit series. Since IBB® ... M| = 1, we must have for all i € { n}, |89 > o and
hence 1 < Iﬁ“’l < |Bl. In particular, 1 < Iﬁ<‘>| <IBl. As[f®)] < |,5(5)| and f© € Fy((x™)) (because B eF ((x’l))),

then the ( ﬁ(s)) expansion of f® is given by d(%)( O = dg.did, . ... Therefore
ﬁS

=Y Y a0y < —— ﬁ<s>| < 1Pl

>0 (O)  i20
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Now, let P be the polynomial with the smallest degree such that Pf € IF;[x, 8] and put
Rp={g:lgl <1, Pg € Fylx,pland g = )" ai(p®) with a; € Fj[x]).
>0

Then Rp is a non empty finite set since it is bounded and IF;[x, §] is discrete.
First, we assert that Tg(Rp) C Rp. For f € Rp, we have

Ts(f) Bf = Bf]-
PTy(f) = (PBf —PIf]) € Fylx, Bl.

Since

(Tp(N® = B9 —[pfl.
= ) aa (Y - [Bf1

i>1
Y bi(pY),

i20

and |Tg(f)| = [{ff}] < 1, this implies that Tg(Rp) C Rp.

Second, we claim that T is surjective on Rp. Pick f € Rp and prove that there exists i € Rp such that Tg(h) = f.

Leth = B~ (f—ag) = f_ﬁ””. Hence Ty(h) = {f—ao} = {f} = f. Wearguethath € Rp. Ash = f;ao, [h| < 1. We have

he = (ﬁ(S))—l(f(S) — ).
= (B @) +a(BY) + ).
= a1+ ﬂz(ﬁ(s)) + a3(ﬁ(5))2 R
= Y () with (@)iso = @)1, (d)is0 € (FIDN.

720

On the other hand, Ph = w € IFy[x, B] because f is an algebraic unit series. This proves that Ty is sur-

jective on Rp. Hence Tg/Rp is one-to-one mapping and thus there exists an integer m such that f = Ty ),
namely, the f-expansion of f is purely periodic. m|

Now, let us return to the proof of Proposition 3.4:

In particular, since |f©)] = |f| < 1 < ﬁ, then f has a purely periodic p-expansion. m]

Corollary 3.6. Let B be quadratic Pisot unit series. Then every rational in the unit disk has a purely periodic
B-expansion.

Corollary 3.7. Let f be cubic Salem unit series. Then every rational in the unit disk has a purely periodic f-expansion.

Theorem 3.8. Let f be a Pisot cubic unit series of minimal polynomial P(y) = > + Axy* + A1y + Ay where
deg(A1) = deg(B) — 1. Then every rational v in the unit disk has a purely periodic B-expansion.

Proof:
By using the Newton-Puiseux Theorem, we can easily describe all roots of this polynomial. The Newton
polygon is the upper convex function of the zigzag broken line connecting (0,0), (1, deg(A1)), (2, deg(p))
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and (3,0) where deg(B) — 1 = deg(A1) and deg(B) = deg(A>). The Newton polygon is subdivided into line
segments L; (i = 0,1,2), where L; connects (0,0), (1, deg(f) — 1), (2, deg(p)) and (3,0) and each Ly, L1, L, has
different slope ag = (deg(p) — 1)/1); a1 = (deg(p) — deg(A1)/1); ar = (—deg(B)/1); with ag > a1 > ;. Denote
by b; the denominator of a;. Then the set of all roots of P is given in this following manner: Each L; gives
one root of the form:

(9]

B = Y ca i e By V) (0<i <2
k=0

So, we conclude that § has two conjugates in ]Fq((x‘l)). Then, by Proposition 3.4, every rational in the unit
disk has a purely periodic -expansion.

281 -

Figure 1: Newton polygon

Theorem 3.9. Let B be a Pisot cubic unit series of minimal polynomial P(y) = > + Axy* + A1y + Ay where
deg(A1) = deg(p) — 1. Then every rational r in the unit disk satisfies

Perg(xr) = Perg(r).

Proof:
Let B be a Pisot cubic unit series of minimal polynomial P(y) = y® + Ayy* + A1y + Ag where deg(A;) =
deg(f) —1 = m — 1. Then from Theorem 3.8, r has a purely periodic f-expansion and dg(r) = 0.ar...as.
Therefore

oM as 1

R W

this gives
B —1) =af + - +asof? +as1p + as.
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Since ay, ..., a5 € Fy[x], we get
F(BD) = DI = a1 (BD) ™ + -+ + as2(BD)? + as_1 89 + ayl.

As [r(B®) — 1)| < 1 and deg(@;(3¥)*") <m—1forall 1 <i <s-1,sodeg(s) <m—1. Tocomplete this
proof we need the following lemma:

Lemma 3.10. Let B be a Pisot cubic unit series of minimal polynomial P(y) = y° + Ayy* + A1y + Ay where
deg(A1) = deg(B) — 1 = m — 1. Then deg(®) = —1 and deg(B®) = —m + 1 where f?; B are the conjugates of p.

Proof:
We have

gl = g™

|ﬁﬁ(2) + ﬁﬁ@) + ﬁ(3)ﬁ(2)|
16 + B
sup(IB8®1, 1BB)).

Moreover, sup(IB8?|, I88®)]) < g"~1. So sup(|gB@)|, IBBP]) = ¢"~!. In this case, we suppose that deg(p?) =
m — 1, hence deg(8?) = —1. On the other hand, we have

IN

deg(Ag) = deg(p) + deg(B?) + deg(B?) = 0.
Therefore deg(8®) = —m + 1. o

According to Lemma 3.10, we have deg(8®) = —m + 1 which implies deg(a;(3¥)*~") < —m + 1 for all
1 < i <s-2. Suppose now deg(as_1) = m—1, then deg(as_18*) = 0 which is absurd because [r((8®)* —1)| < 1.
We return to the equation (1) and multiplying by x, we get

xa Xasy XA Xas XY
XF=— - — — 4+ =

B B2 o1 ps + E’

(2)

SetH={1<i<s: deg(xa’i ;) = m}. To continues the proof we must distinguish two cases:

Case 1: If H = 0. So Perg(xr) = Perg(r).

Case 2: If H # (. Since deg(a;) < m — 1 and deg(as—1) < m — 1, itis clear thath = supH <s - 2.

On the other hand, f is a Pisot cubic unit series, then degA, = m. If c is the dominant coefficient of A,, we
have

cx"B? = % — (Ay — cx™)B? - A1t - Ao.

Therefore
X" =B - Ay — cx™) - A A
p p?
According to Theorem 2.4, the last equality is the f-expansion of ™. For that ordﬁ(%) = —h—2 > —s. Finally,
we conclude that Perg(xr) = Perg(r). O

Corollary 3.11. Let B be a Pisot cubic unit series of minimal polynomial P(y) = y* + Ayy* + A1y + Ag where
deg(A1) = deg(B) — 1. Then every rational r in the unit disk satisfies

Perg(ax"r) = Perg(r) V¥V neNanda €lF,.
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