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Abstract. A modified implicit relation and @-implicit contractive condition are introduced in the setting of
relational partial metric spaces and some related fixed point results are derived. Two suitable examples are
provided. As an application, sufficient conditions are derived for the existence of a unique positive definite
solution of the non-linear matrix equation X = 8 + Y'i_, AT (X)A;. An example is given, using matrices
that are randomly generated, as well as convergence and error analysis and average CPU time analysis.

Solving fractional differential equations of Riesz-Caputo type with anti-periodic boundary conditions is
also discussed, followed by two illustrations.

1. Introduction

In the last decades, a lot of work has been done on obtaining fixed point results for mappings in partially
ordered metric spaces (see, e.g., papers by Matkowski [11, 12], Turinici [20, 21], Ran and Reurings [17],
Nieto and Rédriguez-Lépez [13, 14]). Recently, Samet and Turinici [19] obtained a fixed point theorem
for nonlinear contractions under symmetric closure of an arbitrary relation, and Ahmadullah et al. [1-3]
and Alam and Imdad [4] used an amorphous relation to obtain a relation-theoretic analogue of Banach
Contraction Principle (BCP), thus unifying several order-theoretic fixed point theorems.

Several types of generalized distances have been used in order to obtain various fixed point results.
Particularly, Matthews [10] introduced the notion of a partial metric space (PMS) and obtained a version of
BCP in order to use it in program verification. Later on, fixed point theorems in PMSs, as well as in ordered
PMSs were proved by several authors.

Motivated by [16], we introduce in Section 3 a modified implicit relation R, and define a @-implicit
type self-mapping S on an R-complete partial metric space. We prove a respective fixed point result, using
S-closedness of R and R-continuity of S. In Section 4, we consider some special cases, and provide suitable
examples, in order to illustrate the results obtained, and we present in Section 5 a sufficient condition
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ensuring the existence of a unique positive definite solution of a non-linear matrix equation, which is also
illustrated by a non-trivial example, including randomly generated matrices. The procedure is visualized
by the convergence analysis and a solution graph. Additionally, we use these findings to discuss existence
of solutions for fractional differential equations of Riesz-Caputo type with new anti-periodic boundary
conditions. The ideas, results, and applications are properly illustrated by examples.

2. Preliminaries
The notations Z, N, R, R* will have their usual meanings, and INy = IN U {0}.

2.1. Partial metric space

The following definitions can be found, e.g., in [5, 10, 15].

Definition 2.1. Let & be a nonempty set, and @ : & x & — R* satisfy the following conditions for all &,1,C € &:
(p1) E=nifandonly if &(E, &) = @(&,n) = @(n, 1),
(p2) @(&, &) < (&),
(p3) @& 1) =@, <),
(ps) @(&,1) < (&, Q) + (L, 1) = (C, ).

Then @ is said to be a partial metric on E, and (B, ®) is called a partial metric space (PMS).

Clearly, if ®(&, 1) = 0, then & = 1; however, ®(, £) may not be 0.
If @ is a partial metric on E, then by

(Ds(él T]) = 2(D(é/ T]) - (D(é/ 5) - CD(T]r n) (1)
a metric @° on E is defined. The corresponding topology is denoted by 7.

Example 2.2. A standard example of a PMS is a pair (R*, ®), where ®(&, ) = max({¢, n} for all £, € R*.
The corresponding metric is

@°(&,n) =2max{é, nf-&—-n=E-1l

Definition 2.3. Let (E, ®) be a PMS. Then:

1. It is said that a sequence {,} in (B, @) converges to a point £ € B if lim, oo @(&, &y) = @(E, E).

2. It is said that {&,,} is a Cauchy sequence in (B, @) if limy, o @(En, Em) exists and is finite.

3. The space (B, @) is called complete if each Cauchy sequence {&,,} in E converges to a point & € E satisfying
(&, &) = hmn,m—xxv @(Eny Em)-

4. A mapping S : E — E is called continuous at a point &y € E if for every e > 0, there exists 6 > 0 such that

S(Ba(&o,0)) € Bo(So, €) (here, Bo(&o,0) = {E € E : d(&, &o) < O}
Remark 2.4. A limit of a sequence in a PMS need not be unique, and the function (-, -) need not be continuous.

Lemma 2.5. [10, 15] Let (E, @) be a PMS.
(a) {&n) is a Cauchy sequence in (B, @) if and only if it is a Cauchy sequence in (2, @°).
(b) (B, @) is complete if and only if (B, @°) is complete. Moreover, limy,_,co @°(Ey, &) = 0 if and only if

(D(E/ E) = 31_]:)1010 (D(énr é) = ngr—r)loo (D(gn/ ém)
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2.2. Relational partial metric spaces

Let E be a nonempty set, R be a binary relation on E and let @ be a partial metric on E. Then, (E,R)
will be called a relational set, and (&, @, R) will be called an RPMS. We will use the following standard
terminology (see, e.g., [4, 7-9, 19]):

1. £ € Eis R-related to € E if (£, 1) € N; we will write [E,n] e Rif (n,E) e Ror (&, n) e R.

2. The inverse relation of R is R~ = {(§,17) € EX E: (1, &) € R}; moreover, R = RU R

3. The set Z C E is said to be comparable if [, 1] € R forall £, 1 € Z.

4. A sequence {&,} in E is called R-preserving if (£,,, Eq11) € R, for all n € Np.

5. (B, ®,N) is called regular, if for any R-preserving sequence {&,} converging to &, [£,, £] € R holds for
alln € IN.

6. (B, @, M) is called R-complete if for each R-preserving Cauchy sequence {&,,} in E, there exists £ € &
such that

m @& &n) = @(E,£) = lim @(&,, €).

n,m— 00

7. R is called @-self-closed if for each R-preserving sequence {&,} converging to &, there exists its
subsequence (&, ), with [£,,,£] € R, for all k € INp.
8. A path of length k in R joining &, € E is a finite sequence {Cy, (1, Cy, ..., (k) C E satisfying:

(i) Go=&and G =1,
(ii) (Ci,Cis1) eNRforeachi, 0<i<k-1.
(Note that a path of length k involves k + 1 elements of E, but they need not be distinct).

Remark 2.6. A complete PMS is always R-complete, but the converse need not hold. These notions coincide if the
relation R is universal.

Moreover, let S be a self-mapping on E.

(9) Ris called S-closed if (&,17) € R implies (S&, Sn) € R. It is called weakly S-closed if (&, 1) € R implies
[SE, Sn] e R.

(10) A subset 3 of E is said to be R-directed if for all £, € 3, there is C € E such that (£,) € R and
(n,C) € R. Itis said to be (S, N)-directed if for all £, € 3, there is C € E such that (£, SC) € R and
(n,SC) e R.

(11) Sis called R-continuous at & € E if for every R-preserving sequence {£,} converging to &, the sequence
{S(&n)} converges to S(&). S is R-continuous if it is R-continuous at each point of .

Remark 2.7. A continuous mapping on a PMS is always R-continuous but the converse need not hold. These notions
coincide if the relation R is universal.

In what follows, we will use the the following notations for a relational space (£, R) and a self-mapping
SonE.

Fix(8) = the set of all fixed points of S,
N(S,R)={&EeB: (S8 e R},
B(&,n,R) = the set of all paths in R joining &, 1 € E.

3. @-implicit contractive mappings in partial metric spaces

We are going to introduce a modified version of implicit relation. Some examples are presented in [16].
Let ® denote the set of all continuous mappings G : R] — R that satisfy the conditions:

(G1) G is nonincreasing in the fifth variable;
(G») there exists h € [0,1) such that, for all 7,0 > 0, if G(7,0,0,7,7 + 0) < 0 then 7 < ho.
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Let ® be the set of functions G from © satisfying
(G3) there exists h € [0,1) such that, for all 7,0 > 0, if G(7,0,0,0,7) < 0 then 7 < ho.
Let 6" be the set of functions G from ¢ satisfying

(Gs) G(7,7,0,0,27) > 0 for each 7 > 0.

Example 3.1. Let G(t1,...,75) = 71 —at, — btz — ct4 —dts, witha > 0,b,c,d >0anda+ b +c+2d < 1. Then
(G2): Ift1>20,0>0and G(t,0,0,7,7+0) =t—ac—bo—ct—d(t+0) <0, then t < ho, where 0 < h = ff(l;:g) <1
(G3): If 1,0 2 0and G(7,0,0,0,7) = T — co — dt, then T < (75;)0. Hence T < ho, where 0 <h = 15 < 1.

(G4): Foreacht>0,G(1,7,0,0,27) = (1 —a—2d)T > 0.

Example 3.2. G(t1,...,75) = 71 — kmax{1y, T3, T4, T5}, with k € (0, %). Then

(G2): Ift20,0>0and G(1,0,0,7,7+0) =7 —k(t +0) <0, then T < ho, where 0 < h = 1ka <1

(G3): If t >0 2 0and G(7,0,0,0,7) = T — kmax({z, o}, then (1 — k)t < 0, a contradiction. Thus, T < ho, where
O<h=k<1.

(G4): Foreacht >0,G(1,7,0,0,27) = (1 — 2k)T > 0.

Example 3.3. G(11,...,T5) = 7] — ata13 — bt — ctZ, wherea > 0,b,c > 0and a + b + 4c < 1. Then

(G2): Ift>0>0and G(t,0,0,7,T+0) = T2 —ac? —bt?> —c(t+0)? < 0, then T*[1—(a+b+4c)] < 0, a contradiction.
Hence, © < o which implies T < ho, where 0 <h= Va+b+4c <1

(G3): If 1,0 > 0and G(1,0,0,0,7) = 12 — bo? — c72, then T < |1% 0. Hence, T < ho, where 0 <h = (/7% < 1.

(G4): Foreacht>0,G(1,7,0,0,27) = (1 — 4c)7% > 0.

Example 3.4. G(t1,...,75) =11 — a1y — b% —ct5, wherea > 0,b,c>0anda+ Db+ 2c < 1. Then

(G2): Ift20,0>0 and G(t,0,0,T,71+0)=T—ac—bt —c(t+0) <0, then T < ho, where 0 <h = 1—H(Zic) <1
(G3): ift,0 > 0and G(1,0,0,0,7) =T —bo —ct, then T < (%)o. Hence, © < ho, where 0 < h = 1%6 <1.

(G4): Foreacht>0,G(1,7,0,0,27) = (1 —b —2c)t > 0.

Definition 3.5. Let (E, @, R) be an RPMS. A mapping S: E — E is called @-implicit contractive if there is G € ®
such that for all £,n € E with (§,n) € R,

G (o(SE,Sn), (&, 1), @(&, SE), (n, Sn), @(&, Sn) + @(n, SE)) < 0. ()

Our first main result is stated as follows:

Theorem 3.6. Let (2, @, R) be an RPMS and S: E — E. Suppose the following:

(C1) N(S,R) £0;

(Cy) R is S-closed;

(C3) E is R-complete;

(Cy) S is @-implicit contractive;
(Cs) S is R-continuous.

Then w € Fix(S8), for some w € E.
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Proof. Let wy € N(S,R) be arbitrary and let w,1 = Sw, = Sy for all n € INy. In the case that w11 = wp,
for some 1y € Ny, then wy,, € Fix(S). Further, suppose that w1 # wy, i.e., @(Swy+1, Swy,) > 0 for all n € Np.
Since (wg, Swy) € R, it follows by (C,), that

(Swo, S*wy), (SPwo, SPwp), -+, (S"wo, 8™ wy) € R,
so that, for each n € Ny, (wy, wn+1) € R. Thus, the sequence {w,} is R-preserving. The condition (C4) with

& = wy, 1 = wpe1 implies that, for all n € Ny,

g LD(SCl)n, Swn+1)/®(wnrwn+l)r m(a)n/ Swn)/ < 0
O(Wn+1, Sa)n+1)r @(wy, Swn+1) + @(Wn41, Sa)n) -

that is,
g (D(a)nJrl/ wn+2)/ (D(C()n, a)n+1 )/ (D((l)n, wn+l)/ < O
(D(a)n+1/ wn+2)/ m(wnr C‘)n+2) + cD(wn+1/ wn+1) -

By the property (ps),
@(Wn, Wp+2) £ D(Wn, Wn+1) + A(Wn+1, Wn+2) = A(Wn+1, Wn+1)-

Then, using (G1), we obtain

G (D(a)n+1/ Cl)n+2)r m(wm Cl)n+1)r@(wnz a)n+1)/ <0
(D(wn+1/ a)n+2)/ (D(a)n/ a)n+1) + w(wn+1/ a)n+2) -

It follows from (G,) that there is /i € [0, 1) such that
@(Wn+1, Wn+2) < hd(Wn, @p41)- 3)
For m > n, using (p4) we obtain

@(wWn, Wm) £ Wy, Wp41) + - - - + A(On4im—1, Vnem)
= @(Wn+1, Wn+1) — (Wn+2, Wp42) = - - -
< O(Wn, Wps1) + -+« + O(Wn4m—1, Onem)
<+ W+ L+ D o(wo, wr)
n
1-h

Thus, limy, e @(wn, @) = 0 and {w,} is a Cauchy sequence (in (E, @), as well as in (E, ®°)). Since the space
(E, ), as well as the space (B, ®°), is R-complete, there is w* € E such that lim,_,., v, = @" in (§, ®°). By the
condition (Cs), it follows that

<

@(wo, w1).

o’ = lim w41 = lim Sw, = Sw”.
n—oo

n—oo

In other words, w* € FixS. O

Theorem 3.7. If G € & and the condition (Cs) is replaced by:
(CY) (B, @, %K) is regular,

then the conclusion of Theorem 3.6 holds.

Proof. As in the proof of Theorem 3.6, we have that {S"wy} is a Cauchy sequence, and hence there is w* € E,
so that

o(w*, w*) = lim o(w,, w") = lim o(w,, w,) = 0.
n— oo 1,1Mm—00

Since the sequence {w,} is R-preserving and w, =™ «*, then, by (C7), [w,, @*] € R.
Consider, further, two cases depending on whether K = {n € N : Sw, = Sw"} is finite or not.
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e Let K be finite. Then, for some ny € IN, it is Sw, # Sw* for all n > ny. It follows from (C4) for

O

(wy, w*) € R that, for all n > ny,

G(o(Sw,, Sw), o(w,, v"),0(w,, Sw,), d(w*, Sw"),
o(w*, Swy) + @(wy,, Sw™)) < 0.

By continuity of G, passing to the limit as n — oo, we obtain that

G(lim &(Sw,, Sv'), 0,0, d(w", Sv*), lim ®(w,, Sw*)) < 0.

By (ps4), we have

@(wy, Sw*) £ o(wy, Swy) + O(Sw,, Sw*) — d(Sw,,, Swy,)
< o(w,, Swy) + o(Sw,, Sw’),

hence
Iim o(w,, Sw) < lim ®(w,,, Sw,) + Iim ®(Sw,, Sw*)

< lim o(Swy,, Sw’),

n—oo

and using (G1) we obtain

Q(&l_r)n ®(Swy, Sw*), 0,0, d(w, Sw"), JI_I)II ®(Sw,, Sw")) < 0.

By (G»), it follows that there exists 1 € [0, 1) such that

lim ®(Sw,, Sw*) < ho(w*, Sw*). 4)
n—00

But, by (ps4) we have

o(w*, Sw")) £ o(w*, Swy) + (Swy,, Sw*) — O(Swy, Swy,)
< o(wy, Swy) + d(Swy,, Sw")

so that

o(w*, Sw’) < lim o(Swy,, Sw"). (5)

Combining (4) and (5), we get (1 — h)@(w*, Sw*) < 0, a contradiction. It follows that Sw* = w".
Let now K be not finite, so that there is a subsequence {w,} of {w,} satisfying
Wyk+1 = Swn(k) = Sa), for all k € IN.

As wpg =" *, it again follows that Sw* = w".

Further, we present a sufficient condition for the uniqueness of fixed point of the mapping S.

Theorem 3.8. Let the assumptions of Theorem 3.6 hold, and suppose that G € & and that B(w, n; R|z) # O for all
w, 1 € Fix(8). Then the fixed point of the mapping S is unique.

Proof. Suppose that there exist w*, 1" € Fix(S) with w* # n*. By the assumption B(w, ; R|z) # O, it follows
that there exists a path {Co, (1, . . ., ¢} in R joining w* with " (we can assume that (; # Cj4q foralli, 0 <i < k-1).
This means that
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Co=w", G =n",and ((;, Ci+1) e Rforeachi, 0 <i< k-1
Since (; € Fix(8), itis SC; = {; foralli,0 <i < k—1, and we have

G @(SCi, 8Civ1), @(Cj, Ciz), @(Ci, SC), <0
®(Cis1, SCis1), @(Ci, SCis1) + @(Civ1, SC) )~ 7

ie.,

g (D(Czr C1+1) (D(Cl/ C1+1) (D(Clr C ) 0
CD(Cz+1/ C1+1) CD(Cz/ C1+1) + CD(C1+1/ C )

hence
g (Q(Cir Ci+1)/ O(Ci/ Ci+1)/ 0/ O/ ZLD(Ci/ Ci+1)) < O/

a contradiction with (G4). Hence, the theorem is proved. [

4. Illustrations
Example 4.1. Let a partial metric be defined on the set & = [0,1] by ®(w, n) = max{w, n}, forall w,n € E, and let a

binary relation be given on E by

(@, n) € R ifand only if w,n € {0} U {81 ne]N}

Let a self-mapping on E be defined by Sw = § for all w € E. Then, the conditions (C1)~(Cs) and (Cs) of Theorem 3.6
are fulfilled. Let us check condition (Cy). Taking into account Example 3.1, the relation (2) reduces to

o(Sw,Sn) <ad(w,n) +bo(w, Sw) + co(n, Sn) +d[o(w, Sn) + @(n, Sw)]. (6)
We have to consider two non-trivial cases for (w,n) € R, ie., 0 <nw < %
1° Let w = 0and n=1/8", n € N, (or vice versa). Then (6) reduces to
1 1 1
<(@a+c)- —+d [8n+1 +8_”]'
2° Ifnwe{l/8"|neN},0<n<w,ie,n<w/8, then (6) reduces to

[ [
gs(a+b)-a)+c-n+d-[w+§].

These inequalities are fulfilled fora =b=c=d =1/8 (sothata + b+ c+2d < 1).
Hence, the condition (Cy) is also fulfilled. Thus, by Theorem 3.6, there is a (unique) fixed point of S in E (which
is w* =0).

Example 4.2. Let again the partial metric @ be defined on the set E = [0,1] by @(w, 1) = max{w, n}, forall w,n € &,
and let a binary relation be given on E by

=000 () (o o342

Let S : E — E be defined by

S(w) = {

<w
<

INIA
bl

4

o= O
o= O



H. K. Nashine et al. / Filomat 38:2 (2024), 645-660 652

It is again easy to see that the conditions (C1)—(Cs) hold true,
In order to check condition (Cy4), note that, by Example 3.2, the relation (2) reduces to

@(Sw, 8n) < kmax {o(w, n), @(w, Sw), (1, SN), d(w, SN) + ©(1, Sw)} . (7)
In order to check that this is fulfilled, we have to consider two nontrivial cases:

e If(w,n) = (0,1), then (Sw, Sn) = }, @(w, 1) = 1, @(w, Sw) = 0,@(n, Sn) = 1, @(w, Sn) = ¢, @(n, Sw) =1,
and the condition (7) reduces to 1/6 < 7k/6.

o If(w,n) =(3,1), then ®(Sw, Sn) = §, d(w, 1) =1, d(w,Sw) = 0,0(n,Sn) =1, d(w, Sn) = }, @1, Sw) =1,
and the condition (7) reduces to 1/6 < 7k/6.

Both these inequalities are fulfilled if k € (0,1/2). Thus, the condition (Cy) is satisfied.
Finally, we have to check the condition (C;). Let (w,) be an R-preserving sequence in E that converges to w. Then,

(@n, Wp1) € {(0,0),(%,0),(0, %)(% %)}

implying that w, € {0, %} It follows that w, — 0 or w, — % as n — oo and we have [w,, w] € R foralln € N,
where w =0 or w = % Hence (Cy) is satisfied.
By Theorem 3.7, we conclude that S has a fixed point (w* = 0).

5. Application to nonlinear matrix equations

Let 9, (resp. B,,) denote the set of all Hermitian (resp. positive definite) n X n matrices over C. Denote
by s*(8) = |8l the trace norm (i.e., the sum of all singular values) of a matrix 8 € $,. If C, D € H,, we will
write C > D (resp. C > D) if the matrix C — D is positive semi-definite (resp. positive definite). Particularly,
X € B, if X > O. The unit n X n matrix will be denoted by I,.

Recall the following known facts.

Lemma 5.1. [17]
(a) If A, B are positive semi-definite n X n matrices, then

0 < tr(AB) < || Al tr(B).

(b) If Ae Hyand A <1, then ||Al| < 1.

We are going to prove the existence and uniqueness of the solution of nonlinear matrix equation
m
X=8+) ATX)A; 8)
i=1

where 8 € P, A’ denotes the conjugate transpose of an n X n matrix A; and 7 : , — P, is an order-
preserving and continuous (in the trace norm) mapping satisfying 7 (O) = O.

Theorem 5.2. Suppose that the following conditions are fulfilled:

(H1) LiL AT (BA; > O;
(Ha) There exists a positive real number n such that ;") A;A; < nl,;



H. K. Nashine et al. / Filomat 38:2 (2024), 645-660 653

(Hs) Forsomek € (0,1/2), and forall X, Y € B, with X < Y and

Y ATN0A Y AT WA,

i=1 i=1

it is

max {|s+(za + Y ATX)A "B+ ﬂ;ff(y)ﬂm}
i=1 i=1
max{|s*(X)], Is* (Y},
max{ls*(X)], Is*(B + L2 AT (X)A)},
<k-max{ max{ls*(Y)|[s*(B + L2, AT (Y)A)},
max({ls*(X)],s*(8 + L AT (V) A},
max{ls* ()| + |s*(B + LiLy AT (XA}

Then the equation (8) has a unique solution. Moreover, if Xo € B, satisfies Xo < B+ Y.1L) AT (Xo)A;, then the
iterations

Xo=B+ ) AT (X)) Ay ©)

i=1
converge (in the trace norm) to the mentioned solution of (8).

Proof. Consider the mapping S : P, — B, given by
S(X) =B+ ) AT(X)A, for X € Py,
i=1

and the binary relation R = {(X,Y) € B, X B, : X < Y}. Itis clear that a fixed point of the mapping S is a
solution of the matrix equation (8). It is easy to see that S is well defined and R-continuous, and that R is
S-closed. The condition (H;) implies that (8, S(8)) € R and hence B,(S;R) # 0.

If ®: P, x P, = R, is defined by

(X, Y) = max{||X]|, |YI} for X, Y € B,,,

then (B,;, ®, R) becomes a complete R-relational PMS.
The following estimate follows from the condition (H3):

o(S(X), S(¥)) = max{lISX)II, IS}

- max {|s+(B + Y ATX)A) "B+ Y ﬂ;fr(y)ﬂm}
i=1 i-1
max({|s*(X)|, [s* (M)},
max{ls*(X)], [s*(B + L2y AT (X)A)I},
<k-max{ max{ls*(Y)|,[s"(B + L AT (Y)A),
max{|s*(X)|, 1s*(B + LiL; AT (V) A}
+max{ls* (Y], [s"(B + L AT (X)A)}

max{[|X]], Y11}, max{[|X]], [S(X)Il},
= k- max max{[lY||, ISM)Il},
max{[|X]|, IS} + max{||Y|, IS(X)II}

(X, Y), o(X, S(X)), } '

oY, S(V)), (X, SWM)) + oY, S(X)) (10)

=k~max{
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Consider the function G € ® given as
G(11, 12, T3, T4, T5, T6) = 11 — kmax({1y, T3, T4, T5},
where k € (0,1/2). Then (10) can be written as

G o(S(X), S(Y)), d(X, V), @(X,S(X)), | _
oY, SWY)), (X, SWY) +oY,S(X)) |~

654

(11)

Hence, the hypotheses of Theorem 3.6 are fulfilled. It follows that there exists X € B, such that S()A( )= X,
i.e., the equation (8) has a solution in P8,,. Moreover, since for each pair X, Y € 3, there exist its least upper
bound and greatest lower bound, we have that B(X, Y; Rly,) # 0 for all X, Y € P,,. It follows from Theorem

3.8 that the fixed point of the mapping S is unique, and hence so is the solution of the equation (8) in ;..

Example 5.3. Let

ﬁ:(,”?o )ecw, B
i+j-1

a C:(‘ 250 ) e Chn.
i+j-1

I

Y

1

and define the matrices

DI =T +AA D,=T+8B8B D;=I+CC,

A, = Dl—(l/z)ﬂz)l—(l/z)’ Ay = DZ—(UZ)BD;(UZ)’ As = @;(1/2)61);(1/2).

Token =4,1 =5,

0.0010 0.0000 0.0000 0.0000
0.0000 0.0010 0.0000 0.0000
0.0000 0.0000 0.0010 0.0000]|"
0.0000 0.0000 0.0000 0.0010

B =

and T(X) = X% in order to test our algorithm. As initial values take

[0.0127 0.0170 0.0212 0.0253]
X = 0.0170 0.0229 0.0288 0.0346
07 10.0212 0.0288 0.0364 0.0438|’

10.0253 0.0346 0.0438 0.0528]

10.0064  0.0085 0.0106 0.0126]
y 0.0085 0.0115 0.0144 0.0173
9710.0106 0.0144 0.0182 0.0219
0.0126 0.0173 0.0219 0.0264]

[0.0032 0.0042 0.0053 0.0063]
Zo = 0.0042 0.0057 0.0072 0.0086

97 10.0053 0.0072 0.0091 0.0109
10.0063 0.0086 0.0109 0.0132]

where Xo, Yo, Zo € Pa.
The obtained numerical values are presented in Table 1.

~

~

Table 1.

Int. Mat | T(X) | k | n | Dim | Iter no. CPU Error | Min(Eig)
Xo X2 1025 4 6 0.020962 | 0.1826 | 0.0010
Yo Y2 02]5] 4 6 0.019376 | 0.0298 | 0.0010
Zo ZZ |02|5] 4 6 0.019852 | 0.0118 | 0.0010

O
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After six iterations, the following positive-definite solution is obtained (in long format):

X+
0.00100049335413  0.00000065778631 0.00000082210697  0.00000098614825
_10.00000065778631 0.00100088797688  0.00000111802585  0.00000134774589
~ 10.00000082210697 0.00000111802585 0.00100141377430 0.00000170914209
0.00000098614825 0.00000134774589 0.00000170914209 0.00100207011786

The presentation of convergence and solution plot are given in Figures 1 and 2.

100 3
—&— Initial X0
—#— Initial YO
Initial Z0

Error

1010

10715 L L
5 6 7

1 2 3

.
Iterations

Figure 1: Convergence behavior

Surface of the PDS solution

Figure 2: Surface plot
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6. Application to Riesz-Caputo fractional differential equations

In this section, we investigate the existence and uniqueness of solution of an anti-periodic boundary
value problem (APBVP) for the Riesz-Caputo fractional differential equation of the form

D) = o, x(9), ve@3], 0<p<¢ 12)
#(0)+x(0) =0, y1x/(0)+ 6%/ (€) =0, #”(0)+x"() =0, (13)

where RSD is the Riesz-Caputo derivative and ¢ : [0,£] X R — R is a continuous function.
We first introduce some related notions and recall some auxiliary results.

Definition 6.1. [6] Let v > 0. The left and right Riemann-Liouville fractional integral of order v of a function
un € CI0, £] are defined as follows:

Tix() = % fo (-9 x(Qde, pel0,d]

1 ¢
T'x(p) = —f ¢-9)'x(o)de, 9 el0,L].
19 = 75 ]« ©

Definition 6.2. Let v > 0. The Riesz fractional integral of order v of a function » € C[0, €] is defined as

1
oZyu(9) = 5 (Z5x(9) + eI %(9)). (14)
Definition 6.3. [6] Let v € (m,m+1], m € IN. The left and right Caputo fractional derivative of order v of a function
x € C"™0, €] are defined as:
Cqyv m-v_,(m+1)
D) = p [ o=

— (Im+1 vz)m+1)%(5p)

\4 )m+1 m-v m+
gﬂf%(p) F(m+1 1/)‘f(S 2 " Dd

— (_1)m+1 ([Im+1 vz)m+1) %(p)
where D is the ordinary differential operator.

Definition 6.4. Let v € (m,m + 1], m € IN. The Riesz-Caputo fractional derivative "SD % of order v of a function
x € C"™0, €] is defined by

¢
SSDp(p) = s [ 195 P Vs
( -v) Jo
=5 ~ (SDh(p) + (<11, ()
1 ((]m+1 V@m+l)%(p) +( 1)m+1( ]'erl vz)m+l)%(p))
Lemma 6.5. [6] Let x € C™[0,{] and v € (m, m + 1]. Then the following hold:

1

10
oI 5Dl () = () - Z% 96—y,

=0
-1

—1Y 0
T = 2t9) - Y, T - .

-
1l
(=}
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When v € (2,3] and x(p) € C3(0,£), we have

TS D() =(9) ~ 30) + x(0] = 21O + X (Ol + 550

2
(52 - 2550) 7"

1 (15)
— O+ x"(019* ~

Lemma 6.6. Suppose that x € A := C([0,¢],R), x € C3([0, £]), and y1,61 are nonnegative constants with y1 > 61.
Then the fractional APBVP of order (2,3]

KDin(p) = x(p), ve(23], 0<p<{( (16)
1(O0)+%x(0) =0, y1x' ) +&:%'(0) =0, x"(0)+x"(£) =0, (17)

is equivalent to the integral equation

—2805)/1 + 352)/1 f( 3
£—¢) d

(y1—-061)p + O ve2
+ f (€= 2x(0)d (18)

- _ -1 d v-1 d
F(V)fo(xo ¢)" " x(e) C+r( )f(c )" x(c)de.

Proof. From (16) and (15), we conclude that

xn(p) =

x9) = 2100 + (O] + 20C0) +2(0) - 50
2
50/ 0) 4 5(0) + 1O = 29) + o Ta(o)
Pl b
= 20O+ 1 0) - 50

502 ” 7" 1 ” 2
+—(% 0) + » ({’))+—2«t O)(€* = 2Lp) (19)
To) f(sO Q)" x( c)dc+mf(g 0" x(c) de.

Then
A (p) = . (% 0) + /() + (%"(0) + %" (0) - %"(5)

el R CL f (¢~ o) 2x()de

and

®"(p) = 1(%"(0) +x"(0) + f (= <)x(c)de

F(v 2)

r(v ) f (c—9)"x(c) de.
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Applying APBVP (17), we have

/ 261¢ o
0= 2(y1+61)I(v —2) f (€= 9)"x(c)de
_% -,

x'(0) = 2)[ t—¢c)"” 3)((@

oy —2y1¢ -
X0 = e D) f (€ =9 x(c)de

27/1 v=2
T+ or—1) fo (€ =) x(c)dc,

1) = mfo (L= <)"x(c)de.

Inserting the quantities that we have obtained from »’(0) to %" ({) into (19), we get (18). O

We are now ready to introduce the appropriate conditions for our APBVP to have the unique solution.
Let C[0, £] be the space of continuous functions x# defined on [0, £] with norm ||%|| = sup el0.0] [2(c)l.

Theorem 6.7. Let ¢ : [0,{] xR — IR be a continuous function. Suppose that there exists a nonnegative real number
A such that for all (¢, 9), (¢, ») € R?, we have

(A1) max{lp(c, 9, lp(c, 20} < Amax{|9], x|}, Y< € [0, £];

)/1{"’ —(Slfv 25‘/

A o+ o0t =1) T Or +o0T() T T+ D)

])\ <L
Then the problem (12) has a unique solution on [0, £].

Proof. We convert fractional AVBVP (12)-(13) into integral equation using operator J : A — A of the form

L

200y, + 3£?
DINTOU T [ 0= oy 3e(c, (c)) de
0

4(')/1 + 61)F(V - 2)
(y1-01)p + {1
(y1+0)I(v-1)

1 9 v—1
‘s fo (9 — )" 1(c, (<)) de

Iu(p) =

l
f (€= )" 2p(c, 1(c)) de
0 (20)

1 .
T ﬁ (c—9)""plc, x(c))de.

Due to continuity of ¢ on A, J is continuous.
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For x#, % € A and for each ¢ € [0, £], we have

max{| Ia(p)l, 1Ix(p) |}
=206y + 3021 ‘ -3 n
< FTEPN i X j(; (€ = ¢)" " max{| p(c, #(c))l, lp(c, #(c)) l}dc

(y1=061)p + {1
(r+o)f(v-1)

+L f Q(@ - ¢)" " max{l p(c, %())l, lp(c, %(c)) e
rwv) Jo ’ ’ ’

¢
Tw) , (c = )" max{] p(c, %(c)l, lp(c, %(c)) llde

< ’i
- 4:(]/1 + 61)F(v - 1)
(1 -6+ 4 - 2
1 + 50T ) 7 Amax{|x], [#]} + Tw+1)
[ yit" L e o
41 +0)I(v-1)  (n+6)I(v) T(v+1)

f (€ = c)' 2 max{| p(c, x(c))l, lp(c, %x(c)) INde

€A max{|x|, [x])

A max{lx], [}

max{[[¢ll, I[l}.

. y1it” -010" 20"
Set & = @sore D t Grrentm T M- Lhen

| In(p) — In(p) I< EA max{]lx|l, [[]1}.
Define relational PMS (A, @, <) on A? as @(x, %) = max{||»||, |||} with usual binary relation. Then
(I, Ix) = max{[|Tx|, 1T} < EA max{|lx|l, [[x]]}.

By virtue of Example 3.1, J is a @-implicit contractive mapping for a = £A, B = 0 = y = 6. Hence, following
Theorem 3.6, J has a unique fixed point, that is, there is a unique solution of the problem (12)-(13). O

Example 6.8. Consider the following nonlinear FDE with Riesz-Caputo derivative:

RCqy3 — (W)
0@1 %(50) - \/m /P € [Orl]r (21)
%(0)+x(1) =0, 3x'(0)+1(1) =0, x”(0)+x"(1) =0.

Here, v = g,yl = 3,00 = % and @ (p, #(p)) = ((L)‘:z(f)‘ Then, the assumptions (A1)—(Ay) are satisfied with

Vit

A= ‘/1;;’2 with EA = 0.25249 < 1. By using Theorem 6.7, the problem (12)—(13) has a unique solution on [0, 1].

Example 6.9. Consider the fractional APBVP

RC 5 o |2(p)]
Di1w) = Sm(7+l}t(s@)l)’ 0<p=<l @)

©(0) + x(1) =0, %%’(0) + %%’(1) =0 x"(0)+x"(1)=0.

Here, v = %,yl = %,61 = % and ¢ (p, #(p)) = (3‘;;;;”) sin(7|f|£§zo|)l). Then, the assumption (A1)-(Ap) is satisfied with

A = 1 with EA = 0.1567 < 1. By using Theorem 6.7, the problem (12)-(13) has a unique solution on [0,1].

Data Availability

No data were used to support this study.



H. K. Nashine et al. / Filomat 38:2 (2024), 645-660 660

Competing Interest

The authors declare that there are no competing interests regarding the publication of this manuscript.

Acknowledgments

We are thankful to the reviewer and Editor, Professor Adrian Petrusel for accepting our work.

References

(1]
[2]
3]

[4]
(5]

(6]

[7]

(8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

M. Ahmadullah, J. Ali, M. Imdad, Unified relation-theoretic metrical fixed point theorems under an implicit contractive condition
with an application, Fixed Point Theory Appl. 2016:42 (2016).

M. Ahmadullah, M. Imdad, Unified relation-theoretic fixed point results via Fr-Suzuki-contractions with an application, Fixed
Point Theory 21(1) (2020), 19-34.

M. Ahmadullah, M. Imdad, M. Arif, Relation-theoretic metrical coincidence and common fixed point theorems under nonlinear
contractions, Appl. Gen. Topol. 19(1) (2018), 65-84.

A. Alam, M. Imdad, Relation-theoretic contraction principle, J. Fixed Point Theory Appl. 17(4) (2015), 693-702.

I. Altun, A. Erduran, Fixed point theorems for monotone mappings on partial metric spaces, Fixed Point Theory Appl. 2011
(2011) Article ID 508730, 10 pages.

A. Kilbas, H. H. Srivastava, J. Trujillo. Theory and applications of fractional differential equations, vol. 204, North-Holland
mathematics studies, Elsevier, Amsterdam, 2006.

B. Kolman, R. C. Busby, S. Ross, Discrete Mathematical Structures. 3rd ed., PHI Pvt. Ltd., New Delhi, 2000.

S. Lipschutz, Schaum’s Outlines of Theory and Problems of Set Theory and Related Topics. McGraw-Hill, New York (1964).

R. D. Maddux, Relation Algebras. Studies in Logic and Foundations of Math- ematics. 150, Elsevier B.V., Amsterdam (2006).

S. G. Matthews, Partial metric topology, Proc. 8th Summer Conference on General Topology and Applications, Ann. New York
Acad. Sci. 728 (1994) 183-197.

J. Matkowski, Integrable solutions of functional equations, Dissertationes Math. 127 (1975), 1-68.

J. Matkowski, Fixed point theorems for mappings with a contractive iterate at a point, Proc. Amer. Math. Soc. 62 (1977), 344-348.
J.J. Nieto, R. R. Lépez, Contractive mapping theorems in partially ordered sets and applications to ordinary differential equations,
Order 22 (2005), 223-239.

J.J. Nieto, R. R. Lépez, Fixed point theorems in ordered abstract spaces, Proc. Amer. Math. Soc. 135 (2007), 2505-2517.

S. Oltra, O. Valero, Banach’s fixed point theorem for partial metric spaces, Rend. Istit. Math. Univ. Trieste 36 (2004) 17-26.

V. Popa, A. M. Patriciu, An unified theorem for mappings in orbitally complete partial metric spaces, European J. Pure Appl.
Math. 10(4) (2017), 908-915.

A. C. M. Ran, M. C. B. Reurings, On the matrix equation X + A*F(X)A = Q: solutions and perturbation theory, Linear Algebr.
Appl. 346 (2002), 15-26.

A.C.M. Ran, M. C. B. Reurings, A fixed point theorem in partially ordered sets and some applications to matrix equations. Proc.
Amer. Math. Soc. 132 (2004), 1435-1443.

B. Samet, M. Turinici, Fixed point theorems on a metric space endowed with an arbitrary binary relation and applications,
Commun. Math. Anal. 13 (2012), 82-97.

M. Turinici, Abstract comparison principles and multivariable Gronwall-Bellman inequalities, J. Math. Anal. Appl. 117 (1986),
100-127.

M. Turinici, Fixed points for monotone iteratively local contractions, Demonstratio Math. 19 (1986), 171-180.



