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On a trace inequaliy due to Ando-Hiai-Okubo trace inequalities
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*Department of Mathematics, The University of Jordan, Amman, Jordan

Abstract.

In this article, we obtain another proof of the following classical trace inequality which says that if A is
a positive semidefinite matrix and B is a Hermitian matrix, then

tr ABAPB < tr AVBA®B

for all non-negative real numbers «, §,y, 6 for whicha + =y + 6 and
max {a, B} < max{y,6}.

This is a generalization of trace inequalities due to T. Ando, F. Hiai, and K. Okubo for the special cases
wheny = a +B,6 =0and when a = g = 12

= —-, namely

a+ 2
tr (ATﬁB) <tr A°BAPB < tr A“*PB2.

1. Introduction

Let M,, (C) be the algebra of all n X n complex matrices. In [1], T. Ando, F. Hiai, and K. Okubo proved
that if A and B are positive semidefinite matrices in M,, (C), then

a+ 2
tr (ATﬁB) < tr A°BAPB < tr A°FB2,

1)
The inequalities (1) can be generalized by proving that the inequality
tr A“BAPB < tr AVBA®B 2)
holds for all non-negative real numbers a, ,y, 6 for whicha + = y + 6 and
max {a, B} < max{y, 0}, ©)
where A is a positive semidefinite matrix and B is a Hermitian matrix.
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The inequality (2), based on log convexity, has been proved in [3]. Another proof of the inequality (2)
can be concluded from Lemma 2 in [2].

In Section 2, using the Pigeonhole Principle and some algorithmic calculations, we obtain another proof
of the inequality (2).

It is important to see that the inequality (2) under the condition (3) is a generalization of the inequalities

. o
(1) for the special cases wheny = a +,6 =0and whena = = %

One of the most important ingredients of our new alternative proof of the inequality (2) is the following
interesting trace inequality

tr A“BAPB < %tr (A“*”BAﬁ"YB + AHBA“’IB)

for a, p > 1 > 0, where A is a positive semidefinite matrix and B is a Hermitian matrix. This is the starting
point of our proof.

2. The inequality tr A*BAPB < 1 tr (A“*1BAP~1B + A*~"BAF+1B)
This section is devoted to proving the inequality
tr A"BAPB < %tr (A*"BAFB + A TBAF*IB),
where A is a positive semidefinite matrix, B is a Hermitian matrix and a, f > n > 0.
The proof of the inequality (2) is based on the following trace inequality. Related trace inequalities can

be found in [4]. In the sequel, we frequently use the cyclicity property of the trace, which says that if X and
Y are any two matrices, then tr XY =tr YX.

Lemma 2.1. Let A be a positive semidefinite matrix and B be a Hermitian matrix, and let o, f > n > 0. Then
1
tr A"BA'B < - tr(A"""BA"IB + A" "BAFYIB).

Proof. Let C = BA'?' — ABA™Z" and R = A®™. Since CC* is a positive semidefinite matrix, it follows that
tr RCC* > 0, and so we have

tr A% (BA@ - A"BA@)(A@B - A@BA”) >0,
which is equivalent to
tr (A**1BAPIB + A*BAP*1B) > 2tr A°BAPB.
This completes the proof of the lemma. ]

Lemma 2.2. Let A be a positive semidefinite matrix and B be a Hermitian matrix. Then for all non-negative real
numbers a,f,y,0 withy > a > > 6and y + 6 = a + f, we have

1 ; ‘
tr A“BAPB < St (A7BA°B + A7 BAY?B).
Proof. Letn=p—-0=y —a. Since a,B,y,0 2 0with y > a > B > 9, it follows that o, = n = 0. Note that

a-n=2a-y,p+n=2-0,p—n=06and a+n=7y. Replacing nby f— 6 = y —a in Lemma 2.1, completes
the proof of the lemma. O
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3. Two interesting sequences of nonnegative rational numbers

To prove the inequality (2), we need to define two sequences of nonnegative rational numbers and prove
some properties related to them. These two sequences play an important role in proving the inequality (2).

We introduce some notations regarding our main result. For y € Q* U {0} and k € IN, we define the
following set:

Ak = {er*U{O} XLy x= % forsomemE]NU{O}}.
The following lemma computes the cardinality of A, .

Lemma 3.1. Fory € Q*U{0}and k € IN, we have |?(V,k| = L, x, where L, x = [yk] + 1 and [yk] is the greatest integer
less than or equal to yk.

Proof. Note that

A = fmeNUO):m < k)
= [o.1,2,..., [y
= [yk]+1
= L
This completes the proof of the lemma. q

We remark here that the family A, x covers Q* U {0}. In fact, if x € Q" U {0}, then x = ¥ for some
m,k € N U {0} with k # 0. Thus, x € Ay.

Let y,6,x0, 40 € Q" U {0} with y > x0 > yo 2 6 and y + 6 = x + yo. We define the two sequences x;, y; for
j=0by

Xjy1 = max (f (xj),g<yj)) 4)

Yj+1 = min (f (xf)fg(yj))r (5)

where f(x) =2x —y and g (x) = 2x - 6.
The following lemma is needed in the proof of Lemma 3.3.

Lemma 3.2. Let y,0,x0,yo € Q" U {0} withy > xo > yo = 6 and xo + yo = y + 0. Let x;, y; be the two sequences as
in (4) and (5), respectively. Then for all j € IN U {0}, we have

1. xj+yj=y+06
2. yzxj2y;20.

Proof. Part (1) can be seen as follows. First note that for j = 0, xo + yo = y + 6. Now suppose that it is true
for some j, i.e., xj + y; = y + 0. To prove that it is true for j + 1, we have

max(f (x)), g (1)) + min (£ (x:). 9 (7))
£ (i) + 9 ()

= 2(xj+y)-(+9)

= ¥+ 0(by the induction assumption).

Xji+1 t Yj+1

Part (2) can be seen as follows. First note that for j =0, y > xo > yo > 6. Now suppose it is true for some
jie. y 2 x; 2 y; 2 6. To prove that it is true for j + 1, we have 2y; > 26 and 2x; > x; + y; by the induction
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assumption. This implies that 2y; — 6 > 6 and 2x; > y + 6 by Part (1). Thus, f (xj) >0and g (y]-) > 0, and so
Yj+1 = 0. Note also that

Xjp1 = y+0—yju (by part (1))
< y+6-9
= ')/.
Therefore, y > xj41 2 Y41 2 0. O

Our goal in the following lemma is to prove that the ranges of the sequences x; and y; are finite sets.

Lemma 3.3. Let y,0,x0, yo € Q" U {0} with y > xo > yo > 6 and xo + yo =y + 0. Let x;, y; be the two sequences as
in (4) and (5), respectively. Then there exists k € IN such that x;, y; € A, x for every j > 0 (and hence the sequences
xj, y; have finite ranges).

Proof. Let k be the smallest common denominator of the rational numbers xo, o, y, 0. Thus, we can write

/

X Y Y o'
= — = — = — 6 = —
X0 k 7 ]/O k 7 ‘)/ k 7 k 7
for some x|, y(, 7,6’ € N U {0}.
Our result follows by induction on the parameter j for both x; and y;. First note that for j = 0, we have
xo, Yo € QT U {0}, xo, o < y, and xp = xf,yo = % Thus, xo, yo € Ay .
Now suppose that it is true for some j, i.e.,
: mj 1
Xj,Yj € Ay with x; = ?,yj = T for some mj,n; € N U {0} . (6)
We are in a position to prove that it is true for j + 1. Since xj;1, yj+1 € Q" U {0} and y > xj41 > yj+1 = 6 by

Part (2) of Lemma 3.2, it follows that f (x]-) g (y]-) eQ"U{0land y = f(xj) g (y]-) > 0. Using (6), we have

’

_ _,m Y _2mi—y
f(xj)—2x1—7—27—7— .

and

n; o 21’1]'—(5/
9(1/]')=2%'—5=2?—sz

for some mj,n; € N U {0}. Since xj;; = max (f (x]-),g(yj)) and yj;1 = min (f (xj),g(yj)), it follows that
Xj+1, Yj+1 € Ay x. This completes the proof of the lemma. O
The following lemma plays an important role in the proof of Theorem 4.2.

Lemma 3.4. Let xj, y; be the two sequences as in (4) and (5), respectively withy > xo > yo = 6 and xo +yo =y +90.
Then there exist n,m € IN U {0} such that x, = x,, and n # m.

Proof. By Lemma 3.1, the cardinality of A, is finite and equals [, ;. By Lemma 3.3, there exists k € IN

such that xj, y; € A, x for every j > 0. Thus, it is enough to show that there exist n,m € {O, 1,... l%k} such
that x, = x,, and n # m. The argument is based on the Pigeonhole Principle. Suppose on the contrary

< l),,k. This

that xg,x1,...,x;,. are distinct. Since {xo,xl, . ..,x,y}k} C A,y, it follows that ‘{xo,xl,...,xl%k}

vk

=Li+1 ]

contradicts the fact that |{x0, X1,... ,xl%k}
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4. The inequality tr A*BAPB < tr AYBA®B
In this section, we present an alternative proof of the following inequality
tr A*BAPB < tr AVBA’B,

where A is a positive semidefinite matrix, B is a Hermitian matrix and «,f,),0 are non-negative real
numbers for which a + = y + 6 and max {a, B} < max{y, 0}. We start with the following lemma.

Lemma 4.1. Let A be a positive semidefinite matrix and B be a Hermitian matrix. Let y,0,xo,yo € Q* U {0} with
y 2 Xx02> Yo 2 0and xo+yo =)y +0. Let xj,y; be the two sequences as in (4) and (5), respectively.Then for
m, j € IN U {0}, we have

1 1
tr AYBAYB < (1 - —)tr A”BA®°B + — tr A% BAYi*B.
Zm Zm

Proof. The result follows by induction on m. First note that for m = 0, we are done.

Now suppose that it is true for some m.

We are in a position to prove that it is true for m + 1. Since ¥ > Xjim = Yjsm = 0, Xjsm + Yjm = Y + 0 by
Lemma 3.2, it follows that

1 ~ 1
tr AYBAYIB < (1 - —)tr AYBA®B + — tr A" BAYi"B
2m 2m

(by the induction assumption)

1 11
(1 - 27)tr AYBAB + 5 (E tr(A7BAB + Af(xf+"')BA9(yf+’")B))

(by Lemma 2.2 and taking & = X, f = y]-+m)
( 1

m+1
(if f (x j+m) <y (yj+m) , then we use the cyclicity property of the trace.)

1

)tr AVBASB + —— tr ASCn) BAs(n) B
2m+1

1 1
1 )tr AVBAPB + —— tr AV BAYmB

2m+1 m+1

This completes the proof of the lemma. ]
Now, we are ready to state and prove the inequality (2) for the case of rational numbers.

Theorem 4.2. Let A be a positive semidefinite matrix and B be a Hermitian matrix. Then for o, ,y,0 € Q* U {0}
with a + B =y + 6 and max {«, B} < max{y, 6}, we have

tr A"BAPB < tr AVBA’B.
Proof. Note that a + f = y + 6 and max{a, B} < max{y, 8} is equivalent to saying thaty > a > > 0if y > 6
and @ > . Letxp = wand yo = §, wherea, € Q* U {0} withy >a > >6and y+6 = a+f,and let x;, y; be
the two sequences as in (4) and (5), respectively. Note that using Lemma 3.4, there exist s,d € IN U {0} such
that x; = x; with s # d (say s < d). Let k = d — s. Now applying Lemma 4.1 with j = 0 and m = s, we get

tr ABAPB < (1 - %)tr AVBA®B + %tr A*BAYB. 7)

Now using Lemma 4.1 with j = s and m = k, we get
tr A¥BA%B < (1 - %)tr AYBA®B + %tr A"+BAY+ B, 8)

Since x; = X4, it follows that ys = ¥ + 0 — xs = ¥ + 6 — X5k = Ys+k. Therefore, using (8), we have

tr ASBA%B < (1 - %)tr AVBAYB + %tr A“BA%B,
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which is equivalent to saying that

tr ASBAYB < tr AVBA®B. 9)
From (7) and (9), we have

tr A“BAPB < (1 - %)tr A"BA®B + %tr AVBA®B.
This implies that

tr ABAPB < tr AYVBA®B.

This completes the proof of the theorem. ]
Now, the inequality (2) is an immediate consequence of Theorem 4.2 as we will see in the following
corollary.

Corollary 4.3. Let A be a positive semidefinite matrix and B be a Hermitian matrix. Then for all non-negative real
numbers a, B, y, 0 witha + =y + 0 and

max {a, B} < max{y, o},
we have
tr A*BAPB < tr AVBA°B.

Proof. Since Theorem 4.2 is true for all non-negative rational numbers, it follows that the result is also true
for all non-negative real numbers, and so we are done. Here we use the continuity of the mapping x — A~
and the fact that the set of non-negative rational numbers is dense in the set of non-negative real numbers.
O
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