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Conformal (o, 7)-derivations on Lie conformal algebras
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Abstract. In this paper, we focus on the conformal (o, 7)-derivation theory of Lie conformal algebras.
Firstly, we study the fundamental properties of conformal (g, 7)-derivations. Secondly, we mainly research
the interiors of conformal G-derivations. Finally, we discuss the relationships between the conformal
(0, T)-derivations and some generalized conformal derivations of Lie conformal algebras.

1. Introduction

Lie conformal algebras, introduced by Kac in [4, 5], encode the singular part of the operator product
expansion of chiral fields in two-dimensional quantum field theory. Furthermore, the category of Lie
conformal algebras is equivalent to the category of formal distribution Lie algebras, which are essentially
infinite-dimensional Lie algebras. Namely, they are closely connected to the notion of a formal distribution
Lie algebra (g, ), which is a Lie algebra g spanned by the coefficients of a family ¥ of mutually local formal
distributions. See [2] for details.

The derivation theory of Lie conformal algebras was introduced in [2]. The generalized derivation
theory of Lie conformal (super)algebras was developed in [3, 6, 7]. [1] studied a kind of new generalized
derivations of Lie algebras, that is the (o, 7)-derivation theory of Lie algebras. In the present paper, we aim
to do the same as in [1] for Lie conformal algebras, extending the (o, T)-derivations of Lie algebras to that of
the Lie conformal algebras.

This paper is organized as follows. In Section 1, we recall several basic definitions of Lie conformal
algebras and introduce the concept of conformal (o, 7)-derivations of Lie conformal algebras. In Section
2, we obtain some fundamental properties of conformal (o, T)-derivations. In Section 3, we describe the
interiors of conformal G-derivations and compute the corresponding Hilbert series to show its complexity.
In Section 4, we devote ourselves to studying the connections between the conformal (o, 7)-derivations and
some generalized conformal derivations, such as centroids and conformal («, 8, y)-derivations.

Throughout this paper, we denote by C the field of complex numbers. Denote by Z the ring of integers
and Z the set of nonnegative integers. The set of strictly positive integers will be denoted by IN*.
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2. Preliminaries

In this section, for the reader’s convenience, we shall summarize some basic facts about Lie conformal
algebras used in this paper, see [2, 4]. At the end of this section, we introduce the notion of a conformal
(0, T)-derivation for arbitrary Lie conformal algebras.

Definition 2.1. [4] A Lie conformal algebra R is a left C[d]-module, and for any n € Zs there is a family of C-linear
n-products from R ® R to R satisfying

(CO) Foranya,be R, apmb =0 for n >0,
(C1) Foranya,b e Rand n € Zsy, (da)ub = —nag-1)b,
(C2) Foranya,b e Randn € Zsy,

= 1.
ab = = Y (1" =3l (b a),
=0 A
(C3) Foranya,b,c € Rand m,n € Zsy,,

m
Ay (b C) = Z(T)(a(j)b)(m+n— )€ + by (@mc).
=0

(Convention: agyb = 0ifn <0).
Define the A-bracket [—y—] by

T

n=0

| =
=

7 a(n)b, V&l,b eR. (1)

N

Then R is a Lie conformal algebra if and only if [, —] satisfies

(C1), Conformal sesquilinearity : [(da),b] = —A[a,b];
(C2), Skew — symmetry : [a,b] = —[b_j_,a];
(C3)4 Jacobi identity : [ai[byc]] = [[axb]i+uc] + [bu[axc]].
A Lie conformal algebras is called finite if R is a finitely generated C[d]-module. The rank of a conformal
algebra R is its rank as a C[d]-module (recall that this is the dimension over C(d), the field of fractions of

Cl[d], of C(9) ®cpa R)-
Throughout this paper, we assume that R is finite.

Definition 2.2. [4] An associative conformal algebra R is a left C[d]-module endowed with a A-product from R® R
to C[A]® R, for any a,b,c € R, satisfying

(1) (9a)rb = —Aab, ax(db) = (I + A)(ab),
2) a/\(byc) = (a/\b)/\+[.lc'

Definition 2.3. [2] Let M and N be C[d]-modules. A conformal linear map from M to N is a sequence f = {fu)}nez.,
of fmy € Home(M, N) satisfying that

aNf(ﬂ) - f(n)aM = —Tlf(n_1), n € Zsg.
Set fr = Yoo 2t fin)- Then f = {funlnez., is a conformal linear map if and only if

anM = (8N + /\)f/\
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Let Chom(M, N) denote the set of conformal linear maps from M to N. Then Chom(M, N) is a C[J]-
module via:

dfm) = —Nfu-1), equivalently, dfy = —Af;.
The composition fyg : L = N ® C[A] of conformal linear maps f : M — N and g: L — M is given by

(faPar+y = fagu, VY f,9 € Chom(M,N).

If M is a finitely generated C[d]-module, then Cend(M) := Chom(M, M) is an associative conformal
algebra with respect to the above composition. Thus, Cend(M) becomes a Lie conformal algebra, called the
general linear Lie conformal algebra, denoted as gc(M), with respect to the A-bracket(see [2, Example3.5]):

[fa9ly = fA9u-r — Gu-afa- (2)
Throughout this paper, we mainly deal with C[d]-modules which are finitely generated.

Definition 2.4. [2] Let R be a Lie conformal algebra. d € Cend(R) is a conformal derivation if for any a,b € R it
holds that

dgmy(agb) = Z(;n)(d(j)a)(mw—j)b + ) (d(m) (b));
=y

equivalently,
dx([aub]) = [(dr(@)r+ub] + [a,(dar(D))]-

For any r € R, d', is called an inner conformal derivation of R if &', (') = [rar’], V1" € R.
Define CDer(R) as the set of conformal derivations of R, then it is obvious that CDer(R) is a subalgebra
of Cend(R).

Definition 2.5. [2] Let R and R’ be two Lie conformal algebras. A homomorphism ¢ from R to R’ of Lie conformal
algebras is a C[d]-linear homomorphism if for any a,b € R it holds that

Paumb) = (P@)amP(®));

equivalently,
P([arb]) = [p(@)1p(D)].

We call ¢ an isomorphism if it is bijective. We call ¢ an endomorphism if R = R. We call ¢ an
automorphism if it is bijective and if R = R'.
In the following, we denote Aut(R) the automorphism group of R.

Definition 2.6. [2] Let R be a Lie conformal algebra and G a subgroup of Aut(R). Then d € Cend(R) is a conformal
G-derivation of R if there exist two elements o, T in G such that

dr([aub]) = [(@dr(@)rsu(0®)] + [(1(@)u(@dr(B))],  Va,beR.

In this case, o and T are called the associated automorphisms of d.

Denote by CDer¢(R) the set of all conformal G-derivations of R. It is clear that CDerg(R) = CDer(R) if
G is a trivial group, that is G = {idg}. Thus, conformal G-derivations can be viewed as a generalization of
conformal derivations. What’s more, if G < H are two subgroups of Aut(R), then CDerg(R) € CDern(R)
and CDer(R) is contained in CDer¢(R) for any subgroup G of Aut(R).

Fix two automorphisms 0,7 € G, we denote by CDer,.(R) the set of all conformal G-derivations
associated to ¢ and 7, called the conformal (o, t)-derivation. It is clear that CDer,;.(R) € CDerg(R) is a
C[d]-module and CDerqy id,(R) = CDer(R). For convenience, we denote CDer,;4,(R) by CDer,(R).

Hereafter, G always denotes a subgroup of Aut(R).
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3. Fundamental properties
In this section, we aim to show several fundamental properties of conformal (o, T)-derivations.

Proposition 3.1. Let R be a Lie conformal algebra. If o, T € G, then rank(CDer, - (R)) = rank(CDer,-1,(R)).
Proof. Define a map ¢, : CDer;.(R) — CDer,-1,(R) by

@(d)=17'd, VYd e CDer,(R).
Note that

T da([agb]) = T ([([@da@)a+u(0®))] + [(T(@))u(d(D)])

= [T da@)asu (T OD] + [au (T (2 B))],
for any a,b € R. Hence 1-'d € CDer,-1,(R), and thus the map ¢ is well-defined. What’s more

Q(d1 +do) = THdy + d) = Ty + TNy = ody + Qodo,

P-(0d) = (—Ady) = —A@-(dr) = —AT7(d)) = Ip(dy).

That is to say, @, is a C[d]-module homomorphism.

In addition, it still needs to show that ¢, is an isomorphism. So we try to see its inverse. We can define
a map ; : CDer;-1,(R) — CDer,.(R) by 1:(d) = td for any d in CDer-1,(R). Similarly, we can verify that
. is a well-defined C[d]-module homomorphism. What’s more, .. = idcper,,(r) and @1, = idCDerT_lg(R),
which means ¢, is the inverse of ¢.. Therefore, CDer,, . (R) and CDer,-1,(R) are isomorphic as C[d]-modules,
and thus rank(CDer, .(R)) = rank(CDer,-1,(R)). O

Proposition 3.1 means that the study of CDer, ;(R) with two parameters o, T can be reduced to the study
of CDer, (R) with one parameter ¢ = 7~!g. Particularly, if we take T = o, then CDer,,(R) and CDer(R)
are isomorphic as C[d]-modules. Moreover, we may extend this isomorphic relation to the level of Lie
conformal algebras.

Proposition 3.2. Let R be a Lie conformal algebra. If o € G, then there exists a Lie conformal algebra structure
[-1—1° on Der(R) such that Der, ;(R) = CDer(R) as Lie conformal algebras.

Proof. Define a A-bracket [-3—]° on CDer,,(R) X CDer,+(R) as follow:
/2917 = 07 (0o (Mr(@s(@)]),  Vf, g € CDerg,(R),

where ¢, is defined as Proposition 3.1. It's obvious that [-,—]° is well-defined since ¢, is a bijective map.
And it is bilinear because both ¢, and ¢! are C[d]-module homomorphisms.
A direct computation shows that

[0£191° = 05" (Ups @M (@s@)])
= @5 [(Po(=ANM@s@)]) = =205 ((@a(Malpa@)]D) = —ALf1g]7,

and

(/191 = 95" ((@o(MMa(@s (@) = =95 ((Po(9)-0-A@e (] = ~[g-9-1 /1,

for any f, g in CDer,4(R).
To check the Jacobi identity, we compute

(/291317 = [97" (Upo (DA @@+ ih]”
= 05 ([Po(05" (U@ (MA@ @Mr+u(@a(M)])
= 95 ((@o (N1 @o(@)]r+u(@a )],
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for any f, g in CDer,4(R). Similarly,
[f/\ [gyh]U]U = q);l([(q)g(f))/\[(@U(g))“(@(j(h))]])/

[9.LART = 07 ((9s(9) ul(@s (P (@ ()]]).
So

(L2915, 1) = [alguhl?] + [gulfah]°)°
= @5 ((@e (M @@ rru @)D = @5 (@ (MA@ () (@)
+ 05 ([(@o(@)ull@a(Mal@a (M)
= (Pc;l([[(qoa(f))/\((Pa(g))]/Hy((Po(h))] - [%(f)/\[(@o(ﬂ))y(%(h))]]
+[(@o(9)ul(@a (NN (@s(M)I])
=, (0) =0,
which means that [fi[g,/]°]° = [[f19]
algebra.
To complete the proof, it still needs to show that ¢, is a Lie conformal algebras homomorphism.

Actually, ,([f19]7) = @o(@s [(@o(MNA(Ps(@]) = [(Ps(Nr(@s(9)] and ¢, is a Lie conformal algebras
homomorphism between CDer,;(R) and CDer(R), as desired. [J

1 +yh]o + [gu[fah]°]°. Hence, (CDer,(R),[-1—]") is a Lie conformal

Recall that the center of a Lie conformal algebra R is the set Z(R) = {a € R | [a,b] = 0, Vb € R}, and the
centralizer of a in R is the set Z,(R) = {b € R | [a,b] = 0}.

Proposition 3.3. Lef 0 and t be two elements in G such that (o6 — 7)(R) € Z(R). Then CDer,(R) = CDer.(R). In
addition, if (o — idg)(R) € Z(R), then CDer,(R) = CDer(R) is a Lie conformal subalgebra of Cend(R).

Proof. For any d in CDer,(R) and since (0 — 7)(R) € Z(R), we have
[(@dr@)r+u((0 = T)(B)] =0, Va,beR,

that is [(da(2))1+u(0(D))] = [(da(a)a+u(T())]. SO we can get
dr([aub]) = [([dr(@)a+u(0®O)] + [au(dr ()] = [([dr(@)a+u(T(0)] + [a,(da(b))],

which implies that d € CDer,(R) and CDer,(R) € CDer.(R). By switching the roles of o and 7, we can get
CDer.(R) € CDer,(R). Consequently, we obtain CDer,(R) = CDer.(R).
In particular, if we take 7 = idg, then CDer,(R) = CDer(K) is a Lie conformal subalgebra of Cend(R). O

Proposition 3.4. Let G be an abelian group. If o and o' are two elements in G such that ¢ commutes with
every element of CDer, (R) and o' commutes with every element of CDery(R), then [figl, € CDer,y (R) for any
f € CDers(R) and g € CDer, (R).

Proof. For any a,b € R, we observe that
f/\(gyf/\([u}'b])) = f)\([(gy#\(ﬂ))yﬂ\ﬂf(a’ (b))] + [ay(g‘uf/\(b))])
= [(f2(@u-r@))usy (0(0 O] + [(Gu-r(@)-21y (fa(0 ()))]
+ [(FA@)1+9(0(gu=2(OID] + [a, (fa(gu-2(D))],

and

Fu-A(fa([a,b]) = gu-a([(fr@)r+, (@®)] + [a,,(f2(D))])
= [(Fu-A(f2(@))) s (0 (@ON] + [(F1(@) 14 (Gu-2(a(B)))]
+ [(u-2@)y=14y (0 (FLON] + [a (G- (FL (O]
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According to the assumption, one can obtain that ¢ commutes with g and ¢ commutes with f. By the fact
that 0 0’ = 0’0, we can easily get

[aglu(laybD) = (fagu-r = gu-a f)(a,b]) = fa(gu-a([ayb])) = gu-a(f2([a,]]))
= [(1(Gu-1@))gs (000 ON] + (-2 @)1y (f1(o @D)]
+ [(fa@)r+y (0(gu-2 (D] + [a,(f2(gu-2(0))]
~[Gu-2(F2@)sy (@ (@ON] = [(F1(@) 4 (G- (0B))]
= [(Gu-r@)u-2 (@ (FLON] = [a,(Gu-r (S O))]
= [([f391u@)yusy (0(" O] + [, ([f191u O))].
Therefore, [f1g], € CDer,, (R). O

Corollary 3.5. Let o be an idempotent automorphism of G. If o commutes with every element of CDer,(R), then
CDery(R) is a Lie conformal algebra.

Proof. Note that CDer,(R) is a C[d]-module, thus it suffices to verify that CDer,(R) is closed under the
A-bracket, that is

[f/\g]y = f/\gy—/\ - g‘u—/\f/\ € CDEI‘O(R), Vf,g € CDerU(R).
With a similar discussion as that in the proof of Proposition 3.4,

[£19)([3,01) = [([ 2914 @)y B)] + [ay ([ f2g1u (D)),  VYa,b e R.

By the fact that 02 = g, we can deduce that [ f19], € CDer(R)[A]. Therefore, CDer,(R) is a Lie conformal
algebra. [

Proposition 3.6. Let 0,7 € G and d € CDer,(R). Then td € CDery,.(R) and dt € CDeryr . (R).

Proof. A direct computation shows that
tda([aub]) = T([(d2(@)a+u(0(0)] + [au(dr(b))])
= 1([(d2(@)ar+u(0(@))]) + T([a,(dr()])
= [((@r@))a+u(t(@®@N] + [(2(@)u(2(@da(B)))],

for any a,b € R. Thus, 7d € CDer(R).
Similarly, we can obtain that dt € CDer.(R). O

Proposition 3.7. If g, T are two elements in G such that c — o~'7(c) ¢ Z.(R) for any nonzero element c in R, then
CDer,(R) N CDer.(R) = {0}.

Proof. Assume that there exists a nonzero element d € CDer,;(R) N CDer(R). Then there exists an element
ag € R such that d,(ag) # 0. So

[(@r(@)r+u(0O)] = [(@dr@)r+u(t®)],  Va,beR,
which implies that
(07" (da@)asub — 0~ 7(b))] = 0.
If we take a = ag and b = by := 0~1d, (ao), then we can get
[bo,.,,(bo — o (bo))] = 0,

which means that by — o7 7(bo) € Zy,,(R). Since ¢ — o7 17(c) € Z.(R) with ¢ € R and ¢ # 0, we can deduce that
by = 0. According to the assumption, d)(ap) # 0 and o lisan isomorphism, we observe that by = o d,(ag) #
0, which is a contradiction. [
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Proposition 3.8. If d € CDer;(R) is an element such that (dyo — 0d)(R) € Z(R), then [RAR] is contained in the
kernel of dyo — od,.

Proof. We compute, respectively,

di(0([ab]) = dr([(0(@) (0 B)]) = [(@r(0(@))a+u (0> BN)] + [(0(@))u([dr(a(D)))],
and
o(da([a,b])) = o([(dr(@)r+u(a(B)]) + [au(dr(b))]
= [(0(dA(@))a+u(0*(B)] + [(0(@))u(a(dr (D)),
for any a,b € R. Since (d 0 — 0d;)(R) € Z(R), we can get
(dr0 — o) (a,b]) = dro([a,b]) — ody([a,b])
= [dA(0(@)a+u(0*(0)] + [(0(@)(@dAr(a(B)))]
~ [((@dr@)r+u(@®B))] = [(0(a)u(a(@dr(®)))]
= [((dro = 0d))(@)r+u (0> (O)] + [(0(2))u(dr0 = 0d2)(b))]
=0.

Consequently, [R)R] is contained in the kernel of dyo — 0d,. O

4. The interiors of conformal G-derivations

In this section, we will investigate the structures of CDer;(R) and CDerc(R). To understand this, we
focus on a special class of CDer,(R) called the interiors of G-derivations, CDer%(R). In addition, we study
the rationality of the Hilbert series for the direct sum of these interiors of conformal G- derivations when G
is a cyclic subgroup.

Set

CDer}(R) = {d € CDer,(R) | dyo = od,}, CDer, (R) = {d € CDer,(R) | dyt = 1d,, V7 € G}.

It is obvious that CDer, (R) € CDer; (R) € CDer,(R) and they are all C[d]-modules. We now consider some
kind of “sum” of them respectively and observe how close these sums are to CDerg(R).
Define

CDerf(R) := @yecCDer; (R), CDerz(R) := @yecCDer; (R),

called the big interior and the small interior of CDerg(R) respectively. Besides, we may define
CDer%(R) := @5ecCDery(R),

called the interior of CDerg(R). Obviously, CDer(R) € CDerf(R) € CDerf(R).

Example 4.1. Let G = {idg}, the trivial group. Since CDer(R) = CDerf(R), we have CDer;(R) = CDer5(R) =
CDer(R) = CDerg(R) = CDer(R).

Example 4.2. Let G be a cyclic group generator by o. If » € {—, +, %}, then
CDer(R) = CDer,,,(R) = ®ezCDer ;(R),
where 0° = idg, o' = o and o* = " '6. For convenience, we denote CDer:k(R) by CDer«(R). In this case,

CDer,\(R) is a Z-graded C[d]-module and recall that the Hilbert series of CDer ,,(R) is defined by

H(CDer/,(R), ) := ) rank(CDer’, (R))t".
kezZ

If o is of finite order, then H(CDer,,(R), t) is a polynomial function in Z[t].



T. Feng et al. / Filomat 38:2 (2024), 357-368 364

Proposition 4.3. If G is an abelian group, then CDer(R) is a Lie conformal algebra with the A-bracket [—,—].

Proof. Since CDer(R) is a C[d]-module, it is sufficient to show that CDer(R) is closed under the A-bracket.
For any f € CDer, (R) and g € CDer; (R) with 0,7 € Gand a,b € R, we have

f/\(gy—/\([ayb])) = fA([(gy—)\(a))y—/\-%—y('r(b))] + [ay(gy—/\(b))])
= [(fA(Gu-2 (@) sy (0 (O] + [(Fu-2(2)) u-n+y (£2(T(D)))]
+ [(f2@)r+y(0(gu-2 @D + [a, (f2(9-2(D)))],

and

Ju-2(fallayb])) = gu-a([(fa(@)a+y ()] + [a, (f2(b))])
= [(9u-2(fa@)) sy (T(a®@N] + [(f2(@)) 147 (gu-a(0(D)))]
+ [(7u-2 @) 24y (T(AON] + [y (gu-2 (2]

Since fyT = tf), gu-10 = 0g,-) and G is abelian, we compute and get

[£29]u([ay0]) = (fagu-a — gu-2f2)([a,b])
= [(f2(9u-2(2))) oy (0 (T(OID] + [(9-2 (@) =14y (fa(T(D)))]

+ [(fA@)1+9(0(gu-2OIN] + [a, (fa(gu-2(D)]

= [(gu-2(fa@)) gy (T((O))] = [(f2(@))147(gu-2(a(])))]

= [(9u-2@) g4y (T(f2 (O] = [a)(gu-2(f2(D)))]-
= [(fagu-1 = Gu-2f) @) 1y (0 (T(OI)] + [a((faGu-2 — Gu-2f1)())]
= [([f2914(a)) 4y (a(z(BIN] + [a, ([ f1g](D))],

which implies that [f1g], € CDers.(R)[A]. Obviously, [f1g], commutes with every element in G, and so
[fag]y € CDer; (R)[A] € CDerg(R)[A]. Consequently, CDer(R) is a Lie conformal algebra. [J

According to the above results, we can see that CDer¢(R) may be very large and complicated. From
now on, we will focus on the interiors of CDerg(R) where G is an infinite cyclic group. Particularly, we
will investigate the important invariant, the Hilbert series, which encodes the ranks of submodules into an
infinite series.

Proposition 4.4. Let G = (o) be an infinite cyclic group. If there exists Iy € N* and d € CDer 1, (R) such that ¢4 is
invertible restricted to CDer:(R) for all i € Z.\ {ly}, then H(CDer(R), t) is a rational function.

Proof. Since G is an infinite cyclic group generated by o, ¢4 : CDer_(R) — CDer_,, (R) is a C[d]-module
isomorphism for all k € Z \ {ly} by Proposition 4.3. Hence,

rank(CDer (R)) = rank(CDer ., (R)) = rank(CDer , , (R))
for each k € IN'\ {lp}. Obviously,

0 k:10
H(CDer(R), £) = Z rank(CDer , (R)t* = Z rank(CDer , (R)* + Z rank(CDer ", (R))t*.

kez k=lp+1
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In addition,

(o8]

Z rank(CDer’, (R))#*
k:]0+1

= (ot + my 92 4 oy, 1 £20) + (im0t + g 202 ey £30) 4
= (mo + myt + - -+ my_ Y 4 (g + gt 4 g 0T 4

= 0 mg + myt + -+ g N1+ 0+ 120 )

— o+l Ip—1
=" (mgy + mqt + + myy_1£° )1_th

torl Yt gt
1—fo

where m; = ranl<(CDer;,0+1+i (R)) for 0 <i < Iy — 1. Similarly,

k=ly
Z rank(CDer_, (R))t*
Iy k=0
= Z rank(CDer, (R))* + Z rank(CDer, (R))*
k=1 )

Iy 00
= ) rank(CDer_, (R))* + ) rank(CDer;, (R))*

P k=0
= gt + -+ - + 1y, 10+ (mot O + g 702 4y )
+ (mot 20t 4 g 7202 4y ) 4+
= gt + -+ - + 1y, 10+ (mot O 4 g 702 ey YA+ )
01y 4-(lo=1-1)

= (mg + -+ + my, 110N+ izol —
Therefore,
H(CDerg(R),t)
tlg+l 21'0_1 m‘ti Zl'o_l m,t—(lo—l—i)
_ i=0 "1 . lo—1 i=0 "1
Sl T — + (mo + -+ my 07+ B —

Ip—1

t 1 O
_ 4 4—(lo=1-0)
1—t1020‘m1t+1—t‘10izo‘mlt .

i=

Consequently, H(CDer(R), t) is a rational function. [

5. Applications

In this section, we study the relation between conformal (g, T)-derivation and some well-known (gen-
eralized) conformal derivations of a Lie conformal algebra R, such as centroids and conformal (a, §,y)-
derivations.

5.1. Relation with centroids
Recall that an element d in Cend(R) is called a centroid of R, if it satisfies

[(@r(@))r+ub] = [a,(d2(D)] = di([anb]), V a,b e R.
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Denote by C(R) the sets of all centroids of R.
We denote ad : R—Cend(R) the adjoint map sending a to ad(a) with ad(a),(b) = [a,b], where a,b € R.
And we write ad(R) for the set {ad(a) | a € R}.

Propos1t10n 5.1. Let 0 € G and d e C(R) N CDery(R). Then ad(d(a)), = O for any a € R. In addition, if
Z(R) = {0}, then C(R) N CDer,(R) =

Proof. For any d € C(R) N CDery(R) and a,b € R, we have
dr([ayb]) = [(dr(@) a4y (0(0)] + [ay,(dr(D))],

and
[a,(dr(b))] = di([axb]),

which implies
[([dr(@)a+y(a ()] = da(layb]) = [a,(da(b)] =

Since o is a bijective map, we can obtain d)(a) € Z(R)[A] = Ker(ad)[A]. Hence, ad(d,(a)), = 0 for any a € R.
Particularly, if Z(R) = {0}, then d = 0. Thus, C(R) N CDers(R) = {0}. O

Lemma 5.2. If 0 € G and d € CDer,(R), then for any a € R,
[d)(ad(@))], = sad(0™'d,(a)).
Proof. A direct computation shows that

[dr(ad(@))]u(b) = (dr(ad(@))y-a — (ad(@))y-1d2)(D)
= d((ad())u-1(0)) — (ad(a))u-(dar (b)) = dar([au-2b]) — [au-2(dr(D))]
= [([@dr(@)u(c®)] = o([(0™" (@dr(@))ub]) = o(ad(07'd1(2))u (b)),

for any b € R. Therefore, [dyad(a)], = aad(a‘ldA(a))y. O

Lemma 5.3. Let a € Rand o € G. Define a map ¢ : CDer,(R) — ad(R),, given by d — ad(o7'd,(a)). Then ¢g
is a C[d]-module homomorphism.

Proof. For any f,g € CDer(R) and b € R, we observe that
(@7(fa + g))(b) = ad(@™ ((fa + 8)@))),(B) = [0 ((fa + 8.)(@))), 1]
= ([((fr + 9)@)y (0®)]) = 6~ ([(f2 (@), (0] + [(9.(@)), (6(B))])
= 0~ ([(f1@), @@ + 07 ([(9u(@)), (@®)]) = [0 (/@) ] + [(67'(9,u(@)), ]
= ad(0™ (f2(2))), (b) + ad(07 (8u(@))) (b) = (V7 (f) + 3 (8 (b),
and
(@2(2£1))(b) = ad(o 1(f9f)\)(11))y(b) = a01(0_1( —Af1)(@)), (b)
= ad(-107'f1(@)),(b) = [-Aa"'f1(@),b] = —Alo~'f(a), 0]
= —Aad(c™ (f1(2)), (b) = aad 1(f/\(‘1)))y(b @z (1)), (b).
Therefore, ¢¢ is a C[d]-module homomorphism. [J
Proposition 5.4. Ifa € Rand o € G, then
Ker(¢y) = {d € CDers(R) | da(a) € Z(R)[A]}.
What’s more, Ker(¢3) is a subalgebra of Cend(R).
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Proof. According to Lemma 5.2, we can get

Ker(¢y) = {d € CDers(R) | ad(ail(d,\(a)))y(b) =0, Vb e R}
= {d € CDer,(R) | o(ad(a‘ld,\(a))y(b)) =0, Ybe R}
= {d € CDer,(R) | [dr(ad(a))].(b) = 0, Vb € R}
= {d € CDer,(R) | [(dr(a))u(o(b))] =0, Vb e R}
= {d € CDer,(R) | [(dr(a))ub] = 0, Vb € R}
= {d € CDer,(R) | dr(a) € Z(R)[A]}.

Moreover, it is obvious that Ker(¢7) is a C[d]-module. We only need to show Ker(¢7) is a Lie conformal
algebra. For any f, g € Ker(¢9) and b € R, we have

[([£291u (@), ()] = [(f2(gu-2(@))), (0 (D))] = [(71-21(f2(@))), (0 (D))]
= fal(9u-2(@))y-ab]) = [(9-2(@)), -2 (fa(D))]

= Ju-A([(F2(@))y-42D]) + [(f2(@))y-p+2(g-2(D))]
=0.

Since o0 is an isomorphism, we can deduce that [f1g],.(a) € Z(R)[A], which implies that [f)g],(a) € Ker(¢g)[A].
Therefore, Ker(¢J) is a subalgebra of Cend(R). O

As a corollary, we can obtain a much deeper result.

Corollary 5.5. Let R be a centerless Lie conformal algebra. If there exists an element ay € R such that dy(ag) # 0 for
all d € CDer,(R), then rank(CDer,(R)) < rank(R).

Proof. Note that ad : R — ad(R) is an isomorphism. Since Z(R) = {0}, ¢3 is injective by Proposition 5.4.
Hence, as a C[d]-module, CDer;(R) can be embedded into R. O

5.2. Relation with conformal («, B, y)-derivations
Recall that a conformal linear map d € Cend(R) is a conformal (a, f,y)-derivation of R if there exist
a, B,y € C satisfying that for any a,b € R,

ada([a,b]) = [(Bdr(a))a+ub] + [a,(yda(D))]. 3)
For any given a, 8, € C, we denote the set of all conformal (a, $, )-derivations by CDer(,,,,)(R), i.e.,
CDer(y,5,)(R) = {d € Cend(R) | ada([a,b]) = [(Bdr(a)r+ub] + [a,(ydr(b))], VY a,b € R}.

We turn now to the problem of relation between conformal (g, 7)-derivation and conformal (a, f, y)-
derivations.

Lemma 5.6. Let R be a Lie conformal algebra. Then
CDer(y,,)(R) = CDer(;2. 1) (R),

forany a, B,y € C.

Proof. According to [3, Proposition 4.2], we observe that

CDer(a,p,)(R)
= CDer(o,5-y,)-)(R) N CDer@a,pry,p47)(R)
= CDer,1,-1)(R) N CDer u 1,1)(R)

= CDer(ﬁ,LO) (R)

This lemma is proved. [
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Proposition 5.7. Suppose that ¢ is an element in G and there exists a scalar o« € C such that (o — aidg)(R) € Z(R).
If a # 1, then CDer4(R) = CDer(%,LO)(R); if @ = 1, then CDery(R) = CDer(,1,1)(R) = CDer(R).

Proof. Assume that d € CDer;(R). Since (0 — aidg)(R) € Z(R), we have
[(dr(@)u(oO)] = [(dr(@))u(ab)], Ya,beR.

Notice that
d € CDery(R) & da([(aub]) = [(dr(@)u(ab)] + [a,(dar(b))] & d € CDerq,a,1)(R),

which implies that CDery(R) = CDer(1,4,1)(R). If & # 1, then CDer(;,4,1)(R) = CDer(_1_, 3(R) by Lemma 5.6.
Therefore, CDer,(R) = CDer L 1,0 (R). If @ =1, then CDer,(R) = CDer(,1,1)(R) = CDer(R). [

Proposition 5.8. Let R be a Lie conformal algebra. If 6 # 0, then CDerg1,-1)(R) = CDerigy,-idz(R) and
CDQT(@LD(R) = CDer%id%%idk (R)

Proof. According to [3, Proposition 4.2], we can get

CDer51,-1)(R)
= CDerp.2,-2)(R) N CDer(2s0,0(R)
= CDer(o,z,_z) (ﬂ) N CDer(Z,0,0) (ﬂ)
= CDer(,1,-1)(R).

Note that
da([aub]) = [(dr(@))a+ub] — [a,(dr(D))],

for any d € CDer,1,-1)(R). Because of this, d is a (o, T)-derivation with ¢ = idg and 7 = —idg. Therefore,
CDer(M,_D(R) = CDeridﬂ,_idﬂ (R)
Similarly, CDers,1,1)(R) is a (0, T)-derivation with o = %idqg and T = %idqq. OJ
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