(S
&

Filomat 38:19 (2024), 67536762
https://doi.org/10.2298/FIL2419753A

Published by Faculty of Sciences and Mathematics,
University of Ni$, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

o

%
<,

b, &

Ty xS’

5
TIprpor®

Fixed point theorems on parametric soft S—metric spaces
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Abstract. The first aim to this paper is to define parametric soft S—metric spaces and prove some fixed
point theorems of soft contractive mappings on parametric soft S—metric spaces.

1. Introduction

The concept of metric spaces is a fundamental mathematical tool and cost-effective technique in func-
tional analysis for determining the distance between multiple elements. Research on metric spaces started
at the beginning of the 20th century when Maurice Fréchet presented his doctoral thesis Sur quelques points
du calcul fonctionnel in 1906. He introduced the concept of a space in which only the concept of distance
exists and nothing else. In fact, Fréchet’s description of it was not a metric space at all. This name is linked
to Felix Hausdorff, one of the forerunners of modern topology. In recent years there has been a lot of work
on metric spaces and various generalisations have been proposed from different points of view such as
2-metric [21, 28], D-metric [19, 24], A-metric [1, 5, 20], B-metric [12, 16], and G-metric spaces [4]. S-metric
spaces constitute a new class of generalizations, as introduced by Sedghi et al. [35]. The metric is equipped
with a function that satisfies certain conditions. Fixed point theory utilies contractive-type mappings as a
fundamental tool to prove the existence and uniqueness of a fixed point of an equation [29, 34].

Molodtsov was the inventor of the concept of soft sets, which has many applications in a wide range of
fields. [32]. A soft set is a set of approximate descriptions of an object or a set of objects. Soft set theory has
found applications in many areas, including decision analysis, demand analysis, forecasting, information
science, game theory, operations research, Riemann and Perron integration, probability, and measurement
theory. Das and Samanta were the originators of the study of soft metric space with the use of the soft point
of soft sets [18]. Some algebraic properties as the operations +, —, > of soft real sets and soft real numbers
and its applications was studied by Das and Samanta [17]. Yazar et al. [38] explored the basic properties of
soft metric spaces and soft continuous maps.

Soft topological spaces are defined with respect to an initial universe of discourse that has a fixed set of
decision variables. They demonstrated fixed point theorems for soft contractive mappings on soft metric
spaces. The concept of soft topological spaces was proposed by Shabir and M. Naz [36]. As the concept of
soft topology has become more prominent, many ideas from general topology have been discovered and
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analogied to soft topologies. Al-shami and Mhemdi [11] developed a new way to study a new class of soft
sets which depend on generalising open subsets in parametric topological spaces. Using a new soft point
concept, Bayramov and Aras [15] examined some basic notions of soft topological spaces. A definition of
relative homology groups was given in the category of pairs of soft topological spaces by Bayramov et al.
[14]. Gunduz and Bayramov provided Uryshon’s lemmas and proved Tietze extension in soft topological
space [22]. Min [31], firstly highlighted some errors in Note 4 and Example 9 and secondly investigated
properties of the soft segregation axiom defined in Shabir and M. Naz [36]. The soft compact open topology
was defined in the functional spaces of the soft topological spaces by Ozturk and Bayramov [33]. Al-shami
et al. presented supra pp-soft T; and supra pt-soft T; spaces (j = 0,1,2,3,4) and showed the relations
between them, as well as their relations to classes of supra-soft topological spaces, [7]. A weak type of soft
Menger spaces, namely, nearly soft Menger spaces, almost soft Menger and supra soft topological ordered
spaces was defined [8-10]. The theoretical foundation combined point-set or classical topology with the
features of soft sets in [6].

This article is structured in the following way. In order to facilitate the reader’s understanding of this
research, definitions are provided in Section 2. In Section 3, we define a parametric soft S—metric space,
complete parametric soft S—metric spaces by using Cauchy sequence and convergent sequence concepts.
We also introduce contractive mappings on parametric soft S—metric spaces and prove a common fixed
point theorem for a self-mapping on complete parametric soft S—metric spaces.

2. Preliminaries

Throughout this paper, X refers to the initial universe, E refers to the set of all parameters, and P(X)
refers to the power set of X.

Definition 2.1. ([32]) A soft set over X is defined as a pair (F, E), where F is a mapping givenby F : E — P(X).

Definition 2.2. ([30]) If for all a € E, F(a) = @, (F, E) is said to be a null soft set denoted by ®@.If for all a € E,
F(a) = X, then (F, E) is said to be an absolute soft set denoted by X.

Definition 2.3. ([13],[18]) Let (F, E) represent a soft set over X. The soft set (F, E) is referred to as a soft point,
denoted by (x,, E), if for the element a € E, F(a) = {x} and F(a’) = @ for alla’ € E — {a} (briefly denoted by x,) .

It is evident that every soft set can be represented as a union of soft points. Therefore, to present the
collection of all soft sets on X, it suffices to provide only soft points on X.

Definition 2.4. ([13]) The soft point x, is considered to belong to the soft set (F, E), denoted by x,€(F, E), if
X, (a) € F(a) i.e., {x} C F(a).

Definition 2.5. ([18]) Let R denote the set of all real numbers, B (IR) denote the collection of all non-empty
bounded subsets of IR, and E be a set of parameters. A mapping F : E — B (R) is referred to as a soft real set
and is denoted by (F, E). If (F, E) is a singleton soft set, it shall be known as a soft real number and denoted

by7,s,t etc. Here 7,5, f denote a particular type of soft real numbers whereby 7(a) = r, for all a € E. The soft
real numbers 0 and 1 are such that 0 (2) = 0, 1 (a) = 1 for all a € E, respectively.

Definition 2.6. ([37]) Let X be a nonempty set and S : X3 X (0,00) — [0, 0) be a function satisfing the
following conditions for all x,,z,a € X and t > 0,

(1) S(x,y,z,t)=0ifand only if x = y = z,

2)S(xyzt)<Skxxat)+S(y,y,a,t)+S(zza,t).

Then S is called a parametric S—metric on X and the pair (X, S) is called a parametric S—metric space.

Definition 2.7. ([23]) A soft S—metric on X is a mapping S : SP()?) X SP()?) X SP()?) — IR(E)" that satisfies the
following conditions, for each soft points x,, Y, z, g € SP(X), where SP(X) is a collection of all soft points
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of X and R(E)" is the set of all non-negative soft real numbers,

S1) S (xa, Yo 2e) 20,

S2) S (x4, Y, zc) = 0 if and only if x, = v}, = z,,

S3) S (Xa, b, 2c) <S > (Xa, Xa, Ua) + S (Yo, Yo, Ua) + S (2e, Ze, Ug) -

Then the soft set X with a soft S—metric S is called a soft S—metric space and denoted by (X S, E)

3. Contractive mapping on parametric soft S—metric spaces

In this section, we present the framework of the parametric soft S—metric space, and present fixed soft
point results for soft contraction mapping in a complete parametric soft S—metric space. We will consider

that X is an absolute soft set, E is a non-empty set of parameters, and SP(X) is a collection of all soft points
of X. The set of all non-negative soft real numbers is specified by R(E)".

Definition 3.1. A parametric soft S—metric space on Xisa mapping ds : SP()?) X SP()?) X SP()?) X R(E)* —
R(E)* satisfying certain conditions

S1) ds (Xa, Yy ze, 1) 20,

S2) ds (xa, yb,zc,-) =0ifand only if x, =y, =z,

S3) ds (xg, Yo, zC,A) <dg (xa, Xa, ud,j +ds (yb, Yo, u,,l,A) +dg (zc,zc, ud,—f)

for each soft pomts Xa, Ybs Zc, Ud € SP(X) and >0.

Then the soft set X with a parametric soft S—metric ds is referred to as a parametric soft S—metric space and
is denoted by (X, ds, E).

Example 3.2. Let E = R be a set of parameters and X = IR2,50. We will consider the typical metrics for
these sets. Then

ds : SP(X) x SP(X) x SP(X) X R(E)* — R(E)’
is defined by
ds (xa,yb,zc,?) z?(lb +c—2al+|b—c|+ ”y +z-— 2x|| + Hy

).

where x = (x1,x2), ¥ = (1, 42), z = (21,22) are in R2. Then it can be verified that ds is a parametric soft

S—metric space on SP(X).

Definition 3.3. Let ()~(, ds, E) constitute a parametric soft S—metric space and {x’gn} be a sequence of soft
points in X. The sequence {xgn} converges to x, if ;}1_1)1010 ds (xgn, xgn,xa,f) =0 for all /50 . This is expressed as
limx; = x,.

n—0co

} (X, ds, E) is considered a Cauchy sequence if
0.

Definition 3.4. A soft sequence
lim dg (x Xp X, ,A) 0 forall f

n,m-—oo

)

Definition 3.5. A parametric soft S—metric space (}?, ds, E) is complete if each Cauchy sequence is conver-
gent.

Definition 3.6. Let (}?, dS,E) denote a parametric soft S—metric space. A soft contraction mapping in
parametric soft S—metric space, (f, @) : (}~(, ds, E) — (}~(, ds, E), is characterized by the presence of a soft real
number, 7 € R(E), 0<4<1 such that

ds ((f/ (P) (), (f/ (P) (xa), (f' qo) (yb) /?) gEdS (xa/ Xa, ]/br?)
for all x,, yp € SP(X) and #>0.
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Remark 3.7. A soft contraction mapping in a parametric soft S—metric space is considered a soft continuous
mapping. This is derived from the condition that if limx] = x,, then we have lim (f, ) (xg") = (f, @) (xa).
n—0o0 n—oo

Remark 3.8. Let (X, dS,E) represent a parametric soft S—metric space. For each parameter t, we can
derive a soft S—metric space. Research has shown that each soft S—metric space is essentially a family
of parameterized S—metric spaces [23]. From this, we conclude that a parametric soft S—metric space is
essentially a family of two parameterized S—metric spaces.

Proposition 3.9. Supposing ()?, ds, E) is a parametric soft S—metric space. If (f, p) : (}?, S, E) - ()?, S, E) is a soft

contraction mapping, then f, : (X,S,) — (X, S(P(a)) is a contraction mapping in parametric S— metric space, for each
a€k.

However, the converse of Proposition 3.9 does not hold, as the following example shows.

Example 3.10. Suppose E = R is a parameter set and X = R%. A parametric soft S—metric is established for
SP(X), taking into account the typical metrics for these groups:

ds (xa,yb, zc,?) :?(lb +c—2a+|b—-c|+ ”y +2z- 2x|| + Hy - z”)

where x = (x1,%2), ¥ = (Y1, ¥2), z = (z1,22) are in R?.So, if we define the soft mapping (f, ¢) : (5(’, ds,E) -

(}~(, ds, E) as follows (f, @) (x,) = (%x)m , then
1 1 1
ds ((O' 5)14 ’ (0' 5)14 ! (5' O) '?)

- e

?(14 + 2?)

ds ((f,9) (0, 1)z, (f,9) (0, 1)y, (£, ) (1,0); )

ds ((0,1),(0,1),,(1,0),, ) = £(2+2V2).

Then as 14 + 2% > 2+ 22 for each 150, it is evident that the soft mapping (f, ¢) cannot be considered as a
soft contraction mapping in a parametric soft S—metric space. However, the mapping f, : (X, S;) = (X, 57,)
by f, (x) = 1x is a contraction mapping for every a € E.

Remark 3.11. In this study, we use the notation (f,®)" (x,), where x, € SP()~() and n € {0,1,2,...}, to
recursively define (f, )’ (x,) as x, and (f, )" (x,) as(f, ¢) (( o) (xa)). Please note that all technical
term abbreviations will be explained when first utilized.

Theorem 3.12. Let (;(, ds, E) be a complete parametric soft S—metric space and (f, ) : (}~(, ds, E) - (}~(, ds, E) bea

soft contraction mapping. Then (f, @) has a unique fixed soft point w. € SP(X). Moreover, forany x, € SP(X), we
observe that lim (f, )" (x,) = w, with

dS ((f/ (P)n (xa) ’ (f/ qo)n (xtl) ’ VC/’E) < %ﬂls (xar Xa, (f/ (P) (xa) /’t—) .

Proof. Let x, € SP(X) be an arbitrary soft point. We will now prove that {( o) (xa)} — is a Cauchy

n=0,c0
sequence. As (f, @) is a soft contraction mapping, we can perform induction

ds ((F,@)" &), ()" (), (£, @)™ (), 1) < s ((F, )" ), (F, )" (), (£, )" () )
< Tds((f )7 &), (f ) @), (f o)™ (), F)
< < Ts (X0, X0, (F @) (5a)  F).
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Thus for m > n we have

ds ((F,0)" (), (F,9)" (), (£9)" ), 1) < 2ds ((f, @) (), (£, 0)" (), ()" () ) +
ds ((f, )™ (), ()™ (), (f )" () )
< s Zfds () ), () ), (f9)™ (), )
+ds ((}j”(p)’"‘1 ), (f, )" (xa), (f, )" (xa) , F)
< Zf?ds (e X0, (F, @) (), F) + 7" dls (o, 20, (f, ) (), )
< zz;:;s (e 20, (f ) () ) [L 4T+ P + ]
<

o
~—q~ds (xarxar (f/ (P) (xu) /’E)*
]

That is for m > n,

ds ((f, )" (a), (f, )" (), (f, )" (x0) ) < %ds (%0 % (f 9) (), 1) (1)

Since 7 < T, {( o) (xa)} — is a Cauchy sequence, there exists a soft point w, € SP()~() in (X dS,E) by its

n=0,00

completeness such that lim (f, )" (x;) = w.. Moreover, the continuity of (f, ¢) yields

we = lim (f,9)"" () = lim (£,9) ((£,9)" () = (f, ) (we)

Now, let us examine the concept of uniqueness. Let us assume that there are w., v, € SP(X) such that
(f' ¢) (W) = w, and (f, @) (vp) = vp. Then

ds ((f,9) @o), (f, @) @) (,0) @), F)
s (cvc, e, v, )

ds (wu We, Uhr?)

IN

and therefore dg (wc, we, vb,?) = 0. Hence w, is a fixed soft point of (f, ). Finally letting m — oo in (1) we
obtain

a5 ((F ). " ) 0T = s (o ) 00 7)
|
Example 3.13. Let E = IN be a parameter set and X = R.Then
ds (xg, Yo, zc,?) = T(Ia —c|l+b—cl+|x—z]+ |y - z))

is a parametric soft S—metric. Define a soft mapping

(f,(p) : (i,ds,E) — (i,ds,E)
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as follows (f, @) (x,) = (% sin x)1 , where f (x) = % sinx and ¢ (a) = 1 are constant mappings. We have

is (s (503), (3 509), )
s 2smxl, 2smxl, 2s1ny1,

+

ds ((f, @) (xa), (F, @) (xa), (F, 0) ()., )

—|1 . . 1 . .
= t(‘z(smx—smy) E(smx—smy)')

< %7(|x—y| +r-y))
< %?(|a—b|+|ﬂ-b|+Ix_.'/‘+|x_y|)
= %ds (xa, Xa, yﬂ)

for every x,, yp € SP()?). Furthermore, for any x, € SP()~() we have lim (f, )" (x,) = 0; with

o7 N —
ds ((f; (P)n (xa) 4 (f/ @)n (xﬂ) ’ 01/?) < Tqads (xa, Xa, (f, §0) (xa) ,?) ;4= %

It follows that all condition of Theorem 3.12 hold and there exists w. = 0; € SP(X) such that ( f,¢)(01) = 05.

Definition 3.14. Let ()?, ds, E) be a parametric soft S—metric space. (}?, ds, E) is referred to as a soft sequen-
tially compact space, if each soft sequence in parametric soft S—metric space has a soft subsequence that
converges in (X, ds, E).

Theorem 3.15. Let (}~(, dS,E) denote a soft sequentially compact parametric soft S—metric space with (f,¢) :
()?, ds, E) — (f, dS,E) satisfying

dS ((f/ (P) (xu) 7 (f/ (P) (xﬂ) 7 (fl §0) (yb) /?) < dS (xa/ Xa, ]/b;?)
for every x,, yp € SP(X) and x, # Yp. Then (f, @) has a unique soft fixed point in (}~(, ds, E) .

Proof. The uniqueness is clear. To show the existence, notice that the mapping x, — ds (s, x5, (f, @) (%4))
attains its minimum, say that x, € SP(X). We have x; = (f, ¢) (x) since otherwise

5 ((F,0) (. 0) @), (F,0) () o) (F, ) @), 1) < ds (1,0 (), (F ) ) 0, )
= ds (x, %, (f, ) () )

which is a contradiction. [

Theorem 3.16. Let ()~(, ds, E) be a complete parametric soft S—metric space. Suppose that the soft mapping (f, @) :
()~(, ds, E) — (}~(, ds, E) satisfies the soft contractive condition

s ((F,) (), () (x0), 0, ) +

dS ((f/ (P) (xa)r(f/ (P) (xa)/ (f' qo) (yb)/?) <a [ dS (((f/ (P) (yh)/ (fr(P) (yb)/]/b)/?)

for every x,, yp, € SP(X), where @ € [6, %) is a soft constant real number. Then (f, @) has a unique fixed soft point in
SP(X).
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Proof. Choose x, be any soft point in SP(X). From Theorem 1, we set the soft sequence {X, { } as follows

xh = (f,9) () = (f () ey Xt = (£9) (x0) = (F ) iy
We have

ds (vt 8 = ds((f ) (22, (F o) (x), (F) (x271) )

[ as((fo) () (Fo) (), a,,‘)+
s (0 @) (x72) () (x00) i B

— n+l ,n+l
= o [ds (xan+1’ ﬂn+1’ xﬂn ’—) + ds (x x xﬂn 1”‘)]

a
= ~ds(x Xy, xanla) hds(x xn xa“/t/
-

IA

IA

where h = =2, Forn > m,

1-a

ds (xan xp X b)) < 2ds (x Xt j+d ( it

Ap’ T ln41” [Z 1’ ﬂn+1’ lZm
i i i+1 =1 gm
< - S 2st (x”i’xﬂi’x”z#l’—‘) + ds( ”m 1’ um 1’ ﬂm 3
i=n
m—2
< ZZhlds (xa, Xa, xil,?) +h" g (xa, Xa, xilt
i=n
21"
1
< ——ds (Xa, Xa, Xq, ,?) .
1-h

We get ds (x XX ?) 2 ds (xa,xu, 1,?) . This implies ds (x X, Xp -) -0. Hence{ }is a Cauchy

sequence, by the completeness of (X, ds, ), {x;’”} converges. Suppose that x; — x;. Since

ds (x;, 2%, () (), 1) < 2ds () (0), () (), (F, ) (x,). )
+s (£ (0,), () () 20 F)
<@ [2ds (w7 x 1) + 2ds (7, i )]
+ds (x;":}, xZnt}, X, t
<

= v t) . —
Th [dS (XZ,:}, Z}:/x” ) ds( Zﬂr Zwi,xc,?)] 0.
-
is implies (f, @) (x) = x%. -

Theorem 3.17. Let ()~(, ds, E) be a complete parametric soft S—metric space. Suppose that the soft mapping (f, @) :
()~(, ds, E) — (}~(, ds, E) satisfies the soft contraction condition

ds (£, @) (), (f, 9) (xa) 1, )

s ((£,9) (), (£,9) (), (F9) (), 1) <@ [ s (G o e )

for every x,, yp, € SP(X), where @ € [O T) is a soft constant real number. Then (f, @) has a unique fixed soft point in
SP(X).
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Proof Choose x; be any soft point in SP(X). From Theorem 1, we set the soft sequence X, { } as follows

xl = (f9) (a) = (F () ey - Xt = (F,0) (6) = (f ) 0+
We have

ds (it xmt x ds (@) (x2), () (1), (F0) (1))

[ as((Fe)() (o)) 2 “)
+ds ((f, @) (x1), (f, ) (w1 2L 8

IA

n+1 n+1
S a [ds ( an+1’ an+1’ xan”{) + dS (x x”n xan 1’)~):|
So,
n+l . n+l . n
ds (xaM,xaM,xﬂn,t < ——ds (x X! xu 1,.) hds (x X! xﬂy 1,?),
l1-a
where h = =% . Forn > m,
—a
n n+1 n+1 n+1 X"
dS (xﬂn'x xam t < 2dS (x xﬂn xanﬂ ’_) + d ( an+1’ an+1’ ’?)
m=2
i i i+1 "
= - = Zst (xﬂi’xﬂi’xﬂiﬂ’-) + d ( Xa, 1’ Ilm 1’ Xay 1 ?)
i=n
m—2~ _
< 2Zh’d5 (xa, Xa, x}h ,?) + W g (xa, X,, x}h ,?)
i=n
m—2
< ZZhlds (xg, Xa, x},l,?) +h" g (xa, Xa, xil,t
i=n
2h"
1
< ——=dsg (xa,x,z,xal,?) .
1-h

We get ds (x Xp o X b)) < %ds (xg,xg,xal,j. This implies ds (xgn,xgn,x;’jx,?) — 0. Hence {XZ,,} is a Cauchy

an’ am’

sequence, by the completeness of X, ds,E), ix” | converges. Suppose that x! — x?. Since
q y P an g pp y

ds (2, 2, (f,0) (¥) ) < 2ds((f,0) (), (£, 9) ()., (f.0) (x2) )
+ds ((f,0) (x2), (£ o) (¥, 2, )
< @ [2ds (it xmt a E) + 2ds (it i x|
+ds (xi, x50 e )
< [ (et ) ds (e )] -

1-
This implies (f, @) (x}) = xi. O

Remark 3.18. The following example shows that if (f,¢) : (}?, ds, E) - ()?, d5,E) is a soft contraction
mapping, then f or ¢ may not be a contraction mappings.

},

Example 3.19. Let E = [1, ) be a parameter set and X = R. Consider metrics d; (¥, y) = min{l,
d(x,y) = |x - y| on this sets, respectively. Define parametric soft S— metric on SP(X) by

ds (e Yo 20, ) = TE (1 @,B) + (0,0 + A () +d (3,2)|-
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Let the mappings ¢ : [1,00) — [1,00) and f : R — R are defined as ¢ (a) = a + % and f(x) = %x
respectively. Here, it is obvious that ¢ : [1,00) — [1,o0) is not a contraction mapping with the defined
xX— y)} . But (f, @) is a soft contraction mapping on SP(X). Indeed,

metric d; (¥, y) = min {1,

Lum@mmmmmﬂmwmﬂ=fﬂ@%geﬂg@%ﬁﬂ

~1 1 1 1
= t»5|x—y|+§d1(a+a,b+5)]

1 1
ll+;—b—5

Il
1

3
)

-1|x— |+1min{
ELA

[1 1 . 1
= t.g|x—y|+§mm{|a—b|'1—a—b

l

IA
1

M1 1 .
B |x—y|+ Emm{la—bbl}]

Il
-

f%h—ﬂ+%mmmﬂ

< 3Tl o)+ @0)] = 3 ).

4. Conclusion

The potential applications of fixed point theory are broad, which is why research in this field is moti-
vated. Gungor [25] discussed the utilization of soft elements in defining soft quasi-metric spaces. Recent
developments in fixed point theory were explored in a soft manner. Metric type spaces such as soft G-
metric spaces, soft cone metric spaces, dislocated soft metric spaces and soft b-metric spaces [3]. The
fixed point theorem for soft continuous mappings on soft D;—metric space was demonstrated by Jeena and
Sebastian[27]. Several fixed point theorems exist for metric spaces with soft metric expansions which are
directly derivable from comparable existing results [2].

The paper has introduced the concept of a parametric soft S—metric space based on soft points of soft sets
and discusses Cauchy and convergent sequences. The structure of a soft sequentially compact parametric
soft S—metric space has been discussed using soft contraction mapping in the parametric soft S—metric
space and examined some necessary properties. Finally, we have proved some fixed point theorems of soft
contractive mappings on parametric soft S—metric spaces. In addition some examples have been given.
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