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Abstract. In this paper, we present and examine the concept of multiplicative order compact operators
from vector lattices to Riesz algebras. Specifically, a linear operator T from a vector lattice X to an Riesz
algebra E is deemed omo-compact, if every net x, in an o-bounded subset of X possesses a subnet x,,

such that Tx,, =2 y for some y € E. Moreover, we introduce and investigate omo-M- and omo-L-weakly
compact operators.

1. Introduction

Compact operators are important in the operator theory and its applications. It has been demonstrated
in [12, Thm. 2], [10, Thm. 5], and [11, Thm. 2.2] that distinct types of classical convergence, such as order
convergence and relatively uniform convergence, lack topological features in vector lattices. It is worth
noting, however, that even in the absence of topology, several natural categories of compact operators can
be investigated (see for example [7]). In this paper, we introduce and investigate operators with omo-
compactness, ranging from vector lattices to Riesz algebras. We assume throughout this work that all

vector lattices are real and Archimedean, and all operators are linear. Vector lattices are denoted by the
letters X and Y, whereas Riesz algebras by E and F.

A net x, in X:

- o-converges to x € X (shortly, x, N x), if there exists a net yg | 0 such that, for any f3, there exists a;
satisfying |x, — x| < yp for all a > ag;

- r-converges to x € X (shortly, x, N x) if, for some u € X, there exists a sequence a, of indexes such
that |x, — x| < 1u for all @ > a,, (see, e.g. [14, 1.3.4, p.20]).

An operator T : X — Y'is called:

- o-bounded, if T takes order bounded sets to order bounded ones;
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- regular, if T =Ty — To with Ty, T, > 0;
- o-continuous, if Tx, 2, 0 whenever Xy N 0;
- r-continuous, if Tx, — 0 whenever x, — 0.

The collection L(X, Y), which comprises all order bounded operators from X to Y, establishes itself
as a vector space. It should be noted that every regular is order bounded. If we shift our focus to
regular operators, the set £,(X, Y), which constitutes all regular operators from X to Y, is an ordered vector
space under the following ordering: T > 0 if Tx > 0 for each x € X,. In notation, £,(X) := L,(X X),
Ly(X) = Ly(X, X), and so on. When Y is Dedekind complete, £,(X, Y) coincides with £,(X,Y) and is a
Dedekind complete vector lattice (cf., [1, Thm. 1.67]), whereas the collection .L,(X, Y) of all order continuous
operators from X to Y is a band in £,(X, Y) (cf., [1, Thm. 1.73]). Evidently, each positive operator, and as a
result, each regular operator is r-continuous.

Consider the case when the vector lattices X and Y have their own linear convergences, ¢; and cs,

respectively. An operator T : X — Y is called cicp-continuous (cf. [7, Def.1.4]) if x, 20in X implies

Tx, = 0in Y. In the case when ¢; = ¢, we say that T is ¢i-continuous. The collection of all ¢;c,-continuous
operators from X to Y is denoted by L ,(X,Y), and if ¢; = ¢, we denote L,,(X,Y) by L, (X, Y), and
L, (X, X) by Lo, (X).

If a vector lattice X that is an associative algebra satisfying x - y € X, for each x, y € X, it is called Riesz
algebra (or l-algebra). An [-algebra E is known as:

- d-algebra,ifu-(xAy)=w-x)A(m-y)and (xAy)-u=(x-u)A(y-u)forallx,ye Eandu € E;;
- f-algebraif x Ay = 0implies (u-x) Ay=(x-u)Ay=0forallu € E;;

- semiprime whenever the only nilpotent element in E is 0;

unital if E has a positive multiplicative unit.

right straight l-algebra (resp., left straight I-algebra) whenever x - u > 0 (resp., u-x > 0) forall u € E,
implies x > 0. If an /-algebra E is both left and right straight [-algebra, we say that E is a straight
l-algebra

Each vector lattice X is a commutative f-algebra with respect to the trivial algebra multiplication given by
x-y =0forall x,y € X. Every unital [-algebra is straight. In an l-algebra E, x > y implies x - u > y - u for all
u € E,. But, in general, the inequality x - u > 0 for all u € E, does not imply x > 0. An algebra in [6, Ex. 2.8]
is an example of d-algebra which is not a straight l-algebra.

Consider a linear convergence ¢ on E (see [7, Def. 1.6]). The algebra multiplication in E is known as:

- right c-continuous (resp., left e-continuous) if x, — x implies x, - Y= x - y (resp., ¥ - X, — y - x) for every
y € E (cf. [7, Def.5.3]).

- The right c-continuous algebra multiplication will be referred to as c-continuous multiplication.

Example 1.1. Consider T, T, € L,({*) defined as follows: Tx := I(x) - Iy and Tix = x - Ljpen:mok for all
x € £~ and k € IN, where [ is a positive extension to £*° of the functional /(x) = lim, . x, on the space c of
all convergent real sequences. Clearly, Ty |> 0. If Ty > S > 0in £,(£~) for all k € N then, for every p € N

Tiey > Se, >0 (Vk € N),

where ¢, = I[j,) € £*. Since Tye, = 0 for all k > p then Se, = 0 forallp €e N. As{* =ker()®R-1n,S=5s-T
for some s € R,, and hence
Toly = LpneNimezy 25 Ty =s - 1y,

which implies s = 0, and hence S = 0. Thus, T, | 0. However, the sequence T o Ty = T does not o-converge
to 0, showing that the algebra multiplication in £,(¢*°) is not left o-continuous. This also shows that, in
unital [-algebras, o-convergence can be properly weaker than mo-convergence.
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A net x, in E m,c-converges (m;c-converges) to x iff
|xy — x| - u 50 (respectively u - |x, — x| 5 0) (VuekE,),

shortly x, = x and X, — x. In commutative algebras, mjc is equivalent to m,c. Replacing the algebra
multiplication in E by “*” defined as x*y := y - x, we restrict ourselves to m,c-convergence and denote it by
me-convergence (cf. [4, 5, 7]).

Suppose X is Dedekind complete. Then .£,(X) is a unital Dedekind complete l-algebra under the operator
multiplication, containing £,(X) as an /-subalgebra. The algebra multiplication is right mo-continuous in
L,(X) and is both left and right mo-continuous in .£,(X) [6, Thm.2.1].

Example 1.2. (cf. [3, Ex.3.1]). Let E be an f-algebra of all bounded real functions on [0, 1] which differ from
a constant on at most countable set of [0,1]. Let T : E — E be an operator that assigns to each f € E the
constant function Tf on [0, 1] such that the set {x € [0,1] : f(x) # (Tf)(x)} is at most countable. Then T is a
rank one continuous in ||.|l.-norm positive operator. Consider the following net indexed by finite subsets
of [0,1]:

)1 if xéa
f“(x)‘{o if xea.

Then f, | 0in E, yet |[fallo = 1 for all @. Thus, T is neither omo- nor mo-continuous. However, T is
r-continuous and, since E is unital, T is mr-continuous.

The structure of the paper is as follows. In Section 2, we introduce omae-compact operators from a vector
lattice to an -algebra and investigate their general properties with an emphasis on omo- and omr-cases.
In Section 3, we investigate the domination problem for omae-compact operators; we define and study
omo-M- and omo-L-weakly compact operators. For further unexplained terminology and notations, we
refer to [1, 2, 6-8, 13-17].

2. The properties of ommo-compact operators

We begin with the following two definitions (cf. [6, Def. 2.12]).

Definition 2.1. A subset A of an [-algebra E is called m,0-bounded (resp., m;o-bounded) if the set A - u (resp.,
u - A) is order bounded for every u € E,.

Definition 2.2. An operator T from a vector lattice X to an l-algebra E is called m,o-bounded (resp., m;o-
bounded) if T maps order bounded subsets of X to m,o-bounded (resp., m;o-bounded) subsets of E.

As usual, we restrict our attention to m,o-bounded subsets and operators, and refer to them as mo-
bounded. In any l-algebra E with trivial multiplication, x * y = 0 for all x,y € E, each subset A of E
is mo-bounded and as result, every operator from any X to such an /-algebra E is mo-bounded. For
elementary properties of mo-bounded operators in [-algebras, we refer the reader to the paper [6].

Example 2.3. (cf. [7, Ex.6]). Take a free ultrafilter ¢ on N. Then a sequence A, of reals converges along U
to A whenever {k € N : [, — A| < &} € U for every ¢ > 0. Hence, for any x := (x,))", € {*, the sequence
x, converges along U to xq; := limq x,,. In that case, an [-algebra multiplication * in {* can be defined as
x*y = (limg x,,) - (limg y,) - 1, where 1 is a sequence of reals that all equal 1. It is easy to see that (£, %) is
a d-algebra. Then the set A = {ke, : k € IN} is >>-bounded yet not »-bounded.

Remark 2.4. Let T be an operator from X to an l-algebra E. The following hold.
(i) If T is o-bounded (in particular if T is regular) then T is m;0- and m,o-bounded.

(ii) If T is m;o- or m,n-bounded and E is unital l-algebra then T is o-bounded.
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(iii) By [6, Thm.2.6], every r-continuous operator T from an Archimedean vector lattice to an Archimedean
l-algebra is rmo-continuous and then, by [6, Thm.2.15], T is mo-bounded.

(iv) It follows from [1, Lem. 1.4] that every order continuous operator is o-bounded and hence m;o- and
m,o-bounded.

(v) Every mo-, omo-, or rmo-continuous operator is m;o-bounded and m,o-bounded. Moreover, every
m;0-, 01 0-, O rIyo-continuous (resp., m,o-, ©m,0-, Or rm,o—continuous) operator is m;o-bounded
(resp., m,o0-bounded) [6, Thm. 2.14].

The converse of Remark 2.4 (i) is not true in general. Indeed, in any l-algebra with trivial multiplication,
every operator is m;o- and m,0-bounded. A more interesting example is given below.

Example 2.5. Consider an operator T from the f-algebra c to the f-algebra co, defined by
T(xr, x2,x3,-++) = (X, X = X1, X = X2, X = X3, "),

wherex = lim x,. Then T is an m;0- and m,0-bounded operator. However, it follows from T(0,--- ,0,1,1,---)

n—oo

(1,---,1,0,0---) that T([0, 1]) is not o-bounded in ¢(, and so, T is not o-bounded.
The converse of Remark 2.4 (iv) is not true in general. To see this, we include the following example.

Example 2.6. (cf. [6, Ex. 2.8]). Let ({*, *) be as in Example 2.3. Now, the identity operator I : (£%,%) — (£, *)
is o-bounded, but not omo-continuous. Indeed, take the characteristic functions 1, = 1jxenksn € €. Then

B, =0 in £ yet the sequence |I(h,) — I(0)| * 1 = h, * 1 = 1 is not o-null. Thus, the sequence I(h,) is not
mo-null, and hence I is not omo-continuous.

Remind that an operator between normed spaces is called compact if it maps the closed unit ball to a
relatively compact set. Equivalently, the operator is compact if, for each norm bounded sequence, there
exists a subsequence such that the image of it is convergent. Motivated by this, we introduce the following
notion.

Definition 2.7. An operator T from X to an l-algebra E is called

(a) om,o-compact (resp., om;o-compact) if, for every o-bounded set B C X and every net x,, in B, there exist
my© m|O
a subnet Xgpand y € E such that Txay — y (resp., Txq, — y);

(b) omo-compact if T is both om,0- and om;o-compact;

(c) sequentially om,o-compact (resp., omyo-compact) if, for every o-bounded set B C X and every sequence
x,, in B, there exist a subsequence x,, and y € E such that Tx,, == y (resp., Tx,, —> v);

(d) sequentially omo-compact if T is both sequentially om,o- and om;o-compact.

Example 2.8. Define an operator T : ¢g — co by

where ¢x = 1jy and R 3 ax — 0. Then T is compact on the f-algebra (cy, ||.|l«), and is omo-compact.

Example 2.9. The identity operator on the [-algebra L [0, 1] with pointwise multiplication is neither omo-
compact nor sequentially omo-compact. Indeed, take the sequence of the Rademacher functions r,(t) =
sgn(sin(2"mtt)) on [0, 1]. Clearly, r, is o-bounded. Now, assume that 7, has a mo-convergent subnet 7, say
1o — f for some f € L[0,1]. Then r, = f and hence 7,(t) — f(f) almost everywhere violating that r,(f)
diverges on [0, 1] except countably many points of form £ for k, m € N.
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An omo-compact operator need not be sequentially omo-compact, as the next example ([9, Ex.7])
shows.

Example 2.10. Consider the set E := RX equipped with the product topology, where X is the set of all
strictly increasing maps from N to IN. It follows from [15, Ex. 3.10 (i)] that E is a unital Dedekind complete
f-algebra with respect to the pointwise operations and ordering.

(i) The identity map 7 on E is an om,o-compact operator. Indeed, assume that f, is a net in an o-

bounded subset of E. It follows from [9, Ex.7(1)] that there exists a subnet f,, such that f,, N f for
some f € E. Since every f-algebra has o-continuous algebra multiplication, it follows from [7, Lm. 5.5]

that f,, 2%, f. Therefore, I is om,o-compact.

(ii) The operator 7 is not sequentially om,o-compact. Consider a sequence f, in {-1,1}* asin [9, Ex.7 (2)].
Then f, is order bounded yet has no o-convergent subsequence. Thus, every subsequence of f,, does
not mo-converge E has a unit element.

Remark 2.11. It is known that any compact operator is norm continuous, but in general there are omo-
compact operators that are not mo-continuous. Indeed, denote by 8 the Boolean algebra of the Borel
subsets of [0, 1] equal up to measure null. Let U be an ultrafilter on 8. Then it can be shown that the linear
operator @q; : L[0,1] — R defined by

put) = tim s | i

is omo-compact (see [7, Lem. 5.5]) because the algebra multiplication in R is order continuous (cf. [13, 15]).
However, it is not mo-continuous.

The following result is an omo-version of [9, Thm.2].

Theorem 2.12. Every om,o-compact (resp., omo-compact) operator T from a vector lattice X to an l-algebra E is
m,o-bounded (resp., m;o-bounded).

Proof. Let T : X — E be om,0-compact. Suppose in contrary that T is not m,o-bounded. Then, there exist
b € X, and u € E, such that (T[0, b]) - u is not order bounded in E. For every a € E. choose an x, € [0, ]
satisfying

|Tx,| - u £ a. 1)

Since the net (x;)qck, is order bounded and T is om,o-compact, there exist a subnet (xuy)yer and z € E with
Tx,, =2 z, that is
ITxq, — 2] - v>0 (YvekE,).

In particular, |Tx,, —z| - u 250, and hence the net (ITxa, — z| - u)yer has an order bounded tail. Then there are
yoeland g € E+ with |Tx,, —z| - u < g for y > yo. The inequality ITxq,| < |TX,, — z| + |z implies

[Txa, |- u <|Txa, —zl-u+zl-u<g+zl-u Yy = yo).
Now, let y1 be such that 1 > ypand a), > g + |z[ - u € E,. Then
ITxa, |- u < g+2l-u<ay,

which contradicts (1). Therefore, T is not m,o-bounded.
The case of om;0-compact operator is similar. [

The following example shows that sequentially omo-compact operators need not to be order bounded.
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Example 2.13. Let £ (IR) be the [-algebra of countably supported bounded real-valued functions on R.
Let E = span{l,{;} c {*(R), where 1 denotes the constant function on R taking the value 1. Consider
a projection T of E onto £, (IR) whose kernel is span{l}. Take an order bounded sequence f, = ,1 + g,
in E, where 8, € R and g, € {;;(IR). As the set {g,(f) : n € N} of functions on R is countably supported,
there exists a subsequence g,, such that g, () — z(t) for all t € R. Since g,, is order bounded, then
Tfo = gn,—2z € £2(R). By [16, Thm. VII1.2.3], Tf,, —>z € £2(R), and hence T is a sequentially omo-
compact. Since the set {T'1, : x € IR} is not order bounded in £, (IR), the operator T is not order bounded.

Proposition 2.14. Let R, T, and S be operators on an l-algebra E.

(i) If T is (sequentially) om,o-compact (resp., omyo-compact) and S is (sequentially) m,o-continuous (resp.,
myo-continuous) then the operator S o T is (sequentially) om,o-compact (resp., om;o-compact).

(i) If T is (sequentially) om,o-compact (resp., om;o-compact) and R is o-bounded, then T o R is (sequentially)
om,o-compact (resp., om,o-compact).

(iii) Let T be an m,om,o-continuous (resp., m;om;o-continuous) operator, and let S be an om,o-compact (resp.,
omyo-compact) operator. Then the operator T o S is om,0-compact (resp., o o-compact).

Proof. (i) Let x, be a net in an o-bounded subset of E. Since T is om,o-compact, there exist a subnet Xay and
x € E such that Tx,, 22 x. It follows from the m,o-continuity of S that S(Tx,,) 22, S(x). Therefore, So T
is om,0-compact.

(ii) Let x, to be net in an o-bounded subset B of E. Since R is o-bounded, the set R(B) is o-bounded.
Now, the om,o-compactness of T implies the existence of a subnet Yoy in x, and of some z € E such that
TRxaﬁ LN Therefore, T o R is om,0-compact.

(iii) Let x, to be net in an o-bounded subset B of E. The om,o-compactness of S implies existence of a
subnet Xq, N Xq and of some z € E such that S, 22 2. That is, for every u € E, |Sxq, — 2| - u 20. Since T is

. m;O .
m,om,o-continuous, TSxaﬁ —— Tz, and hence T o S is om,o-compact.

The sequential and om;o-compact cases are analogous. [

Proposition 2.15. Every o-continuous finite rank operator on an l-algebra E with o-continuous multiplication is
omo-compact.

Proof. Let T : E — E be o-continuous and dim(TE) < co. Then
m
T= X% ® fy forxy,...,xy, € Eand fi,..., fu € E,,.
k=1
WLOG, we may assume T = x; ® fi. Since E;, is Dedekind complete, f; is regular, and T is also regular.

WLOG, suppose x; > 0 and f; > 0. Let z, be a net in an o-bounded subset of E. Then Tz, = (x1 ® f1)(za) =
f1(za)x1 is o-bounded since every o-continuous functional is o-bounded. Since dim(TE) = 1, there exists

a subnet z,, such that Tz,, >y € T(E). Using dim(TE) = 1 again, we obtain Tz, =2 y. Therefore T is
omo-compact. []

The following result is an extension of Example 2.8.

Proposition 2.16. Let E be an l-algebra with o-continuous algebra multiplication. Then the algebra L,.(E) of reqular
order compact operators is a subspace of Lyome(E), which is itself a right algebra ideal of L,(E).

Proof. Suppose that T is a regular o-compact operator on a right o-continuous /-algebra E, and x, is a net
in an o-bounded subset B of E. Then there exist a subnet x,, and y € E such that Tx,, 2 y. Tt follows from
[7, Lm.5.5] that Tx,, 2%, y. Thus, we obtain that T is om,o-compact. As the proof of om;o-compactness is

analogous, .L,.(E) is subspace of L,me(E). On the other hand, it is well known that £,(E) is a subspace of
Ly(E). It follows from Theorem 2.14 (ii) that L,,u0(E) is a right algebra ideal of L,(E). O
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3. Domination problem for compact operators

In this section, we study the domination problem for omo-compact operators, and introduce omo-M-
and omo-L-weakly compact operators. Now, consider the domination problem for positive mo(omo)-
continuous and omo-compact operators. We have a positive answer for mo(omo)-continuous operators in
the next lemma.

Lemma 3.1. Let E and F be l-algebras and let operators T,S : E — F satisfy 0 < S < T. If T is m,0-continuous
(resp., m;0-, om,0-, or oMyO-continuous), then S has the same property.

Proof. Suppose T to be m,o-continuous and x, —> x € E for some x € E. Then we have Tx, — Tx in F.
Since
0< |Sxa - SJC| < S(lxa - Xl) < T(|xa - x|) (V(X),

we get
|Sxq — Sx|-u < T(xo—x|)-u (Yu € Fy). 2)

On the other hand, it follows from [4, Prop.2.4] that x, 20 x implies |x, — x| 220, and so, we obtain
T(lx, — xI) 220 by the m,o-continuity of T, i.e., T(|x, — x|) - u 2,0 for all u € F,. Hence, the desired result

raises from the inequality (2), Sx, ——> Sx in F. The proof for the cases of m;o-, om,o- and om;o-continuity
are similar. [J

Recall that a net (x4)aea in an l-algebra is called mo-Cauchy if the net (xy — X4 )(4,a)eaxa 1S MO-convergent
to 0. Moreover, an [-algebra is called mo-complete if every mo-Cauchy net is mo-convergent; see [4,
Def. 2.11].

Theorem 3.2. Let X be a vector lattice and E be a Dedekind and sequentially mo-complete I-algebra with o-continuous
algebra multiplication. If T,, : X — E is a sequence of sequential omo-compact operators and T,, = T in L,(X, E)
then T is sequentially omo-compact.

Proof. Let x, be a order bounded sequence in X, T,, be a sequence of sequential om,o-compact operators
and E be sequentially m,o-complete. Then there is w € X, such that |x,| < w for all n € N. Also, by a

standard diagonal argument, there exists a subsequence x,, such that for any m € N, T,,x,, ——> v,, for some
Ym € E. Let’s show that y,, is a mo-Cauchy sequence in E. Fix an arbitrary u € E,. Then we have

[ym = yjl - u < |Ym — T | - 10+ T, — T | - 0+ T X, — yjl - .

Then the first and third terms in the last inequality both order converge to zero as m — oo and j — oo,
respectively. Since T), 2 T in vector lattice Ly(X,E), we have |T,, — Tj| 20, and so, it follows from [16,
Thm. VII1.2.3] that [T}, — Tjl(x) 250 for all x € X. Then, by using [1, Thm. 1.67(a)], we obtain the inequality

|menk - zjnkl ‘u< |Tm - T]|(|xnk|) U< |Tm - T]|(ZU) s u.

Since E has o-continuous algebra multiplication, it follows from [7, Lem.5.5] that [T, — T}|(x) 30 implies
[T — Til(w) - u 2,0. Hence, we obtain that |Tonxn, — Tjxn| - u 2 0. Therefore, Ym is mo-Cauchy. Now, by

sequentially m,o-completeness of E, there is y € E such that y,, ——» y in E as m — co. Hence,
T, =yl - u T, = T | - b+ [ TinX, = Yol - 4+ Y = Yl - u

|Tm - T|(|xnk|) U+ |menk - ]/ml ‘U + |ym - ]/| ‘U

ININ A

Ty — TI(W) - vt + | TiuXn, = Yl - 14 + Y — Yl - 1.

Now, for fixed m € N, and as k — oo, we have

limsup [Txy, — yl-u < Ty — TH(w) -t + |ym — Yl - u.

k—o0
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But m € N is arbitrary, so limsup [Tx,, — y|-u = 0. Thus, |Tx,, —y|-u 20, 1ie., Txy, =2 y. Therefore, T is
k—o0

sequentially om,o-compact.
The sequentially om;o-compact case is analogous. [J

In the rest of the section, we discuss omo-M- and omo-L-weakly compact operators. Remind that a
norm bounded operator T from a normed lattice X into a normed space Y is called M-weakly compact if

Txy 1,0 holds for every norm bounded disjoint sequence x,, in X. Also, a norm bounded operator T from a

normed space Y into a normed lattice X is called L-weakly compact whenever lim ||x,|| = 0 holds for every
disjoint sequence x, in the solid hull sol(T(By)) := {x € X : dy € T(By) with |x| < |yl} of T(By), where By is
the closed unit ball of Y. Similarly we have the following notion.

Definition 3.3. Let T : X — E be a sequentially mo-continuous operator.

(1) If Tx, —>0 for every order bounded disjoint sequence x, in X then T is said to be omo-M-weakly
compact.

(2) Ify, 220 for every disjoint sequence vy, in sol(T(A)), where A is any order bounded subset of X, then
T is said to be omo-L-weakly compact.

Proposition 3.4. Let T be an order bounded o-order continuous operator from a normed lattice X to an l-algebra E
with o-continuous algebra multiplication. Then T is omo-M- and omo-L-weakly compact.

Proof. Clearly, T is sequentially mo-continuous operator, because E has o-continuous algebra multiplication;
see [6, Lem.5.5]. Let x,, be an o-bounded disjoint sequence in X. Then by [8, Rem. 10] we get x, 20. Thus,

we have Tx, Z20. Therefore, T is omo-M-weakly compact.
Now, we show that T is omo-L-weakly compact. Let A be an order bounded set in X. Thus, T(A) is order
bounded, and so, sol(T(A)) is an order bounded set in E. Take an arbitrary disjoint sequence y,, in sol(T(A)).

Then, using [8, Rem. 10], we have y, 20, and so, Yn 22, 0 since E has o-continuous algebra multiplication;
see [6, Lem. 5.5]. Thus, T is omo-L-weakly compact. [J

Similarly to [3, Cor.2.3], we obtain the following result.

Theorem 3.5. Let T, S : X — E be two linear operators from a normed lattice X to an I-algebra E such that0 < S < T.
If T is omo-M- or omo-L-weakly compact then S has the same property.

Proof. Suppose that T is an omo-M-weakly compact operator. Thus, it follows from Lemma 3.1 that S is an
mo-continuous operator. Let x, be an order bounded disjoint net in X. So, |x,]| is also order bounded and

disjoint. Since T is omo-M-weakly compact, T(|x,[) —> 0 in E. Following from the inequality
0 < [Sxu| - 1 < S(1xul) - 10 < T(lxul) - e ®)

for all n € N and for every u € E, (cf. [2, Lem.1.6]), we get Sx, 2%0in E. Thus, S is omo-M-weakly
compact.

Next, we show that S is omo-L-weakly compact. Let A be an order bounded subset of X. Put |A| =
{lal : a € A}. Clearly, sol(S(A)) C sol(S(|Al)) and since 0 < S < T, we have sol(S(|A])) € sol(T(|Al)). Let
Y» be a disjoint sequence in sol(S(A)) then y, is in sol(T(JAl)) and, since T is omo-L-weakly compact then
T(Ix4]) = 0 in E. Therefore, by inequality (3), S is omo-L-weakly compact. [

Proposition 3.6. If T : X — E is an omo-L-weakly compact lattice homomorphism then T is omo-M-weakly
compact.

Proof. Take an order bounded disjoint sequence x,, in X. Since T is lattice homomorphism, we have that Tx,
is disjoint in E. Clearly Tx, € sol({Txn ‘ne ]N}). By omo-L-weakly compactness of T, we have Tx, — 0 in
E. Therefore, T is omo-M-weakly compact. [
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