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Abstract. Let {X;;k > 1,i > 1} be an array of random variables, {X;k > 1} be a strictly stationary ¢-
mixing sequence, where Xy = (Xi1, Xy2,--+, Xkp). Let {p,;n > 1} be a sequence of positive integers such
that 0 < ¢; < p,/n" < c; < oo, where 7 > 0, c; > ¢; > 0. In this paper, we obtain a strong limit the-
orem of L, = maxixi<j<p,|pijl, where p;; denotes the Pearson correlation coefficient between X% and XV,
X9 = (X1,i, X2, , Xni)'. The strong limit theorem is derived by using Chen-Stein Poisson approximation
method.

1. Introduction

Random matrix theory has demonstrated its efficacy across diverse domains such as statistics, high-
energy physics, electrical engineering, and number theory. The correlation coefficient matrix holds signifi-
cance as a crucial statistic in multivariate analysis, playing pivotal roles in the statistical test of multivariate
data. The maximum likelihood estimator is the sample correlation matrix.

Consider a p-dimensional population represented by a random vector X = (X, - - - , X)) with unknown
mean p = (Ui, , yp), unknown covariance matrix X and unknown correlation coefficient matrix R. Let
X, = (Xy;) be an n X p matrix whose rows are an observed random sample of size n from the X population;
that is, the rows of X, are independent copies of X. Set X¥) = Y7 _; X;;/n, 1 < i < p. X? denotes the ith
column of X,. Let

L, = max |p;;
" 1si<j5p|p”|'

where
- T (X=X D)X X D)
Vi (X -XO VEL (X -X0

Pij

2020 Mathematics Subject Classification. 60F15; 60F05.

Keywords. sample correlation matrices, ¢-mixing sequence, Chen-Stein method.

Received: 19 October 2023; Revised: 21 February 2024; Accepted: 09 March 2024

Communicated by Miodrag Spalevié¢

Research supported by National Natural Science Foundation of China (Grant No. 11771178,12171198 ); the Science and Technology
Development Program of Jilin Province (Grant No. 20210101467JC) and Science and Technology Program of Jilin Educational

Department during the “14th Five-Year” Plan Period (Grant No. JJKH20241239K]) and Fundamental Research Funds for the Central
Universities.

* Corresponding author: Yong Zhang
Email addresses: zhaohz19@mails. jlu.edu.cn (Haozhu Zhao), zyong2661@jlu. edu.cn (Yong Zhang)



H. Zhao, Y. Zhang / Filomat 38:19 (2024), 6957-6977 6958

is the Pearson correlation coefficient between the ith and jth columns of X,,. Then I, := (p;j) isa p by p
symmetric matrix. It is called the sample correlation matrix generated by X,. This paper investigates a
logarithmic law of the largest entries of a sample correlation matrices under a ¢p-mixing assumption.

This investigation is the promotion of the statistical hypothesis testing problem studied by [11]. When
both n and p are large, [11] considered the statistical test with null hypothesis Hy : R = I, where I is the
p X p identity matrix. In general, this null hypothesis asserts that the components of X = (X1, .-+, X®)) are
uncorrelated whereas when X has a p-variate normal distribution, this null hypothesis asserts that these
components are independent.

[11]’s test statisticis L,,. Lete = (1,--- ,1) € R", || - || denotes the Euclidean norm in IR”. We can rewrite

pij as
(XO — XWe) (X1 — X(e)

Pil = X0 — XOe|| - XD — X0’ M

[11] proved the following strong limit theorem concerning the test statistic L, when p = p, and {Xj;;k >
1,i > 1} is an array of independent and identically distributed (i.i.d) random variables.

ElEP ¢ < oo forany e > 0. If n/p — y € (0, ), then

Theorem 1.1. Suppose {&, Xii;k > 1,i > 1} are i.i.d random variables. Let X, = (X;) be an n X p matrix.

lim LLn =2 a.s.
n—o0 logn

Under the i.i.d. assumption, [11] found an asymptotic distribution of L,.

Theorem 1.2. Suppose (&, Xxi;k > 1,i > 1} are i.i.d random variables. Let X, = (Xi;) be an n X p matrix.
E|E[P%*¢ < oo for some e > 0. Ifn/p — y, then

—Ke¥/?

P(nL? - 4logn + log(logn) < y) — e
as n — oo for any y € R, where K = (y2 V8m)™.

Subsequently, [24] showed the asymptotic distributions of L, that the moment condition E|X;|" < oo for
some r > 30 can be weakened to x°P(|X11X1,| > x) — 0 as x — co under limsup, ,  p/n < co. Another
moment condition for the asymptotic distributions of L, to hold has been obtained by [18] who showed
that the asymptotic distributions of L, holds under the condition (x®/ log3 x)P(1X11X12] 2 x) > 0asx — oo
and p = O(n®) as p/n — oo. As for the strong limit, [13] established the strong limit theorems of L,
under some more relaxed assumption, [14], [15] had further improved the assumption of the result, under
the assumption the p/n bounded away from zero to infinity. They actually obtained some necessary
and sufficient conditions under which the limit theorem holds. As p/n — oo, [7] considered the ultra-
high dimensional case where p can be as large as ¢" for some 0 < a < 1 and they extended the result
to dependent case. Afterwards, [8] derived the limiting theorem of L, under the assumption that the
population has a spherical distribution. In fact, a phase transition phenomenon occurs at three different
regimes: (logp)/n — 0, (logp)/n — a € (0,0) and (logp)/n — oo. Without the Gaussian assumption,
[21] obtained the limit theorem as logp = o(n*) for some 0 < a < 1. As for the dependent case, [10]
investigated the limiting distribution of the largest off-diagonal entry of the sample correlation matrix in
the high-dimensional setting when the correlation matrix admits a compound symmetry structure, namely,
is of equi-correlation. [17] showed the asymptotic distribution of L, for ¢-mixing assumptions as follow.

Assumption 1.1. Let Xy = (Xj1, Xko,--+) be an infinite dimensional random vector, suppose that {Xi;k > 1} is
a sequence of strictly stationary @—mixing random vector, satisfied with the Var(X11) = 1 and for some T > 3,
@(n) = O(1/n").

Assumption 1.2. Let X? = (X1, Xp;,--)’ be an infinite dimensional random vector, suppose that {X0;i > 1} isa
sequence of independent and identically distributed random vector.
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Theorem 1.3. Under the Assumption 1.1 and 1.2, let EX$ I{|X1,1] = n} = o((log n)=), and suppose c1 < n/p, < ca,
where c1,¢c3 > 0. Then

P(nL2 — 4ES>

logpx +ES?
n n

log(lzgpn) < ]/) N e_KEr}//(ZUZ) (2)

forany y € R, where K = (V8m)™!, S, = L_ X1 Xk, 02 = lim,, oo ES2/n.

Afterwards, [22] showed the asymptotic distribution of L, for a-mixing assumption, also under the
a-mixing assumption [23] get the logarithmic law of L,, . [12] showed the limiting behavior of largest entry
of random tensor constructed by high-dimensional data. Most of the aforementioned work mainly focus
on the improvement of the moment assumption on X ; from the data matrix (X; j).x, as well as relaxing the
range of p relative to n to obtain the asymptotic distributions of L,. The strong law of large numbers for L,
remains largely unknown. [7], [8] show that under regularity conditions

1 Ln£>2 as n— oo
\/logp

where 5 denotes convergence in probability.

In this paper, we will give a strong limit theorem for L, almost sure convergence under ¢-mixing
assumptions. Let {X,;n > 1} be a sequence of random variables on some probability space (Q, F, P). Let F?
denote the o-field generated by the random variables X,, X;11, -+ , Xp. For any two o-fields ‘A, B C F, put

@(A, B) := sup{|P(B|A) — P(B); A € A,B € B},

p(A, B) :=sup {M

;XeLzﬂ,YeLZB},
IX11211 Y1l A ®

where, and in the sequel || X]|, = (EIXIP)1? for 1 < p < o0. The mixing coefficients of the sequence {X,;n > 1}
are defined as usual:

p(n) = sup PFY, Feo)r  p) = sup PFL T,
>1 >1

the sequence {X,,;n > 1} is called @-mixing if p(n) — 0, is called p-mixing if p(n) — 0. It is easy to know
that p(n) < 2¢'/?(n), thus p-mixing sequence is p-mixing sequence (See [20]).

The rest sections of this paper are organized as follows. Our main result is present in Section 2. Section
3 gives detailed proof of our main results. In section 4, we give the significance of the main result and its
applications.

2. Main result

Assumption 2.1. Let Xy = (Xi1, Xk, -+ , Xk p) bean random vector, suppose that {Xy; k > 1} is a sequence of strictly

stationary o—mixing random vector, satisfied with the Var(Xy,1) = 1 and p(n) = O (1 / nT), forsome T > 6+ 87 +¢,
€ >0, T >0, the definition of 7 is in the Theorem 2.1

Assumption 2.2. Let X0 = (X1;,X,++ , X))’ be an random vector, suppose that {X?;i > 1} is a sequence of
independent and identically distributed random vector.

Remark 2.1. Let B; := {Xy;1 < k < n} be a random sampling of X¥, under the condition of Hy : R =1, it is
reasonable to suppose {B;;1 < i < p} is independent. Therefore in order to obtain the strong limit theorem of Ly,

Assumption 2.2 is reasonable.

The following theorem is our main result.
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Theorem 2.1. Under the Assumption 2.1 and 2.2, let S,y = ZI_ Xi1 X2, define o* := lim,, e ES2 /n. Suppose that
EX11=0,and 0 < c; < pu/n® < ca < 00, where T >0, ¢z > ¢1 > 0. E|Xy1[*7%¢ < oo, for some € > 0. Then

3%10 fogpn L,=20 a.s. 3)

Remark 2.2. Compare with [17], who showed the asymptotic distribution of L, under EX?ll{IXmI > n} =
o((log n)~3). We proved the logarithm law of L, under E|X; 1|*7¢ < oo, for some & > 0.

3. Proofs

The proof of Theorem 2.1 is intricate and complex. In this section, we will gather and establish several
technical tools that contribute to the proof of Theorems 2.1. The following lemmas are useful for the proof
of our result. First, we present Lemma 3.1, from [6].

Lemma 3.1. Let {(Sk, 0x); k > 1} be a sequence of complete separable metric spaces. Let {X;k > 1} be a sequence of

random variables with values in Sy and let {L; k > 1} be a sequence of o-fields such that X is Ly-measurable. Suppose
that for some ¢y > 0

IP(AB) — P(A)P(B)| < ¢yP(A)

forall A € ViqL;jand B € Ly. Then without changing its distribution we can redefine the sequence {Xi;k > 1} on

a richer probability space together with a sequence {Yi; k > 1} of independent random variables such that Yy has the
same distribution as X and

P{Ok(Xkr Yk) > 6¢k} < 6¢k k= 1[ 2’ .
The following result provides some inequalities. It will be applied to the proofs later.

Lemma 3.2. Let (&,;n > 1} be a p-mixing sequence. Put Ty(n) = Y1 &. Suppose that there exists an array
{Ckn} of positive numbers such that

max ET7(n) < Cy, forevery k>0, n> 1.
1<k<n

Then for every q > 2, there exists a constant K depending only on q and ¢(-) such that

E max|Ty(@)" < K(CZ/: + E max |£,-|’4)
i<n 4 k<i<k+n
foreveryk>0,n>1.
Proof. See [20]. O

The following Lemma is the Rosenthal type maximal inequality.

Lemma 3.3. Suppose that {X,;;n > 1} is a sequence of independent random variables and E|X,|1 < oo for any g > 2,
n > 1 then there exists a positive constant C(q) depending only on q such that

i q
E [ﬁ% Z(Xk ~ EX})
n n q/2
< C@)| ) EX— EXd + [Z EIX; — EXi?
k=1 k=1

Proof. See [1]. O
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This is an inequality with an atmosphere of the Marcinkieiwicz-Zygmund inequalities. The following is a
corollary of the Marcinkiewicz-Zygmund inequality.

Lemma 3.4. If {n,;n > 1} are i.i.d. random variables with En; = 0, ElmP < oo, p > 1,and S, = Y.\, ;. Then
p/2 ify >
ps,p = (00 7022
O(n), ifl<p<2.
Proof. See [9]. O

Lemma 3.5. For any sequence of independent random variables {E,; n > 1} with mean zero and finite variance, there
exists a sequence of independent normal variables {n,;n > 1} with En, = 0, En3 = E&? such that for all Q > 2 and
y>0,

k k

Zéi—Zni

i=1 i=1

> y| < (AQ% 2 Y Elel®
i=1

whenever E|&;|Q < 00,i=1,2,--- ,n. Here A is a universal constant.
Proof. See [19]. O

Lemma 3.6. Let {n;1 < k < n} be independent symmetric random variables and S, = Y.;_, nk. Then, for each
integer j > 1, there exist positive numbers C; and D; depending only on j such that for all t > 0,

< | | j
P(IS.] 2 2jt) < P (max Inj = £) + D; (P(S.] = 1Y .

Proof. See [16]. O

The next one is the Chen-Stein Poisson approximation method, which is a special case of Theorem 1
from [3].

Lemma 3.7. Let {n,; @ € I} be random variables on an index set I and {B,; a € 1} be a set of subsets of 1, that is, for
eacha € I,B, C L. Forany t € Rset A = Y, ey P(Na > 1), Then we have

<A AAYD + by + by),

‘P (max Na < t) e
ael

where
b = Z Z P(na > )P (15> 1),
acll BeB,
bz = Z Z P(na >t,T]ﬁ >i’),
acll a#peB,
b= Y E |p (e > flo(ng, B & Ba)) = P (e > 1),
ael

and o(ng; B & Bo) is the o—algebra generated by {ng; p & Ba}. In particular, if 1, is independent of {ng; p & Ba}, for
each «, then bz vanishes.

The next one is Ottaviani’s inequality.

Lemma 3.8. Let {X,;;n > 1} is a sequence of independent random variables. Sy = Zi;l X;. For¥ x>0,

P (max |Sk| > 2x

1<k<n

e Pl
" mini<<, P (IS4 = Skl < x).
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Proof. See [9]. O

The following lemma refers to Lemma 2 in [4], we generalize his result to the ¢-mixing condition
Lemma 3.9. Under the Assumption 2.1 and 2.2, let a > 1/2, b > 0 and M > 0 be constants.
1) E|X1,1[M07" < oo;

(2) c= {EXLl/ lfﬂ <1,

any number, ifa>1

is the sufficient condition for

n
n E(Xi,j - )
i=1
Proof. Without loss of generality, assume that ¢ = 0. Since, for ¢ > 0and N > 1,

{max HZX” > ¢, 1.0.
]<Mnh n

max

—0 as. as n— oo,
j<Mnt

< ZP{ max max ZX;‘J 28’2"“}
oN 2k-1<n<2k j<M2Kb p
n

< ZMzka{ max |} Xi; zz"“e’},
N 2k=1<pn<2k pacy

where ¢’ = 27%¢, to conclude that the probability on the left-hand side of this inequality is equal to zero, it
is sufficient to show that
> 2’“’5} < oo. 4)

i 2k p {max 2 Xi1

=1 n<2k
Let Yix = Xi1{1Xi1| < 2} and Z;x = Yix — EYix. Then |Z;x| < 28*1 and EZ;; = 0. Let g be an even integer
such that g(a — 1/2) > b + 2a. It is easy to see

X1 = XXl < 2%} + X1 I{|X;1] > 2%}
= Zix + EYi + Xin{IXi1] > 2.
We have that
(o) n
Z 2K p I max 2 Xi1| = 2k e
=1 <2 |

ZEYlk

n
max E Z;
n<2k (4

i=1

2ka .
> 4é } Z 2k p {max

n<2k

zka
>

IA
[ 1P
%
el
—_—— —

k=1
n
Zka
+ Y 24P dmax| Y XX 2 29 > =58
1 n<2k Py 4
Then, note that {Z;;} is a sequence of ¢-mixing random variables by Assumption 2.1. By Lemma 3.2, we
have

k 9
o) E|TEz| 2z 2nEz e
2| _ < L L (5)
4 2kga Dkga 2kga
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by the following bounds:

i okb-kga+k | Zslzlk| <C i k(b-ga+1) |X517’1| I HX1,1| < 2"”}
k=1 k=1

IN

o0 k
C Z 2K(b=ga+1) [Z EIXp 1 {2707D < |Xo) < 27} + 1)

1=1

=~

[ey

(E|X1,1|91 {2”(1_1) <Xl < 2‘”} + 1) i ok(b~ga+1)
k=1

IN

C
210=9+D) (E1X, 1270 < Xy 4] < 27) +1)

C

IA

IR

EIXy 1V {27070 < X1 < 27 + Gy < 0.

Il
—_

Note that ga—b—1> g(a — 1/2) — (b + 2a) > 0 and when (1 + b)/a > 2, EZ>

Z 2kh—kga+kg/2(EZ% k)g/Z <C Z ok(b+20-9(a-1/2)) _ o
k=1 k=1
If (1+0b)/a <2, wehave

(o)

/2
okb—kga-+gk/2 (EZ% k)?

=
—_

_ /2-1
okb—kga+kg/2 (Ez(lll:b)/aﬂ (1+b)/a)? (EZ% k)

1=

k=1
< CZ okb=kga+kg/2oka(2~(1+b)/a)(g/2-1) EX%l I {| Xl,l) < Zka}
k=1
00 . k
< szk(mg—za—%ﬂm ZEX%ll{Z(H)” < |X14] < zlu} +1
k=1 I=1
00 k
< CZ ok(b-20-bg/2+1+b) Z E|X11 |21 {2(1—1)a < IXi4 < 21"} +C
k=1 I=1
_ CZ ol(b-2a-bg/2+1+b) E|X1,1|21 {2(1—1)a < X14l < 2[a} +C
I=1
< CZ 21(b—2a—%+1+b)E|X1,1|G{Zﬂ+2—(lnﬂl{2(l—l)a < |X1,1| < zltl} + Cl

9 I

by (1+b) (1+b)
< CZ2l(b—2n—7”7+1+b)2ln(2—T)EIXLll (20 < 1X11] < pLaue
I=1

< CE|X1,1|% + Cq < o0.
We obtain that

Z 2k p {max
n<2k

k=N

n
2. %
i=1

> €2k“} < 00,

1k =

6963
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Now we estimate EY for large k. We have

Zn‘ EYy

< 2FE| X [I{| X1 ] = 2k} < zk<ﬂ DEIXy| I{|X1] =2%), ifa<1+b
2Flog k + 2k@- DX | X ] > log k}, ifa>1+b
<27 1gpka

max < 2X|EYy

n<2k

(1+b)

for all € > 0, Hence,

Z 2k p {max
n<2k

k=N

n
zka
ZEYik > £ }<oo
— 2

Finally, since E|X11|**D/* < oo, we have

o0 2k (o)
I (WCAEE Ep TS
k=1 i=1 k=1
< CE[X1]'% < oo,
Hence,

0 n

2ka
Y 2P dmax |} XalflXal 2 24} = -1 < co.
=N <2 |0 4

Then, (4) follows from (6), (8) and (10). O

Now we define

W, = max , n>1.

1<i<j<py

Zszxk]

6964

(10)

(11)

For any square matrix A = (a;;), define |[|[A[|| = maxi<;zj<x |a; j; that is, the maximum of the absolute values

of the off-diagonal entries of A.
Lemma 3.10. Recall X® in (1). Let h; = XD — X@e||/ \/n for each i. Then

InLy = X, Xalll < (b1 + 2b,1)Waby5 + nb; 307

nA4’
where

by1 = maxi<igy, i — 1, W, =  max [(XDy XD
<J<Pn

bys = Mini<icp, Bi, by = max [XO).
1<i<p,

Proof. See [7]. O

Lemma 3.11. Under the Assumption 2.1and 2.2, EX1, = 0, Var(X1,1) = 1. Suppose that 0 < ¢c; < pn/n" < cx < oo,

where T > 0, ¢z > ¢1 > 0. If E[X11|?29/0-9) < oo for some a € (0,1/2), then
n"b,1 — 0 as., byz—1 as. and n'bys—0 as.

asn — oo,
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Proof. The second limit follows from the first one. Easily, |[X® — X®|2 = (X?D)X®D — n|XD[2. Using the fact
that [x — 1| < [x2 — 1| for any x > 0, we have that

X)) X0 .
n’by 1 = n® max \/L —X®)z -1
n

1<i<p,
XOYX0) —
<n max % — XD (12)
<i<pn
XY X0 _ 4 . )
< max % +|n? max |[XP|| .
1<i<py, n— 1<i<py

Note as (XOYX? = Y X2 By Lemma 3.9 the first and second maximum above go to zero when

E|X1,]@*?9/0-0) < oo, 1t is true under the assumptions of Theorem 2.1. So the first limit is proved. Under
the condition that E|X; 1/1*9/0-9 < co, we have

ZZ:l Xk,i

nb, 4 = n" max |[X?] = max —
e

1<i<p, 1<i<p,

the limit that n“b, 4 — 0 a.s. is proved by noting the relationship between n°b, 4 and the right most term in
(12). O

We introduce some notations now. Let 1/2 -0 < u < 1/2, where 6 > 0 sufficiently small, and 6 <
1 4+8
27 (4+47+5(2T+41+s)’

n

Snjij = Z XiiXxjr  Yiij = XiiXp jl{IXei Xk, jl < nt},
k=1
n

nij = Z(Yk,i,j - EYg)).

k=1

Let p = 1/2, a = 1/2, for some ¢’ > 0, Tap+p—-1—-21 > 1+ ¢. Setz = z, = [n’], q = g, = [n*],
my = [n/(zn + EIn)] ~ nl_p/ Nn = mn(Zn + qn) Deﬁne

H, in
I in

{j:iz+q)+1<j<(+1)z+ig},
j:+D)z+ig+1<j<(i+1)(z+q)},

and tyij = Yoen,, Yiij = EYkij) Omij = Lier,, Yij — EYkij), 1 < m < my.

Lemma 3.12. Under the condition of Theorem 2.1. Let {ani].;m =1,2,---,my} be i.i.d. normal random variables

with mean 0 and variance Eu? . ., 6% = limy,_,co ES2/n. Then
m,1 n

i’
ES?
Lol EY;

mji,j

—1, as n— oo.

2
Proof. WehaveES? = E (S;’L2 + Yo X X I{| X Xial > n“}) ,wherewehave§s; , , = Y U2+ Y U1+
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Z,'(;Nm” 1(Ye12 — EYx12). Since E|Xq1[**7¢ < oo, for some ¢ > 0, we have that

n
Y ENXiea Xilll1Xie1 Xl > 1)

k=1
n n
I I
< ) EIXka Xeall(1Xkal > n%) + ) EXia Xeall (1ol > 1)
k=1 k=1
n p
< Y EXialllIXal = n JEIX

k=1

n
+ ) EXi [EIXialXial > 1)
k=1

n
N EIXia [ X [ O X 4| > 5 E| Xl
k=1

IA

n

— . I3

) EIXa |l Xi ol X oL X o] > )
k=1

_ pB+atee) n
< Cn'" 7 =o ,
logn

as n — oo. Therefore,

n
n
Z ElXi1 X lI{| X1 Xk 2| = n#} =0 ( A /1 ),
=1 ogn

as n — oo. By Lemma 3.2, we have that
mﬂ 2
E [Z z7m,l,2]
m=1

as n — oo0. And we obtain

IA

Crrtpn ElXia Xio T X0 Xia| < 1)

IA

cnt-rrar = o L ,
logn

A

2

n

E[ 2 (Y2 — EYk,l,z)J < Cza + 4u)ElXia XioP I X Xio| < 1)
k=N, +1

IA

P 4 0P) — n
C(nP + n*?) 0(logn)

" ..

as n — oo. Z:Z”:l Ymij, i,j > 1is a sum of m, ii.d normal random variables with mean zero and vari-
2
ance Zz”:l Eui/i/].. We have that ES?2 = E(ZTZ”:l Mm,l,z) + o(@), using the fact that |[EXY — EXEY]| <

2(@(n))2 || X|2|[Yll2, we obtain

My 2 1y My j_l

* 1 1 1

E [Z um,l,zJ SYEYZL| < CY HE Y @il
m=1 j=1 i=1

IA

m=1

IA

Cn—Tap/2+2—p =0 n
logn)’
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as 1 — oo. Hence, ES% - Zm" EY*mzl]' = 0(10gn) n — oo. Therefore,
ES? 1
—_
my %D 4
Yo EYW]
asn — oo, where EY'2, . = Eu? . .
] m,i,j
O
Lemma 3.13. Let{Y; . = 1,2,---,m,} beiid. normal random variables with mean 0 and variance Eufn i Then
maXasi<jsp, |ty ¥y j|
lim su - <20 as. (13)
n—>oop \nlogp,

Proof. Given t € (0,1), let w, = (2 + t)og/n logpn, we can suppose 0 = 1. By Lemma 3.12, we have

ES2/ ¥ EY2,

m,i,j

My

max P[Zlei,], > Wy

1<i#j<co

m=1

=2(1-
Zmn Eu*z

m=1 m,i,j

Zmn EM*Z

m,i,j

V2712 + 1) \/n logpn

— 1,as n — oo, where EY*2

2+ 1t)/n logpn

= Eum Then we can obtain,

A
Zmn
m=1 mz]
1<1¢ <oo my %) ny *2
! \/Z Eumzj \/Z Y Eumr]

=C 2t22=O( 21t22)’
2+1) 2nlogp”pfq+)/ nT@H’

as n is large, where we use the fact that

1 < 1
1—CI)(x)=—f e 2t~ ——
V21 Jx V271x

as x — +oo (see e.g., page 49 from [9]). And we define W}, = maxi<i<j<p,

9> (2+ 1@+ 1?) /(B + 4b)1,

(14)
2+ 1t’nlogpy
2y Eu;fl]
e (15)
Yo anl]‘ ng = k7, for any integer

my
max W, < max max Y.,
M <N<Mpyq 1<i#j<pu,,, | eSn<Ne ]
m=1
My (16)
< max Z +7,,
mz
1<1#]<pnk 0 b j
where
m,,k
r, = max  max Z Y, Z Y, .| (17)
1<i#<py, ,, MSHSHga1 2 : ]
m=
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By (14),
Mo My
[1<£13X Z Y, il > wm—] < P%MP[ Z Y:ﬂ,l,2 > a)nk]
ISP m=1 m=1
m, .
2 |Z ‘ Y 12| wnk
< PuaP My 0 m 2
n; * ”k *
N \/z Eu?,
2+ t)y/nilo
< 22 |1-0 @+ 1) yrlog pn,
my .
Yot Eun%,i,j
Zmnk Eu*z 2
< Clk+1)%" e exp —(2 + O elog pu
Vamaromogm, | 2L B,

_ O (k_ (tz+;1t)g7 ) .

Since Y k- #*+4)77/2 < oo, by the Borel-Cantelli lemma,

My .
Z - le]'

maXi<izj<p,,

lim sup <2+t as.

n—oo A/ Nk log Py

Now let us estimate r,, as in (17).
Let partial sums Sp = 0 and S; =
equal to that of Smn_mnk for all m,, > m,,. Thus, by Lemma 3.8, we have

P(ry > t\fnilog pn,)
<p?, P ( max |5 > f\/”kTgpm)
1<I<npp =1
Szpik+1p<|5"k+1—”k| 2 (t/Z) \/nkTgpnk)

as n is sufficiently large, since min1§ls,1k+l_nkP((Snm,nk - Sl| < (8/2) A/ni logpnk) >

Zm 1Y I Observe that the distribution of Y,"" | Y*

6968

(18)

m”k .
m,i,j Z‘ le]

(19)

1/2, where Ottaviani’s

inequality in Lemma 3.8 is used in the last inequality. Note that, for fixed g and t, (t/2) \/nilogp,, >
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(2 + ) \J(ngs1 — mx) 10g(puy,, — pu,) as n is sufficiently large. By (15), we have

ZP%MP <|Snk+vnk| > (t/2) \nlog Pnk)

< ZpﬁkHP (|S"k+1‘"k| >(2+1) \/(nk+1 — i) log(pny,, — pnk))
- 2+t — 1)1 _

< ZpﬁkHP Lfnlki;knkl - > ( )\/(nk"'lnk 17:1:3 Ogipnku pnk)

Lo ™ Eu, oy " Eu

2 + t) \/(xs1 — 1) log(pn,., — Pa,)
= 4P$lk+1 1-® — = k+1 k
Zm:l Eum,i,j
2+ ) (1 — 1) 1 _
< C(k+ 1)2yT exp {_( ) ( k+1nk+1_l;1 Og*(zpnm Pnk)]
2 Z‘m:l Eum,i,j
= 0 (k—(rg—l)(2+t)2/2+2gr) .
Therefore,

P(rn >t nklogpnk) =0(k™),

where u = (1g — 1)(2 + t)*/2 — 2g7, since g is chosen such that u > 1. By the Borel-Cantelli lemma again, we
have

limsup ———— <t as. (20)

n—co AN log py,
By (16), (18) and (20), we obtain that

!’
maXy, <n<ng,; W,

lim sup = <242t as.

n—oo Mk log Py

for any sufficiently small ¢ > 0. This implies inequality (13) in Lemma 3.13.
O

Lemma 3.14. Let{Y . gm= 1,2, ,my} bei.id. normal random variables with mean 0 and variance Eufn i Then

my £
maXi<i<jsp, Z“m:l Ym,i,j|
lim inf > 20 a.s. (21)

n—e0 \nlogpy, a

Proof. We continue to use the notations in the proof of (13) of Lemma 3.13. For any f € (0,1), define
vy = (2 —t)onlogpy, 0% = lim, . ES?/n, we can suppose 0 = 1. We first claim that

P(W, <v,) = O(%) (22)

as n — oo, for some positive constant ¢ depending on t and the distribution of X; 1 X;, only. If this is true,
take an integer g such that g > 1/#'. Then P(W}, <v,,) = O (1/kt'9). Since Y k"7 < oo, by the Borel-Cantelli
lemma, we have that

’

W,
liminf ——=%—— >2—¢ gs. (23)
n—eo 1y log py,
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for any t € (0,1). Recalling the definition of r, in (17), we have that

inf W, >W, -

N SN<Mjeyp
By (20) and (23), we have that

lnfm<n<nk+1 W,

liminf >2-2t as.

n—eo Vhrlogpy,

for any ¢t > 0 small enough. This implies (21) of Lemma 3.14.
Now we turn to prove claim (22) by Lemma 3.7.
Take I = {(5,j); 1 <i<j<p} Fora=(ij) €l set By ={(k]) € ;oneof kand ] =ior jbut (k) # a},
=X Y:n”|, t=vyand Ay = Ay ={| X", Y; . | > v,}. By Lemma 3.7,

m,i,j
P(W; < Vn) < e”\“ + bl,n + bz,n. (24)
Evidently
pip-1)
n = P A 7
A > P(An) (25)

bl,n < 2p3P(A12)2 and bZ,n < 2P3P(A12A13).

Remember that Y’ Y* .. is a sum of ii.d. normal random variables with mean zero and variance
Lo B2, . Recall (15). We have
111y

Zymlz >Vn]— [ >(2—t)\/1’110gpn]
)Zmn Y 12' S (2 —1t)ynlogpn

P(Alz) = m,1,2

=P
\/Zm” E”:flz \/Zm” E”:nzlz
(26)
2 —t)/nlo
_olq | @D nlogpy
Lo E”Zflz
My,
Yo 1E“mlz (2—t)nlogpn —O( 1 )
(2 —t)\2nnlog pn 2y Eu*m21 ) nt@-H*/2
as n — co. Provided E|Xy 1[4 < oo and v,/ \/nlogp, — 2 —t,
m My
P (A1pAs3) = p{ P T ) IR G = v,,]. 27)
m=1

The two events in (27) are conditionally independent given Y;, ]’s P! and E! represent the conditional
probability and expectation of {Y*

{Pl[ZY .

;1<m<my,,1<i,j<pa}, respectlvely Then the probability in (27) is

m,i,j’

m=1

>(2—-1t)4/n logpn] ‘ (28)
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Set
TINE 1, s SN B
Au(s) = {E Y (Yool —EV;00[)| < 5}
m=1
fors > 2and 6 € (1,1). Choose f € (4> +2,9/(a®> + 1)) and r = a*> + 1. Let (; = Y*m,m)ﬁ -E|Y, 1,2|ﬁ for
m=1,2,---,my. Then E|(;|" < co. By the Chebyshev inequality and Lemma 3.4,
my B E)zm,,_ Cm'r
P(A.(B)) =P | > 08| < ==L = O 29
(An(B)) [Z;c ] e (=) (29)

asn — oo, where f(r) = r/2ifr > 2,and f(r) =r—-1if 1 <r < 2. Let {C},;1 < m < m,} be an independent

m’s

copy of {Cy; 1 < m < m,}. Then since (29), P(| Z"”‘:l Gl < 1b/2) > 1/2 for sufficiently large n, it follows that

P(Zcm >n5}S2P(
m=1

by repeating (29). Given an integer j > 1, let v = n5/4j. Then by Lemma 3.6, there are positive constants C;
and D; such that
P [
My

p[ Y @ -C
j
CjP( max |Cm -, 2 Cn =G| > V] .
m=1

m=1
1<m<m,
Since E|Ci|" < oo, P(maxi<msm, [Cn — Cpyl > v) < myP(IC1 — Cf > v) = on'™). By the same argument as the
equality in (30), we obtain

[P(Z(cm )

Take j = [(r — 1)/ f(r)] + 1. It follows that

m=1
as n — oo. Combining (29), (30) and (31), we obtain that

My

Y (G =G

m=1

>nb/2|=0(n ") (30)

My

Y (@u-G)

m=1

> n5/2]

> 2]'1/]

IA

>V)+D]'P

j

>v|| = om0,

> nd/2| = 0om'™) (31)

P(A4(B)) = O(n'™)
as n — oo. By the same arguments the above still holds if § is replaced by 2. Consequently,

My
%
Z Ym,l,z

m=1

P(A1pAs3) = E|P? [

2
>2-t)yn logpn] ‘

(32)

My

"
Z Ym,l,2
m=1

+ P(An(s)).

<E Pl[

2
> (2-t)4/nlog Pn] In,nA,)
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Since

p! [ Z Y, 122 @2—-t)n logpn]
m=1

_pt |Zmn Y*12| (2—t)\/n10gpn
\/Zmn Euﬁlz \/Zmn E”:flz
(2 —t)*nlog pn]

My *2
2 Z‘m 1 Eum 1,2

<Cexp (—

we can obtain

My

p! [ Z Y10 221 \/nlogpn] I4,6)n4,2)
m=1

Y
<Cexp (_ 2-1 ”IOan] -0 (nb—(z—t)z)

Yo Euy )

for any b > 0. Choosing both b and ¢ small enough, we obtain
eM<e™, b1, < L and by, < —
Vi v
for sufficiently large n. Then (22) follows from (24) and (35). O

s

Lemma 3.15. Under the condition of Theorem 2.1, take T,, = maxi<;<<p, nijl

T
lim sup - <20 as.

n—oo \n log Pn

liminf Ty

> 20 a.s.
n—o0 /n log pn

Proof. S ;. = ket (Yiij = Eiij) = KLy thmij + Loty Omij + Yieen,, +1(Yiij =

and Lemma 3.2, for ¥V ¢’ > 0, we obtain

0" /n logpn] < C

My

I

m=1

PRE|XM vi1n |q
(nlogp, )"

q

1 19 2 2
P (EXuaXoal 11%01 X2 < k)
C

1<i<j<p,

P[ max

IA

(nlogp,)"?
ann%ﬂxl 1 X121 TH{|X11 X1 | < 1t}

(nlogp,)"”
n2"(+%(1—p+0¢p) Tl 1’11 prapyhq
+
(nlogp.)*  (nlogp.)"”

C - L +C - L =0 (%),
(log pn)j n(p—ap)%—Z'[ (1ngn)§ n(l—2y)%+p—ap—1—21 nte

IA

6972

(33)

(34)

(35)

, then

(36)

(37)

EYy, ). By Markov inequality
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for ¢’ > 0 and sufficiently large g, and for V ¢’ > 0,

P[ max Z (Ykij— EYgij)| =0 nlogpn]

1<i<j<p, =N 1
—Nmp

PREl Yk, +1(Yk12 = EYi10)l7
(nlogpn)i/?

2 2 2 :
Pi(zZn + qn) (E (X1,1X1,2| X1, X10] < ﬂ“})
C

IN

(nlog p,)7/?
+CP%(Zn +qn)E |X1,1X1,2’q HIX31,1X1,0] < nt}
(nlogpy)i/

n2 (P +n0)1% w2 (nf + nP)nt

nil? (logp,)"  ni2 (log p,)"?

P+ naryl P 4+ pnop 1

(nP + nr) 2 N nf +n B ( )

1’1%727 (1Oan)q/2 n(l—Zy)%—ZT(logpn)q/z - ni+e ]’

for sufficiently large g.

By Lemma 3.1, we can construct the independent random variables {u*mij; T<m<m}, {u, ;1<m<
m,} has the same distribution as {u,,;;;1 < m < m,}, andP(|u,;; — u:m.].l > 6@(lLnnl)) < 6@(Lnnl). We have
that

my
P[ max (Y (i = t5,,)| = & «/nlogpn]
1<i<j<p, "
m=1
My
2 *
< p.P Z (um,i,j - um,]-) > ¢ y/nlogp,
m=1
2 «
< annP(Wi,l,z - ui/1/2| > 6¢(|Il,n|))
1 1
2t+1-p ~Ta,
< P P < =
< Cn n = pTap+p-1-2t 0(nl+s’ )’
for T>6+8t+e Letu, . =Yy, (V;, —EY;, ), 1 <m<my, whereY, =X X X X |<n),

{X;( i k € H;,} is an independent replication of {Xy j;k € H;,}. Thus, we only need to prove

Zmy,_ ux- ‘
m=1 "m,i,j

maXj<i<j<p,
(1) limsu <20 as.
=00 P ynlogp,

my *
maXi<i<j<p, Z:m=1 um,i,jl
(2) liminf > 20 a.s.

n—00 ln log pn

Yoyt o= Y (u* =Y. +Y 4.), where Y? .., 1 < m < m, is a sequence of independent normal
m=1 ""m,i,j m=1 m,i,j m,i,j m,i,j m,i,j
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random variables with variance Var (um ; ].) ,1 <m < m,. Since Lemma 3.5, we have that

o 2 Ny q
) * * P Z‘iZl 4,1/2)
S A Z(”i,l,z_yu,z) >0 ynlogp,| < C -
=1 (nlogn)>
9
- CPﬁmnzﬁ(El k1 k2|21{| i k2|<n D}
(nlogpn)z
p”mnanl k1 kZIqI” k1 k2|<n}l}
(nlogpn)z
211,12 211, 1Pk
< C Puhnh : +Cann” n :
(nlogpn)? (nlogpy,)?
1 1 1
< q q +C 7 7 = O( — ),
(log p,)in(-P+p-1-2t (log py) # n1-205-1-2¢ nl+e

for sufficiently large g. Thus, since Lemma 3.13, Lemma 3.14 and Borel-Cantelli lemma, we can obtain the
result. [

Now we are ready to give the proof of Theorem 2.1.

Proof of Theorem 2.1. Recall W, in (11). Choose a = 1/3, Under the condition that E|X;[***™*¢ < oo,
We have from the triangle inequality, Lemma 3.10 and Lemma 3.11 that

InL, — Wy| < ||[nT, = X, X, ||| < 4n71B3W, +2n1® g, (38)

as n is sufficiently large. To prove Theorem 2.1, we need to show that

W,
lim —2— =20  as. (39)
n—oo /n log pn
Take T,, = maxi<i<j<p, S;u.,]. ,

W, —T,| £ max

1<i<j<pn

ZXkIXk] {|Xk1Xk]| 2 ny} s Uy

4+81

Recall 1/2 — 6 < p < 1/2, where § > 0 sufficiently small, and 0 < 6 < 1 - Tm o

By Lemma 3.2, let
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g=4+4t+¢ forany o’ >0,

P(Un >0 \/nlogpn)

n

<P [ max

1<i<j<py

XiiX 1 {|Xk,iXk,j| > nt }
1

>0 n logpn]

k=
L E|Tkoy Xt Xea {1 X1 Xea| 2 n))7

<Pn 7
(6’ nlog pn)

Cr**n (E |Xl,1X1,2|2 HIX11 X312 > ””})2

ni/2(log py)i/?
Cr2™1E | X1 X o {1 X101 X0 2 > n#) (40)

* n12(log pn)1/?

9

Cn** (E |X1,1|2 1{|X1,1| > 7’1%} ElX1,* +E |X1,2|21{|X1,2| > ﬂ%}E|X1,1|2)E

B (log p,)7?
Cr2E X" T{1X1] 2 ¥} EXa0lf + Ch2 ™ E X o I{IX0 0l 2 0} EIX 17
+
m/2(log p, )i/
q

C(ElX12P + ElX11 )’ C e
S q  pRtdtre)d+dtie) + 4+47+¢ _27-1 2 =0 ( 1+¢’ ) °

(logpu)zn—— &+ 2 mn2 (log pn)?/ n

By the Borel-Cantelli lemma,
Uy

\nlogpy,

To prove (39), we need to show that

lim L =20 a.s.
ww filog pn

-0 a.s. as n — oo,

Lemma 3.15 actually says that lim, . T/ v/ logp, = 20. The reason we did not combine Lemma 3.15
(36) and (37) as a single limit is that the proof of the combined one is relatively long. (39) then follows
immediately from Lemma 3.15, Applying (39), it follows that 4n~3W,, = O(n'/® log p,) almost surely. Hence
nkn — W, = O(n'/3) a.s. Theorem 2.1 then follows immediately from (39), then we complete our proof of
Theorem 2.1.

4. Examples

In certain applications such as the construction of compressed sensing matrices, the means p; = EX®)
and p; = EXY are given and one is interested in

5 = OO0 )
T IX0 = gl X = gyl

1<i,j<p
and the corresponding coherence is defined by

L, = max |gii.
" 1Si<j£p|plj|
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Compressed sensing is a fast developing field which provides a novel and efficient data acquisition
technique that enables accurate reconstruction of highly undersampled sparse signals. It has a wide range
of applications including signal processing, medical imaging, and seismology. In addition, the development
of the compressed sensing theory also provides crucial insights into high-dimensional regression in statistics.
One of the main goals of compressed sensing is to construct measurement matrices X;x,, such that for any
k-sparse signal p € IR?, one can recover f3 exactly from linear measurements y = Xp using a computationally
efficient recovery algorithm.

Two commonly used conditions are called restricted isometry property (RIP) and mutual incoherence
property (MIP). Roughly speaking, the RIP requires subsets of certain cardinality of the columns of X to be
close to an orthonormal system and the MIP requires the pairwise correlations among the column vectors
of X to be small.

Example 4.1. Given a matrix @ and any set T of column indices, we denote by @ the n X #(T) matrix composed of
these columns. Similarly, for a vector x € RN, we denote by xr the vector obtained by retaining only the entries in

x corresponding to the column indices T. We say that a matrix ® satisfies the Restricted Isometry Property (RIP) of
order k if there exists a O € (0,1) such that

(1= &) IerlPy < 1@7rlZy < (1 + 6 lerly
2 2 2

holds for all sets T with #T < k. This condition is equivalent to requiring that the Grammian matrix ®\.®r has all of
its eigenvalues in [1 — 6, 1 + O] (here L. denotes the transpose of ®r). This was shown by [5].

Example 4.2. A commonly used condition is the mutual incoherence property (MIP) which requires the pairwise
correlations among the column vectors of X,, to be small. X, = (XD, X®, ..., X®)) = (Xg;)uxp. It has been shown
that the condition

(k-1)L, <1
ensures the exact recovery of k-sparse signal p in the noiseless case where y = X, and stable recovery of sparse signal

in the noisy case where y = XB + z. Here z is an error vector, not necessarily random. The limiting laws derived in
this paper can be used to show how likely a random matrix satisfies the MIP condition. This was shown by [8].
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