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New characterizations and representations of the weak group inverse

Yang Chen?, Li Yuan**, Xiangyu Zhang®

®Department of Mathematics and Computer Science, Hanjiang Normal University, Shiyan, China
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Abstract. The weak group inverse is characterized from an algebraic point of view. Some equivalent con-
ditions for a matrix to be the weak group inverse are established using range, null space and several matrix
equations. Based on the group inverse, Bott-Duffin inverse and certain projections, some representations

of the weak group inverse are given. In addition, splitting method for computing the weak group inverse
is presented.

1. Introduction

The sets of all natural number, complex number, n dimensional column vectors and m X n complex
matrices will be denoted by IN, C, C" and C™", respectively. The identity matrix in C"" and the null
matrix in C™" are denoted by I, and O. For A € C"™", let A*, r(A), R(A) and N(A) stand for the conjugate
transpose, the rank, the range and the null space of A, respectively. For A € C™", the index of A, denoted
by ind(A), is the smallest nonnegative integer k such that r(A¥) = r(A**!). The symbol C" stands for the
set of all n X n complex matrices with index k.

The definitions of several helpful generalized inverses are stated now. A matrix X € C"™ that satisfies
XAX = X is called an outer inverse of A € C"™" and denoted by A®. The outer inverse of A € C"™" with

the range 7~ and null space S is the unique matrix AQ) 7 = X € C™" satisfying XAX = X, R(X) = 7 and

N(X) = S, where A has rank r and the two subspaces 7 and S of C" and C™ are of dimensions s < v and

m — s, respectively. We know that such X exists if and only if A7 @ S = C". For main properties please see
[1,4,5,18].

The Moore-Penrose inverse of A € C"™" is the unique matrix A" € C"™" [1, 5, 13] such that AATA = A,
ATAAT = AT, (AAT) = AAY, (ATA) = A*A.

The Drazin inverse of A € C;*" is the unique matrix AP [1, 5, 6] satisfying APAAP = AP, AAP = APA,
AP AR = Ak Tn a particular case that ind(A) = 1, the Drazin inverse becomes the group inverse AP = A*.

The core-EP inverse of A € C*" is the unique matrix AD [14] such that ADAAD = AD ang R(A®) =
RI(AD)) = R(AF). Tt is known that [8], AD = AAD)2 = AP AkAlY,
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For square matrices with arbitrary index, the weak group inverse was defined in [16] as a generalization
of the group inverse. Precisely, the weak group inverse of A € C" is the unique matrix A¥ = X € C"™"
satisfying the system of equations

A2 =x Ax =ADa.

Notice that, by [16], AD = (A®)2A. Some interesting properties of the weak group inverse were established
in[7,12,16,17, 19].

Inspired by recent research about weak group inverse, our aim is to present new characterizations and
representations for the weak group inverse. In Section 2, new characterizations of weak group inverse are
given by equations and subspaces. In Section 3, some representations for the weak group inverse are given
based on the Bott-Duffin inverse and certain projections. Section 4 gives splitting method for computing
the weak group inverse.

2. New characterizations of weak group inverse by equations and subspaces
We begin with several lemmas which will be used in later.

Lemma 2.1. [1] Let L and M be complementary subspaces of C", Pz be a projection onto L along M and
A e C™" Then

(@) Px A = Aifand only if R(A) € L;

(b) AP p = A if and only if M C N(A).

The Lemma 2.2 can be got by [12, Lemma 2.4].
Lemma 2.2. [12] Let A € C™". Then

® - 4O - A® .
(@) A = A s = Araraym vy ay

(b) AAD = p R(AR) N ((AF) A)/
(C) A@A = P‘R(A“),N((A")*AZ)'

Lemma 2.3. [12, Theorem 2.1] Let A € C™" and k <1 € IN. Then A® = Al(AF2)TA,

The core-EP decomposition of a square matrix was given in [15] and the corresponding formula of the
weak group inverse was verified in [16].

Lemma 2.4. [15,16] Let A € C" and r(AX) = t. Then there exists a unitary matrix U € C™" such that

T S 1.
A—A1+A2—U[O N]u, (1)

where N is nilpotent with index k, T is t X t invertible matrix. The representation is called the core-EP decomposition
of A, while A, = AADA and A, are the core part and nilpotent part of A, respectively. In addition,

®_ .| Tt T2 |.
A _u[ o o |U- )

In the following theorem, we will show that the condition R(X) = R(A) in [19, Theorem 3.1 (d) — ()]
can be relaxed as the condition R(X) C R(A").
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Theorem 2.5. Let A € C;’X”, X e O™ and A = Ay + Ay is the core-EP decomposition of A, where A1 and A, are
the core part and nilpotent part of the core-EP decomposition of A. Then the following are equivalent:

@X=A

(b) R(X) C R(A), AX = AD4;

(C) R(X) - R(Ak), AZX = PcR(Ak)A,'

(d) R(X) € R(AY), (AF)A%X = (A")A;

() R(X) € R(AN), A1 X = ADA,

Proof. (a) = (D). It can be obtained directly from Lemma 2.2 and the definition of the weak group inverse.

(b) = (). Follows by AAD = P i),

(c) = (d). Pre-multiplying by (AFy* on A%2X = PganA gives (AP A2X = (AF)A by (Ak)*PR( Ak = (AFy*.

(d) = (a). We have r(X) < r(AF) by R(X) € R(AF), then r(A¥) = r((AF)*A) = r((AF)*A2X) < r(X) < r(AF)
implies 7(X) = r(A¥). So R(X) = R(A¥). The proof is finished by [19, Theorem 3.1 (f)].

(b) = (e). Follows directly from AD = A(A®)2.

(¢) = (a). Firstly note that R(X) c R(A") implies ADAX = X. Also, by 4;X = ADA we obtain
X = ADax = ADAaDAx = ADAD4 = 4®. [

Using the result of Lemma 2.2 that N((A¥)*'A) ¢ N (A@), we will give several different characterizations
of the weak group inverse of a matrix A.

Theorem 2.6. Let A € C”" and X € C"™". Then the following are equivalent:

(1) X = AD;

(b) N((A)A) € N(X), XA = A

(©) N((A%y4) € N(X), XAAD = AD;

(d) N((A*)A) € N(X), XAP = (AP)%;

(©) N((A)*A) € N(X), XAD = 4Dy
Proof. (a) = (b). By Lemma 2.3 and Lemma 2.1 (b), we have XA*! = AK(AF*2)t AAM1 = AF The condition
N((A¥)*A) € N(X) holds by Lemma 2.2.

(b) = (c). Multiplying XA®*! = AF from the right side by (A¥*1)t, we get XAAD = 4D byA® = AF(AHT),

(c) = (¢). Post-multiplying by AD on XAAD = AD gives xAD = (AD)2 by 4AD)2 = 4D

(1) = (d). By Lemma 2.2, we have N((A*)*'A) € N(X) and XAP = XA(AP)? = Pgeany naryazy(AP)? = (AP)?
by Lemma 2.1 (a).

(d) = (¢). By XAP = (AP and AD = ADAKAK, we get that XAD = (AP)2Ak@ARt = APAD =
APAAD) = Py 1y (AD)2 which by Lemma 2.1 (a) yields XAD = (aDy2.

() = (a). By XAD = 4Dy, we get R(AF) = R(AD)?) ¢ R(X) and r(4¥) = r(AD)) = r(xAD) < r(X),
and by N((A¥)*A) € N(X), we have that r(X) < r((A¥)*A) which together give r(X) = r((A¥)*A) = r(A¥). Then
wehave N ((AF)*A) = N(X) and R(X) = R(A¥) = R((A®)2), whichimplies that X = (A®)2L forsomeL e C"™".
Post-multiplying on XA® = (ACD)2 by L, we obtain XAX = X. Hence, we have X = Ag() ANARYA) = A® by
Lemma 2.2 (a). O

The conditions R(X) = R(A¥), N((A*)*A) = N(X) in [19, Theorem 3.2 (b)] can be relaxed. Therefore, we
have the following Theorem 2.7.

Theorem 2.7. Let A € C" andX € C"™". Then the following are equivalent:
(1) X = AD;

(b) R(X) € R(AF), N(X) € N((A¥)A), XAX = X;

(©) R(A%) € R(X), N(AF)A) € N(X), XAX = X;

(d) R(X) C R(A¥), N((AFyA) € N(X), AXA = AD A2

() R(X) C R(A¥), N((AF)A) € N(X), AXAD = oD,
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Proof. That (a) implies all other items (b) — (¢) can be checked directly using the definition of the weak group
inverse and Lemma 2.2.

(b) = (a). By XAX = X, we have X(AX —1I,) = O and by N(X) C N((A¥)*A), we have (AF)A(AX-1,) = O
that is (A¥)*A%2X = (A¥)*A. Hence, by Theorem 2.5 (d) = (a) it follows that X = AY.

(c) = (a). By R(A¥) € R(X), we have AF = XL for some L € C™". Then A* = XL = XAXL = XA*!. Thus
X =A® by Theorem 2.6 (b) = (a).

(d) = (¢). From AD = 4(AD)2 and AxA = AD A2, we obtain AXAD = AxAUAD)2 = ADA24Dy2 =
ADAAD = 4®

(e) = (a). Since R(X) C R(AF), we get A®ax = x. Pre-multiplying on AXAD = Ao® by A®, we get
XAD = (AD)2 Hence, X = A® by Theorem 2.6 (¢) = (1). O

In the following theorems, we present some necessary and sufficient conditions for a matrix X to be
A® based on the conditions A1X? = X, XAX = X and XA1X = X, where A; is the core part of the core-EP
decomposition of A.

Theorem 2.8. Let A € CZX”, X e O™ and A = Ay + A is the core-EP decomposition of A, where Ay and A, are
the core part and nilpotent part of the core-EP decomposition of A. Then the following are equivalent:

) X = A,

(b) A X? = X, AX = AD4;

(©) AiX2 =X, A1 X = AD4;

(d) A1 X* =X, A2X = Ay,

(e) A1X% =X, AlX AtAy;

(f) AX? = X, (Ak)*AzX (AR A.
Proof. (a) = (b). By the definition of the weak group inverse, we have

A X2 = AADAXX = 44ADx = 4ADADAD 4 = 4D4Dp = x.

(b) = (c). From AX = ADA and AAD)2 = AD, we get 41X = AADAX = 4ADAD 4 = 4D 4.

(©) = (d). It follows by A2X = A;(A;X) = A,ADA = 44D24D4 = 4,

(d) = (a). By A;X2 = X, we get R(X) € R(A;) € RAAD) = R(4F). Pre-multiplying by AD on A2x = 4,
gives A®AA1X - A®4. Hence, we get A1X = ADa by Lemma 2.1 (a). The rest follows by Theorem 2.5

(e) = (a).

(1) = (¢). From [16, Theorem 3.2], we know A® = A*. Hence, it is obvious that A; X = A;A¥ = A*A,.

(e) = (a). Consequently by X = A1 X% = (A; X)X = A#(AlX) APATA = A = A®.

(@) = (f). This implication is obvious.

(f) = (a). Since AX? = X implies that X = A*X1 it follows that R(X) C R(A¥). Hence, X = A® by
Theorem 2.5 (d) = (a). O

Theorem 2.9. Let A € CZX”, X e C™" and A = Ay + Ay is the core-EP decomposition of A, where A1 and A, are
the core part and nilpotent part of the core-EP decomposition of A. Then the following are equivalent:

(a) X = AD;

(b) XAX = X, XA = Ak AX = AD4;

() XAX =X, XA = (A®)2A2 (AP A2X = (AR A;

) XA X = X, AX = ADA, xA, = AD 4,

() XA X = X, A1 X = ADA, x4, = AD4;

(f) XA1X = X, A1 X = AD4, x44D = 4D,

(9) XA X = X, A1X = ADA, xAD = 4Dy,
(h) XA X = X, 41X = ADA, xA2 = A,
(i) XA1X = X, A1X = XAy, XA? = Ay;
() XA1X = X, A1 X = XA1, A1 XA, = Aq.
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Proof. (a) = (D), (c). It is obvious by the definition of the weak group inverse and Lemma 2.2.
(b) = (a). By XAH! = Ak, we get R(A) = RAD) c R(XA). By the conditions XAX = X, AX = ADA and
Lemma 2.1 (1), we have

X = X(AX) = XADA = XAADAD A = Priuy v ADADA = ADAD 4 = 48
(c) = (a). Since (AF)*A%X = (AF)*A, we get N(AX) C N((AF)'A) = N (A®A). Then
x = (XA)X = ADADaax = ADAD AP, 0wy = ADADA = 4@

Notice that we use Lemma 2.1 (b) in the previous equality.
(a) = (d). Using Lemmas 2.1 and 2.2, we verify that XA; = XAADA = Prixay v ADA = 4D A and
XA X = ADAX = Py vayn X = X.
(d) = (e). This follows similarly as Theorem 2.8 (b) = (c).
e) = (f). Post-multiplying by AD on XA = AD» gives XAAD = 4D by ADAAD = 4D
£) = (g). It follows by A(AD)2 = 4D
7) = (a). Notice that X = X(A;X) = XADA = (4Dy24 = 49
¢) = (h). By XA, = ADA and Lemma 2.1 (a), we have XA2 = (XA1)A, = AD 44, = A,
h) = (i). This implication is clear by A; X = XA1(A1X) = XA;ADA = xAAD44D 4 = x4,.
i) = (j). Consequently by A1 XA; = XA;(A1X)A; = (XA1X)A14; = XA1A; = Ay
(/) = (a). By XA1X = X and A1 X = XA;, we have X = A1 X% From A1 XA; = A1 and A1 X = XA;, we get
Ay = A2X. Hence, X = A® by Theorem 2.8 (d) = (a). O

(
(
(
(
(
(

3. Representations of the weak group inverse

Using Lemma 2.2 (1) and the representation of A;Z.)S inverse from [18, Theorem 2.1], we get new
representations for the weak group inverse.

Theorem 3.1. Let A € C*". Then
AD = AR ARy A(A (AR A)F = (AK(ARY AR AR ARy A.
Mary [11] introduced the inverse along an element, the Lemma 2.2 (7) shows that the weak group is the

inverse along A¥(A¥)*A. Thus, the Theorem 3.1 also can be got by [11, Theorem 7].

Bott and Duffin [2] defined the Bott-Dulffin inverse of A € C*" by A(L_l) = Py(APz + I, — P£)! when
APy + 1, — P is nonsingular, where L is a subspace of C". In [19], the authors showed the weak group
inverse by a special Bott-Duffin inverse. Inspired by that, the following expressions for weak group inverse
are given using different Bott-Duffin inverse.

Theorem 3.2. Let A € CZX”. Then

A@ (A*P'R(A*Ak)A)(R;i)k)A*PR(A*Ak)

PR(Ak)(A*P‘R(A*Ak)APR(Ak) + In - PR(Ak))_lA*PR(A»Ak).

-~ — k=1 ,

Proof. Assume that A is given by (1) and A = T(T¥)* + T(T)", L = TT* + SS*, T = Y, TISN*1-1.
j=0

TF T

O O

T T'T
~ |u.
STF ST ]

I O

By (1), we get A* = U[ o O

:| U*, then P'R(Ak) = Ak(Ak)+ = U[ ] U and

A*AF = u[ (3)
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Applying [4, Ch.3 Corollary 2.3] to (3), we get

kye A—17 —1 kye A—17 —1
 pkyt _ (Tya=L7°T  (TyATLTS | .
(AA)" = U[ (Ty'a~'L7'T (Ty'a'L7'S i,
which yields
[Tt TLs
Praay =U| gpar gpg [U- 4)
Let M = Pgiar)(A"Prea sy APgeary + I — Py Ak))‘lA*P(R( A4k A straightforward calculation gives that
Moo ultoo© (T*2L'T2 o’ (T2L'T (T2L1S 0
- Yo ol ST +NSILIT I (ST + N*S)L-'T  (S'T* + N*S*)L'S
B u» I, O T2L(T*)2 o) (T?L7'T (T*)?L71S ur
- | O O —(S'T* + N*S*)T) % I, (S'T*+ N*S)L7'T  (S'T* + N*S")L'S
[T TS
= U » 0 0 :| u
= A9

O

Theorem 3.3. Let A € C". Then A® = Py A"(APgiuyA* + Iy — Proae )™

— k=1 ,
Proof. Assume that Ais givenby (1)and L = TT* + S5*, T = }, TISNK1-i, By (1) and (4), we get

j=0
M1 = P(R(Ak)A*(AP.R(Ak)A* + In - P.R(A»Ak))_l
- -1
_ ™ O . TT +I; — T°'L7'T -T*L7'S .
= Yo o ]u u[ ST o-sos | Y
_ [ T 0] (T*)—lel (T*)—lT—ZS e
B | O O S(TH2Tt L+ S(T)'T +(T)2T?)S
[ T T3S |
= Uu e 0 ]U
= A9,
0
Example 3.4. Let
2 00
A= -a 0 1
a 0 0

with ind(A) = 2, where a is a real number. By Lemma 2.3, the weak group inverse of A is given by

3a2+8 0 —a

@ 2, Adnt 53?2;—186 5a2+16
_ _ | =34°-8a —a

A =A (A ) A= 2002 +64 0 5a2+16
3a°+8a 0 —a*

10a2+32 10a2+32
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By calculation, we get that

16 —4a 8a 9% +48a2+64 0 —3a°—8a
5a2+16  5a’416  5a+]6 97 +4942+64 97 +49a2+64
P a2y = —4 a —2a Po s a2y = 0 0
R(A?) 52+16  5a+]6  5a+l6 |’ R(A*A?) ’
8a —2q 4a? —3a°—8a 0 a?
5a2+16  5a2+16  5a2+16 9a*+49a2 +64 9a*+49a2 +64
9a* +4842+64 16a5+111a3+192a —1645-11143-192a
250" 160474256 1000464042 +1024 5001+32047 451
(A*P anAP. 4] —P » )—1 — —9a°—49a°—64a 940 +449a* +2624a°+4096 —9a°—494* —64a
R(AA?)LER(A%) T 13 R(A?) 1004 +64042+1024 400a” +256042+4096 2004 +128047+2048 ’
9a5+49a° +64a —9a°—494* —64a* 9a°+1494* +7044%+1024
50a%+32022+512 200a%+128042+2048 100a%+640a2+1024
4544 +1284%+64 32%+8a —63a°—136a
. 8(32a2+%56 1042432 80424256
* -1 _ [7 +oa —11
(APR(AZ)A + 13 P‘R(A*AZ)) = 102432 1 m
—63a°—136a —a? 117224256
80a2+256 1022432  80a2+256

Then it can be verified that (A" Pg- AZ)A),(R_(Z)Z)A*PR( AA2) = A@, P2 A" (APga2)A” + I3 — P Az))*l = A®,
The following theorem provides new formulae for the weak group inverse A® based on projections
X = PN((A")*AZ),R(AI‘) and Y = PN((A")"A),‘R(A")‘
Theorem 3.5. Let A € C", X = Pyaryaz)rary and Y = Ppyary ayriav)- Then for any a,b € C\ {0}, we have
A® = (ARARY A2 4 aX) T AR ARY AL - Y)
(I, — X)AR(AFY A(AF 1 (AR A + bY) ™!

Proof. By Lemma 2.1 and Lemma 2.2, it is not difficult to conclude that
(AR (AR A2 + aX)A® = AF(ARY A(L, - Y).

Now we only need to show the invertibility of A¥(A¥)* A2 +aX. Let (A¥(A¥)*A% +aX)& = 0 for some & € C".
Then AF(A%)*A%2E = —aX&. By Lemma 2.2, we have

AFAFY A2E = —aXE € RAN(AFY' A?) N R(X) = RAK(AFY A% N N((AF)A?) € R(AF) N N((AF)*A?) = {0},
which gives A¥(AF)*A%E = —aX& = 0. Hence,
& e N(AKARY A% N N(X) = N(AFAR) A%) N R(AF) € N((AF)*A%) nR(AF) = {0}

Thus, & = 0 and A*(A%)*A? + aX is invertible.
Analogously, it can be verified that A¥1(A¥)*A+bY is nonsingular and A® = (I, —X) A (AR A(AR1 (AR A+

bY)™l. O

Example 3.6. In order to illustrate the representations of Theorem 3.5, let

1 00
—-i 0 i
2 00

withind(A) = 2,a = —1 and b = 2i, where i stands for the imaginary unit. According to Lemma 2.3, exact calculation
in Mathematica gives

A=

~

A® - A2(4%tA

GHRLRING N
.
o O O
SR e N
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Simple calculation gives

0 00 o0 -1
X= PN((AZ)*AZ),‘R(AZ) = —1 1 0 , Y= PN((AZ)*A), R(A2) = —% 1 _%l ’
-2 0 1 _i 2
3 3
4 0 1 1 0 0
A2A A= 4 0 i |, (A2(A%)A%- EX)*l =2 -5 0 |,
8 0 2 1 0 -5
5=l 0 g
(APAX A +2iY) = —2§ +2;i —1i —%1—2 + flgi
gtz 0 g3

Further, it can be verified that Theorem 3.5 is valid in this example.

Some representations for generalized inverse A,(iz_)  of matrices were given in [3]. For the weak group
inverse we have the following results.
Theorem 3.7. Let A € CZX”, a,b,c,deC\|(0}. Assume that F and E* are full column rank matrices, which satisfy
R(A*) = R(F) and N((A¥)*A) = N(E). Then
A® = b(aP ) + FEA)'FE )
= dFE(cPnaryay + dAFE) ™. (6)
Proof. In order to show that aPyary + bFEA is nonsingular, let (aP ) + bFEA)x = 0 for some x € C".
Then aP yaryyx = —bFEAx, we have —FEAx € R(FEA) C R(F) = R(A¥) and aP a1y x € N((A¥)), ie.,
aP )X = —bFEAx € N((AY)) nR(AF) = {0}.
Hence Py aryyx = 0 and FEAx = 0. It follows that x € N ((AH*)* = R(A). Since F is full column rank matrix,
we get EAx = 0, which gives
x € N(EA) = RA'E")* = (A'R(E))* = RAA* AR = N((AFYA?).
Hence x € R(AF) N N((A%)*A?) = {0}, so x = 0 and aP naryy + DFEA is nonsingular. By Lemma 2.1(b) and

Lemma 2.2, we obtain Py Ak)*)A@ = 0 and EAA® = E which together give (5).
Similarly, (6) can be verified. [

Theorem 3.8. Let A € CZX”, a,b,c,deC\|{0}. Suppose that B and C* are full column rank matrices which satisfy
N((A*A) = R(B) and R(A¥) = N(C). Let Eg = I, — BB, Fc = I, — C*C. Then,

A® = 0(aA'ERA + bC'C) L A'E; @)
= cFcA*(cAFCA™ + dBBY) ™. 8)

Proof. We show that aA*EgA + bC*C is nonsingular. Assume that (¢A*EgA + bC*C)x = 0 for some x € C".
Then, we have bC*Cx = —aA*EgAx,

x € R(C'C) N R(A*EgA) = R(C") N R(AEp) = R(AN* N N((AF)*A%)* = (0},
which implies C*Cx = 0 and A"EgAx = 0. Hence Cx = 0, EgAx = 0 yield
x € N(C) N N(EgA) = R(AY) n N((A¥)*A?%) = {0).

Thus x = 0 and aA*EgA + bC*C is nonsingular. Hence, since R(A@) = R(AF) = N(C), we get CcA® = 0.
By N(Eg) = R(B) = N((A¥)*A), Lemmas 2.1 and 2.2, we obtain EBAA@ = Ep. Therefore, AW = a(@A*EgA +
bC*C)'A*Ep.

Similarly, (8) can be verified. [
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As we know, A® is an outer inverse of A with rang R(A¥) and null space N((A¥)*A). The results of
Theorems 2.2 and 2.4 in [3] are applicable to the weak group inverse.

Corollary 3.9. Let A € C*". Let B and C* be of full column rank matrices and satisfy
N((A¥y'A) = R(B), R(A") = N(O).

Let Eg = I, — BB', Fc = I, — C'C. Then,
T AEg
O 7

AW [ AEA C
o | C @)
-1
AFcA* B
ol -
Corollary 3.10. Let A € C".

[ A® 0 |=] Fea’ o][ s
(a) Let E and C be of full row rank matrices and satisfy N((A¥)*A) = N(E), R(A¥) = N(C). Then

-1
®_| EA E |
(b) Let F and B be of full column rank matrices and satisfy N((A¥)*A) = R(B), R(A*) = R(F). Then
A®-[F o]|[aF B (10)
Example 3.11. Let
2 011
0 200
A=10 0 0 3
0 0 0O
with ind(A) = 2. Using Lemma 2.3, the weak group inverse of A is given by
0 L)
W _ A2048\t a4 — 2
A A“(A®)'A 00 0 0 (11)
0 0 0 O
Let
-1 -1 10
0 0 0 1 0 010 2 011
B= 2 0 F OO’C_[0001]’E_|0100]
0 2 00

Leta = %,b:3+2i,c: —3iand d = 4.
In order to verify the representations (5) and (6), it is necessary to compute

3 _ 1y 0 5 25
1 52 026 s 02 04
. 9 3 _ 1
(EPN((AZ)*) +(3+2))FEA)™ = 0 N ¢
0 0 0 5
r 1 1 1: 1 1.
2 0 m—s m g
j -1 0 -3 0 0
(_SIPN((AZ)*A) + 4AFE) = 1 0 1 N ll 1 ]
418 96 1 3 1 9 L
L 18 0 9% 9% + gl
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Further calculation gives (3 + 2i)(1Pru2y) + (3 + 20)FEA)'FE = A® and 4FE(=3iP o)) + 4AFE)™ = AD.
According to the representations (7) and (8), it is required to compute

20 11 1000
010 0 0100
EB_%O%%’FC_OOOO’
1ol ! 0000
477 29 - 3 1 15 52
. mgml 0 —z—agﬁl —5—25%1
(ZAEA+(@B+2)CO =] 5 1. & 5 5. ,
; Bry oo BE L0,
—§+%l 0 0 E—El
B0 ki ki
(<3iAFcA"+4BBy 1 =| O =t 0 0
Foog wlE W
ﬂl 0 El E-FEZ

It can be verified that both expressions %(%A*EBA +(3+2i)C*'C)'A*Eg and —3iFcA*(=3iAFcA* + 4BB*)~! are equal
to A® 45 (11).
On the other hand, according to the representations (9) and (10), we compute

2]

Simple calculation verifies that the identities in (9) and (10) coincide with A®.

| aF B]‘lz

|
S = OL-
|
O O n

O O Ol
S Onie O
O O ONI-
o o O
ONI= Ol
NIi= O ORI

4. Splitting method for computing the weak group inverse

Many characterizations of several generalized inverses were investigated in terms of splitting methods
[9, 10, 12]. Corresponding splitting method for finding the weak group inverse is verified in this section.

Theorem 4.1. Let A € C*". Suppose that A*(A¥)*A? = H — K, R(A¥) = R(H) and N((A*)*A) = N(H). Then
(a) H* exists;
(b) I, — H*K is invertible;
(©) A® = (1, — H*K)TH* A (A A.

Proof. (a). Notice that ind(H) = 1 by C" = R(H) ® N(H) = R(A¥) & N((A¥)*A).
(b). In order to check that I, — H*K is nonsingular, let (I, — H*K)x = 0 for some x € C". Then
x = H*Kx € R(H*) = R(H) = R(A")
and
x = H*Kx = H*(H — A¥(A%)*A?)x = H*Hx — H* A¥(A%)*A%x = x — H* AK(A%) Ax.

Hence, we get H A¥(A¥)*A%x = 0. Pre-multiply both sides by H and apply Lemma 2.1 to yield A¥(A¥)*A%x = 0.
Thus, x € R(AF) N N(A¥(AF)*A?) = {0}. Therefore, I, — H*K is invertible.
(c). By Lemma 2.1, we have

(I, - H*K)A® = A® _ 5 gA® 4 g Ak A%y 249 = H* AR (AFY A.
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Example 4.2. Let A and A g5 in Example 3.11. To verify Theorem 4.1, let

1o b
01 0 O
H= 0 0 0 O
0 0 0 O
We calculate the matrices
10 14
# _ sty | 01 0 0
HP=HEYH=1 4 o 0 o |
00 0 O
= - _og# —1= “
K o o o o |[[WHD 0o 31 o
0 0 0 0 0 0 0 1

Further verification confirms that the expression (I — H*K)"H* A2(A2)*A coincides with A®.

5. Conclusion

The aim of this paper is provide characterizations and representations of the weak group inverse. Several
different characterizations of the weak group inverse are presented based on its range and null space as
well some algebraic ones. Representations using the Bott-Duffin inverse and projectors are given for the
weak group inverse. Splitting method for calculating the weak group inverse is obtained. Some numerical
examples are provided to illustrate the results obtained.

We believe that investigation related to the weak group inverse will attract attention, and we describe
perspectives for further research:

(1) The reverse order law of the weak group inverse.
(2) Extending the weak group inverse inverse to finite potent endomorphisms on arbitrary vector spaces.
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