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Generalized inverses, ideals, and projectors in rings

Patricia Mariela Morillas?

Instituto de Matemdtica Aplicada San Luis (UNSL-CONICET), Ejército de los Andes 950, CP 5700, San Luis, Argentina.

Abstract. The theory of generalized inverses of matrices and operators is closely connected with projec-
tions, i.e., idempotent (bounded) linear transformations. We show that a similar situation occurs in any
associative ring R with a unit 1 # 0. We prove that generalized inverses in R are related to idempotent group
endomorphisms p : R — R, called projectors. We use these relations to give characterizations and existence
conditions for {1}, {2}, and {1, 2}-inverses with any given principal/annihilator ideals. As a consequence,
we obtain sufficient conditions for any right/left ideal of R to be a principal or an annihilator ideal of an
idempotent element of R. We also study some particular generalized inverses: Drazin and (b, c) inverses,

and (e, f) Moore-Penrose, e-core, f-dual core, w-core, dual v-core, right w-core, left dual v-core, and (p, q)
inverses in rings with involution.

1. Introduction

For non-invertible operators and matrices, and more generally, for non-invertible elements of semi-
groups and rings, several generalized inverses were defined and studied. Each generalized inverse is used
to study specific types of problems. They are useful for solving matrix and operator equations (including
integral and differential equations), in probability theory, in the study of algebras, rings, and semigroups,
among others. See, e.g., [3, 6, 8, 10, 36, 41] and references therein.

Throughout this paper, R will be an associative ring with a unit 1 # 0. An involution * of R is an
involutory anti-automorphism a — a*,i.e., (") = a, (a + b)* = a* + b*, (ab)* = b*a* for alla,b € R. Fora € R,
consider the principal right (resp. left) ideal of R with generator a, aR = {ar : r € R} (resp. Ra = {ra : r € R}), and

the right (resp. left) annihilator of a, rann(a) = {r € R : ar = 0} (resp. lann(a) = {r e R : ra = 0}). Fora,x € R,
consider the following equalities:

axa =a, 1 xax = x, (2) (xa)* = xa, 3) (ax)* = ax, 4)
ax = xa, (5) xa® = a, 6) ax? = x, (7) ax=a, (8) x’a=x, 9)
xa*' = d* for some k € {1,2,...), (1% d“lx = ¢* for some k € {1,2,.. .}, (*1)

where (3) and (4) require R to be a *-ring.
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Definition 1.1. For anya € R, let afi, j, ..., [} denote the set of elements x € R which satisfy equations (i), (j), . . .,
(1) from among equations (1)—(9),(1%) and (¥1). An element x € ali, jo..., lYis called an {i, j, ..., I}-inverse of a, and
denoted by a®i-,

The relation of generalized inverses of matrices and operators to oblique and orthogonal projections
is one of the most important properties for their study and applications. Before describing the approach
and the results for generalized inverses in rings that we present in this paper, we now recall some of these
relations.

Let C"™" denote the set of matrices of order m X n. Let A € C"™*" and X € C™™. Then

Xe€ A{l} o AX = PR(A),S and XA = PT,N(A)/

where S is some subspace of C" complementary to the range R(A) of A, Prays is the oblique projection
onto R(A) along S, T is some subspace of C" complementary to the null space N(A) of A, and Prnya) is the
oblique projection onto T along N(A). We also have

X € A{1,3} & AX = Pry)
and
X € All,4} & XA = Pra),

where A" is the conjugate transpose of A, and Pr(4) and Pr4-) denote the orthogonal projections onto the
R(A) and R(A*), respectively. See, e.g., [4] for more details.

Let H; and H, be Hilbert spaces over F = R or F = C. Let BC(H:, H>) denote the set of bounded
linear operators from H; to H, with closed range. If A € BC(Hi, H>), then the Moore-Penrose inverse
AF = A1234 exists and

AA+ = PR(A) and A+A = PR(A*)/

where A” is the adjoint of A (see, e.g., [32, Theorem 1]).
Let now V be a complex Banach space. If A € B(V) has finite index k, then the Drazin inverse
AP = A("25) of A exists and satisfies

AAD = ADA = PR(Ak),N(Ak)/

where Pg4r n(ar) 18 the oblique projection onto R(AF) along N(AF) (see, e.g., [20, Theorem 4 and its proof]).
The core A® = A12367) and the dual core Ag = A12?489) inverses of A € C™" are defined by the
conditions

AA® = Pg(4) and R(A®) C R(A) (10)
and
A@A = Priay and R(Ag) C R(AY), (11)

respectively (see [2, Definition 1, (i) and (ii) on page 693]).

Since the theory of generalized inverses of matrices and operators is closely connected with projections,
i.e., idempotent (bounded) linear transformations, it is natural to think about a similar situation when
working in any ring. In this paper, we show that we can similarly relate generalized inverses in a ring
R to idempotent group endomorphisms p : R — R, called projectors, which are linked to direct sum
decompositions of R, and use these relations in their study.

The organization of the paper is as follows:

In Section 2, we present some properties of generalized inverses, elements, direct sums and projectors
in rings that we use throughout the article.
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In Section 3, we relate {1}, {2}, {1, 2}, {1,5}, and Drazin inverses to projectors.

Numerous particular generalized inverses are defined or studied by means of their associated principal
or annihilator ideals. In Sections 4, 5, and 6, we address this topic with generality using projectors. Let
a € R, S, T beright ideals of R, and &, 7~ be left ideals of R. We study {1}, {2}, and {1, 2}-inverses x of a
such that one of the following conditions holds: xaR = S and rann(xa) = 7; Rxa = &’ and lann(xa) = 7;
xaR = Sand Rxa = §&’; or rann(xa) = 7 and lann(xa) = 7. We also consider {1} and {1, 2}-inverses such that
one of the following conditions holds: xaR = S; rann(xa) = 7; Rxa = §’; or lann(xa) = 7. We give several
characterizations and existence conditions for these generalized inverses. We establish the connection of
the Mitsch partial order [27] with the {2}-inverses considered in Section 5. Since in these sections, we do
not make any additional a priori assumption for the ideals S, 7, &', and 7, we can consider a large variety
of particular cases (as we do in Section 7). Moreover, as a consequence, we obtain sufficient conditions for
any right/left ideal of R to be a principal or an annihilator ideal of an idempotent element of R.

In Section 7, we apply results of the previous sections to study some classes of {1}, {2}, and {1, 2}-inverses.
First, we consider (1,3}, {1,4}, {1, 3,4}, {1,3,6}, {1,4,8}, {1,3,7}, and {1, 4, 9}-inverses. Then, we analyze the
(e, f) Moore-Penrose inverse [30], the e-core and f-dual core inverses [29], the w-core and the dual v-core
inverses [47], and the right w-core and left dual v-core inverses [48]. Finally, we obtain some properties of
two types of {2}-inverses: the (b, c) inverses [13] and the (p, q) inverse [11]. We end Section 7 by giving an
illustrative example with a matrix over a field.

2. Preliminaries

This section presents notations, definitions and results about generalized inverses, elements, direct sums
and projectors in rings, that will be used later.

2.1. Generalized inverses

Leta € R. If a{l1} # 0, then a is called reqular (in the sense of von Neumann) and an x € a{1} is called an
inner inverse of a. If a{2} # 0, then a is called anti-reqular and an x € a{2} is called an outer inverse of a.

Note that if x € a{5}, then (1¥) is equivalent to (¥1). If there exists k € {1,2,...} such that a{2,5,1%} # 0,
then a is called Drazin invertible. The smallest of these positive integers k is called the index of a. The set
a{2,5,1%} has a unique element called the Drazin inverse of a and denoted by aP. In particular, if a{1,2,5} # 0,
then a is called group invertible and the group inverse of a is denoted by a*. For more details about these
inverses in rings see, e.g., [12, 23, 31].

Let R be a »-ring and a € R. If a{1,2, 3,4} is not empty, then a is called Moore-Penrose invertible. In this
case, a{1,2,3,4} has a unique element called the Moore-Penrose inverse of a and denoted by at. See, eg.,
[16, 21, 22, 42] for properties of the Moore-Penrose inverse in #-rings.

Baksalary and Trenkler [2] introduced two generalized inverses for complex matrices (see (10) and (11)).
Later, Raki¢, Din¢i¢, and Djordjevic¢ [35] generalized these notions to an arbitrary *-ring. Let R be a *-ring
and a,x € R. Then xis a core (resp. dual core) inverse of a if x € a{l} and xR = x*R = aR (resp. xR = xR = a*R).
(see [35, Definitions 2.3 and 2.4]). If they exist, the core and the dual core inverses of an element a € R are
unique and are denoted by a® and ag, respectively. By [35, Lemmas 2.1 and 2.2], the conditions of [35,
Definitions 2.3 and 2.4] for the core and dual core inverses are equivalent to the conditions (10) and (11)
for finite complex matrices. In [35], it is proved that a® = a(12367) and ag = a1>*89). In [43], it is proved
that a® = a®®7), moreover, by the proof of [43, Theorem 3.1], a{6,7} C a{1,2}. Similarly, ag = a** and
a{8,9} C a{1,2}. Properties of the core and dual core inverse in *-rings can be found in, e.g., [24, 35, 43].

Let us denote the sets of all Drazin invertible, group invertible, Moore-Penrose invertible, core invertible
and dual core invertible elements in R by RP, R*, R, R® and Rg, respectively. We will use the following
well-known equalities:

1. Leta € R and a®V € a{1}. Then aaVR = aR, rann(aVa) = rann(a), lann(aaV) = lann(a), and RaMa = Ra.

2. Leta € R and a® € a{2}. Then rann(@a®) = rann(@®@), 8®aR = a®R, Raa® = Ra®, and lann(a@a) =

lann(a®).

3. Leta € RP withindexkand ! > k. ThenaPaR = aaPR = aPR = a'R, rann(aa®) = rann(a”a) = rann(aP) =

rann(a'), RaaP = RaPa = RaP = Ra' and lann(aa®) = lann(aPa) = lann(a”) = lann(a').
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2.2. Elements in rings

An element p € R is an idempotent if p = p*. If Ris a *-ring and p = p*, then p is said to be symmetric. If
p = p*> = p", then p is called a projection. The set of invertible and idempotent elements in R are denoted
with R™! and R*, respectively. If R is a *-ring, the set of symmetric elements in R is denoted with R¥Y™.

For a € R, we consider the group endomorphisms ¢, : R — R given by ¢,(x) = axand ,¢ : R — R given
by «¢(x) = xa. We have, im(p,) = aR, ker(p,) = rann(a), im(,¢) = Ra, and ker(,¢) = lann(a).

Lemma 2.1. Let a € R. Then the following assertions are equivalent:

1.ae R
2. aR = R and rann(a) = {0}.
3. Ra = R and lann(a) = {0}.

Proof. (1) = (2)(3): It is immediate.

(2) = (1): Assume that aR = R and rann(a) = {0}. Then ¢, is a group automorphism. Let ¢ be the
group automorphism such that ¢ = @,!. Since ¢,(1) = a, we have ¢(a) = 1. For each s € R there exists
a unique r € R such that ar = s. In particular, there exists a unique b € R such that ab = 1. Then,
@u(t) =s & ar =s & ar = abs & r = bs. Hence, {(s) = r = bs. From here, 1) = ¢, and ba = @p(a) = P(a) = 1.
This shows that b = a~!. Therefore, a € R~1.

(3) = (1): It is similar to the proof of (2) = (1). O

Lemma 2.2. Let p,q € R*. Then:
1. pR =rann(1 - p), Rp = lann(1 - p).
2. pR € qR & lann(q) C lann(p), Rp € Rg & rann(q) C rann(p).
3. g=p & {gR C pRand rann(q) C rann(p))}.

Lemma 2.3. [35, Lemmas 2.5 and 2.6] Let a,b € R. Then:

1. IfaR C bR, then lann(b) C lann(a).

2. Iflann(b) C lann(a) and b{1} # 0, then aR C bR.

3. If Ra € Rb, then rann(b) C rann(a).

4. Ifrann(b) C rann(a) and b{1} # 0, then Ra C RD.
Lemma 2.4. Let a,b € R be such that b{1} # 0. Then:

1. Ifrann(b) C rann(a) and Rb C Ra, then a{l} + 0.

2. Iflann(b) C lann(a) and bR C aR, then a{l} # 0.

Proof. (1): Let x € b{1}. Since rann(b) C rann(a) and 1 — xb € rann(b), we have a(l — xb) = 0. From here,
a = axb € aRb C aRa. Therefore, a{l1} # 0.
(2): The proof is similar to the proof of (1). O

As a consequence of Lemmas 2.3(2)(4) and 2.4 we get the following result.

Lemma 2.5. Let a,b € R be such that b{1} # 0.

1. Ifrann(a) = rann(b), then Rb C Ra if and only if a{1} # 0.
2. Iflann(a) = lann(b), then bR C aR if and only if a{l} # 0.

If Ris a #+-ring, then aR C bR & Ra* € Rb* and rann(a) C rann(b) & lann(a*) C lann(b”).
Definition 2.6. Let R be a +-ring.

1. Leta,b € R. Then a and b are right orthogonal (resp. left orthogonal), writtena L, borb L, a(resp. a L; b
orb Lya),ifa’b =0 (resp. ab* = 0).
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2. LetS, T CR. Then Sand T are right orthogonal (resp. left orthogonal), written S L, T or T L, S (resp.
SLTorT L1 S),ifaL,b(resp.aL;b)foreachac SandbeT.

Lemma 2.7. Let R be a +-ring and a € R. Then:

1. aR L, rann(a*).
2. Ifa € R%Y™ then aR L, rann(a).
3. Ifa e R® and aR L, rann(a), then a € RY™.

Proof. (1): Let x € aR and y € rann(a*). Hence, there exists r € R such that x = ar and a'y = 0. Then,
x'y =r'a*y = 0. This proves that aR L, rann(a").

(2): It follows from (1).

(3): Assume that a € R* and aR L, rann(a). Since a € R®, it follows that 1 — a € rann(a). Then, since
aR L1, rann(a), we have a*(1 — a) = 0. This last equality is equivalent to 4* = a*a. Then, a* =a. O

Analogously to Lemma 2.7, we have:

Lemma 2.8. Let R be a »-ring and a € R. Then:
1. Ra L; lann(a*).
2. Ifa € R%Y™ then Ra L1, lann(a).
3. Ifa € R® and Ra 1, lann(a), then a € RY™.

2.3. Projectors

In vector spaces and modules, idempotent linear transformations are well known as (oblique) projections
or projectors (see, e.g., [1, 37]). In rings, we consider idempotent group endomorphisms, called projectors,
to use them to study generalized inverses. Let S and 7~ be subgroups of R. Let

S+7 ={s+t:seSandte T}

Definition 2.9. Let Sand 7 be subgroups of R. Then R is the (internal) direct sum of S and 7, written R = S©T,
ifR=8+7T and SNT = {0}. In this case, S and T are called direct summands of R, and T (resp. S) is called a
complement of S (resp. T) in R.

Associated with a direct sum decomposition of R we have a group endomorphism:

Definition 2.10. Let S and T be subgroups of R such that R = S @ 7. The group endomorphism pss : R = R
defined by psq-(s +t) =s, where s € Sand t € T, is called the oblique projector onto S along 7. If R is a *-ring
and S L, T (resp. S L; T), we say that psq is a right (resp. left) orthogonal projector.

We usually say projector and orthogonal projector instead of oblique projector and right (left) orthogonal
projector, respectively. From Definition 2.10 we obtain:

Lemma 2.11. Let S and T be subgroups of R such that R =S & 7. Then:

1. pPSg + P7.Ss = idg.
2. im(ps7) = S and ker(psq) =T .
3. reim(psy) © psg(r) =1.

Another property of projectors derived easily from Definition 2.10 is the following:

Lemma 2.12. If ¢ : R — R is a group endomorphism such that R = im(¢p) @ ker(¢) and @jimp) = idim(y), then
P = Pim(p) ker(p)-

The next lemma asserts that projectors are precisely idempotent group endomorphisms.

Lemma 2.13. A group endomorphism ¢ : R — R is a projector if and only if ¢ is idempotent, and in this case,
R = im(p) @ ker(p) and ¢ = pim(p) ker(p)-
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Proof. Assume that there exist S and 7~ subgroups of R such that R = S®7 and ¢ = pgg. Letr € R. There
exists € Sand t € 7 such that r = s + t. Then ¢?(r) = psr(ps7 (5 +1) = ps7(s) = s = psr(r) = ¢(r). Hence,
2
= 9.
Conversely, suppose that ¢ is idempotent. Let r € R, s = ¢(r) and t = r —s. Then ¢(t) = ¢(r —s) =
P(r)—(s) = p(r)—@*(r) = 0. Thus, r = s+t withs € im(¢p) and ¢ € ker(¢p). This shows that R = im(¢p) +ker(¢p).
If r € im(¢p), then there exists s € R such that

r=(s) = 9*(s) = (). (12)

Hence, @jim(p) = idimp). By (12), if r € im(¢p) N ker(¢p), then r = 0. Thus, im(p) N ker(p) = {0}. Therefore,
R =im(p) ® ker(¢). Applying now Lemma 2.12, we get ¢ = pim(g)ker(p)- [

So far, we only required S and 7 to be subgroups of R. The next two lemmas give properties of the
projectors when S and 7~ are right (left) ideals of R.

Lemma 2.14. Let S and T be subgroups of R such that R =S @ T . Then:

1. Sand T are right ideals of R if and only if ps 4 (r112) = psg(r1)ra for each ry, 12 € R.
2. Sand T are left ideals of R if and only if psg(ri12) = r1psg(r2) for each 1,1, € R.

Proof. We prove (1). The proof of (2) is similar.

Assume that S and 7 are right ideals of R. Let r1, 1, € R. Since psq(r1)r2 € S and py s(r1)r2 € T, we

have ps7(r172) = psr(ps7(r1)r2 + pr,s(r1)r2) = psg(r1)ra.

Conversely, assume that pss(r172) = psg(r1)r2 for each r,, € R. Take r; € S and , € R. Then
ps(rir2) = rirp and by Lemma 2.11(2), 172 € S. This shows that S is a right ideal of R. Take now 1 € 7
and r, € R. Then pgq(r172) = 0 and by Lemma 2.11(2), 17, € 7. This shows that 7 is a right ideal of R. [

As a consequence of Lemmas 2.11 and 2.14 we get:

Lemma 2.15. Let S and T be subgroups of R such that R = S@ T and a € R. Then the following assertions hold:
1. If Sand T are right ideals of R, then ps7(1)a =a © aR C Sand apss(1) =a © T C rann(a).
2. If Sand T are left ideals of R, then apsg(1) =a © Ra C Sand ps7(1)a =a & T C lann(a).

Proof. Assume that S and 7 are right ideals of R. Then pss(1)a =a © psg(@) =a o ae S aRC S
and apss(1) = a © apss(1) = a(pss (1) + prs(1)) © aprs(l) =0 & Vre R:aprs()r =0 & Vre R:
apy,s(r) =0 © 7 Crann(a). This proves (1). The proof of (2) is similar. [

In what follows, whenever we write ps s, we are implicity asserting that R = S®7". Part (1) of the following
corollary is a consequence of Lemma 2.13 whereas part (2) follows from Lemma 2.14.

Corollary 2.16. The following assertions hold:

1. Ifa € R®, then ®a = PaRrann(a) and a® = PRalann(a)-
2. Let S, T be right (resp. left) ideals of R and a = psq-(1), then a € R® and @, = ps (resp. ¢ = ps7).

3. Relations of {1}, {2}, {1, 2}, {1, 5}, and Drazin inverses to projectors

Let a{l} # 0 and a® € a{1}. Since aa®,aWa € R*, Corollary 2.16(1) yields the next theorem that relates
{1}-inverses to projectors.

Theorem 3.1. Let a € R. Then the following assertions are equivalent:
1. x € afl}.
2. @Pax = PaR,rann(ax)-
3. Pxa = PxaR,rann(a)-
4. ax®P = PRax,lann(a)-
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5. xa®P = PRalann(xa)-
Since a® € a{2} if and only if a € a?{1}, Theorem 3.1 has an analogous version for {2}-inverses:

Theorem 3.2. Let a € R. Then the following assertions are equivalent:

1. x € a{2}.

2. @Pax = PaxR,rann(x)-
3. ©Pxa = PxRrann(xa)-
4. ax®P = PRxJann(ax)-
5. xa®P = PRxalann(x)-

The following lemma will be used later.

Lemma 3.3. Let a,b € R be such that (ab){1} # 0. Let (ab)V € (ab){1}. Then:

1. ab(ab)Va = a © abR = aR & lann(ab) = lann(a).

2. b(ab)Vab = b & rann(ab) = rann(b) & Rab = Rb.
Proof. We always have abR C aR, lann(a) C lann(ab), rann(b) C rann(ab) and Rab C Rb. Using Theorem 3.1
and Lemma 2.15 we get:

ab(ﬂb)(l)a =a & pab’R,rann(ab(ab)(U)(l)a =aaR - [le,

ab@b)Va =0 & PRab(ab)® jann(ar) (1)@ = a © lann(ab) C lann(a),

b(ab)Vab = b < bp R rann(an) (1) = b € rann(ab) C rann(b)

and
b(ab)Vab = b & bpgaptann(asyvan(1) © Rb S Rab.
This proves (1) and (2). O
The next theorem is a consequence of Theorems 3.1 and 3.2. It relates {1, 2}-inverses to projectors.

Theorem 3.4. Let a,x € R. Then the following assertions are equivalent:

1. x €afl,2}.

@Pax = PaR,rann(x)-

Pxa = PxRrann(a)-

ax®P = PRxJann(a)-

xa®P = PRalann(x)-

We note that Theorem 3.1(1)(2)(3) is related to [3, Lemma 1.1(f) and (2.28)], whereas Lemma 3.3 and

Theorem 3.4 generalize [3, Lemma 1.2], [3, Ex. 2.21] and [3, Corollary 2.7] (see also [41, Corollary 1.3.2]),
respectively.

Ok W

Remark 3.5. Let a € Rand x € a{1,2}. Using an arqument similar to the one used in the proof of the if part of [3,
Theorem 1.2] we get:

1. Ifae R, x €a{l} and xR = xaR (or Rx = Rax), then x € a{l,2}.
2. Ifa e R, x € a{2} and aR = axR (or Ra = Rxa), then x € a{l1,2}.

The characterizations of Moore-Penrose, core, and dual core inverses using @, (resp. @) and @, (resp.
@) appear in Section 7.2 as a consequence of some general results. Now, we present an example to show
that only these group endomorphisms are not sufficient to characterize x as the Drazin, the Moore-Penrose,
the core, or the dual core inverse.
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Example 3.6. Consider the real matrices X = ( ¥io M2 )and A= ( 2 2 ) Then A* = ( 172 172 ),

X1 X22 0 0 0 0
At =( _11/;14 8 ), A® =( 1(/)2 8 ), and Ag =( _11/;14 _11/414 ) We have:

1. AX = XA = AA* = A*A ifand only if x11 = 1/2, xp1 = 0 and x2p = x12 + 1/2 if and only if X € A{1, 5}.

2. AX = AAY and XA = ATA ifand only if x11 = —x21 = 1/4, and x15 = x5 if and only if X € A{1,3,4}.

3. AX = AA® and XA = APA ifand only if x11 = 1/2, xp1 = 0 and x15 = xa if and only X € A{3,6}.

4. AX = AAg and XA = AgA ifand only if x11 = —xo1 = 1/4 and x,5 = x1, + 1/2 if and only X € A{4, 8}.
We have the following immediate result.

Theorem 3.7. Let a € R. Then the following assertions are equivalent:
1. x €a{l,5}.
2. Qux = Pxa = PaR rann(a)-
3. ax®P = xaP = PRaJann(a)-

The next theorem relates the Drazin inverse to projectors.

Theorem 3.8. Let a,x € R. Then the following assertions are equivalent:
1. a € RP with index k <l and x = a.

Pxa = Pax = PaR rann(a) and xR C a'R.

Pxa = Pax = PuR rann(a) a1 rann(a’) C rann(x).

@® = 1P = PRal jann(a) 414 Rx C Ra'.

@® = xaP = PRal jann(ay 41d lann(a’) C lann(x).

SN

Proof. The implications (1) = (2)—(5) follow from the definition of the Drazin inverse and Corollary 2.16.

If Qra = Pax = PaRrann@) then ax = xa and xa"™' = pug ann@ (@) = a'. Thus, x € a{5,1"}. Similarly, if
w® = xaP = PRal jann(a) then x € af5,1'}.

(2) = (1): Assume that (2) holds. Then x € a{5,1'} and xax = PalR rann(a)(X) = x. So, a € RP with index
k<land x = aP.

The proofs of the other implications are similar. [

4. {1}-inverses with prescribed principal and annihilator ideals

As a consequence of Theorem 4.1 below, we can assert that if we choose arbitrary right ideals S and
7 of R complementary to rann(a) and aR, respectively, then there exists x € a{l} such that xaR = S
and rann(ax) = 7. Similar considerations can be made for Theorems 4.2-4.8. Before we enunciate these
theorems, we observe thatif R = aR®7, then there exists z € R such thataz = p,r (1) and aza = p,r7(a) = a.
Hence, a{1} # 0. Analogously, if 7" is a leftideal of Rand R = Ra & 7, then a{1} # 0.

Theorem 4.1. Let a,x € Rand S, T be right ideals of R. Then the following assertions are equivalent:

1. x €a{l}, xaR = S, and rann(ax) = 7T .

2. ©Pax = PaR,T and ©Pxa = PS,rann(a)-
3. X = psrann@)(1)aVpar (1) + (1 — aWa)y(1 — aaW) where aV € af1} and y € R.

Proof. (1) = (2): It follows from Theorem 3.1.
(2) = (3): Assume that (2) holds. Then, x € a{1} and

P38, rann(a) (Xpar (1)) + (1 — xa)x(1 — ax) = xa(x(ax)) + x — xax — xax + xaxax = xax + x — Xax — Xax + xax = x.

Thus, (3) holds with a® = y = x.
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(3) = (1): Assume that (3) holds. Using Lemma 2.15(1) we obtain, ax = aa®V p,g 7-(1), Xa = p§ rann()(@Va)
and axa = a. Hence, x € a{1}, and by Theorem 3.1, @y = paR rann(ax) aNd Pxq = PraR rann(a)-
Letr € R. Then

axr=0¢& aa(l)p,ﬂgg-(r) =0 {Is€R, psrg(r) =asand aaWas = 0}
S {IseR, pars(r)=asandas =0} ©reT.

Thus, rann(ax) = 7. By Theorem 3.1, ¢1_0 = Prann@atar- Then, psrann@ (1 — aMa)R) = {0} and

pS,rann(a)(r) = pS,rann(a)(a(l)ar) + pS,rarm(a)((1 - a(l)a)r) = PS,rann(u)(a(l)ar) = Xxar.
From here, xaR = S. Consequently, (1) holds. O

Theorem 4.1 generalizes [3, Theorem 2.12(a)(b)]. Using Theorem 3.1 and Lemma 2.15(2), we analogously
prove the next result about {1}-inverses with given left principal and annihilator ideals.

Theorem 4.2. Leta,x € Rand S, T be left ideals of R. Then the following assertions are equivalent:

1. x €a{l}, Rax = S, and lann(xa) = 7.
2. np = PS8 lann(a) and xaP = PRa,T -
3. x = pro7(1)aV s 1ann@ (1) + (1 — aDa)y(1 — aaV) where a® € a{l} and y € R.

With similar proofs, we obtain the next six theorems. The first is about {1}-inverses with given right and
left principal ideals.

Theorem 4.3. Let a,x € R, S be a right ideal of R, and &’ be a left ideal of R. Then the following assertions are
equivalent:

1. x €afl}, xaR =S, and Rax = S’.
2. Pxa = PS,rann(a) and ax®P = P& lann(a)-
3. a{l} # 0 and x = ps rann(@) (DAY s ann@ (1) + (1 — aDa)y(1 — aaV) where a® € a{l} and y € R.

Now we give a theorem for {1}-inverses with given right and left annihilator ideals.

Theorem 4.4. Let a,x € R, T be a right ideal of R, and T be a left ideal of R. Then the following assertions are
equivalent:

1. x € a{l}, rann(ax) = 7, and lann(xa) = 7.

2. ©Pax = PaRT and xaP = PRa,T-

3. x = prag (DaVpar(1) + (1 — aWa)y(1 — aa®) where a® € a{1} and y € R.

The following two theorems are about {1}-inverses for which only a right principal or annihilator ideal is
prefixed.

Theorem 4.5. Let a,x € Rand S be a right ideal of R. Then the following assertions are equivalent:

1. x €a{l}, xaR=S8.
2. Pxa = PS8 rann(a)-
3. a{l} # 0 and x = ps rann(@(1)a® + (1 — aWa)y(1 — aa®) where aV) € af1} and y € R.

Theorem 4.6. Let a,x € Rand T be a right ideal of R. Then the following assertions are equivalent:

1. x € a{l} and rann(ax) = 7.

2. ©Pax = PaR,T -
3. x =aWpr7(1) + (1 — aWa)y(1 — aa®) where a® € a{1} and y € R.

In the next two theorems, we consider the case of {1}-inverses for which only a left principal or annihilator
ideal is prefixed.
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Theorem 4.7. Let a,x € Rand S be a left ideal of R. Then the following assertions are equivalent:

1. x €a{l} and Rax = S.

2. P = PS8, lann(a)-
3. a{l} # 0 and x = 4V pgjann@ (1) + (1 —aWa)y(1 — aaV) where a® € a{l} and y € R.

Theorem 4.8. Leta,x € Rand T be left a ideal of R. Then the following assertions are equivalent:

1. x € a{l} and lann(xa) = 7.

2. P = PRaT-
3. x = pror(1)aV + (1 — aWa)y(1 — aaV) where aV) € a{l} and y € R.

In the previous results, we can replace the hypothesis a{l} # 0 by the condition pgrann@)(1) € aR (resp.

pS,lann(ﬂ)(l) € Rﬂ)
Part (1) of Proposition 4.9 generalizes [3, Corollary 2.9].

Proposition 4.9. Leta € Rand aV) € a{1}. Let A = {a™W + (1 — aWa)y(1 — aaV) : y € R}. The following assertions
hold:

1. Let S, T be right ideals of R such that R = aR® T and R = S ® rann(a). If aVaR = S and rann(aaV) = T,
then A = {x € a{l} : xaR = S and rann(ax) = 7 }.

2. Let S, T be left ideals of R such that R = Ra® T and R = S & lann(a). If Raa® = S and lann(@Va) = T,
then A = {x € a{l} : Rax = S and lann(xa) = T}.

3. Let S be a right ideal of R and S’ be a left ideal of R such that R = S @ rann(a) and R = &’ @ lann(a). If
aDaR = S and Raa™ = &', then A = {x € a{l} : xaR = S and Rax = S'}.

4. Let T bearight ideal of R and T~ be a left ideal of R such that R = aR&®T and R = Ra®T"'. Ifrann(aaV) = T~

and lann(@Ma) = 77, then A = {x € a{1} : rann(ax) = 7 and lann(xa) = 7"}

Let S be a right ideal of R such that R = S @ rann(a). If aVaR = S, then A = {x € a{1} : xaR = S}.

Let S be a left ideal of R such that R = S @ lann(a). If Raa®) = S, then A = {x € a{l} : Rax = S}.

Let T be a right ideal of R such that R = aR & 7. If rann(aaV) = T, then A = {x € a{1} : rann(ax) = T}.

Let T be a left ideal of R such that R = Ra® T If lann(aVa) = 77, then A = {x € a{1} : lann(xa) = 7"}

® N

Proof. (1): By Theorem 4.1, x € a{l}, xaR = S, and rann(ax) = 7 if and only if @uc = psrg and @y = PSrann(e)-
Then ax = aa® and xa = aWa. Consequently, x = a® + (1 — aWa)y(1 — aaV) with y = x — a®. Conversely if
there exists y € R such that x = a®V + (1 — aWa)y(1 — aaV), then ax = aa™ and xa = aWa. This implies that
x € afl}, xaR = S, and rann(ax) = 7. This shows that (1) holds.

Using Theorems 4.2-4.8, parts (2)-(8) can be similarly proved. [

5. {2}-inverses with prescribed principal and annihilator ideals

Taking into account that x € a{2} if and only if 2 € x{1}, applying the results of Section 4 we obtain
corresponding results for {2}-inverses x of a such that axR, rann(xa), Rxa, and/or lann(ax) are given. In this
section, we further study {2}-inverses with prescribed principal and/or annihilator ideals. We begin with
the following two results about uniqueness and relations to projectors.

Theorem 5.1. Leta € R, letS, T beright ideals of R. If a has a {2}-inverse x such that xR = Sand rann(x) = 7, then
Pax = Po,(S)7 ANd Pxa = pg,p-1()- If there exists, this {2}-inverse x is unique and will be denoted by a®

rprin=S,rann=7""

Proof. Assume that x € a{2}, xR = S and rann(x) = 7. We have axR = ¢,(S) and rann(xa) = ¢, (7).
Thus, by Theorem 3.2, Qo = py,s)7 and @, = p S, (T)- Assume that x1,x, € a{2}, xR = xR = S and
rann(x;) = rann(xy) = 7. Using Lemma 2.15(1) we get, x; = p Sz (1) = X2ax1 = X2P0,8),7(1) = x2. This
shows that x is unique. [J

Using Theorem 3.2 and Lemma 2.15(2), we analogously obtain:
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Theorem 5.2. Leta € Rand let S, T be left ideals of R. If a has a {2}-inverse x such that Rx = S, and lann(x) = T,

then w@ = p s, Ad P = ps,.o1¢r) If there exists, this {2}-inverse x is unique and will be denoted by
@
Iprin=§,lann=7""

f‘f))rin:S rann=7"" The equiV—
alence (1) & (3) is a generalization of [9, Theorem 2.8] in complex Banach algebras and of [45, Theorem
2.4] in rings. In [9, Theorem 2.8], S = pR and 7 = gR with p,q € R*. In [45, Theorem 2.4], S = bR and
g = rann(c) with b,c € R.

The next theorem gives necessary and sufficient conditions for the existence of a

Theorem 5.3. Let a € Rand let S, T be right ideals of R. Then the following statements are equivalent:
2
arprin:S,rarm:T
2. There exists x € S such that @, = pasg and rann(a) NS = {0}.
3. R=aS8® 7T and rann(a) N S = {0}.
4. There exists x € S such that xas = s foralls€ S, 1 —ax e T ,and xt =0 forallt € T.

Proof. (2) = (3) and (1) = (4) are immediate.
(1) = (2): Suppose that a® exists and x = a® Then x € S and, by Theorem 5.1,

rprin=8,rann=7" rprin=§,rann=7"
Pax = Pasg and Qg = pg 1 (T)?In particular, xas = s for all spe S. From this last property, rann(a) N S = {0}.

(2) = (1): Assume that there exists x € S such that ¢,y = p,s7 and rann(@) NS = {0}. Then, xR C S,
rann(ax) = 7 and axax = ax. Since x € S, from the last equality we obtain, xax — x € rann(a) N S. Thus,
xax = Xx.

By Theorem 5.1, 9xa = pyg o-1(r)- Lets € Sand r,y € Rbesuch thats = xr+y is the unique decomposition
of s as a sum of an element in ¥R and an element in ¢; (7). Then 0 = a(xr — s) + ay where a(xr — s) € a8 and
ay € 7. Since aS N7 = {0}, it follows that a(xr — s) = 0. From this last equality, using that xr —s € S and
rann(a) NS = {0}, we obtain s = xr. Thus, S C xR.

We have proved that x = a?

rprin=8,rann=7""

(3) = (2): Assume that R =p aS® 7 and rann(a) NS = {0}. Then, there exists a unique x € S such that
ax = pas,7(1). Hence, @ax = pass-

(4) = (1): Suppose that there exists x € S such that xas = sforalls € §,1—ax € 7, and xt = 0
for all t € 7. Clearly, x € a{2}. We also have, x € S = ¥R C S, {xas = sforalls € §} = S C xR,
l-axeT =1 -ax)RC T ,and {xt =0forallt € 7} = 9 C rann(x). Since rann(x) = rann(ax) = (1 — ax)R,
we conclude that (1) holds. O

exists.

Using Theorem 5.2, we obtain the next theorem which is analogous to Theorem 5.3.

Theorem 5.4. Let a € Rand let S, T be left ideals of R. Then the following statements are equivalent:

1 i}za)rin:S,lann=7~
2. There exists x € S such that ¢ = ps,7 and lann(a) NS = {0}.

3. R=8a® 7T andlann(a) N S = {0}.

4. There exists x € S such that sax =sforalls€ S,1—-xa €T, and tx =0forallt € T.

exists.

The next theorem is about the elements x € a{2} such that xR and Rx are given. If A C R, we consider
rann(A) = {re R:ar =0for alla € A} and lann(A) = {r e R: ra =0 for all a € A}.

Theorem 5.5. Let a € R, S be a right ideal of R and S’ be a left ideal of R. Then the following statements are
equivalent:

1. There exists x € a{2} such that xR = Sand Rx = S’.

2. R=aS ®rann(8S’) and R = 8’a @ lann(S).

3. There exists x € SN S’ such that xas = s forall s € Sand sax = s foralls € §'.
4. There exists x € SN S’ such that Qay = PaSrann(s) MA@ = PSrajann(S)-
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@

rprin=8,rann=rann(S")

2 )

If the above x exists, then it is unique. This generalized inverseis equal toa Jprin=s’ Jann=lann(S)

@
rprin=38,lprin=5""

(resp. a

and will be denoted by a

Proof. (1) = (2)(4): Since rann(x) = rann(Rx) and lann(x) = lann(xR), the implications follow from Theo-
rems 5.3 and 5.4.

(2) = (1): Suppose that (2) holds. Assume thats € S and as = 0. Let z € &’ such that ¢ = psalanns)-
Then s = 1s = pg/gjann(s)(1)s = zas = 0. This shows that rann(a) N S = {0}. Similarly, lann(z) NS’ = {0}. By
Theorems 5.3 and 5.4, ai)rin: S rann=rann(s) A4 aﬁ)ﬁnz & Jann=lann(s) €Xist: Denote them by x and y, respectively.
Since rann(x) = rann(S’) = rann(Ry) = rann(y) and lann(y) = lann(S) = lann(xR) = lann(x), it follows

that y(ax) = Ypusrann(s)(1) = ¥, and (ya)x = psglanns)(1)x = x. Hence, x = y = a?

rprin=8,rann=rann(S’) =
uﬁ)ﬂnz S Jann=lann(S)" In particular, x € a{2}, xR = S, Rx = &', and by Theorem 5.1 (or Theorem 5.2), this
generalized inverse is unique.

(1) & (3): It is immediate.

(4) = (1): Since x € SN S, we have xR C S, Rx C &, lann(S) C lann(x), rann(S’) C rann(x),
Xax = XpPSrann(s)(1) = psajann()(1)x = x. If s € S and ' € &', then xas = pgsylann(s)(1)s = s and s’ax =
8" PaS rann(s)(1) =8’ Thus, S € ¥R, &’ C Rx. We conclude that (1) holds. [

Assume that there exist b, ¢ € R such that S = bR and S’ = Rc. In this case, Theorem 5.5(2) coincides with
[13, Proposition 2.7(ii)], whereas Theorem 5.5(3) coincides with the definition of the (b, c) inverse (see [13,
Definition 1.3] and [33, page 103]).

The following theorem is about {2}-inverses x such that rann(x) and lann(x) are given.

Theorem 5.6. Let a,x € R, T be a right ideal of R, and T be a left ideal of R. Then the following statements are
equivalent:

1. x € a{2}, rann(x) = 7, and lann(x) = 7.

2. Qax = PR T P = PRua,7, and rann(a) N xR = {0}.

Pax = PaxRT, P = Pruag7, and lann(a) N Rx = {0}.

Pax = PaxRTr xaP = PRxa, T, and T C rann(x),

Pax = PaxRT s xaP = PRxa, T, and T C lann(x)-

6. 1—axeT ,xt=0forallteT,1-xacT '  andtx=0forallt€T".

@

lann=7",rann=7""

O W

If the above x exists, then it is unique and will be denoted by a

Proof. The implications (1) = (2)(3) follow from Theorems 5.3 and 5.4, the equivalences (1)  (4) and (1) ©
(5) follow from Theorem 3.2, and the implication (1) = (6) is immediate.

Assume that (2) holds. Then xax — x € rann(a) N xR. Taking into account that rann(a) N xR = {0}, we get
x € a{2}. Applying Theorem 3.2, we conclude that (1) holds. The proof of (3) = (1) is similar.

The proof of (6) = (1) is similar to the proof of (3) = (1) in Theorems 5.3 and 5.4.

Let x, y € a{2} be such that rann(x) = rann(y) = 7 and lann(x) = lann(y) = 7. Since x{1} # 0 and
y{1} # 0, from Lemma 2.3, xR = yR and xR = Ry. By Theorem 5.1 (or Theorem 5.2), x = y. This proves the
uniqueness. []

We note that [45, Proposition 3.1], in which 7~ = rann(c) and 7 = lann(b) for some b, c € R, follows from
Theorem 5.6(1)(6).

In [13], the connection of (b, ¢) inverses with the Mitsch M partial order [27] in a semigroup is established.
Here, we consider M in relation to the {2}-inverses considered in this section obtaining results similar to
[13, Lemmas 4.2 and 6.5, Theorems 4.3 and 6.6]. We recall that if v,z € R, then yMz if there exists v,w € R
such that vz = vy = y = yw = zw. Let S, T (resp. &', 7') be right (resp. left) ideals of R. Consider the pair
of sets

Y,ss ={yeR:yecal2,yeSnS},
Z,ss ={zeR:zeal2},S§CzR, & C Rz},
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Y, s ={yeR:yecaf2},yeS,T Crann(y)},
Zysr ={z€eR:z€al2},S CzR rann(z) C T},
Y,s7 ={lyeR:ye€al2l,ye S, 7’ Clann(y)},
Zisa ={zeR:zeaf2},§ C Rz lann(z) C 7},
Yorm ={yeR:ye€al2),7 Crann(y), 7’ C lann(y)},
Zygg ={z€R:z €af2},rann(z) € 7 ,lann(z) C 7'}.

Lemma 5.7. Leta € R, and S, T (resp. 8, T') be right (resp. left) ideals of R. Then:

1. yMzforeachyeY,ss andz € Z, s 5.
2. yMzforeachy € Y, 57 and z € Z, s
3. yMzforeachye Y, s andz € Z, s 4.
4. yMzforeachy € Yoq g and z € Z, 5 7.

PTOOf (1) Let AS Ya,S,S’ and z € Za,S,S" Then y,zZ€ {2}r Pza = PzRrann(za); azP = PRzlann(az), Y € S CzR =zaR,
and y € &’ C Rz = Raz. Therefore, zay = PR rannza)(¥) = ¥ and yaz = PRz lann@z)(¥) = y. Now, as in the proof
of [13, Lemma 4.2], (ya)z = (ya)y = y = y(ay) = z(ay).

The proofs of (2), (3), and (4) are similar to the proof of (1). [

Theorem 5.8. Leta € R, and S, T (resp. S,T’) be right (resp. left) ideals of R. Then:

)
rprin=3§,lprin=8’
2
rprin=8,rann=7"
(2

Iprin=8’ lann=7"
()

rann=7lann=7"

1. x=a exeY, 55 NZ;55 © x=maxyY,ss =minyZ,s.s.

2. x=a S x€Y, 57 NZys5 © X =maxyY,ss = minpZ, s

3. x=a S X e Yu,S’,‘T’ N Za,Sr/f]'/ S X = maxMY,z,S/;rr = minMZ,Z,Sr,q-/,

4. x=a SxeY,r7 NZyrg © x =maxyY,77 = MinpZy7,77.

2
f‘p)rinzS,lprin=S'
minyZ,ss = X € Y, 55 NZ,ss are immediate. The implicationx € Y, g5 N Z, 5.5 = x = maxyY,s.s =
minyZ, s.s follows from Lemma 5.7(1).

The proofs of (2), (3), and (4) are similar to the proof of (1). [

Proof. (1): The equivalence x = a © x€Y,ss NZ,s.s and the implication x = maxpyY,s.s =

6. {1,2}-inverses with prescribed principal and annihilator ideals

Let S, 7 be right ideals of R. If x = a? € a{l}, then we write x = a2

rprin=8,rann=7" rprin=S,rann=7"

(1,2) (1,2) 1,2) ’ ’ .
prin=s’ Jann=7"” IrprineS Iprin=S’ and )= rann=7" where S’ and 7 are left ideals of R.

Theorem 6.1 below characterizes a"? for right ideals S, 7 of R. The equivalences (1) & (4) ©

rprin=8,rann=7"
(8) are a generalization of [3, Theorem 2.12(c) and Ex. 2.37] for finite complex matrices.

Similar

meaning will have a

Theorem 6.1. Leta,x € Rand S, T be right ideals of R. Then the following assertions are equivalent:

x = a(llz)
~ “rprin=Srann=7"

Pax = PaRT s Pxa = PSrann(a)s and x € S.

Pax = PaRT s Pxa = PS,rann(a)s and lam(s) c lam(x)'

Pax = PaR,T s Pxa = PS,rann(a)s and T C rann(x).

x €a{l}, xaR = §, rann(ax) =7 ,and x € S.

x € a{l}, xaR = S, rann(ax) = 7, and lann(S) C lann(x).
x € afl}, xaR = S, rann(ax) = 7, and 7 C rann(x).

X = pS,rann(u)(1)a(1)pa‘R,7'(1) where a® € a{l}

® NI WN =
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Proof. The equivalences (1) & (2) and (1) & (4) follow from Theorem 3.4. Note that if ¢r; = psrann@), then
1 — xa € lann(S). Hence, by Theorem 3.4, (1) & (3).

The implications (1) = (5)(6)(7) are immediate. The implications (5) = (2), (6) = (3), and (7) = (4) follow
from Theorem 3.1.

(1) = (8): By Theorem 4.1, x = ps rann(a)(1)aV par (1) + (1 — aWa)y(1 — aaV) where a® € a{1} and y € R.
Then ax = aa® p,r 7-(1) and xa = ps rann(@)(1)aVa. Let r € R be such that p,gr (1) = ar. Since x € af2}, we get
X = X(LZX) = (xa)ﬂ(l)Pa‘R,’T(l) = pS,rann(a)(l)a(l)aa(l)ar = pS,rann(lz)(l)a(l)ar = pS,rann(a)(1)a(1)pa‘R,‘T(1)' This shows
that (8) holds.

(8) = (1): By Theorem 4.1, x € afl}, xaR = S and rann(ax) = 7. As in the proof of (1) = (8),
XaX = P rann@) (3P pag (1)) = x. Hence, (1) holds. [

Using Theorems 3.1, 3.4, and 4.2, we analogously obtain:

Theorem 6.2. Leta,x € Rand S, T be left ideals of R. Then the following assertions are equivalent:

_ 12
Lox= lprin=8’ lann=7""

ax®P = PSJann(a), xaP = PRaT and x € S.

wxP = PSlann(@), P = Prag and rann(S) C rann(x).
axP = PSJlann(a); xaP = PRaT and T C lann(x).

x €a{l}, Rax = §, lann(ax) =7 ,x € S.

x € a{l}, Rax = §, lann(ax) = 7, rann(S) C rann(x).
x € a{l}, Rax = S, lann(ax) = 7, 7 C lann(x).

X = PRa,‘T(1)u(1)PS,1ann(u)(1)f0r some a® € a{l}.

® NG Wy

Analogously we have the following six theorems with proofs similar to the proof of Theorem 6.1. As in
Section 4, in the next results, we can replace the hypothesis a{1} # 0 by the condition pgrann@)(1) € aR (resp.

pS,lann(a) (1) € Rﬁ)

Theorem 6.3. Let a,x € R, S be a right ideal of R, and S’ be left a ideal of R. Then the following assertions are
equivalent:

12)
rprin=8,lprin=8""

Pxa = PS;rann(a), axP = P& lann(a) mdxeSUS.

Pxa = PS;rann(a), axP = P& lann(a) and larm(S) - larm(x),

Pxa = PS;rann(a), axP = P& lann(a) and rann(S') c rann(x).
xeafl}, xaR=8, Rax=8,xeSUS".

x € afl}, xaR = S, Rax = &', lann(S) C lann(x).

x €afl}, xaR = S, Rax = &', rann(8S’) C rann(x).

a{1} # 0 and X = ps rann(@)(1)aV 0.8’ 1ann(a) (1) where a® € a{1}.

1. x=a

® NN

Theorem 6.4. Let a,x € R, T be a right ideal of R, and T be left a ideal of R. Then the following assertions are
equivalent:

1,2)
lann=7",rann=7""

Pax = PaRT ) xaP = PRag and T C rann(x).

Pax = PaR, T xaP = PRa, T’ and 7" C lann(x).

x € a{l}, rann(ax) = 7, lann(ax) = 7/, 7 C rann(x).
x € a{l}, rann(ax) = 7, lann(ax) = 7', 7’ C lann(x).
x = pro7 (1)aV par (1) where a® € a{1}.

X=a

AU

Theorem 6.5. Let a,x € Rand S be a right ideal of R. Then the following assertions are equivalent:
1. xe€a{l,2} and xR = S.
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Pxa = PS,rann(a) and x € S.

Pxa = PSrann(a) And lann(S) C lann(x).

x€afl}, xaR=S8,and x € S.

x € a{l}, xaR = S, and lann(S) C lann(x).

a{1} # 0 and X = ps rann(@)(1)a?) where aV) € af1}.

SANSLE IS

Theorem 6.6. Let a,x € Rand T be a right ideal of R. Then the following assertions are equivalent:
1. x €a{l,2} and rann(x) = 7.
2. Qax = parg and 7 C rann(x).
3. x € a{l}, rann(ax) = 7, and 7 C rann(x).
4. x = aWp,p (1) where aV) € a{1}.

Theorem 6.7. Let a,x € Rand S be a left ideal of R. Then the following assertions are equivalent:

1. x€af{l,2}and Rx = S.

ax®P = PS,lann(a) and x € S.

ax® = PSJann(@) and rann(S) C rann(x).

xe€afl}, Rax=8,x e S.

x € a{l}, Rax = S, and rann(S) C rann(x).

a{1} # 0 and x = aV g 1ann@) (1) for some aV) € af1}.

SANSLE N

Theorem 6.8. Let a,x € Rand T be left a ideal of R. Then the following assertions are equivalent:

1. x €a{l,2} and lann(x) = 7.

2. @ = Preg and 7 C lann(x).

3. x € a{l}, lann(ax) = 7, 7 C lann(x).
4. x = pro7(1)aV) for some aV) € a{1}.

If the {1, 2}-inverses characterized in Theorems 6.5-6.8 exist, then they are not necessarily unique. To see
this note that if 2 € R* N R N R® N Ry, then a*,a",a®,ag € a{1,2}, a"R = a®R = aR, a'R = agR = a'R,
rann(a’) = rann(ag) = rann(a), rann(a’) = rann(@®) = rann(a*), Ra* = Rag = Ra, Ra' = Ra® = Ra",
lann(a*) = lann(a®) = lann(a), and lann(a’) = lann(ag) = lann(a").

Theorems 6.9 and 6.10 give other characterizations of a? and a{"?

rprin=8,rann=7" Iprin=8,lann=7" respectlvely.

Theorem 6.9. Leta € R. Let S, T be right ideals of R such that R = S ® rann(a) and R = aR® T Let (@q),s be
the group isomorphism obtained by the restriction of @, from S to aR. Let ¢ : R — R be the group endomorphism
given by Y(r) = ((9a)s) " (par 7 (7)) for each r € R. Then the following assertions are equivalent:

1. b is the unique element in S such that ab = p,r 7 (1).
2. ¢ = Qp.
3. b=a"?

rprin=8,rann=7"

Proof. Note that ker(y)) = 7 and im(y)) = S. Since @u(psrann@)(1)) = @a(1) = par(a), we obtain y(a) =
PS8 rann(a (1)

(1)(; (2): Let r,s € R be such that 1(r) = s. We have 1(r) = s if and only if s € S and (¢,)s(s) = par (7).
Thus, as = (Q4),s(S) = parg () = parg(1)r = abr. Then s = br. From here, ¢ = @,

(2) = (3): Suppose that = @;. Then bR = im(yp) = S, rann(b) = ker(y)) = 7, ba = @p(a) = ¢Y(@a) =
P8rann@)(1), aba = AP S rann(@)(1) = a, and bab = ps rann(a)(b) = b. Therefore, (3) holds.

(3) = (1): Assume that (3) holds. Then, b € bR = S and, by Theorem 3.4, ¢, = pars. In particular,
ab = p,r(1). Since S Nrann(a) = {0}, there is a unique element that satisfies (1). [

Theorem 6.9 can be viewed as a generalization of [8, Theorem 6.2.1] about the equivalence of three defi-
nitions of {1,2}-inverses of linear transformations with prescribed range and null spaces. Analogously to
Theorem 6.9, we get:
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Theorem 6.10. Leta € R. Let S, T be left ideals of R such that R = S@®lann(a) and R = Ra@T". Let (a.¢p),s be the
group isomorphism obtained as the restriction of ,¢ from S to Ra. Let 1 : R — R be the group endomorphism given
by Y(r) = ((a9)is) " (Pra7 () for each r € R. Then the following assertions are equivalent:

1. b is the unique element in S such that ba = pg, 7 (1).
2. IP = Q.

_ (12
3. b= alprin:S,lann:'T'

The next theorem generalizes [44, Theorem 3.1] for finite matrices over an associative ring and [9, Theorem
3.3] in complex Banach algebras with S = pR, 7 = gR, and p,q € R*. The proof of (2) = (3) = (1) is similar
to the one presented for Theorem 3.3 in [9]. Here we use Theorem 5.3 to prove (3) = (1).

Theorem 6.11. Let a € Rand let S, T be right ideals of R. Then the following statements are equivalent:

(L2) exists
rprin=8,rann=7" :

2. R=aR&T and R =S & rann(a).
3. R=aS& T ,rann(@) NS = {0}, and aRN T = {0}.
4. There exists x € S such that Qax = pas7, rann(a) NS = {0}, and aRN T = {0}.

Proof. (1) = (2): It follows from the definition of aﬁ)’rzi)n _Sranneg- and Theorem 3.4.

(2) = (3): Suppose that R = aR® 7 and R = S @ rann(a). Then aRN T = {0} and rann(@) N S = {0}.
Clearly, aS C aR. Let t € aR. Then there exists s € R such that t = as = 405 rann(s)(s). Hence, aR € aS.
(3) = (1): Assume that R = aS® 7, rann(a) NS = {0}, and aRN T = {0}. By Theorem 5.3, 2 has a

{2}-inverse x such that xR = § and rann(x) = 7. Then axa —a € 4R N 7, and consequently axa = a. Hence,
— 412
x= arprin:S,rannfT'

(3) © (4): It follows from Theorem 5.3. [

Using Theorems 3.4 and 5.4, we obtain the following result.

Theorem 6.12. Let a € Rand let S, T be left ideals of R. Then the following statements are equivalent:

(L2) exists
Iprin=8,lann=7" :

2. R=Ra®T and R =S & lann(a).
3. R=8Sa® 7 ,lann(@) NS = {0}, and Ran T = {0}.
4. There exists x € S such that v, = ps,g, lann(@) NS = {0}, and RaNT = {0}.

We note that (2) = (1) in Theorem 6.11 (resp. Theorem 6.12) follows also from Theorem 6.9 (resp. The-
orem 6.10). Now we obtain a theorem that gives necessary and sufficient conditions for the existence of
{1, 2}-inverses with given right and left principal ideals.

Theorem 6.13. Leta € R, let S be a right ideal of R, and S’ be a left ideal of R. Then the following statements are
equivalent:

12)
L. arprin:S,lprin:S’

2. R=aR&rann(8’), R = S @ rann(a), R = Ra & lann(S), and R = &’ & lann(a).

3. R=aS@®rann(S’), aR Nrann(S’) = {0}, R = Sa & lann(S), and Ra N lann(S) = {0}.

4. Thereexists x € SNS’ such that Qux = PaS rann(s), ARNTaNN(S’) = {0}, @ = Ps/ajann(s), and RaNnlann(S) =
{0}.

Proof. From Theorems 6.11 and 6.12, we get (1) = (2) = (3). The implication (1) = (4) follows from
Theorem 3.4. The proof of (3) = (1) is similar to the proof of (2) = (1) in Theorem 5.5 and is based on
Theorems 6.11 and 6.12. The implication (4) = (3) is immediate. [J

exists.

From previous results, we derive the next sufficient conditions for right/left ideal of R to be princi-
pal/annhililator ideals of idempotent elements of R.
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Corollary 6.14. Leta € R, S, T be right ideals of R and S’, T be left ideals of R. The following assertions hold:

1. If any of the equivalent statements (1)-(4) of Theorem 5.3 (or Theorem 6.11) holds, then there exist p,q € R*
such that S = pRand 7 = rann(yg).

2. If any of the equivalent statements (1)-(4) of Theorem 5.4 (or Theorem 6.12) holds, then there exist p,q € R*
such that S = Rp and T = lann(g).

3. If any of the equivalent statements (1)-(4) of Theorem 5.5 (or Theorem 6.13) holds, then there exist p,q € R*
such that S = pRand S8’ = Ryg.

4. If any of the equivalent statements (1)-(6) of Theorem 5.6 holds, then there exist p,q € R*® such that 7~ = rann(p)
and 7' = lann(g).

Proof. (1): By Theorem 5.3 (resp. Theorem 6.11), x = a® (resp. x = a?

rprin=8,rann=7" rprin=8,rann=7"
conclusion follows taking p = xa and q = ax. The rest of the proof is similar. [

) exists and the

7. Particular classes of {1}, {2}, and {1, 2}-inverses

In this section, we apply previous results to study particular classes of {1}, {2}, and {1, 2}-inverses. We
also give an illustrative example with a matrix over a field.

7.1. {1,3},{1,4},{1,3,4},{1,3,6}, {1,4,8}, {1,3,7}, and {1, 4, 9}-inverses
For {1, 3}-inverses we have:
Theorem 7.1. Let R be a +-ring and a,x € R. Then the following assertions are equivalent:

1. x €a{l,3}.
2. Pax = PaR rann(a*)-
3. axP = PRa* Jann(a)-

Proof. (1) = (2): It follows from Theorem 3.1 and the equality rann(ax) = rann(a*).

(2) = (1): If Pax = parrann), then x € a{l}, ax € R®, axR = aR, and rann(ax) = rann(a*). By Lemma 2.7,
ax € RS™,i.e, x € a{3}.

(1) © (3): Itis analogous to the proof of (1) & (2). O

Similar to Theorem 7.1, we obtain:

Theorem 7.2. Let R be a +-ring and a,x € R. Then the following assertions are equivalent:
1. x €afl,4}.
2. Pxa = Pa*R,rann(a)-
3. wp= PRa,Jann(a*)-

As a consequence of Theorems 7.1 and 7.2, we obtain the next theorem.

Theorem 7.3. Let R be a +-ring and a, x € R. Then the following assertions are equivalent:

1. x €afl,3,4}.

2. ®Pax = PaR rann(a*) and Pxa = PaR,rann(a)-
3. Pax = PaR,rann(a*) and xa®P = PRalann(a*)-
4. = PRa* Jann(a) and Pxa = Pa*R rann(a)-
5. ax®P = PRa*,Jann(a) and xa®P = PRalann(a*)-

In the next two theorems, we give the projectors associated with {1, 3, 6} and {1, 4, 8}-inverses.
Theorem 7.4. Let R be a +-ring and a,x € R. Each of the assertions

1. @Pax = PaR rann(a*) and Pxa = PaR rann(a),
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2. Pax = PaR,rann(a*) and xa® = PRalann(a),
3. axP = PRa*Jann(a) and @Pxa = PaR,rann(a),
4. axP = PRa*Jann(a) and xa®P = PRalann(a),

implies x € af1, 3, 6}.

Proof. Suppose that (1) holds. By Theorem 7.1, x € a{1,3}. Since xa? = PaR rann(a)(@) = a4, we have x € a{6}.
The remainder of the implications can be similarly proved. O

We analogously have:
Theorem 7.5. Let R be a +-ring and a,x € R. Each of the assertions

1. Pax = PaR,rann(a) and Pxa = Pa*R,rann(a)
2. @ax = PaR,rann(a) and xa®P = PRalann(a*),
3. ax®P = PRa,lann(a) and Pxa = Pa*R,rann(a)
4. 1@ = PRaJann(@) A P = PRajann(@),

implies x € af{1,4,8}.
From Theorems 7.1 and 7.2, we obtain the next two theorems.

Theorem 7.6. Let R be a +-ring and a, x € R. Then the following assertions are equivalent:

1. xe€a{l,3,7}.
2. Qax = PaR rann@) and x € aR.
3. &x® = PRe Jann@) and lann(a) C lann(x).

We note that the elements of a{1, 3, 7} are the right core inverses of a which are a particular case of right (b, c)
inverse of a (see [14, 39, 40], in particular, [39, Theorem 5.1]).

Theorem 7.7. Let R be a +-ring and a,x € R. Then the following assertions are equivalent:

1. x €a{l,4,9}.
2. Pxa = Pa*R rann(a) and rann(a) - rann(_x)_
3. xP = PRajann() and x € Ra.

In Section 4, we studied {1}-inverses with given principal and annihilator ideals. Now, we consider
some examples of sets of these {1}-inverses. Let a € R. From Theorems 3.1 and 3.7,

a{1,5} = {x € a{l} : xaR = aR and rann(ax) = rann(a)}
= {x € a{l} : Rax = Ra and lann(xa) = lann(a)}.

Let R be a »-ring and a € R. By Theorems 4.6, 4.7 and 7.1,

a{1,3} = {x € a{l} : rann(ax) = rann(a*)} = {x € a{l} : Rax = Ra"},
and by Theorems 4.5, 4.8 and 7.2,

a{l,4} = {x € a{l} : xaR = a*R} = {x € a{l} : lann(xa) = lann(a*)}.
From the above equalities, we get

a{1,3,4} = {x € a{1} : xaR = a*R and rann(ax) = rann(a”)}
= {x € a{1} : lann(xa) = lann(a") and rann(ax) = rann(a”)}
={x €a{l} : xaR = a*R and Rax = Ra*} = {x € a{l} : Rax = Ra" and lann(xa) = lann(a*)}.
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From Theorems 4.1 and 7.4,

a{1,3,6} 2 {x € a{l} : xaR = aR and rann(ax) = rann(a*)}
= {x € a{l} : lann(xa) = lann(a) and rann(ax) = rann(a*)}
={x €a{l} : xaR = aR and Rax = Ra*} = {x € a{l} : Rax = Ra" and lann(xa) = lann(a))} (13)

and from Theorems 4.2 and 7.5,

a{1,4,8} 2 {x € a{l} : xaR = a"R and rann(ax) = rann(a)}
= {x € a{1} : lann(xa) = lann(a") and rann(ax) = rann(a)}
={x €a{l} : xaR = a*R and Rax = Ra} = {x € a{l} : Rax = Ra and lann(xa) = lann(a*)}.

We comment on the previous inclusions. Let R be a *-ring and 4,x € R be such that x € a{1,3,6}. Then
aR C xaR and rann(ax) = rann(x*a*) = rann(a*). Depending on the ring R, we can always have aR = xaR
or not; consequently, the equality in (13) is always satisfied or not. We next consider two examples.
Let R = C™" and A, X € C"™" be such that X € A{1,3,6}. Then R(A) € R(XA) and dim(R(XA)) =
n — dim(N(XA)) = n — dim(N(A)) = dim(R(A)). Thus, R(XA) = R(A) and the equality in (13) holds for A.
Let now ¢2(IN) be the Hilbert space of the complex sequences x = (x;);en such that Y72, |x;|?> < oo with inner
product (x, y) = Y. x;yi. Let R = B(£*(IN)) be the ring of all bounded linear operators from ¢(IN) to £2(IN).
Let A, X € B(f*(IN)) defined by A(x1,x,...) = (0,x1,%,...) and X(x1,xp,...) = (x2,%3,...). These operators
were considered in [34, Remark 3.1] and satisfy X € A{1,3,6} and R(A) ¢ R(XA) = *(N). Therefore, the
strict inclusion in (13) holds for A. Similar considerations are valid for the other inclusion.
By Theorems 4.6, 4.7 and 7.6,

a{1,3,7} = {x € a{1} : rann(ax) = rann(a”) and x € aR}
= {x € a{l} : Rax = Ra" and lann(a) C lann(x)}

and by Theorems 4.5, 4.8 and 7.7,

a{1,4,9} = {x € a{l} : xaR = a"R and rann(a) C rann(x)}
= {x € a{l} : lann(xa) = lann(a") and x € Ra}.

7.2. Generalizations of Moore-Penrose, core, and dual core inverses

In this section, we consider some generalizations of Moore-Penrose, core, and dual core inverses. As in
Section 7.1, the focus is on their relation to projectors.

7.2.1. The (e, f) Moore-Penrose inverse

Let Rbe a +ring. Leta € Rande, f € RINRY™, In [30], if x € a{1,2}, (eax)* = eax and (fxa)" = fxa, then
x € Ris called the (weighted) (e, f) Moore-Penrose inverse of a. This generalized inverse is denoted by a! f and
at=al | Ifx = a:f, then xe™! € (ea){1} and fx € (af!){1}. More details can be found in, e.g., [30, 38, 46]. If

at ; exists, then

t _ 512 — (12 — ,(12) — ,(12)

a&f rprin=f-la*R rann=rann(ae) ~ = lprin=Ra‘elann=lann(f~1a*) ~ " rprin=f-1a*R lprin=Ra‘e ~ ' lann=lann(f~14*),rann=rann(a*e)’

Consider the conditions

Pax = PaR rann(ae)s Pxa = P f-1a*R,rann(a)- (143) xR C ffla*R (14e)
ax®P = PRaelann(a); xaP = PRalann(f~1a*)- (14b) lann(f‘la*) C lann(x). (14f)
Pax = PaR,rann(a‘e)s xaP = p'Ra,lann(f‘lu*)' (14C) Rx C Ra'e. (14g)

P = PRae,Jann(a)/ Pxa = pf*la*'R,rann(u)' (14d) rann(a*e) < rarm(x). (14h)
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From Theorems 6.1-6.4, 11;r exists and x = a: if and only if one of the conditions (14a)-(14d) holds and

7,

one of the conditions (14e)-(14h) holds. Let now e = f = 1. For Hilbert space operators with closed range,
conditions (14a) and (14e) coincide with the conditions (iii) of [32, Theorem 1]. Conditions (14a) and (14h)
are a generalization of the conditions of [3, Ex. 2.58]. The relations of generalized inverses to projectors can
be used to extend to any ring results of matrices and operators. In particular, the characterizations of the
Moore-Penrose inverse using orthogonal projectors given in Section 7.2.1 can be used to generalize results
of [28, Section 2] to *-rings.

7.2.2. The e-core and the f-dual core inverses

Let Rbe a *ring. Leta,x € Rande, f € RINRY™ . Then x is the e-core inverse of a if x € a{1}, xR = aR, and
Rx = Ra*e, whereas x is the f-dual core inverse of a if x € a{l}, xR = f‘la"R, and Rx = Ra. These generalized
inverses were defined and studied in [29] (see also, e.g., [46] for more properties). If they exist, then they
are unique, and we denote them with #®¢ and ag, 7, respectively. We have a®! = 4® and a1 = a@. By [29,
Theorems 2.1 and 2.2], a®%, ag,; € a{1,2}.

If a®¢ exists, then

JCYRCE) _ (2 _ (2 _ (2
rprin=aR, lprin=Ra*e rprin=aR,rann=rann(a‘e) Iprin=Ra*e,Jann=lann(a) lann=lann(a),rann=rann(a*e)"
If ag,f exists, then

a _11(1’2) — 12 — 12 — 12
&f = rprin=f~1a*R lprin=Ra ~ " rprin=f-1a*R rann=rann(a) ~ = lprin=Ra lann=lann(f-1a*) = " lann=lann(f~'a*) rann=rann(a)’

As a consequence of Theorems 6.1-6.4, a®# exists and x = a®* if and only if one of the conditions (15a)-(15d)
holds and one of the conditions (15e)-(15h) holds, where the conditions are

@Pax = PaRrann(a*e)r Pxa = PaR rann(a)- (15a) xR CaR. (15e)
axP = PRarelann(a), xaP = PRa,Jann(a)- (15b) lann(a) c lann(x). (15f)
@Pax = PaRrann(a‘e)s xaP = PRalann(a)- (15¢) Rx C Ra'e. (15g)
axP = PRarelann(a); Prxa = PaR,rann(a)- (15d) rann(a*e) c rann(x). (15h)

Similarly, ag  exists and x = ag if and only if one of the conditions (16a)-(16d) holds and one of the
conditions (16e)-(16h) holds, where the conditions are

Qax = PaRrann(@)s Pxa = P 1R rann(a)s (16a) xR C f‘la*R, (16e)
ax® = PRaJann(@)s 1a® = PRalann(f1a)s (16b) lann(f'a*) C lann(x), (16f)
Pax = PaRrann(a)s xaP = PRa,lann(f-1a*)s (16c) Rx C Ra, (16g)
ax® = PRalann(@), Pxa = Pf-1aR rann(a)s (16d) rann(a) C rann(x). (16h)

7.2.3. The w-core and the dual v-core inverses

Let Rbe a *+-ring and a, x, w, v € R. Then x is the w-core inverse of a if (awx)* = awx, xawa = a, and awx? = x.
Similarly, x is the dual v-core inverse of a if (xva)* = xva, avax = a, and x?va = x. The w-core and the dual
v-core inverses of a are unique if they exist, and are denoted by a®® and ag,, respectively. We have a? =a®
and ag,1 = ag. We refer the reader to, e.g. [17, 47] for more details. We note that the equivalence (1) < (2)
of the next proposition was given in [47, Theorem 2.10]. Here, we present a proof based on Theorem 3.4.

Proposition 7.8. Let R be a »-ring and a,w, x € R. The following assertions are equivalent:

1. x = a®w,
2. x = (aw)® and aR C awR.
3. x = (aw)® and lann(aw) C lann(a).
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Proof. (1) = (2): If x = a®%, then x = (aw)® and, by Theorem 3.4, a = xawa = PguR rann(aw)(@). This last
equality implies that aR C awR.

(2) = (3) is immediate.

(3) = (1): If x = (aw)® and lann(aw) C lann(a), then (awx)* = awx, awx*> = x and, by Theorem 3.4,
Xawa = p‘Raw,Iann(uw)(l)a =a. [0

For the dual v-core inverse we analogously have:

Proposition 7.9. Let R be a +-ring and a,v, x € R. The following assertions are equivalent:

1. x =agp.
2. x = (va)g and Ra C Roa.
3. x = (va)g and rann(va) C rann(a).

By Proposition 7.8, if a®® exists, then

LB — ,(12) _ (12 —,02 _ 12
rprin=awR,rann=rann((aw)*) Iprin=R(aw)*,Jann=lann(aw) rprin=awR lprin=R(aw)* lann=lann(aw),rann=rann((aw)*) "

If ag, exists, then

12) _ (12 _ (12 _ (12

@ = arprin:(vu)*R,rann:rann(vu) ~ “lprin=Roa,lann=lann((va)*) ~ arprin:(va)“R,lprin:Rvu ~ "lann=lann((va)*),rann=rann(va)

Let b = aw and ¢ = va. By Theorems 6.1-6.4 and Proposition 7.8 (resp. Proposition 7.9), a®® exists and
x = a®® if and only if one of the conditions (17a)-(17d) holds, one of the conditions (17e)-(17h) holds, and
one of the conditions (17i)-(17j) holds, where the conditions are

Pbx = PoRrann(t’) Pra = PoRrann), (17a) ¥R C bR, (17e)
b @ = PRY Jann(b)s xaP = PRblann), (17b) lann(b) C lann(x), (17f) aRC DR, (171)
Pbx = PoRrann(t), 1P = PRbJannp), (17C) Rx C Rb", (17g) lann(b) C lann(a). (17j)
bxP = PRY Jann(b)s Pra = PoRrann),  (17d) rann(b’) C rann(x), (17h)

We also have ag, exists and x = ag,, if and only if one of the conditions (18a)-(18d) holds, one of the
conditions (18e)-(18h) holds, and one of the conditions (18i)-(18j) holds, where the conditions are

Pex = PeRrann(e)s Prc = PeRrann(e),  (18a) xR C 'R, (18e)
a® = PRelann(c)s xP = PRelann(),  (18b) lann(c*) € lann(x), (18f) Ra € Re, (18i)
Pex = PeRrann(c)s P = PReJann(c)s (18¢) Rx C Re, (18g) rann(c) C rann(a). (18j)
@ = PRejann(c)s Prc = PeRpann(),  (18d) rann(c) € rann(x), (18h)

Let w = 1. The conditions @,x = pPaR rann@), Pra = PaRrann@) and xR C aR are stronger than the conditions
(10) of the definition of the core inverse for finite complex matrices. Let H be an arbitrary Hilbert space
and L(H) be the ring of all bounded linear operators from H to H. In [34, Remark 3.1], it is shown that the
conditions A, X € L(H), AX = Pr(a) and R(X) € R(A), do not imply that X = A®_ Similar considerations can
be made for the dual core inverse.

7.2.4. The right w-core and left dual v-core inverses

The right w-core inverse x of a is defined by the equations awxa = a, (awx)* = awx, and awx*> = x. We
analogously have the left dual v-core inverse x of a defined by the equations axva = a, (xva)* = xva, and
x?va = x. These generalized inverses were defined in [48]. From Theorem 7.6 we obtain:

Proposition 7.10. Let R be a +-ring and a, w, x € R. The following assertions are equivalent:

1. x is a right w-core inverse of a.
2. x € (aw){1,3,7} and aR € awR.
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3. x € (aw){1, 3,7} and lann(aw) C lann(a).

We note that the equivalence (1) & (2) of Proposition 7.10 appears in [48, Theorem 2.14]. Analogously,
using Theorem 7.7 we get:

Proposition 7.11. Let R be a +-ring and a,v, x € R. The following assertions are equivalent:

1. x is a left dual v-core inverse of a.
2. x € (va){1,4,9} and Ra C Roa.
3. x € (va){1, 4,9} and rann(va) C rann(a).

From Proposition 7.10 and Theorem 7.6, x is a right w-core inverse of a if and only if one of the conditions
(19a)-(19b) holds and one of the conditions (19¢)-(19d) holds, where the conditions are

Pawx = PawR rann((@@w)), X € awR, (193) aR C awR, (19C)
axP = PRarlann(@), 1lann(aw) C lann(x), (19b) lann(aw) C lann(a). (19d)

By Proposition 7.11 and Theorem 7.7, x is a left dual v-core inverse of a if and only if one of the one of the
conditions (20a)-(20b) holds and one of the conditions (20c)-(20d) holds, where the conditions are

Pxva = P(vayRrann(va), X € Rva, (208.) Ra Rva, (ZOC)
1P = PRajann(@), rann(va) C rann(x), (20b) rann(va) C rann(a). (20d)

7.3. (b, c)-inverses

@

rprin=bR Iprin=Rc
is the (b, c) inverse of a, a'® ) is the right hybrid (b, c) inverse of a, a? ) is the left hybrid

rprin=bR,rann=rann(c rprin=Rb,rann=lann(c

(b, c) inverse of a, and a? is the annihilator (b, c) inverse of a. See, e.g., [5, 13, 15, 18, 19, 25,

lann=lann(b),rann=rann(c)
26, 33, 45]. Indeed in [13], Drazin calls x the (b, ¢)-inverse of a if x € bRx N xRc, xab = b, and cax = c. In [13,
page 1922], Drazin shows that this definition is equivalent to the given here for the (b, c)-inverse. The (d, d)-
inverse of a is the inverse of a along d defined by Mary in [25]. Conversely, each (b, ¢)-inverse is a (d, d)-inverse

@ is
rprin=bR Iprin=Rc

Leta, x,b,c,d € R. In this section, we consider the (b, c) inverses defined by Drazin in [13]: a

[26]. In [15], the previous inverses were generalized as follows. Let v,w € R. Then, (vaw)
(2

the (w, v)-weighted (b, c)-inverse of a, (vaw)rprm:m rann=rann(c)

@
rprin=Rb,rann=lann(c)
annihilator (w, v)-weighted (b, c)-inverse of a.

Theorem 7.12(1)-(3) below can be seen as a generalization of [3, Theorem 2.13].

is the right hybrid (w, v)-weighted (b, c)-inverse of

a, (vaw) is the left hybrid (w, v)-weighted (b, c)-inverse of a, and (vaw)(Z) is the

lann=lann(b),rann=rann(c)

Theorem 7.12. Let a,b,c € R be such that (cab){1} # 0. Let (cab)® € (cab){1} and x = b(cab)Vc. Then:

1. x € a{l} & {abR = aRand rann(cab) = rann(ab)} & {abR = aRandRcab = Rab}.
2. {x € a{2} and xR = bR} & rann(cab) = rann(b) & Rcab = Rb.

3. {x € a{2} and rann(x) = rann(c)} © cabR = cR & lann(cab) = lann(c).

4. {x € a{2} and Rx = Rc} & lann(cab) = lann(c) & cabR = cR.

5. {x € a{2} and lann(x) = lann(b)} & Recab = Rb & rann(cab) = rann(b).

Proof. We first observe that by Lemma 3.3, cabR = caR (resp. cabR = cR) if and only if lann(cab) = lann(ca)
(resp. lann(cab) = lann(c)), and Reab = Rab (resp. Rcab = Rb) if and only if rann(cab) = rann(ab) (resp.
rann(cab) = rann(b)).

(1): If x € a{1}, then a = ab(cab)Vca and ab = ab(cab)V(cab). By the last equalities and Lemma 3.3(2),
abR = aR and rann(cab) = rann(ab). Conversely, if abR = aR and rann(cab) = rann(ab), then there exists r € R
such that a = abr and, using again Lemma 3.3(2), axa = a(b(cab)Vc)a = (ab)(cab)V(cab)r = abr = a. Hence,
x € a{l}.
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(2): We have, x € a{2} and xR = bR if and only if x = xax and there exists r € R such that b = xr. By the
expression of x, we obtain b = xr = xaxr = b(cab)Vcab. By Lemma 3.3(2), this last equality is equivalent to
rann(cab) = rann(b). Conversely, by Lemma 3.3(2), if rann(cab) = rann(b), then xab = b(cab)Vcab = b. From
the last equality, x = b(cab)Vc = xab(cab)Vc = xax and xR = bR.

(3): By Theorem 3.2, if x € a{2} and rann(x) = rann(c), then R = ab(cab)VcR & rann(c). Therefore,
¢R C cab(cab)VcR C cabR. This implies that cR = cabR. Conversely, using Lemma 3.3(1), we obtain that if
cabR = cR, then cax = cab(cab)Pc = c. From here, rann(x) = rann(c) and xax = b(cab)Pcax = b(cab)Vc = x.

The proofs of (4) and (5) are similar to the proofs of (2) and (3), respectively. [J

We get the next result for right hybrid (b, c) inverses.

Theorem 7.13. Leta,b,c € R. If any of the conditions

1. rann(ab) = {0}, cR = Rand R = abR @ rann(c), or
2. rann(b) = {0}, caR = Rand R = bR & ¢, ' (rann(c))
holds, then cab € R~! and b(cab)"'c = a®)

rprin=bR,rann=rann(c)’

Proof. We only prove (1) since the proof of (2) is similar. Assume that rann(ab) = {0}, cR = R and
R = abR @ rann(c). Then cabR = cR = R. Letr € R. If cabr = 0, then abr € abR N rann(c). Hence, abr = 0.
This shows that rann(cab) = rann(ab) = rann(b) = {0}. By Lemma 2.1, cab € R™?, and by Theorem 7.12(2)(3),
if x = b(cab)~'c, then x € a{2}, ¥R = bR and rann(x) = rann(c). O

Theorems 5.1 and 7.13 can be seen as generalizations of [3, Theorem 2.14]. Let C*" denote the class of
complex matrices of rank 7. Let A € C}*",s < r, U € C* and V € C*. Then, rank(V) = s & R(V) = C° and
equality [3, (2.62)] is equivalent to N(AU) = {0}. This shows that the hypotheses rann(ab) = {0} and cR = R
in Theorem 7.13 are natural generalizations of the hypotheses of [3, Theorem 2.14].

Using Lemma 2.1 and Theorem 7.12(4)(5), we analogously obtain:

Theorem 7.14. Let a,b,c € R. If any of the conditions

1. lann(ca) = {0}, Rb = Rand R = Rca & lann(b), or
2. lann(c) = {0}, Rab = Rand R = Rc & ,¢~'(lann(b))

holds, then cab € R~! and b(cab)"'c = a®®

Iprin=Rc lann=lann(b)"

The next theorem gives relations between the different types of (b, c)-inverses.

Theorem 7.15. Leta,b,c,x € R. The following assertions are equivalent:

1. x= aii)rin:mram:ram(c) and x € Re (or c{1} # 0).
2. x= aifa)rin:bﬂ,rann:rann(c) and (Cdb){l} # 0.
3. x= aﬁ)ﬂnzﬂqmnnzhm(b) and x € bR (or b{1} # 0).
4. x= ag)rinz'Rc,lann:lann(b) and (Cﬂb){l} #0.
— @
5 x= arprin:b‘R,lprin:Rc'
6. X =@ o ranneranno @1 X € DR (0r b1} # 0) and x € Re (or {1} # 0).
7.x= agim:lann(b),rann=rann(c) and (Cﬂb){l} # 0.
8. (cab){1} # 0, Reab = Rb (or rann(cab) = rann(b)), cabR = cR (or lann(cab) = lann(c)), and x = b(cab)Vc for

any (cab)) € (cab){1}.
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Proof. If x € {2}, then a € x{1}. Hence, from Lemma 2.5, in (1) and (6): x € Rc & c{1} # 0, and in (3) and (6):
x € bR © b{1} £ 0.

As a consequence of [45, Theorem 2.4] (or Theorem 5.3) and [45, Corollary 2.6], we get (1) & (2) & (5).
From Theorem 5.4 and [45, Corollary 2.6], we obtain (3) & (4) & (5).

(5) = (6): It is immediate.

(6) = (5): Suppose that x = a? x € bR, and x € Rec. By Theorem 5.6(6), ¢ = cax and

lann=lann(b),rann=rann(c)”

b = xab. Hence, Rc C Rx and bR C xR. We conclude that x = a?. B o
rprin=bR Iprin=Rc

(5) = (8): Suppose that x = ap). oo o Thenx =al. o0 e+ Thus, 8) follows from [45,
Proposition 2.5] and Theorem 7.12(2)(4).
(8) = (5): It follows from Theorem 7.12(2)(4).

(7) © (8): It follows from Theorem 7.12(3)(5). O
From Theorems 5.3(3), 5.4(3) and 7.15(5)(1)(3), we get [19, Proposition 2.7].

7.4. The (p,q) inverse
We now consider {2}-inverses defined using prefixed idempotent elements in R. Leta € Rand p, g € R°.

Then ai?rin:p?{ rann=qR is the image-kernel (p, q) inverse of a (see [18, Definition 3.1]). The image-kernel (p, q)
inverse is the Cao-Xue (p, g,[) inverse (see [9, Definition 2.10]).

Leta € Rand p € R®. Then a is called Bott-Duffin invertible if 1 — p + ap € R™!, and in this case, the
Bott-Duffin p inverse of ais p(1—p+ap)~! (see [7, Definitions (c)]). If x € Ris such that x = px = xq, xap = p, and
gax = g, then x is called the Bott-Duffin (p, q) inverse of a (see [13, Definition 3.2]). The Bott-Dulffin (p, p) inverse

of a is the Bott-Duffin p inverse of a (see [13, Proposition 3.1]). By [18, Proposition 3.4], x = aﬁ))rin:pﬂ rann=qR if
and only if x is the Bott-Duffin (p, 1 — q) inverse of a.
Leta € Rand p,g € R*. Then x € R is called the Djordjevic-Wei (p,q) inverse of a if x € a{2}, xa = p

) @

and ax = 1 — g (see [11, Definition 2.1]). We note that a;, = 8, rinepR rann=gR with rann(a;f;a) = rann(p) and

uuﬁ)’R = rann(g). We also have, a;,%; = aﬁ)rin:1ann(q),1ann:1ann(p) with Ra;%;a = Rp and lann(aa;(f;) = Rg. Since
(1-g)a=QQ-qap & a(l-p) = ga(1-p) = a(1-p)R C qR, the conditions of part (2) of the following theorem
are weaker than the conditions of [11, Theorem 2.1(2)] that include the equality px = x. The conditions of

part (4) are with inclusions instead of with equalities as in [9, Theorem 2.4(2)] in a complex Banach algebra.

Theorem 7.16. Leta € Rand p,q € R*. Then the following statements are equivalent:

1. x € R is the Djordjevié-Wei (p, q) inverse of a.

2. al-p)RCqR xap =p, 1 —q = ax, and xq = 0.

3. RgaCRA-p),p=xapx=x,and(1-qax=1-q.

4. x € a{2}, xaR C pR, rann(xa) C rann(p) (or pR € xaR, rann(p) C rann(xa)) and axR C rann(g), rann(ax) C

gR (or rann(g) € axR, gR C rann(ax)).

If al(f,; exists, then rann(p) = @, (qR) and Rq = ,¢~'(lann(p)).
Proof. (1) = (2)(3): It follows from the definition of 11;2,37 thatxap =p,1-q =ax,xg =0, p = xa, px = x, and
(1-gax=1-q.

By Theorems 5.1 and 5.2, rann(p) = (1 —p)R = rann(xa) = ¢;}(gR) and Rg = lann(1 —q) = @ L (R(1 - p)).
Then a(l - p)R € gR and Rqa € R(1 - p).

(2) = (1): Assume that a(1 — p)R C gR and there exists x € R such that xap = p, 1 — g = ax, and xq = 0.
Then xax = x and xa(1 — p) = 0. Since xap = p and xa(1 — p) = 0, we have xa = p.

The proof of (3) = (1) is similar to the proof of (2) = (1) and the proof of (1) = (4) is immediate.

If x is a {2}-inverse of a, then ax, xa € R*. Hence, (4) = (1) follows from Lemma 2.2(3). O
In [18], it is noted that if x = ai;)rinzpﬂ — then x is the Djordjevi¢-Wei (pxa, (1 — ax)) inverse of a. Using
Theorems 5.1 and 5.2, we obtain the following proposition.
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Proposition 7.17. Let a € Rand p,q € R*. Then the following statements are equivalent:

1. x is the Djordjevié-Wei (p, q) inverse of a.

2. x=al) ke WR= (1= R and 97 (qR) = (1 - pR
3. x=a? R(1 - q)a = Rp, and 9~ (R(1 - p)) = Rg.

Iprin=lann(q),Jann=lann(p)”

Leta e Rand p,q € R*. If af/,; exists and al(fl), € a{l}, then u;(f; is the Djordjevic-Wei (p, q)-reflexive generalized
inverse of a and it is denoted by a;},,’f) (see [11, page 3054]).

Example 7.18. If a € RP with ind(a) < I, then a® = afﬁjrl_uﬂ. Let R be a +-ring. Ifa € R', then a* = ”ﬁl,kaa* =
(1,2) 6) ® _ (2 _ (12 _ 2 _ (12
D) _aat Ifa e RY, then a® = B0 1 —aa® = Dot 1—aa®” Ifa € Rg, then ag = By 1-aap = Yagal-azg’

The equivalence (1) & (2) of the following proposition coincides with [9, Proposition 3.1] for complex
Banach algebras.

Proposition 7.19. Let a € R. Then the following statements are equivalent:

1. a{1,2} # 0.

2. There exist p,q € R® such that rann(a) = rann(p) and aR = gR.
3. There exist p,q € R® such that Ra = Rp and lann(a) = lann(q).
4. There exist p,q € R* such that Ra = Rp and aR = gR.

Proof. (1) = (2)(3): Let x € a{1,2}. Setting p = xa and q = ax, these implications follow from Theorem 3.4.

(2) = (1): From the hypotheses, R = pR @ rann(p) = pR @ rann(a) and R = gR @ rann(q) = gR ® aR. By
Theorem 6.11, aillo’rzi; R rannmqR exists. Thus, a{1,2} # 0.
Using Theorems 6.12 and 6.13, the proofs of the remainder implications are similar to the proof of (2) =

1. T

7.5. An example

Let F be a field with char(F) # 2and E;; = eiej. € F?2 foreachi, j € {1,2} wheree; = (1,0) and e; = (0, 1)".
Let A = E1,. Then A? = 0, AF?? = rann(A), F?2A = lann(A), AF?? = {(x;j) € F?? : xp1 = x5, = 0}, and
F22A = {(X,',]‘) e F>2 . X1,1 =X21 = 0}.

By a direct computation, we get A{1} = {(x;j) € F*? : x,; = 1} and

A2} ={(x;) € FP? 1 x1,1 =x11201, X120 =X1,1%2, X201 =X21X21, X220 =X21X22]).

Hence, A{l, 2} = {(xi,j) e F>2 . X1 = 1 and X12 = xlrllez}.

Let S and &’ be the right and the left ideals of F?*? such that F>? = AF>? @ S and F>? = F*?A e S'.
Then S = {(x;j) € F?? : x17 = x1, = 0}and &’ = {(x;)) € F¥? : x1, = x5, = 0}. Weset7 =Sand 7' = §'.
We have p e, 7(I) = ps' tlann(a)(I) = E1,1 and ps ranna)(I) = przeag(I) = Eap.

Let Z € A{l} and Y = (y,/]) € F?2. Then psrram(/‘)([)z = p]FZXZA,(]'/(I)Z = E2/1 + Zz/zEz/z, ZpA]FZXZ,(]'(I) =
Zps lann@a) () = z11E11 + E21, psrann(a)(DZpapze, (1) = prpea s (DZps jann@a)(D) = P8 ranna)(DZps lann@a) () =
Eri,and (I = ZA)Y(I - AZ) = (Y12 — z11Y22 — Z22Y1,1 — Z1,122.2Y2,1)E1 0.

By Theorems 4.1(3)-4.4(3),

{aEip+Eyi:aeF) = | {1}

= [X e A{l}: F*?AX = & and lann(XA) = 77}
{ {1
{ {1}

As a consequence of Theorems 4.5(3) and 4.8(3), we obtain

{aEys + Ep1 + bE1, 1 a,b € F) = {X € A{1} : XAF>? = S} = {X € A{1} : lann(XA) = T},
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and from Theorems 4.6(3) and 4.7(3) we get,
{aEip + Ep1 + bE1q :a,b € F} = (X € A{1} : rann(AX) = T} = {X € A{1} : F??AX = §'}.

Let Z, = {Z € F*? : AZ = papes()} and Z; = {Z € F?? : ZA = ppeaqs(I)). Then Z, N Z; C A{l),
Z =1{(zij) € F*?: 251 = 1and 2, = 0} and Z; = {(z;;) € F*? : 211 = 0 and zp1 = 1}. Since F*? = AF*? & S
and A? = 0, we have AF>? = AS. Similarly, F??A = §’A. We also have rann(S’) = 7 and lann(S) = 7.

Hence, by Theorem 5.3(2), A, ¢ . € SN Z;, by Theorem 54(2), A, o\ -, € 8’ N Z;, and by

Theorem 5.5(4), Ag)rin: Siprin=s’ € SNS' NZ,NZ. From here,

_ 2@ _ 2@ e
B = Arprin:S,rann:‘T - Alprin:S’,lann:‘T’ - Arprin:S,lprin:S"

Applying Theorem 5.6(6), we obtain E;; = Agzmz,/_, rann=T~"
By parts (8) of Theorems 6.1-6.4,

— 212 — 212 — 212 — 212
Eon = Arprin:S,rann:T - Alprin:S’,lann:T © 7 “rprin=8 lprin=8" Alann:’T’,rann:T'

By Theorems 6.5(6) and 6.8(4),

{Exq +aEy, :a € F} = {X € A{1,2}) : XAF*? = S} = {X € A{1,2} : lann(XA) = T}
By Theorems 6.6(6) and 6.7(4),

{aE1q + Epy :a € F} = {X € Al1,2} : rann(AX) = T} = (X € A{1,2} : F??AX = S'}.

It is easy to see that

{BeF”?:8 = BF*?} = (B F**: 7' = lann(B)} = {(b;j) € F** : b11=b12=0 and (by1, bp) # 0}
and

{CeF??: T =rann(C)} = (C e F¥?: & = F¥C} = {(c;,j) € F¥* : c1p=c2p=0and (c11,¢2,1) # O}.

We note that we have obtained the unique {2}-inverse corresponding to the right ideals S and 7~ such
that F>2 = AF>?2 @ 7 and F>?2 = S @ rann(A) (resp. left ideals 8’ and 7~ such that F>? = F*2A & 7’ and
F?*2 = §’ @ lann(A)). There are other {2}-inverses with other principal/annihilator ideals. For example, as
in [13, Example 2.5], we can consider B = (A,1)!(a, f) and C = (y,0)'(1, w) with (a, ), (y,06) € F? \ {0} and
A, u € F. The conditions that any pair of ideals must satisfy are given in Theorems 5.3-5.6.

Acknowledgements. The author thanks the reviewer for the useful observations.
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