Filomat 38:2 (2024), 669-704

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2402669B

University of Ni8, Serbia
Available at: http://vwww.pmf.ni.ac.rs/filomat

A
Wy, @“‘
i axs

2,
%,
e,

¥
5
TIprpor®

Resolvent operator technique and iterative algorithms for system of
generalized nonlinear variational inclusions and fixed point problems:
Variational convergence with an application

Javad Balooee?, Suliman Al-Homidan’*

?School of Mathematics, Statistics and Computer Science, College of Science, University of Tehran, Tehran, Iran
bDepartment of Mathematics, King Fahd University of Petroleum & Minerals, Dhahran, Saudi Arabia
Center for Smart Mobility and Logistics, King Fahd University of Petroleum & Minerals, Dhahran, Saudi Arabia

Abstract. This article is devoted to investigate the problem of finding a common point of the set of fixed
points of a total uniformly L-Lipschitzian mapping and the set of solutions of a system of generalized
nonlinear variational inclusions involving P-n-accretive mappings. For finding such an element, a new
iterative algorithm is suggested. The concepts of graph convergence and the resolvent operator associated
with a P-n-accretive mapping are used and a new equivalence relationship between graph convergence and
resolvent operators convergence of a sequence of P-n-accretive mappings is established. As an application
of the obtained equivalence relationship, we prove the strong convergence and stability of the sequence
generated by our proposed iterative algorithm to a common element of the above two sets. These results
are new, and can be viewed as a refinement and improvement of some known results in the literature.

1. Introduction

The theory of variational inequalities, which was first studied independently by Stampacchia [59] and
Fichera [25] in 1964, has been widely studied and continues to be an active topic for research. One of the
primary reasons for this is that a large variety of problems arising in the fields like optimization and control,
engineering science, mechanics, game theory, elasticity, physics, economics, transportation equilibrium, etc.,
can be formulated as variational inequalities. It is to be noted that a wide class of problems arising in diverse
branches of pure and applied sciences lead to mathematical models which cannot be expressed in terms of
variational inequalities, but one can formulate them as generalized forms of variational inequalities.

The need to formulate and study these types of problems has motivated many authors to develop
and generalize various kinds of variational inequalities in many different directions using novel and
innovative techniques, see, for example, [4-6, 8, 20] and the references therein. Among these generalizations,
variational inclusion has emerged as an efficient and productive mechanism for studying a large variety
of problems arising in various applications. The development of solution methods and the construction of
iterative algorithms by means of them for the approximation of solutions of different classes of variational
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inequalities and their generalizations have been the subjects of many research papers in the past decades.
The method based on the resolvent operator technique, as a generalization of projection method, has been
recognized as a strong tool for studying the approximation solvability of nonlinear variational inequalities
and variational inclusions and has become more and more popular. For details, we refer the reader to
[3,9,21-24, 38, 40, 45, 55, 62] and the references therein.

The initiation of the study of problems with monotone mappings dates back to the sixties with the
pioneering studies due to Browder [14] and Minty [52, 53]. In fact, the need to study integral and partial
differential equations, and as well as the theory of convex functions have given rise to the emergence of
monotone operators and in particular maximal monotone ones. Due to their extraordinary utility and
broad applicability in many areas of pure and applied mathematics such as optimization and nonlinear
analysis, monotone operators and maximal monotone operators continue to receive great attention and
the development and generalization of them are being the focus of attention of researchers coming from
mathematics and many other disciplines. The notion of accretive operators was initially introduced by
Browder [15] and Kato [37] independently. Those accretive operators which are m-accretive or satisfy the
range condition play an important role in the study of nonlinear semigroups, differential equations in
Banach spaces, and fully nonlinear partial differential equations. Over the last few decades, the interests
have focused on extensions of maximal monotone operators and m-accretive mappings and there has
been substantial progress made by researchers in this direction. The introduction of the class of P-n-
accretive mappings in a real g-uniformly smooth Banach space setting, as a unifying framework for the
classes of maximal 7-monotone operators [30], n-subdifferential operators [19, 46], generalized m-accretive
mappings [31], H-monotone operators [22], general H-monotone operators [64], H-accretive mappings [21]
and (H, n)-monotone operators [24] was first made by Kazmi and Khan [40] in 2007. They defined the
resolvent operator (P-n-proximal-point mapping) associated with a P-n-accretive mapping and deduced
some properties relating to it. One year later, inspired and motivated by the results derived by the
authors in [40], Peng and Zhu [55] reviewed the class of P-nj-accretive mappings and provided the updated
versions of properties concerning them. They considered a system of variational inclusions involving
P-n-accretive mappings in real g-uniformly smooth Banach spaces and proved the existence of a unique
solution for it under some suitable assumptions. To approximate the unique solution of the system of
variational inclusions, they suggested a Mann iterative algorithm and discussed its convergence under
some appropriate conditions.

The study of the concept of graph convergence for operators is due primarily to Attouch [7] in 1984. He
focused on maximal monotone operators and established an equivalence between the graph convergence
and resolvent operators convergence of a sequence of maximal monotone operators. Since then, many
efforts have been devoted to the development and extension of this notion for other generalized monotone
operators and generalized accretive mappings existing in the literature. More details along with relevant
commentaries, can be found in [3, 7, 32, 41, 49, 62] and the references therein.

On the other hand, since the appearance of the theory of nonexpansive mapping in the sixties, due to
the existence of a deep and close relation between the class of nonexpansive mappings and monotone and
accretive operators, two classes of operators which arise naturally in the theory of differential equations,
it has increasingly received much attentions by many researchers. It is well known that the study of
fixed point theory, which consists of many fields of mathematics such as mathematical analysis, general
topology and functional analysis, began almost a century ago in the field of algebraic topology. It is a very
active field of research activity and already a vast body of literature has grown on the subject. Due to its
importance, depth, applicability and usefulness, fixed point theory still attracts great attention from many
mathematicians and researchers. Since 1965 considerable efforts have been done to study the fixed point
theory for nonexpansive mappings in the setting of different spaces, see, for instance, [27, 42]. Besides,
over the last 50 years or so, there has been considerable activity in the introduction of various classes of
generalized nonexpansive mappings in the framework of different spaces. One of the first attempts in this
direction has been made by Goebel and Kirk [26] in 1972, who introduced the notion of asymptotically
nonexpansive mapping as a generalization of nonexpansive mapping. Afterwards, the efforts to introduce
the widest class of generalized nonexpansive mappings have been continued. In 2014, Kiziltunc and Purtas
[44] succeeded to introduce the notion of total uniformly L-Lipschitzian mapping which can be viewed as
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a unifying framework for the classes of nonexpansive mappings, asymptotically nonexpansive mappings
[26], nearly asymptotically nonexpansive mappings [57], total asymptotically nonexpansive mappings [2],
and several other classes of generalized nonexpansive mappings appeared in the literature. A detailed
study of these generalizations can be found in [2, 9, 26, 44, 54, 57] and the references therein. It is a well-
known truth that there is a strong connection between the variational inequality/inclusion problems and
the fixed point problems. This fact has motivated many investigators to present a unified approach to these
two different problems. We refer the reader to [4, 5, 9-13, 16, 33, 36, 56, 58, 60, 61] for more details and
further information.

The rest of the paper is organized as follows. We recall some basic notions, notations, and properties
of P-n-accretive mappings, together with some examples and preliminary results concerning them in
Section 2. In Section 3, a system of generalized nonlinear variational-like inclusions (SGNVLI) involving
P-n-accretive mappings is considered and the existence and uniqueness of its solution is demonstrated
under some suitable assumptions imposed on the parameters and mappings in the SGNVLI. In Section
4, applying the notions of graph convergence and the resolvent operator associated with a P-n-accretive
mapping, a new equivalence relationship between the graph convergence of a sequence of P-nj-accretive
mappings and their associated resolvent operators, respectively, to a given P-n-accretive mapping and its
associated resolvent operator is established. We investigate the problem of finding a point which belongs
to the intersection of the set of solutions of the SGNVLI and the set of fixed points of a total uniformly
L-Lipschitzian mapping. To achieve this end, we suggest a new iterative algorithm. Finally, in Section 5, as
an application of the equivalence relationship obtained in Section 4, the strong convergence and stability
of the sequence generated by our proposed iterative algorithm to a common element of the above two sets
are proved.

2. Preliminary Materials and Basic Results

In what follows, unless otherwise stated, we always let E be a real Banach space with a norm ||.||, E* be
the topological dual space of E, {., .) be the dual pair between E and E*, and 2E denote the family of all the
nonempty subsets of E. For the sake of simplicity, the norm of E* is also denoted by the symbol ||.|. As
usual, x* will stand for the weak star topology in E*, and the value of a functional x* € E* at x € E is denoted
by either (x, x*) or x*(x), as is convenient. At the same time, the symbols Sg and B are used to represent the
unit sphere and the unit ball in E, respectively.

For a given multi-valued mapping M : E — 2F,

(i) the set Graph(M) defined by
Graph(M) :={(x,u) € EXE : u € M(x)},

is called the graph of M;
(ii) the set Range(M) given by the formula

Range(M) :={y€ E:dx € E: (x,y) € M} = UM(x)

x€E

is called the range of M.

Definition 2.1. A normed space E is called

(i) smooth if for every x € Sg there exists a unique x* € E* such that ||x|| = (x,x*) = 1,
(ii) strictly smooth if Sg is strictly convex, that is, the inequality ||x + y|| < 2 holds for all x, y € Sg such that x # y.

It is well known that E is smooth if E* is strictly convex, and that E is strictly convex if E* is smooth.

Definition 2.2. A normed space E is said to be uniformly convex if, for each € > 0, there is a 6 > 0 such that if x and
y are unit vectors in E with ||x — y|| > 2¢, then the average (x + y)/2 has norm at most 1 — 6.
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Hence, a normed space is uniformly convex if for any two distinct points x and y on the unit sphere
centered at the origin the midpoint of the line segment joining x and y is never on the sphere but is close to
the sphere only if x and y are sufficiently close to each other.

The function 6 : [0,2] — [0, 1] given by

. 1
Op(e) = inf{l = Slx + yll : 5, y € E lidl = llyll = 1, lx = yll = &}

is called the modulus of convexity of E. The function O is continuous and increasing on the interval [0, 2]
and 6g(0) = 0. Clearly, thanks to the definition of the function 0g, a normed space E is uniformly convex
if and only if 6g(¢) > O for every ¢ € (0,2]. In the particular case of an inner product space H, we have

Sp(e) =1— \J1- 4.

Definition 2.3. A normed space E is said to be uniformly smooth if, for all ¢ > 0 there is a T > 0 such that if x and y
are unit vectors in E with ||x — y|| < 27, then the average (x + y)/2 has norm at least 1 — e7.

The function pg : [0, +00) — [0, +00) given by

1
pe() = sup{o (i + ryll +llx —7yl) - 1: x, y € E, Il = llyll = 1}

is called the modulus of smoothness of E. It is worth noting that the function pg is convex, continuous and
increasing on the interval [0, +o0) and pg(0) = 0. In addition, pg(tr) < 7 for all T > 0. In the light of the

definition of the function pg, a normed space E is uniformly smooth if and only if lin(} pET(T) =0.

T

It is important to emphasize that in the definitions of 0g(¢) and pg(7), we can as well take the infimum
and supremum over all vectors x, y € E with ||x]|, |lyl| < 1. Any uniformly convex and any uniformly smooth
Banach space is reflexive. A Banach space E is uniformly convex (resp., uniformly smooth) if and only if E*
is uniformly smooth (resp., uniformly convex). The spaces I, L7 and Wﬁl, 1 <p < oo, m € N, are uniformly
convex as well as uniformly smooth, see [18, 29, 47]. In the meanwhile, the modulus of convexity and
smoothness of a Hilbert space and the spaces I?, L and Who1< p < oo, m € N, can be found in [18, 29, 47].

For an arbitrary but fixed real number g > 1, the multi-valued mapping J, : E — 2 given by

Jo@0) := (¥ € E": (w,x") = [Inll?, Il = IdlP™Y),  Vx € E,

is called the generalized duality mapping of E. In particular, |, is the usual normalized duality mapping. It is
known that, in general, J;(x) = Ix|17-2J(x), for all x # 0. Here it is to be noted that J; is single-valued if E is
uniformly smooth or equivalently E* is strictly convex. If E is a Hilbert space, then |, becomes the identity
mapping on E.

For a real constant g > 1, a Banach space E is called g-uniformly smooth if there exists a constant C > 0
such that pg(t) < Ct for all t € [0, +0). It is well known that (see e.g. [65]) L; (or I;) is g-uniformly smooth
for 1 < g <2 and is 2-uniformly smooth if g > 2.

Concerned with the characteristic inequalities in g-uniformly smooth Banach spaces, Xu [65] proved the
following result.

Lemma 2.4. Let E be a real uniformly smooth Banach space. For a real constant q > 1, E is g-uniformly smooth if
and only if there exists a constant c¢; > 0 such that for all x, y € E,

lle + ylI7 < 11xll7 + <y, Ja(0) + cqllyll?.

We now introduce some notation and terminology and present some elementary results which will be
used in later sections.

Definition 2.5. Let E be a real g-uniformly smooth Banach space and let P : E — E and n: EXE — E be the
mappings. Then P is said to be
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(i) n-accretive if,
(P(x) = P(y), J4(n(x, )y >0, Vx,y€E;

(ii) strictly n-accretive if, P is n-accretive and equality holds if and only if x = y;
(iii) y-strongly n-accretive (or strongly n-accretive with a constant y > 0) if there exists a constant y > 0 such that

(Px) = P(W), oG, ) = yllx - yll',  VYx,y €E;

(iv) p-Lipschitz continuous if there exists a constant u > 0 such that
IP(x) =PIl < pllx = yll,  Vx,y €E.

It should be remarked that if n(x, y) = x — y, for all x, y € E, then parts (i) to (iii) of Definition 2.5 reduce
to the definitions of accretivity, strict accretivity and strong accretivity of the mapping P, respectively.

Definition 2.6. [21, 55] Let E be a real g-uniformly smooth Banach space and P : E — E be a single-valued mapping.
A multi-valued mapping M : E — 2E is said to be

(i) accretive if
(U—20,J;(x=y)» =0, Vxu),(y,0) € Graph(M);

(if) m-accretive if M is accretive and (I + AM)(E) = E holds for every real constant A > 0, where I denotes the
identity mapping on E;
(iii) P-accretive if M is accretive and (P + AM)(E) = E holds for every A > 0.

Huang and Fang [31] introduced and studied the class of generalized m-accretive (also referred to as
m-n-accretive and also n-m-accretive [17]) mappings as a generalization of m-accretive mappings as follows.

Definition 2.7. [17, 31] Let E be a real g-uniformly smooth Banach space and 1 : E X E — E be a single-valued
mapping. The multi-valued mapping M : E — 2F is said to be

(i) n-accretive if
<Z/l -0, ]q(n(x/ y))) > 0/ V(x, M), (]// 'U) € Graph(M)/
(ii) generalized m-accretive if M is n-accretive and (I + AM)(E) = E holds for every real constant A > 0.

We note that M is a generalized m-accretive mapping if and only if M is n-accretive and there is no
other n-accretive mapping whose graph contains strictly Graph(M). The generalized m-accretivity is to be
understood in terms of inclusion of graphs. If M : E — 2F is a generalized m-accretive mapping, then adding
anything to its graph so as to obtain the graph of a new multi-valued mapping, destroys the n-accretivity. In
fact, the extended mapping is no longer n-accretive. In other words, for every pair (x, u) € E X E\ Graph(M)
there exists (y, v) € Graph(M) such that (u -7, J;(n(x, y))) < 0. In the light of the above-mentioned argument,
a necessary and sufficient condition for a multi-valued mapping M : E — 2F to be generalized m-accretive
is that the property

(u—-1v,J,(nx,y)) =20, Y(y,v)€ Graph(M)

is equivalent to (x, 1) € Graph(M). The above characterization of generalized m-accretive mappings pro-
vides a useful and manageable way for recognizing that an element u belongs to M(x).

Peng and Zhu [55], and Kazmi and Khan [40] were the first to introduce and study the concept of P-1}-
accretive (also referred to as (H, )-accretive) mapping as an extension of H-accretive (P-accretive) mapping,
(H, n)-monotone operator [24], H-monotone operator [22], generalized m-accretive mapping, m-accretive
mapping, maximal 7-monotone operator [31], and maximal monotone operator as follows.

Definition 2.8. [40, 55] Let E be a real q-uniformly smooth Banach space, P : E — Eand n: EXE — E be
single-valued mappings and M : E — 2% be a multi-valued mapping. M is said to be P-n-accretive if M is n-accretive
and (P + AM)(E) = E holds for every A > 0.
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With the goal of illustrating the fact that for given mappings P : E — Eand ) : EXE — E, a P-n-accretive
mapping need not be P-accretive, Peng and Zhu presented [55, Example 2.1] as follows.

Example 2.9. Let E=Rand P: E - E, n: EXE — E, M : E — 2F be defined as P(x) = x°, n(x, y) = x* — y/*
and M(x) = {x?,x* 8}, for all x, y € E, respectively. The authors [55] claimed that the mapping M is P-n-
accretive, but is not P-accretive and so it is not accretive. By careful checking, we found that there is a fatal
error in the mentioned example. In fact, picking vy = 2, u = x> and v = y*, taking into account that E is a
2-uniformly smooth Banach space, y*> > x and x* > y*, we yield
(=0, () = w=o,n(x,y) = (- yH" - y)
=~ -0 + 1) -y <0

and
w—v,hx-yy=w-v,x-y)=-y"Hx-y) <0,

i.e., the mapping M is neither n-accretive nor accretive. Thereby, contrary to the claim of the authors in [55],
M is neither a P-n-accretive mapping nor a P-accretive mapping.

They further presented the following example to show the fact that for given mappings P : E — E and
1 : E X E — E, a P-n-accretive mapping need not be generalized m-accretive (or m-n-accretive) mapping.

Example 2.10. Let E = R and the mappings P: E — E, 11 : EXE — Eand N : E — 2F be defined as P(x) = x°,
n(x,y) = x* — y* and N(x) = {x?,x2 + 1,2x> + 3}, for all x, y € E, respectively. They asserted that the mapping
N is P-n-accretive, but it is not m-n-accretive. By a careful checking, we discovered that contrary to the
claim of the authors [55, Example 2.2] is neither a p-n-accretive mapping nor an m-n-accretive mapping. In
fact, takingx =3,y =2,u = x% and v = 2x% + 3, in virtue of the facts that E is a 2-uniformly smooth Banach
space and x > y, we obtain

(=0, L(x, ) = w—-0v,1n0x,y) = —(*+3)x* - y*) <0
and
U=—v,hx-—y)=Wu-v,x-y) = —(x2 +3)(x—-y) <0,

which imply that N is neither n-accretive nor accretive. Accordingly, the mapping N is neither P--accretive
nor m-n-accretive.

In order to illustrate the fact that for given mappings n: EXE — E and P : E — E, a P-n-accretive
mapping may be neither P-accretive nor generalized m-accretive, we now present a new example as follows.

Example 2.11. Let m,n € IN and M,,x,(IF) be the space of all m X n matrices with real or complex entries.
Then

Mn(F) = {A = ( aij )lag € F,i=1,2,...,m;j=1,2,...,m;F=RorC}

is a Hilbert space with respect to the Hilbert-Schmidt norm

m n

1= (Y, Y layR), VA € My(F)

i=1 j=1

induced by the Hilbert-Schmidt inner product

(A,B) = tr(A'B) = Z Z dibij, YA € Mys(F),
i=1 j=1
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where tr denotes the trace, that is, the sum of diagonal entries, and A* denotes the Hermitian conjugate (or

adjoint) of the matrix A, that is, A* = A!, the complex conjugate of the transpose A, and the bar denotes
complex conjugation and superscript denotes the transpose of the entries. Denote by D, (IR) the space of all
diagonal n X n matrices with real entries, that is, the (i, j)-entry is an arbitrary real number if i = j, and is
zero if i # j. Then,

Dy(R) = {A = ( a;j )lay € Ra; =0if i # j;i, j=1,2,...,n)

is a subspace of M;;x,(R) = M,(R) with respect to the operations of addition and scalar multiplication
defined on M, (R). At the same time, the Hilbert-Schmidt inner product on D, (IR) and the Hilbert-Schmidt
norm induced by it become as

(A,B) = tr(A’B) = tr(AB)

and
n 1

IAll = VKA, A) = ir(Aa) = () ),

i=1

respectively. Taking into account that every finite dimensional normed space is a Banach space, it follows
that (D,,(R), ||.||]) is a Hilbert space and so it is a 2-uniformly smooth Banach space. For any A = ( ajj ) €

D, (R), we have A = Z Ajm—i+1), that is, every diagonal n X n matrix with real entries A € D,(R) can be

written as a linear combmatlon of 5 matrices Al(,, -i+1), where for each i € {1,2,..., 3}, Aju-i+1) isann X n
matrix such that the (i, j)-entry equals toa;, (n—i+1,n—i+ 1)-entry equals to a¢—ir1)m-i+1), and all other
entries equal to zero. For eachi € {1,2,..., 7}, there are two real numbers b;; and b;—is1)u-i+1) such that
bii + b(n—i+1)(n—i+1) = a;; and b,‘,‘ - b(n—i+1)(n—i+1) = An—i+1)(n—i+1)- Then for eachi € {1,2, ey 2} we have

Aign-i+1) = biiNin-i+1) + bn-ist)n-is1) Ny 11y

where foreachi € {1,2,..., 7}, Nju-i+1) is a diagonal nxXn matrix such that the (i, i)-entry and (n—i+1,n—i+1)-
entry equal to 1 and all other entries equal to zero, and N, , is a diagonal n X n matrix with the entries
1 and —1 at the places (,7) and (n — i+ 1,n — i + 1), respectively, and 0’s everywhere else. Hence the

set {Nip—i+1), N, ci=1,2,...,5} spans the Hilbert space D,(IR). Taking Ejy—ir1) = \/LENI'(”_H_U and

i(n—i+1)
LN fori=1,2,. it follows that the set B = {E 1(,1_,-+1),E1’.(n7i+1) :i1=1,2,..., 75} spans

Erl'(n—i+1) = B Vin-it1) T
also D,(R). It can be easily seen that the set B is linearly independent and orthonormal and so B is an
orthonormal basis for D,(R). Let the mappings M : D,(R) — 2P:® 5 : D,(R) x D,(R) = D,(R) and
P:D,(R) = D,(R) be defined by

D, A = Ex(uks+1),

M(A
A= { —A+ Exoks1), A # Exrer),

_J a(B-A), A,B# Exuris),
(A, B) = { 0, otherwise,
and P(A) = BA + yEu-k+1), for all A, B € D,(R), where

, n
d = {Ei(n—i+1) = Exn—k+1), Ejy_ip1) = Exnksy 11=1,2,.., E}’

a,ByeER B<0<akell,?2,..., 5} arearbitrary but fixed, and 0 = ( 0;; ) is the zero vector of the space
D, (R), that is, the zero n X n matrix. Then for all A, B € D,(IR), A # B # Ey(;-+1), we yield

(M(A) = M(B), J]2(A — B)) = (M(A) — M(B), A — B)
= (=A + Ex(i—k+1) + B = Ex(n—k+1), A — B)

=(B-AA-By=-lA-BP ==Y (@;~bif <0,
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i.e., M is not accretive and so M is not P-accretive.
For any A, B € D,,(R), A # B # Eiu—k+1), we have
(M(A) — M(B), J2(n(A, B))) = (M(A) — M(B), n(A, B))
= (=A + Ex(n—k+1) + B = Extnts1), a(B — A))

=a(B-AB-A)=aB-Alf =a Zn:([lii ~ bip)? > 0.
i=1
Furthermore, for each of the cases, when A # B = Ex;,_+1), B # A = Ex(u—k+1) and A = B = Ey_g+1), clearly
n(A, B) = 0 and we deduce that
(u—v,,(n(A,B))) =u—-9v,1n(AB)y=0, VYueM(A),veM(B).
Hence, M is an n-accretive mapping. In the light of the fact that for all A € D,,(R), A # Eg(—k+1,
I+ M)A = |Ekpu—rsn)lF =1 >0

and

, . n
“(I + M)(Ek(n—k+1)) = {Ei(n—i+l)/ Ei(n—i+1) 1i=1,2,..., E} =%,

where [ is the identity mapping on E = D,(IR), we conclude that 0 ¢ (I + M)(D,(R)). Thus, I + M is not
surjective and so M is not a generalized m-accretive mapping. For any A > 0 and A € D,(R), taking

B= ﬁ%\A + %En(n_kﬂ) (A # B, because § < 0), we have

(P+AM)(B) = (P+ AM)(

A
ﬁi,\A + %En(n—lﬁl)) =A.

Thereby, for any A > 0, the mapping P + AM is surjective and consequently M is a P-nj-accretive mapping.

In the next example the fact that for given mappings P : E — E and n : EX E — E, a generalized
m-accretive mapping need not be P-n-accretive is illustrated.

Example 2.12. Let H»(C) be the set of all Hermitian matrices with complex entries. We recall that a square

matrix A is said to be Hermitian (or self-adjoint) if it is equal to its own Hermitian conjugate, i.e., A* = A’ = A.
In the light of the definition of a Hermitian 2 X 2 matrix, the condition A* = A implies that the 2 X 2 matrix

A= ( Iz Z ) is Hermitian if and only if a,d € R and b = ¢. Hence,

Hy(C) = {( xfiy x wly )lx,y,z,w € ]R}.

Then, H,(C) is a subspace of M(C), the space of all 2 X 2 matrices with complex entries, with respect to
the operations of addition and scalar multiplication defined on M(C), when M,(C) is considered as a real
vector space. In other words, H,(C) together with the mentioned operations is a vector space over R. By
introducing the scalar product on H>(C) as (A, B) := %tr(AB), for all A,B € H,(C), it is easy to check that
(.,.) is an inner product, that is, (H>(C),(.,.)) is an inner product space. The inner product defined above

induces a norm on H;(C) as follows:

Al = V(A,A) = \/%tr(AA) = \/xZ +y2+ %(22 +w?), VA€ Hy)(C).

The finite dimensional normed space (H2(C), ||.]|) is a Hilbert space and so it is a 2-uniformly smooth Banach
space. Suppose that the mappings M, P : Hy(C) — H>(C) and 71 : Hz(C) X Hy(C) — H,(C) are defined,
respectively, by

_ Z1 X1 — iy _ [ asinzy  x1—ipn
M(A)_M(( X1+iy1 w1 ))_( X1+iy1 ‘BCOSZUl ’
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PA) = P( 2] x1 — iy )_ pcoszi X2 —iy}
- x1 + 1 wy "\ ¥ +iy] Esinwy

and

_ z X1 — iy Z Xo — 1l
U(A,B)—T]((leriyl o ),(x2+iy2 o ))
| v(sinzg —sinzy)  x1—x2 —i(y1 — y2)

T\ x1—x+i(h —y2) OB(coswy —cosws) |’

for all A = ( A amin ),B = ( 2 aTla) H>(C), where p and & are arbitrary real
X1+ 11 w1 X2 + 112 [£%]

constants and «, 8, v, 0 are positive real constants. Then, for any A, B € H>(C), we have

(M(A) — M(B), ]2(n(A, B))) = (M(A) — M(B), n(A, B))
_ < a(sinz; —sinzy)  x1 —x2 —i(y1 — y2)
X1 — X2 + Z(]/l — ]/2) ‘B(COS w1 — COS wz) !

y(sinzy —sinzy)  x1 —x2 —i(y1 — v2) >
X1 —x2 +i(y1 — y2) O(coswy — coswy)

0
= az—y(sinzl - sinzz)2 + %(cos w1 — Cos w2)2 + (x1 — x2)2 + (1 — y2)2

>0,

Thereby, M is an n-accretive mapping.
Let us now define the functions f, g,/ : R — R, respectively, as

f(t) = pcost +asint, g(t) = fcost + Esintand h(t) = > +t, VteR.

z X —1iy

Then, for any A = ( x + iy w

) € H,(C), yields
~ z  x—iy |\ _ f(2) h(x) — ih(y)
(P+M)(A) = (P+ M)(( x+iy  w )) - ( h(x) + ih(y) g(w) ) '

Since for arbitrary constants a,b € R, — Va2 + b2 <acost + bcost < Va2 + b2, for all t € R, it follows that

—JAR+a2 < f(H < (JoP+a2and — (B +E2<g() < |JBE+E2, VieER.

Moreover, for each t € R, we have h(t) = t? + t = (t + %)2 -5 > —%. Consequently,

1
4

fR) = [~y + a2, {2 + 2] £ R, g(R) = [ (B2 + &2, P+ £]# R

and h(R) = [—L—{, +00) # R. These facts ensure that (P + M)(H>(C)) # H>(C), that is, P + M is not surjective,
and so M is not P-n-accretive.

Now, let A be an arbitrary positive real constant and let the functions f, g7,k : R — R be defined,
respectively, as

F(t) = t+ Aasint, g{t) =t + ABcostand h(t) = (1 + A)t, VteR.

z X —1iy

Then, for any A = ( x + iy w

) € H,(C), we obtain
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4

_ z x—1y _ ﬂz) E(x) - iia\(y)
(I + AM)(A) = (I + AM)(( criy w )) = ( T+ Fi) .

where [ is the identity mapping on Hy(C). In virtue of the fact that ﬁ]R) 7(R) = h(lR R, we conclude
that (I + AM)(H>(C)) = H»(C), that is, I + AM is a surjective mapping. Taking into account the arbitrariness
in the choice of A > 0, it follows that M is a generalized m-accretive mapping.

Example 2.13. Assume that M,,x,(IF) and D,(R) are the same as in Example 2.11. Let the mappings
Py, Py, M : Dy(R) = Dy(R) and 1 : D,(R) X D,y(R) — D, (R) be defined, respectively, by P1(A) = Py(( a; )) =
(), PaA) = Po(( @y )= (4 ), M(A) = M(( a; )) = (@ )and n(A,B) = n(( a; ),( b )= (i)
forall A = ( aij ),B = ( bij ) € D,(R), where for each i, j€{1,2,...,n},

1/“11 ‘Ba Z — aq l —
a. = vu+1 i’ I a’ = 0 i’ ] ]f
g 0, i#], g 0, i#],

"ro_ ﬁaﬁ-/ i= j/ o a@g‘l“‘b” (tlf.i — bﬁi)’ i= j,
aif_{or i%j, 970, i#]

where o,  and y are arbitrary positive real constants, ¢ and ¢ are two arbitrary real constants, k and [ are
two arbitrary but fixed odd natural numbers, and g is an arbitrary but fixed even natural number such that

k> q. Then, forany A = ( a; ),B =( b; ) € Dy(R), we obtain
(M(A) = M(B), ]2(1(A, B))) = (M(A) = M(B), n(A, B))
{4 ) )

= Z ap(at — bE)o=eii(al — by

k

=ap Z(au _ bRt Z A

1
- ]bj—l
t= j=1

a. v.
i il

Thanks to the fact that k and I are odd natural numbers, it can be easily seen that for each i € {1,2,...,n},

Z a1l > 0 and Z al j b] ' > 0. These facts imply that

t=1 j=1

(M(A) = M(B), J2(n(A, B))) 20, YA, B € Du(R),

which means that M is an n-accretive mapping. Let the function f : R — R be defined by f(x) :=
all x € R. Then, for any A = ( aij ) € D,(R), we get

- +1 ! for

(Pr+M)(A) = P+ MY ) =(ag+ay )=(a ),
where foreachi,j€{1,2,...,n},
o w i=i [ fE), =)
/ 0, i#], 0, i# ]

Taking into account that f(IR) = (-1, 1), it follows that (P; + M)(D,(R)) # D,(R), i.e., P; + M is not surjective,
and so M is not a Pq-n-accretive mapping. Now, let A > 0 be an arbitrary real constant and let the function
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g : R - R be a function defined by g(x) := Ax* + gx4, for all x € R. Then, for any A = ( ajj ) € D,(R), we
yield

(P2 + AM)(A) = (P2 + AM)( a; )) = (a +Aay )= (@ ),

where foreachi,je{1,2,...,n},

G Mo, =i [ @) =)
Y 0, i#], 0, i #j.
Since g is an even natural number and k is an odd natural number such that k > g, it can be easily observed
that g(R) = R, which guarantees that (P, + AM)(D,(R)) = D,(R), that is, the mapping P, + AM is surjective.
Since A > 0 was arbitrary, we infer that M is a Pr-accretive mapping.

It is significant to emphasize that if P = I, the identity mapping on E, then the definition of P--accretive
mapping is that of generalized m-accretive mapping. In fact, the class of P-n-accretive mappings has close
relation with that of generalized m-accretive mappings in the framework of Banach spaces. On the other
hand, invoking Example 2.11, for given mappings P : E — E and 1 : E X E — E, a P-n-accretive mapping
may not be generalized m-accretive. In the following assertion, the sufficient conditions for a P-n-accretive
mapping M to be generalized m-accretive are stated.

Lemma 2.14. [55, Theorem 3.1(a)] Let E be a real g-uniformly smooth Banach space, n) : E X E — E be a vector-
valued mapping, P : E — E be a strictly n-accretive mapping, M : E — 2F be a P-n-accretive mapping, and let
x,u € E be two given points. If (u — v, J;(n(x, y))) = 0 holds for all (y,v) € Graph(M), then (x, u) € Graph(M).

Regarding Example 2.12, for given mappings P : E — E and 1 : E X E — E, a generalized m-accretive
mapping need not be P-n-accretive. In the next theorem, the conditions under which for given mappings
P:E— Eand7n:EXE — E, every generalized m-accretive mapping is P-n-accretive are stated. Let us first
recall the following concepts.

Definition 2.15. Let E be a real g-uniformly smooth Banach space. A mapping P : E — E is said to be coercive if
(P(x), Jo(x))
———— =+

llxll—+co (Il

Definition 2.16. Let E be a real g-uniformly smooth Banach space and P : E — E be a single-valued mapping. P is
said to be

(i) bounded, if P(A) is a bounded subset of E, for every bounded subset A of E.
(ii) hemi-continuous if for any fixed points x, y, z € E, the function t — (P(x + ty), J,(z)) is continuous at 0.

Theorem 2.17. Let E be a real g-uniformly smooth Banach space, 1 : E X E — E be a vector-valued mapping, and
P : E — E be a bounded, coercive, hemi-continuous and n-accretive mapping. If M : E — 2F is a generalized
m-accretive mapping, then M is P-n-accretive.

Proof. Since the mapping P is bounded, coercive, hemi-continuous and n-accretive, using Theorem 3.1 of
Guo [28, P401], we conclude that P + AM is surjective for every A > 0, i.e., Range(P + AM)(E) = E holds for
every A > 0. Therefore, M is a P-n-accretive mapping. This gives the desired result. [J

Theorem 2.18. Let E be a real g-uniformly smooth Banach space, 1 : E X E — E be a vector-valued mapping,
P : E — E be a strictly n-accretive mapping, and M : E — 2F be an n-accretive mapping. Then, the mapping
(P + AM)™! : Range(P + AM) — E is single-valued for every constant A > 0.
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Proof. Choose constant A > 0 and point u € Range(P + AM) arbitrarily but fixed. Then for any x,y €
(P + AM)~Y(u), we have u = (P + AM)(x) = (P + AM)(y), which implies that

A7 (u - P(x)) € M(x) and A (u — P(y)) € M(y).
Owing to the fact that M is n-accretive, we deduce that

0 < (A7 (u = P(x)) = A7 (u = P(y), Jy(n(x, y))) = A~(Px) = P(y), Jo(n(x, y)))-

Taking into account that the mapping P is strictly n-accretive, the preceding inequality implies that x = y
and so the mapping (P + AM)™! is single-valued. The proof is completed. [J

As an immediate consequence of the last result, we obtain the following conclusion due to Kazmi and
Khan [40].

Lemma 2.19. [55, Theorem 3.1(b)] Let E be a real g-uniformly smooth Banach space, 1 : E X E — E be a vector-
valued mapping, P : E — E be a strictly n-accretive mapping, and M : E — 2F be a P-n-accretive mapping. Then,
the mapping (P + AM)™ : E — E is single-valued for every real constant A > 0.

Based on Lemma 2.19, one can define the resolvent operator RZ}’]A associated with P,n,M and given
constant A > 0 as follows.

Definition 2.20. [40, 55] Let E be a real q-uniformly smooth Banach space, n : E X E — E be a vector-valued
mapping, P : E — E be a strictly n-accretive mapping, M : E — 2E be a P-n-accretive mapping, and A > 0 be an

arbitrary real constant. The resolvent operator Rﬁ”A : E — E associated with P, 1, M and A is defined by
R () = (P+AM)™'(w), Vu€E.

Before dealing with the most important result of this section due to Peng and Zhu [55], we need to recall
the following notion.

Definition 2.21. A vector-valued mapping n : E X E — E is said to be t-Lipschitz continuous if there exists a
constant T > 0 such that ||n(x, y)ll < tllx — yl|, forall x, y € E.

Lemma 2.22. [55, Lemma 2.4] Let E be a real g-uniformly smooth Banach space, 1 : E X E — E be a t-Lipschitz
continuous mapping, P : E — E be a y-strongly n-accretive mapping, M : E — 2E be a P-n-accretive mapping,
and A > 0 be an arbitrary real constant. Then, the resolvent operator RZ}”A : E — E is Lipschitz continuous with a
constant %l, 1e.,

711
IRy () = Ry @)l < —lu=ol, VuveE.

3. Formulation of the Problem: Existence and Uniqueness of Solution

This section is devoted to the introduction of a new system of variational-like inclusions involving P-n-
accretive mappings in real g-uniformly smooth Banach spaces and establishing the existence and uniqueness
of a solution for the above mentioned system using the resolvent operator technique.

Let for each i € {1,2}, E; be a real g;-uniformly smooth Banach space with a norm |[|.|; and g; > 1,
P, fi,9i Ei = Ei,ni : E;xE; — E;, F: Ey XEy — Ej and G : E; X E; — E; be the nonlinear mappings.
Suppose further that M : E; X E; — 2ft and N : E; X E; — 2F2 are two multi-valued nonlinear mappings
such that for each z € E;, M(,,z) : E; = 2Fisa Py-n1-accretive mapping with g1(E;) N dom M(., z) # 0, and
N(,t):E; » 2P isa Py-np-accretive mapping for each t € E; with g»(E;) N dom N(., t) # 0. We consider the
problem of finding (x, y) € E; X E; such that

{ 0 € F(x, y = fo(y)) + M(g1(x), x), (1)
0 € Gx - fi(0),y) + N(g2(), v),
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which is called a system of generalized nonlinear variational-like inclusions (SGNVLI) with P-n-accretive map-
pings.

If fori =1,2, g; = I;, the identity mappingon E;, i =0, M: E; — 2E1 and N : E; — 22 are two unvariate
multi-valued nonlinear mappings, then the SGNVLI (1) collapses to the problem of finding (x, y) € E; X E»
such that

{ 0 € F(x, y) + M(x), 2
0 € G(x,v) + N(y),

which was introduced and studied by Peng and Zhu [55].

Remark 3.1. Itis worth noting that for appropriate and suitable choices of the mappings P;, 1;, fi, 9;, F, G, M, N
and the underlying spaces E; (i = 1,2), one can obtain many known classes of variational inequalities and
variational inclusions as special cases of the SGNVLI (1), see different problems considered and studied in
[23, 34, 51, 63, 64, 66] and the references therein.

The following conclusion which tells the SGNVLI (1) is equivalent to a fixed point problem gives a
characterization of the solution of the SGNVLI (1) and plays a crucial role in the sequel.

Lemma 3.2. Suppose that E;, P, n;, fi, i, F, G, M, N (i = 1,2) are the same as in the SGNVLI (1) such that for each
i € {1,2}, P; is a strictly n;-accretive mapping with dom(P;) N gi(E;) # 0. Then (x,y) € E1 X E; is a solution of the
SGNVLI (1) if and only if

{ 7@ = Ry [PU ) = AP,y = A(4)],

3
02(9) = R [Palgalu) ~ pG(x — (), )], ©

Py, 1 pPa _
where RN}(TZ;),A = (P; + AM(, x))7}, RNZ(_”’;)’p = (P2 + pN(., y))™}, and A, p > 0 are two constants.

Proof. The conclusions follow directly from Definition 2.20 and some simple arguments. [

Before stating the main result of this section, we need to define the following special notions.

Definition 3.3. Let E be a real g-uniformly smooth Banach space. A mapping T : E — E is said to be (&, ¢)-relaxed
cocoercive if there exist two constants &, ¢ > 0 such that

(T(x) = T(y), Jy(x = y)) = =EIT) =TI + cllx -y,  Vx,y € E.

Definition 3.4. Let E be a real g-uniformly smooth Banach space and let F : EXE — Eand T : E — E be the
mappings. For a given point (a,b) € E X E, the mapping

(i) F(a,.)is said to be k-strongly accretive with respect to T (or T-strongly accretive with constant k) if there exists
a constant k > 0 such that

(F(a,x) = F(a, ), Jf(T(x) = T(y))) 2 kllx = yll, Vx,y €E;

(i) F(.,b) is said to be r-strongly accretive with respect to T (or T-strongly accretive with constant r) if there exists
a constant r > 0 such that

(F(x,b) = F(y,b), Jo(T(x) =T = rllx - ylI", Vx,y€E

(iii) F(a, .) is said to be &-Lipschitz continuous if there exists a constant & > 0 such that
IF(a, x) — F@a, y)ll < Ellx —yll, ¥x,y € E;

(iv) E(.,b) is said to be y-Lipschitz continuous if there exists a constant y > 0 such that

IF(x, b) — F(y, bl < ylx —yll, Vx,y€E.
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Theorem 3.5. Let for each i € {1,2}, E; be a real g;-uniformly smooth Banach space with a norm ||.||; and q; > 1,
1 : Ei X E; — E; be t;-Lipschitz continuous and P; : E; — E; be y;-strongly n;-accretive and O;-Lipschitz continuous.
Fori = 1,2, suppose that f; : E; — E; is (C;, ¢;)-relaxed cocoercive and 0;-Lipschitz continuous and g; : E; — E; is
(0, vi)-relaxed cocoercive and m;-Lipschitz continuous such that dom(P;) N gi(E;) # 0. Let F : Ey X E; — Eq and
G : E1 X E; — E; be two nonlinear mappings such that for any given point (a,b) € E1 X Ea, F(.,b) is r1-strongly
accretive with respect to Py o g1 and s1-Lipschitz continuous, F(a, .) is &1-Lipschitz continuous, G(a, .) is ro-strongly
accretive with respect to P, o g, and sy-Lipschitz continuous and G(.,b) is &;-Lipschitz continuous. Assume that
M :E;yxXE; = 28 and N : E; X E; — 2F2 are two multi-valued nonlinear mappings such that for each z € E;,
M(., 2) : Ey — 2Et is a Py-my-accretive mapping with g1(E;) N"dom M(., z) # 0, and for each t € Ey, N(., t) : E; — 22
is a Py-1p-accretive mapping with g,(Ex)Ndom N(., t) # 0. Suppose further that there exist constants y; > 0 (i = 1,2)
such that

P P

IRET o) = RU™ @)l < gulle—olh, Va0, € By, @)
P, Py,

||RNZ(,/Z),P(ZU) - RNZ(TZ),p(w)” < ‘UZHU - U“Z! vu/ U, W e EZ' (5)

If there exist two constants A, p > 0 such that

171—1
1 + \/1 qiv1 + (cq, + o)l + — \/6q1 T — qiAry + Ay sT
- (6)
P 2T .
]/2 q\/l q1¢1 + (qu + qlcl)qu < 1
and
27!
p2+ qi/l — V2 + (¢, +G202)717 + 2y2 q{/‘sqznﬂ = qapra + PPy
7)
/\51’1'%
+ V— 1= gaca + (e + 0)OF < 1,

where cg, and c;, are constants guaranteed by Lemma 2.4, and for the case when q1 and q, are even natural numbers,
in addition to (6) and (7), the following conditions hold:

qivi <1+ (C%‘ + qiai)nqi/ (1 = 1/ 2)/
qi¢i < 1+ (Cq, + ch )6 ' (l = 1/2)/
qiAr < 8T'm Zl + /\'71cq1 L}

q2pr2 < O;' Ty + pcg,sy’,

then the SGNVLI (1) admits a unique solution.

Proof. For any given A, p > 0, define the mappings S, : E1 X E; — Eyand T, : E; X E; — E;, respectively, by
S1(, ) = x — 1) + RO [Py(ga(x)) = AFGx, y — ()] ©)

and

Tp(6,y) = ¥ = 9a(9) + RY™ [Pa(ga(y) = pGlx = i), )], (10)
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for all (x, y) € E; X E,. By using (4), (9) and Lemma 2.22, for all (x,y), (x’, y’) € E1 X E;, we obtain
15105, 1) = SA (', )l < Il = X' = (g1 (%) = g1 ()l
+ IRy L IP1(91(x) = AF(x, y = fo(y))]
— Ry [P (g1 () = AR,y = fo(y DIk
<l =x" = (g1(x) = g1 (X))l
+ IRy L TP1(91(x) = AF(x, y = fo(y))]
- Ry (P11 () = AF(x, y = AWl
+ IRy, [P (g1 () = AF(x, y = ()]
=Ry [P () = AR,y = Ay )k

<lx=x" = (1(x) = 1 (XDl + pallx = 2’|l
qi-1

" %(nm (@) - Pr(g1(x"))
= ME@, y = L) = F(&',y = fo(y)lh

(11)

+ MFC, y = f(y) = FC¢, Y = fay)lh).
Thanks to Lemma 2.4, there exists a constant c;, > 0 such that
llx = " = (g1(x) = DI < e = X7 = q1¢g1(x) = g1 (x"), T, (x = X))
+ cg,llg1(x) = g1 IT.
Since g; is (01, v1)-relaxed cocoercive and m;-Lipschitz continuous, it follows that
llx =" = (1 (x) = DI < e = KN = qullx = X7+ (eq + qron)nd [l = /(1T
= (1 - qv1 + (cg, + ron))llx = /|17,

which implies that

lIx —x" = (g1(x) — g1 (X))l < ‘“\/1 — qv1 + (¢q, + qro) 7! |lx — X[ (12)
With the help of the assumptions and using Lemma 2.4, we get

IP1(g1(x)) = P1(g1(x")) = A(F(x, y = fo(y)) = F(x', y = 2 (y))II}

< |IP1(g1(x)) = Pr(r (DIT = uACF(x, y = fo(y) — FX, v = fo(y)),

Jor (P1(g1(x)) = P1(g1(x'))) + ATy, IF(x, y — fo(y) — F(x', y = fa(y)II!

<07 lg1(x) = 1T = qaAralle = X1 + AT e sl = X

<Ol — qAry + AT g s — ||,
from which we conclude that

IP1(g1(x)) = Pr(1(x") = A(F(x, y = f2(y)) = F(x", y = fa(y))lh

< ”{/6? nz‘ — qiAry + Aficy, s? [l = x’||1.

(13)

In the light of the assumptions, we yield
IF(, y = () = F(, v = (Db < &lly =y = (f2(9) = )2 (14)
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Using Lemma 2.4 and the assumptions, in a similar way to that of the proof of (12), one can deduce that

ly =y = (f2(y) = (Y2 < qi/l — 4262 + (Cg, + 1202)0% |y = Il (15)
Combining (11)—(15), we get

152(x, y) = Salx’, )l < “\/1 —quvi + (¢qy + qron)m] Ilx = X'l + pallx = X'l

n-1
Tl 1[<q91,_q1 1 q ’
+ 7( ORI — giAry + Aficg,sTlx — x|y 16)
+ A8 J1= 4202 + (0, + 9L)OF Ny — ¥'lb)
= 1llx = X'lly + S1lly = ¥'ll2,
where
P1=U1 + \/1 qivy + (C,,71 + qlm)nql + \/6q1 n_ ql/\ﬁ + /chql
and
/\51 q—
9= ——— {1 —qca + (e, + 0202) 07
" \/ q »tq
Following the same argument, we can show that
ITo(x, y) = Tp(X', y)ll2 < @allx = X[ls + Sally — ¥z, 17)
where
42*1
\92 = U2 + qi/l —av2 + (qu + QQO'Q)ngZ + 7 2 (qu 172 — (2p72 + pqquz lh
and
péz =22 a q1
Q2 = . \/1 qic1 + (g + 11G1)0]
Let us define ||.|. on E; X E; by
G, Wl = lixll + llyll,  Y(x,y) € Ex X E. (18)

It can be easily seen that (E; X Ey, ||.||.) is a Banach space. For any A, p > 0, define a mapping Qa, : E1 X E; —
E1 X E; by

Q/\,p(x/ y) = (S/\(x/ y)/ Tp(x/ y))/ V(x, y) € El X E2- (19)
Applying (16) and (17), we obtain

152 (¢, ) = Sa (e, Yl + ITp(x, y) = Tp(x', )2

< (P1+ @)llx = Xl + (91 + S)lly = ¥'ll2 (20)

< kit y) = (YOl

where k = max{@1 + @2, 91 + 9}. By virtue of (6) and (7), we know that k € (0,1) and using (20) we infer
that Q, , is a contraction mapping. According to Banach fixed point theorem, there exists a unique point
(x*,¥) € E1 X Ep such that Q, ,(x", y*) = (x*, y*). Employing (9), (10) and (19), it follows that

gi(x) = ;’;;”; PG () = AF(, y = fo(y)],
2(y) = Ry [Pa(92(y) = pG(x* = A, ¥)1.
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Now, Lemma 3.2 ensures that (x*, y*) is a unique solution of the SGNVLI (1). This completes the proof. [

Corollary 3.6. [55, Theorem 4.1] Let E1 and E, be real g-uniformly smooth Banach spaces. For i = 1,2, let
1 : Ei X E; — E; be Lipschitz continuous with constant t;, and P; : E; — E; be strongly n;-accretive and Lipschitz
continuous with constants y; and 0;, respectively. Let F : E1 X E; — Ej be a nonlinear operator such that for any
given (a,b) € E1 X Ey, F(., b) is Py-strongly accretive and Lipschitz continuous with constants rq and si, respectively,
and F(a, .) is Lipschitz continuous with constant &;. Let G : E1 X Ey — E; be a nonlinear operator such that for any
given (x,y) € E1 X Ep, G(x, .) is Pp-strongly accretive and Lipschitz continuous with constants rp and s,, respectively,
and G(.,y) is Lipschitz continuous with constant &,. Assume that M : E; — 2E1 is a Py-my-accretive operator and
N:E, »2Eisq Py-ny-accretive operator. If there exist constants A, p > 0 such that

g-1 q-1

T &rptT
—— 61 — gy +cyAts] + i 1, (21)
71 Y2
and
q-1 q-1
TZ 9/<q q éllATl
_7/2 O, — qpr2 + cgpis, + —7/1 <1, (22)

where c; is a constant guaranteed by Lemma 2.4, and for the case when q is an even natural number, in addition to
(21) and (22), the following conditions hold:

gAr1 < 81 + c;A%s] and qpry < 83 + cp'sh, (23)
then the problem (2) admits a unique solution.
Proof. Since fori = 1,2, g; = I;, the identity mapping on E;, it follows that fori = 1,2, m; = 1 and

Ix =x" = (g1(x) = 1 (Nl = lly = ¥ = (92(y) — 92(y")ll2 = 0.

In view of the assumptions, taking g; =¢q, fi=0and y; = (; = ¢; = 6; =0fori = 1,2, (6) and (7) reduce to
(21) and (22), respectively. Now, the statement follows immediately using Theorem 3.5. [

Remark 3.7. Let us emphasize that by a careful reading of the proof of Theorem 4.1 in [55], we found that
the conditions mentioned in the context of [55, Theorem 4.1] are not enough for guaranteeing the existence
of a unique solution for the problem (2). In fact, if g is an even natural number, then in addition to (21)
and (22), the conditions (23) must be also added to the context of [55, Theorem 4.1], as we have done in the
context of Corollary 3.6.

4. Variational Convergence and Iterative Algorithm

In this section, using the notions of graph convergence and the resolvent operator associated with a
P-n-accretive mapping, we first establish a new equivalence relationship between the graph convergence
of a sequence of P-n-accretive mappings and their associated resolvent operators, respectively, to a given
P-n-accretive mapping and its associated resolvent operator. Then, as an application of the obtained
equivalence formulation and the resolvent operator technique, a new iterative algorithm is constructed for
approximating a common element of the set of solutions of the SGNVLI (1) and the set of fixed points of an
({an}, (b}, )-total uniformly L-Lipschitzian mapping.

Definition 4.1. [3, 9] Given multi-valued mappings My, M : E — 2E (n > 0), the sequence {M,}, is said to be
graph-convergent to M, denoted by M, M, if for every point (x,u) € Graph(M), there exists a sequence of points
(xn, uy) € Graph(M,) such that x, — x and u, — uasn — oo.
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Theorem 4.2. Let E be a real g-uniformly smooth Banach space, 1 : E X E — E be a vector-valued mapping,
P : E — E be a strictly n-accretive mapping and let M : E — 2F be a P-n-accretive mapping. Assume that for
eachn > 0,1, : EXE — E is a t,-Lipschitz continuous mapping, P, : E — E is a y,-strongly n,-accretive and
dy-Lipschitz continuous mapping, and M, : E — 2% is a P,-n,-accretive mapping. Suppose that &1_1;{)10 P,(x) = P(x)

for any x € E, and the sequences {64}, {Tul;., and {l}‘” are bounded. Further, let {A,}>, be a sequence of

positive real constants convergent to a positive real constant A. Then M, M if and only if RP” o 1 (@) - RP” 1(2),
forall z € E, as n — oo, where for each n > 0, RP” M= (Py+ AuMy) T and RM”/\ =(P+pM)L.

Proof. Suppose first that M, < M, and let z € E be chosen arbitrarily but fixed. Since the mapping M
is P-n-accretive, it follows that (P + AM)(E) = E and so, there exists a point (x,u) € Graph(M) such that
z = P(x) + Au. Invoking Definition 4.1, there exists a sequence {(x,, u,)},., C Graph(M,) such that x, — x
and u, — u, as n — oo. In the light of the facts that (x, u) € Graph(M) and (x,, u,) € Graph(M,) foralln > 0,
we infer that

Ry [P() + Au]  and  xy = Ryy™ [Pu(xy) + Ayt ¥ 2 0. (24)

Picking z, = P,(x,) + Aqu, for each n >

assumptions, for each 7 > 0, we obtain

0, and by utilizing Lemma 2.22, (24) and with the help of the

IRy™ (@) = Ry @
< ”RPn M (Z) Pn T (Zn)” + ”RPn M (Zn) R (Z)”
q 1
<z — 2l + ||RP” M [Pan) + Autta] = Ry [P() + A
n
q-1
< 1zw = zIl + llx — xl|

n

q-
= T; 1P (xn) + Aty = P(x) = Aull + |lxy — ]|

I/\

q-
- (”Pn(xn) = POl + |Anun — Aull) + |1, — x|
(5
q-

IA

(IIP (xn) = Pu(x)ll + [[Pn(x) = PG|

+ II/\nun = Aptl] + (|41 = Aull) + [lxn — x||

St ! 1!
< (1 + =)l = xll + ~—=[IPu(x) = PQ)I|
n
Al Ay = Alri!
2y — ]+
n n

b and {7}, are bounded and lim A, = A, we conclude that

Vn n—o0

Taking into account that the sequences {--

/\nTn ! }oo

the sequence { > is also bounded. In the light of the assumptions the right-hand side of the preceding

n

inequality tends to zero, as n — oo, which ensures that hm RP” i (z) (z).
Converse, assume that for all z € E we have hm R, P, ”" (z) P” 1(2). Then, for any (x,u) € Graph(M),

we infer that x = R} P [P(x) + Au] and so R el [P(x) + /\u] — x,as n — oo. Taking x,, = RP" A [P(x) + Au] for
eachn > 0, it follows that P(x) + Au € (P, + )\ M,)(x,). Hence, for each n > 0, we can choose u, € My(xy,)
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such that P(x) + Au = P,(x,) + A u,. Then, for each n > 0, we have

Aty = Aull = [IPu(xn) = POOI < IPn(xn) = Pu(Oll + (1P (x) — POO)I|
< Onllxn = Xl + [IPu(x) = P(x)]l.

Owing to the fact that the sequence {6,}) is bounded, lim x, = x and lim P,(x) = P(x), it follows that
n—oo

n—-oo

Autty = Au, as n — oo. Furthermore, for each n > 0, yields

My = ull = Ay — Aull < |Auun — Augll + [[Anu, — Aul|
= Ay = Al + 1 A1, — Al

The facts that A, — A and A,u, — Au, as n — oo, imply that the right-hand side of the above inequality

approaches zero, as n — oo. Accordingly, u, — u, as n — co. Now, in view of Definition 4.1, M, S M
This completes the proof. [J

Given a real normed space E with a norm ||.||, we recall that a nonlinear mapping T : E — E is
said to be nonexpansive if ||T(x) — T(y)l| < |lx — y|| for all x,y € E. Since the appearance of the notion
of nonexpansive mapping, due to the existence of a strong connection between monotone and accretive
operators, two classes of operators which arise actually in the theory of differential equations, and the class
of nonexpansive mappings, the fixed point theory of nonexpansive mappings has rapidly grown into an
important field of study in both pure and applied mathematics. It has become one of the most essential
tools in nonlinear functional analysis. For this reason, during the past few decades, many authors have
shown interest in extending the concept of nonexpansive mapping in the framework of different spaces,
and the study of the fixed point theory for generalized nonexpansive mappings has also attracted increasing
attention. In the next definition, some classes of them are recalled.

Definition 4.3. A nonlinear mapping T : E — E is said to be
(i) L-Lipschitzian if there exists a constant L > 0 such that
ITG) =TIl < Lilx = yll, Vx,y€E;
(if) uniformly L-Lipschitzian if there exists a constant L > 0 such that for each n € IN,
IT"(x) = T"WII < Lllx = yll, Vx,y€E;

(iii) asymptotically nonexpansive [26] if there exists a sequence {a,} C (0, +o0) with lim a, = 0 such that for each
n €N,

IT" () = T"(WIl < L+ an)llx —yll, Vx,y€E.

Equivalently, we say that T is asymptotically nonexpansive if there exists a sequence {k,} C [1,+0c0) with
lim k, = 1 such that for each n € IN,
n—oo

IT" () = T"WIl < kullx = yll,  Vx,y € E;

(iv) total asymptotically nonexpansive (also referred to as ({a,}, {b,}, ¢)-total asymptotically nonexpansive) [2] if,
there exist nonnegative real sequences {a,} and {b,} with a,,b, — 0 as n — oo and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0 such that for all x,y € E,

IT"(x) = T"(WIl < llx = yll + anp(|lx = yll) + by, VYn € N.
It is important to emphasize that every uniformly L-Lipschitzian mapping is L-Lipschitzian but the

converse need not be true. In fact, the class of uniformly L-Lipschitzian mappings is essentially wider than
the class of L-Lipschitzian mappings. This fact is illustrated in the next example.
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Example 4.4. Consider E = R with the Euclidean norm ||.|| = |.| and let the self-mapping T of E be defined
by

| rix, if x € (=00, 0],
Tx) = { yax,  ifx € [0, +co),

where y1,y, > 1 are arbitrary constants. Taking into account that

y1x —yiyl = yilx =yl <max{y1, y2llx —yl,  Vx,y € (-o0,0],
[y2x — yoyl = polx — y| < max{yy, y2}lx — yl, Yx,y € [0, +0),
ly1x — 2yl < Imax{y1, y2}x — max{y1, y2}yl
= max{y1, y2}lx = yl, Vx € (—00,0],y € [0, +00),

IT(x) = T(y)l =

it follows that T is a max{y1, y2}-Lipschitzian mapping. But, in the light of the fact that y1,)» > 1, for all
n € IN\{1}, yields

n n Yik=yl>nlx—yl,  Vxy€(=00,0],
T'(x)-T =9 1
") W) { Valx =yl > yalx = yl, Vx,y € [0, +00).

If y1 <y, then for all x, y € [0, +00), we have

IT"(x) = T"(y)| = y5lx = yl > palx — yl = max{y1, y2}lx — yl

and for the case when y1 > y», for all x, y € (=0, 0], we get

IT"(x) = T"(Y)| = y{lx = yl > y1lx = y| = max{y, ya}lx = yl.
If y1 = y», then for all x, y € E and n € IN\{1}, we obtain

IT"(x) = T"(y)l = yilx = yl = y3lx = yI > yalx — yl = yalx — yl = max{y, yallx - yl.
These facts imply that T is not a uniformly max{y1, y»}-Lipschitzian mapping.

It is significant to mention that every nonexpansive mapping is asymptotically nonexpansive with
a, = 0 (or equivalently k, = 1) for all n € IN, but the converse is not true in general. The following
example illustrates that the class of asymptotically nonexpansive mappings contains properly the class of
nonexpansive mappings.

Example 4.5. For 1 < p < oo, consider

= {x = (X }neN : i |x,f < o0,x, € F=Ror C},

n=1

the classical space consisting of all p-power summable sequences, with the p-norm ||.||, defined on it by

il 1
lly = () bel?)”, Vi = fxabnen € 7,
n=1

Moreover, assume that B denote the closed unit ball in the real Banach space I’ and define the self-mapping
T of B by

T(xl/ X2,X3,. .. ) = (Or 0/ sy O/ |x1|<71, Or a3 sin |x2|qlr 0/ a3|x3|02/ 0/ ay sin |x4|q2/ vy 0/
—_—————
m times

k1 . q k1
7,0, a1 sin|xgiq| 2

[
ak|xk| ’ Ol ak+2xk+2/ 0/ ak+3xk+3/ e )/
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where k is an arbitrary but fixed odd natural number, m > k + 1 is an arbitrary but fixed natural number,
o, € N\{1} ¢ = 1,2,..., ’%1) are arbitrary constants, and {a;}:°, is a sequence of real numbers such that
0 <a; <1foreachi>2and

[ee] (o] [ee] 1
Hﬂ(zi—1)m+1 = Ha(Zi*‘—l)m+2i*1(25—1)+1 = Ha(zi*‘—l)m+2"*1(fs\—2)+1 =-
i=1 i=1 i=1 ¢
for each s € {1,2,..., kgl} ands € {2,3,..., ’%1}, where ¢ = max{o;,q; : i =1,2,. k“} Indeed, the self-

mapping T of B is defmed for all x = {xy}pen € B by T(x) = T({xy})nen = X = @}neN, where x; = 0 for all

1<i< m,’fm+1 = |X1|m,3-C\m+21' =0foralli e N,

= ajsin |xi|'s, ifie{2rr=1,2,..., 51,
2i-1 = ; o i
m+2i ai|xi|"%‘/ 1f1€{2t+1|t:1/2/”_,k71},

and X;4064j = 4 X, 1 forall j € {2¢ + 1|c € N}.

k+ 5
Then, it can be easily proved that for all x, y € B,

k+l
ITG) = Tl = ((lal™ = a1 +2 @ |2l = lyaia P

kel

2 00 1
. ) . P H
+ Z ab | sin |xxl” - sin [yx1"]" + Z allx; — yilp)"
P i=kr2
[of] qi
< max { Z x2i-1 |7 yaia Y, Z el |y 1
j:l v=1 (25)

i= 12’%1}(2 - )’

= max ZlJsz 1| ]|]/21 1|] ! Z|X21|q’ V|y21|v ! L1

v=1

k+l}

Z':1/2/- ||x y”p

Thanks to the fact that x,y € B, we deduce that 0 < [xp—1|°~ 1, |acg;]9iY S 2z 1t |y2l|V 1 < 1 for each j€

{1,2,...,01, v € {1,2,...,q} and i € {1,2,..., 5}, This fact ensures that 0 < 2 Ix2i1 % y2ica 7t < o
j=1

qi
and 0 < Z |27V |y"™t < g; for each i € {1,2,..., ’%1}. Taking into account that o;,4; € IN\{1} for each

iell,?2,.. k”} it follows from (25) that for all x, y € B,

ITCx) = TW)lly < ollx = yll, = llx = yllp + (0 = Dllx = Yllp- (26)

Thereby, the mapping T is Lipschitzian, but not nonexpansive.
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Foralln > 2 and x = {x,},en € B, we obtain

n-1

n
n o :
T (x) = ( 0, 0, ey 0, H a(zi_l)n,+1|X1| 1, 0, O, ey 0, H a(zi—l_l)m+2i71+1 sim |x2|'h,
Y i=1 v i=1
(2"-1)ym times (2"-1) times

n

n
o .
0,0,...,0, H a1 _tymi2i-1x2+11%31”%,0,0,..., 0, H A1 1ymi2-1x3+1 Sin | xa[?,
— iz — iz

(2"-1) times (2"-1) times

———— ———
(2—1) times (2#—1) times

n
O ksl
ey 0/ 0/ ey 0/ H a(Zi_l—l)nl+2i_l(k—1)+1|xk| 2, 0/ 0/ ceey 0/
i=1

n

n
. i1
H A1 ym+2i1k4+1 SIN X412, 0,0,...,0, H A1~y +271 (+1) 41 X+2s
i=1 D
(2"-1) times

n
0,0,...,0, H A1 1ym+21 (k+2)+1Xk43 - - - )
—— i
(2n-1) times

Then, for all x, y € B and n > 2, it is easy to yield that

n-1
17" = Tl = ((] [ a—syme [ Perl” = 1yl

i=1
K+l
2 n v p
+ Z ( H ﬂ(zifl—1)m+2i4(zs—1)+1) }Sin |xas|™ — sin |y25|qﬁ|
s=1 i=1
kel
2 n v .
+ Z ( H ﬂ(zi71—1)m+2i71(zs‘—2)+1) “x2§—1|05 = lyzal™
=2 =l
n

1
r

o

s p
( a(Z"l—1)m+2"‘1(k+?—1)+1) [Xess — Yiss] )
i=1

il
[N

(27)

i
A

< ((Q agi—ym+1) 11 =yl

—_

X.
I
]

n

P
(Q H ﬂ(zf-l—l)m+zf—l(2s—1)+1) [x2s = yasl

i=1

=

-~ @
+ 1l
RN

=

e

p
(Q A1 1y 421 (2?—2)+1) X551 = Yozl

=2 =1
[ee] n 1
. o Pl — p\?
+ A1 _1ym+21 (ea5=1)+1 ) X5 — Yrasl” )"
=2 i=1

n
Owing to the fact that a; € (0,1) for each i > 2, we infer that 0 < [] ai-1_1yy42i-14s5-1y+1 < 1 for each n, 5> 2.
i=1
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This fact together with (27) imply that forallx,y € Band n > 2,

n—1 n
IT"(x) = T" (Wl < (max {(Q H agi—1yme)’ s (0 H A1 _1yme2i1 (25-1)+1) /
i=1 i=1

n
p k+1
(0H”(2f*1—1)m+2f71(2?—2)+1) 1:s=12,..., T;
i=1

5=23,..., l%l} Z lx, — yylf’)’l’
r=1

(28)
n—1 n
= max {0 H A2i-1ym+1, 0 H AQi-1_1)m+2-1(25-1)+1/
i=1 i=1
- k+1
4 H Ayt ()1, L 1S = 1,2, T?
i=1
— k+1
5= 2,3,...,T}||x -
Since a; € (0,1) for each i > 2, it follows that
n—1 n n
0< H AQi-1)ym+1/ H A1 -1)m+2-1(2s-1)+1/ H A1 ymi2i-1(5-2)+1 < 1
i=1 i=1 i=1
foreachs€e{1,2,..., ’%1},’5\6 {2,3,..., ’%1} and n > 2. Moreover, for each nn > 2, we yield
n—1 n—-2 n—2
AQi-1ym+1 = A@n-1-1)m+1 H Aoi-1ym+1 < H AQi-1ym+1s
i=1 i=1 i=1

n—-1

[oe]
ie., { IT a(zz_l)mﬂ}n_z is a decreasing sequence. By an argument analogous to the previous one, one can
i=1 =

n o

show that for each s € {1,2,..., ’%1} ands € {2,3,..., k;—l}, the sequences {1_[1a(zi—l_1)m+2i—1(25_1)+1}n:2 and
i=

n oo
{ [ agi1_1ymeit@s=2)41 }n—Z are also decreasing. Relying on the fact that
i=1 =

n—1 n

lim A@i1yme1 = lim A1 _1)m+2-1(25-1)+1
n—oo n—oo

i=1 i=1
n

= lim | | api1 1y 52

n—oo
i=1
1
0
for each s € {1,2, e, 7%1} ands e {2, 3,..., ’%1}, we conclude that
1 n—1 n n
5 < AQi-1ym+1/ H A(2i-1-1)m+2i-1(2s—1)+1/ H A1 e @241 < 1,
i=1 i=1 i=1

foreachn >2,s e {1,2,...,’%1} andse {2,3,...,’%1}, and so

n—-1 n

n
I<o H Ai-1ym+1, 0 H A2i-1-1)m+2i-1(25-1)+1, 0 H A1 _1)m+2i-1(%5=2)+1 < 0
i=1 i=1 i=1
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foreachn >2,s € { 1,2,..., %} andse {2, 3,..., ’%1} In virtue of this fact and making use of (28), it follows

thatforallx,y €e Band n > 2,

n—1 n
IT" (x) — Tn(]/)”p < max {Q H ai-1ym+1, 0 H AQi1-1)m+2i-1(2s-1)+1~
i=1 i=1

n
k+1
Y [1[ ﬂ(zt—l_l)m+21—1(2§_2)+1, 1:s= 1, 2, ey T;
— k+1
5=2,3,..., z}W_MV
n-1
= Il = ylly + max{o [ [ a-yme — 1, (29)

i=1

n
0 H A1 1ym42-12s-1)+41 ~ 1,
i=1

n
k+1
0 I:l[ ﬂ(2i—1_1)m+2i—1(2’5‘_2)+1 —-1:s5= 1, 2, ey T,
— k+1
§=2,3,...,—}llx = -
Taking y1 = p—1and
n-1 n
Vn = mMax {Q H Ai—tyme1 — 1,0 H A1 1ymt2i-12s-1)+1 ~ L
i=1 i=1

n
k+1
0 H a(Zi‘l—l)m+2f‘1(2§—2)+1 —1:s= 1, 2, ey T,‘S = 2, 3, T,

for each n > 2, we have v, — 0 as n — oo. Employing (26) and (29), for all x, y € B and n € IN, we get

IT"(0) = T"Wllp < llx = yllp + yullx = ylly = (L + yu)lix = yllp,

which means that T is an asymptotically nonexpansive mapping.

In recent years, many efforts have also been made to present further interesting generalizations of
nonexpansive mappings and asymptotically nonexpansive mappings. In this direction, with the goal of
presenting a unifying framework for generalized nonexpansive mappings appeared in the literature and
verifying a general convergence theorem applicable to all these classes of nonlinear mappings, the concept
of total uniformly L-Lipschitzian mapping was initially introduced by Kiziltunc and Purtas [44] as an
extension of total asymptotically nonexpansive mapping as follows.

Definition 4.6. [44] A nonlinear mapping T : E — E is said to be total uniformly L-Lipschitzian (or ({a,}, {b,}, ¢)-
total uniformly L-Lipschitzian) if, there exist a constant L > 0, nonnegative real sequences {a,} and {b,} with
ap, by — 0asn — oo and strictly increasing continuous function ¢ : R* — R* with ¢(0) = 0 such that for each
n €N,

IT"(x) = T" (Il < Llllx = yll + anp(llx = yll) + bul,  Vx,y € E.

It should be remarked that for given nonnegative real sequences {a,} and {b,} and a strictly increas-
ing continuous function ¢ : R* — R*, an ({a,}, {b,}, ¢)-total asymptotically nonexpansive mapping is
({an}, (b}, )-total uniformly L-Lipschitzian with L = 1, but the converse is not true in general. The follow-
ing example shows that the class of total uniformly L-Lipschitzian mappings is more general than the class
of total asymptotically nonexpansive mappings.
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Example 4.7. Let E = R endowed with the Euclidean norm |.|| = |.| and let the self-mapping T of E be
defined by

ot ifx € [0,a) U (a,p],
T(x)=14 7, ifx =q,
0, if x € (—00,0) U (B, +00),
where @ > 0 and @ < y < B are arbitrary real constants such that ay > 1. Since the mapping T is
discontinuous at the points x = 0, , §, it follows that T is not Lipschitzian and so it is not an asymptotically
nonexpansive mapping. Take a, = % and b, = & for each n € N, where 6 > 0 and o > 1 are arbitrary
constants. Let us now define the function ¢ : R* — R* by ¢(t) = At for all t € R*, where k € N and

A€ (O, M) are arbitrary constants. Taking x = @ and y = %, we have T(x) = y and T(y) = L. The fact

akBo(o—-1)k
k(12 _ ) —
that0 < A < % implies that
1 OA(o — 1)ka*
TX)-Ty)l=y-=->a+ ———
1) =T =y =3 > a =
- RN Y-
z(a 1)a+6A(o 1a La
o ok o

:|x—y|+5A|x—y|k+§

=lx =yl +aPp(lx — yl) + by,

a

from which we conclude that T isnot a ({2}, (&

for all x, y € E, yields

}, ¢)-total asymptotically nonexpansive mapping. However,

TG - Tl <y < L(x—yl+ oA -yl + £)
oy d (30)
= qu -yl +a1p(x — yl) + b1)

and forall n > 2,

o oA
IT"() = T" ()] < “L(x = yl + 2l -yl + =)
oy " ¢ (31)
= ;(Ix -yl +a,¢(x — yl) + by),

because of T"(z) = % forallz € Eand n > 2.

Therefore, making use of (30) and (31), it follows that T'is a ({g}, {55}, ¢)-total uniformly %-Lipschitzian
mapping.

Lemma 4.8. Suppose that, for each i € {1,2}, E; is a real Banach space with a norm ||.||;, and let S; : E; — E; be an

({a,,,i}‘>O {bn,i}° ¢i)-t0tal uniformly L;-Lipschitzian mapping. Assume further that Q and ¢ are self-mappings of

n=1’ n=1’

E1 X Ey and R*, respectively, defined by
Q(xl,xz) = (Slxl, SzXz), V(xl,xz) € E1 xXE, (32)
and

d(H) = max{Py (), pa(t)), VYt e R*. (33)

n=1’ n=17

Then Q is an ({an,l + 221  Abng + b p} ¢)—totul uniformly max({L1, Ly}-Lipschitzian mapping.
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Proof. Taking into account that for eachi € {1,2}, 5;is an ({an l}n > {b":i}zo:l' qb,-)—total uniformly L-Lipschitzian
mapping and ¢; : R* — R* is a strictly increasing function, for all (x1,x2), (y1,¥2) € E1 X E; and n € N,
yields

Q" (x1, x2) — Q" (y1, y2)ll. = lI(STx1, Syx2) — (STy1, Syy2)lls
= |I(S7x1 = STy1, Syx2 — S5 y2)|l.
= |IS7x1 = S{yillh + 11S5x2 — S5yl
< Li(llxr = yall + ana1@1(llxr = yall) + ba,1)
+ La(llx2 = yoll2 + ano@2(llx2 = v2ll2) + by 2)
< maX{LlrLZ}(”xl = nlh +llx2 = yall2
+an1P1(Ilx1 — yalh) + an2p2(llx2 — y2ll2) + by + bn,Z)
< max{Ly, La)(lv = valh + k2 = yall2
+an1P1(llxr — yalh + lIx2 = yall2) + an2a(llxr — yalla
+ lx2 = yallo) + by + bus)

< max{Ly, La}(lIx1, x2) = (v, vl
+ @1 + a1, %2) = (Y1, y2)ll) + by + ba2),

where [|.||. is anorm defined on E; XE; as in (18). This fact implies that Q is an ({a,, 1+an2}y  Abn1+bn2} o, (p)—
total uniformly max{L,, L,}-Lipschitzian mapping. The proof is completed. [

Let for each i € {1,2}, E; be a real gi-uniformly smooth Banach space with g; > 1 and the norm ||.||;,
and S; : E; — E; be an ({ay,};,, {bn,},;, ¢i)-total uniformly L;-Lipschitzian mapping. Suppose further that
Q is a self-mapping of E; X E, defined as (32). Denote by Fix(5;) (i = 1,2) and Fix(Q) the sets of all the
fixed points of S; (i = 1,2) and Q, respectively. At the same time, denote by Qscnvir the set of all the
solutions of the SGNVLI (1) where for each i € {1, 2}, the nonlinear mapping P; is strictly n;-accretive with
dom(P;) N gi(E;) # 0. Making use of (32), we conclude that for any (x1,x2) € E1 X E, (x1,x2) € Fix(Q) if and
onlyif x; € Fix(S;) foreachi € {1, 2}, thatis, Fix(Q) = Fix(S1, S2) = Fix(51)xFix(S,). If (x, ) € Fix(Q)NQscnvLi,
then utilizing Lemma 3.2, it can be easily seen that for each n € IN,

Y=Sx=X-n@+ Rﬁ(”;mm @) = AFE T~ L)
= "(x gm + RO [P~ AFEY - L)),
V=87 =Y-00)+ R [P252) - pGE - fi(), )]
= $(T- 2@ + R [Pa(02@) — pGE = i, D)-

(34)

The fixed point formulation (34) enables us to construct the following iterative algorithm for finding a
common element of the two sets of Fix(Q) = Fix(51, S2) and Qsgnvir-

Algorithm 4.9. Let E;, f;, g;,F, G (i = 1,2) be the same as in the SGNVLI (1). Assume that for each n > 0 and

€ {1,2}, nu; : Ei X E; = E;jand P,; : E; — E; are nonlinear mappings such that for each n > 0 and i € {1,2},
P, ; is a strictly n,-accretive mapping with dom(P,;) N gi(E;) # 0. Let foralln > 0, M, : E1 X E; — 2B gnd
N, : E; X E; — 2E2 pe any multi-valued nonlinear mappings such that for all z € Ey and n > 0, M,(.,z) : E1 — 2k
is a Py, 1-1n1-accretive mapping with g1(E1) N domM,,(.,z) # 0, and forall t € E; and n > 0, N,(.,t) : E; — 2E2 jg
a Pn,z—nn,z—accretive mapping with g2(E;) Ndom N, (., t) # 0. Suppose further that for each i € {1,2}, S; : E; — E;
is an ({ani};” o Abn,itre o, Pi)-total uniformly L;-Lipschitzian mapping. For any given (xo,Yo) € E1 X Ey, define the
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iterative sequence {(x, Yn)} -, in E1 X Ey in the following way:

111 Mna

Kot = ity + (1= )83 (0 — g1(x) + Ry ™ | [Poa(g1(xa)
—Mﬂmw—ﬂw»ha cn)en + L,

Yurr = i + (1= @)S5(yn = g2(ya) + RT3 [Pr2(g2(yn)
—0nGu = f1(n), yn)]) + (1 = an)éy + I,

(35)

where n = 0,1,2,...; Ay, pn > 0 are constants, {a,}, , is a sequence in [0,1) such that Y (1 -a,) = oo, and
n=0

lenh o Aty and {énly, {in}fzo are four sequences in E1 and E,, respectively, to take into account a possible inexact
computatzon of the resolvent operator point satisfying the following conditions:

’V/

e, =¢€,+e, e, =6, +é,
lim i(e;, &)l = 0;

Z (e, &)l < oo, Z 1, E)ll < co.

(36)

Let {(un, vn)},7, be any sequence in Eq X Ep and define {€,}," , by

€n = ||(Un1 — Vns1) — (L, D),
Ly = aytty + (1= )31ty = g1 () + Ry [P (g1(u))

~AuF(tt, 00 = fo(0n)]) + (1= ) + Ly, 37)
Dy = a0y + (1= a)S3(0n = 72(02) + RYTYS | [P2(g2(00))

—pnGlttn = fi(1t), 0)]) + (1 = n)en + .

In the case where for each i € {1,2}, S; = I, the identity mapping on E;, then Algorithm 4.9 reduces to
the following algorithm.

Algorithm 4.10. Assume that E;, Py, i, Mi, fi, §i, Mn, Ny, F, G (i = 1,2 and n > 0) are the same as in Algorithm 4.9.
For any given (xo, yo) X E1 X Ea, compute the iterative sequence {(x,, yu)},, in E1 X E3 by the iterative schemes

Xpa1 = WXy + (1 = an)(xn - gl(xn) + Ri/}ll(n;: ”[ n 1(91(3(”))

—AnF(xy, Yn — fZ(]/n))]) + (1 —ane, + 1,
Yn+1 = Oy + 1- an)(]/n - 92(]/11) + Rl\;i n;nz [Py 2(92(]/71))
—onGu = fr(n), yn)]) + (1 = an)éy + I,

where n = 0,1,2...; and )\n,pn,{an}n RV (1) SR 1) SRR () ol 0,{i b, are the same as in Algorithm 4.9. Let
{(un, vn)};, be any sequence in Eq X E; and define {e,}) by

€ = ll(ttns1 = 1) = Ln, D).,

Lo = gty + (1= ) = g1 (1) + R [P (g1 (1)
~ A (1, 00 = o)) + (1= atn)en + L, (38)
D, = a,v, + (1 - an)(v,, — ga(v) + RP"2 %p [P12(g2(v4))

~u Gt = i), 0)]) + (1 = ) + b

5. An Application

In this section, as an application of the notion of graph convergence for P-n-accretive mapping, the
strong convergence of the iterative sequence generated by Algorithm 4.9 to a common element of the two
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sets Qggnver and Fix(Q), where Q is a self-mapping of E1 X E; defined by (32), under some suitable conditions
is proved. In the meanwhile, the stability of the iterative sequence generated by Algorithm 4.9 is verified.
Before dealing with the convergence analysis of our proposed iterative algorithm, we need to recall the
following notion and lemma.

Definition 5.1. For i = 1,2, let E; be a real Banach space and T be a self-mapping of E; X E;. Suppose that
(x0, ¥0) € E1 X Ep and (xy+1, Yn+1) = f(T,xn, yn) defines an iterative procedure which yields a sequence of points
{(ew, yu)ly in Ex X Ep. Assume that Fix(T) = {(x,y) € E1 X Ex : (x,y) = T(x,y)} # 0 and {(xn, yu)},.,
converges to some (x*,y*) € Fix(T). Further, let {(z,,wy)}, ., be an arbitrary sequence in Ey X E; and €, =
1(zns1, Wna1) — f(T, zn, wy)ll for each n > 0. If’}grolo €, = 0 implies that ,}ijﬂ,(zmwn) = (x", y"), then the iterative

procedure defined by (Xy+1, Yn+1) = f(T, Xy, yu) is said to be T-stable or stable with respect to T.

Remark 5.2. Some stability results of the iteration procedures for variational inequalities and variational
inclusions have been established by various authors, see, for example, [1, 3,9, 12, 34, 35, 38, 39, 41, 49, 50].

Lemma 5.3. Let {a,}, {b,} and {c,} be three nonnegative real sequences satisfying the following conditions: there
exists a natural number ngy such that

Auy1 < (1= t)a, +but, + ¢, Yn > n,

wheret, €[0,1], Y t, = o0, lim b, =0and Y, ¢, < .
n=0 n—co n=0
Then lim a,, = 0.

n—oo

Proof. The proof follows directly from Lemma 2 in [48]. O

Theorem 5.4. Fori=1,2, let E;,n;, Py, fi,9:, F, G, M and N (i = 1,2) be the same as in Theorem 3.5 and let all the
conditions of Theorem 3.5 hold. Suppose that 1, ;, Py i, My and N, (n > 0 and i = 1, 2) are the same as in Algorithm
4.9. Assume that foreachi € {1,2},S; : E; — E;is an ({a,,}° {bn,it, o, @i)-total uniformly L;-Lipschitzian mapping

n=0’
and Q is a self-mpping of E1 X E, defined by (32) such that Fix(Q) N Qsgnvir # 0. Assume further that for each
n>0andie{l,2},

(i) 1, is Ty i-Lipschitz continuous;
(i) Py is yni-strongly n, i-accretive and b, ;-Lipschitz continuous;
(iif) lim P, ;(x;) = Pi(x;) for each x; € E;, My (., z) N M(.,z) and N,(., t) N N(.,t) for any (z,t) € E; X Ep;
n— o0

(iv) there exist constants i, ; > 0 such that

PYI,I n, PH,! n,

”RMnl(i]u)l,/\n (ZU) - RMV:(Z))]’/\" (ZU)” < [Jn,1||7/l - U”/ VI/[, 0,W € El/ (39)
Pn tn, P” stn,

IRy, @) = RGDE @)l < pnallu = oll, Vi, 0,w € Ea; (40)

(V) Yni = Vi, Tni — Tiand 6,; — O;as n — oo;
(vi) there exist constants u;, A,p > 0 (i = 1,2) satisfying (5)—(8) such that u,; — yi, Ay = Aand p, — pas

n — oo,

(vii) Li(k + 1) < 2 where k is the same as in (20).
Then,

(1) the iterative sequence {(xy, Yn)},., generated by Algorithm 4.9 converges strongly to the only element (x, y) of

Fix(Q) N QsnvL-
(2) If, in addition, there exists a constant a > 0 such that a + o, < 1 for each n > 0, then lim (u,,v,) = (x,y) if
n—00

and only if lim €, = 0, where {(u,, v,)}, is any sequence in Ey X E; satisfying (38).
n—oo
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Proof. Since all the conditions of Theorem 3.5 hold, it ensures the existence of a unique solution (x, y) € E1XE;
for the SGNVLI (1). According to Lemma 3.2, we have

{ x=x-gi(x) + Ri’;g”;),A[Pl (91(0) = AF(x,y = fr@))], n

y=y =3 + R [Paga(y)) - PG — filx), )

Taking into account that Qsgnvi is a singleton set and Fix(Q) N Qsgnvir # 0, it follows that x € Fix(51) and
y € Fix(S,). Thereby, in the light of this fact and making use of (41), for each n > 0, we can write

{ x = apx+ (1= a)S)(x = g1(x) + R [Py(g1(x)) = AF(x, y = fz(y))]) w)

y=any+(1-a)Si(y - gz(y)+R;(”;)p[Pz<gz(y))—pG<x A, 1)

Using (35), (39), (42), Lemma 2.22, we yield

s = 2l < tll = 2l + (1 = )18} (30 — g1(x)
+ Ry P91 () = AuFGon, Y = Fo(y))])

~ Si(x = 1) + R [Py(g1 () = ARGy = )]l
+ (1= an)llealy +Wlh

< aylln = xlly + (1 = a)La(|lxs = g1(6)
+ Ry P (g1(6a)) = AF (s Yo = fo(yn))]
= (x = g1(0) + Ry | [P1(91(0) = AFGr y = foy)])l
+ ﬂn,1¢1(||xn g1(xn) + sz? 1(”; 5 Pua (1) = AnF (i, Y = f2(yn))]
— (= g1(0) + Ry [P1(g1() = AF, y = fo(y)])Ih)
+ b)) + (1= a)llealls + lulh
< aylln = 2l + (1 = a)La(llxn = x = (92(6) = 1)l
+IIRyY P (1) = AaF e, Y = fo(yn))]
- Ry [P (91(x) = AFGr,y = fr(y)]h
+ an,lqn(nxn —x = (1(t) = 1)
+ IR [P (g1 (n) = AF (o, Y = folya))]
- Ry [P1(91(0) = AF(,y = o)1) + s )
+ (1= an)(liefll + lleyI) + Ml
< ally = 2l + (1 = @) La(llxs = x = (91(x) = 91Xk
+ IRy | IPua(g1 (6n) = AF (s Y = folya))]
— Ry [Py (1) = AFGey = W)l
+ IRy | IPa(g1(0) = AF(x, y = )] = Ryy ™) [P1(91(x) = AFGr,y = ()]
+ W)l + a1 (e = x = (91060) = 1]k
+ IR TP (g1(6n)) = AuFCen, Yo = fo(y)]
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~ R [Pi(1(0) = ARG,y — )
IR ) [P @1 () = AFGe y = )] = Ry [P (@) = AFGe y = )ik
+ W)l ) + bt ) + (1 = )l + lley/ll + 1l

< ayllxy = xlh + (1= a)La(llxn = x = (91(x) = g1 (X))l
-1

n,l(gl(xn)) - Pl(gl(x)) - (AnF(xnr Yn — fZ(yn))

= AP Y = fa@h + gl = xlh + IOl +an101(10 = = @1(5) = g2 (<l
m-1
" ;/11 1P (91(6)) = Pa(g1 (X)) = (AuFCon, Y = o)) = AFGEy = o)k

+ ttnallen = xlly + I )l ) + b ) + (1 = an)lieflh + lley Il + [l
< aplly = 2l + (1 = atn)La (Il — X = (91(xa) = 1)k
g1
T V’“l 1Pw1(g1(n)) = P (g1 (0)) = An(F, v — folyn)) — Fx, y = @)l
+ 1Py (1)) = Pa(gr )l + 1A — AlIF G, y = fo(y)ilh)
+ il =l + )l + anaa(llxn = x = (92(6) = g1l
-1
+ ;,11 ||Pn,1(gl(xn)) - Pn,l(gl (X)) - ( ler Yn — f2(yn)) F(x y—- fZ(y)))Hl (43)
+11Ps1(91(6)) = Pr(ga())lh + 14w = AlIEGx, y = f2(y))]h)
+ il =l + NIl ) + b ) + (1= a)llefll + lley Tl + 1Ll

< aplley = xlh + (1 = )L (v = x = (91(x) = g1 ()l
n-1
+ y”:l (P11 (0) = P (g1 () = Au(F s v = o)) = FG Yo = Sk
+ An”F(xl Yn — fZ(yn)) - F(xry - f2(]/))||1
+ 1P (91(x)) = Pa(gr )l + 1A — AlF G, y = f2(y)II)
+ tnallxn — xlh + V)l + an1d1(llx, — x = (91(xn) — g1(x)Ila
qm-1
+ ;Tll(llpn,l(gl(xn)) - Pn,l(gl(x)) - An<F(xn/ yn - fZ(}/n)) - P(X, yn - fZ(yn))Hl
+ AallF(x, v = fo(yn)) = F(x, y = (W)l + [IPy,1(91(x)) — P1(g1(x))I11
+ A = AIFG, y = AW + il = xll + W ()il

+ bn,l) + (1= an)llenll + lleg/ Il + 1ull

< aylly = xlh + (1= @)L (@1 ()l = xll + 9102l — yllo
+ A() + 1) + 11 (@r(m)llxy = xlly + 1)l = Yo
+ AG) + W)l ) + b ) + (1= an)liepll + lley I + il
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where for each n > 0,

(pl(i’l) Una + \/1 qivy + (qu + qldl)ﬂql + \/5711 - E]lA r1+ Aqlcql i

/\nélTn17
d1(n) = 7/—11 ”i/l — 4262 + (cgy + 202)07,

qi-1

= (1Pn1(91()) = Pr(ga (DIl + 1A = MIFG, y = o)),

W(n) = ”l;;A [P1(1(x)) = AF(x, y = fa(y)] = l77,1M[1’1(91(9C)) —AF(x, y = ()]

A(n) =

In a similar way to that of proof of (43), employing (35), (40), (42), Lemma 2.22 and the assumptions, one
can show that

1yt = W2 < @ullyn = yllz + (1 = @) Lol = xll + S20)llys —
FY00) + 102 + 202 (20l — 2y + 92y — il (44)
FY(0) + 10M)I) + bi2) + (1= )l + 11l + [l

where for each n > 0,

ﬂzl

Oa(n) = unp + q\/l — q2v2 + (Cg, + G20o2)TY + )/, ; qi/ézzz T — qaputa + Pl g5y,

Pnéz n
p2(n) = y—z \/1 q161 + (cq + 161)07,

921

;'22 (IIP.2(92(1)) = Pa(g2(W)Il2 + lps = plIGGx = £1(x), WIl2),

O(n) = Ry [Pa(g2(y)) = pG& = i), )] = Ry™ [P2(g2(y)) = pGlx = fi(x), )]

Y(n) =

Letting L = max{L1, L,} and making use of (43) and (44), we derive that

1Gens1, Y1) = (6 Yl = nsa =l + lysa = ylo
< (Il = xlh + 11y = yll) + (1 = ) L((@1 (1) + @2 ()l — Il
+ (91(n) + S2m)llyn — yll2 + A(m) + Y (1) + [[W(n)lly
+ D)2 + an 11 (@r()llxy = xlly + S1(0)llys = Vo
+ A() + 1)l ) + an 292 (P2(m) 1 — xlh
+ 92(m)llyn = yllo + Y1) + ID(n)llo) + b1 +by2)

+ (1= an)(lleyll + N18,112) + llei/ Tl + 11851z + lully + [1Lall2



J. Balooee, S. Al-Homidan / Filomat 38:2 (2024), 669-704 700

< ([l = xlly + Ny — ll2) + (1 = )L (kD) (b — Il
+ 1y = yll2) + AG) + Y () + [P ()l + D)l
+ a1 p(k(m)(Ilxn = xll + Iy = yll2) + A(n) + [P (1))
+ an 2 (k(n)(Is = xlly + 1y = ylk) + Y1) + D))
+ by + bua) + (1= cun)(lleflly + 125 11) + Nyl + 11511 + Ly + Iz
= all @, yn) = (@ Wl + (1= @)L, ya) = (6 )l + AG) + Y ()
+ (2 ), D) + a1 (ks Yir) = (& W)l + Am) + 1P ()] ) (45)
+ an 2 (KO, Yr) = @, Yl + Y1) + 1D()]12) + b1 + b2
+ (1 = an)l€y el + 11Ce/, e + 1L, Bl
= ay|l(xy, yn) - (x, y)”* + (1 = a)Lk(n)|I(x, }/n) - (x, }/)II*
+ (1= a)L(T () + 210 (K)II i, ¥) = (6 )l + T1 (1))
+ an 2 k(NI (X, Y) = (6 Yl + Ta()) + by + by 2)
+ (1= an)lie, il + 11e, el + i, T,
where ¢ is a self-mapping of R* defined by (33), and for each n > 0,
k() = {@1(n) + Pa(n), $1(n) + S2(n)},
Iy(n) = A(n) + IV (m)ll1,
Ta(n) = Y(n) + [ @)L,
T(n) = T1(n) + Ta(n) = A(n) + Y(n) + (¥ (), D).

Clearly, k(n) — k = max{@; + @2,91 + 92} as n — oo, where @1, @2, 91,9, are the same as in (16) and (17).

Then for k = ’%1 € (k, 1), there exists nyp > 1 such that k(n) < kforalln > ng. Accordingly, from (45) it follows
that for all n > ny,

1C6ns1, Y1) = G DI < @llCon, Yir) = (6 Wl + (A = )Lkl G, v) = ()l
+ (1= an)L(T() + 1 d(KlICxn, ) = (, YL+ T1()
+ 32K, Y) = (6 Yl + Tam) + by + by2)
+ (1= anll(ey, el + 11er, EDMe + 1, L)l
= (1= (1= LO( - @)@, va) = (&, W)l

O(n) . -
— + e, Nl + 1L, LI,
T_1f ey, , &) + 1L, L)l

(46)

+(1-LbH( - )

where,

O(n) = L(T (1) + a1 ®lICen, Y) = @ Plle + T1(1)) + 220K, yir) = (&, Dl

+To(n)) + by + bn,z) + (e, el

The condition L;i(k + 1) < 2 (i = 1,2) implies that Lk < 1. Theorem 4.2 ensures that (W ()ll1, |P(m)|l, — O

as n — oo and so |[(W(n), P(n))|. = 0as n — oco. Since lim P, ;(x;) = Pi(x;) for each x; € E; and i € {1,2},
n—-oo

lim A, = A and lim p, = p, we infer that lim A(n) = 0 and lim Y(n) = 0 as n — oco. Consequently,

n—00 n— o0 n—o0 n—o0

I'1(n),I2(n),I'(n) — 0 as n — oo. Taking into account that lim a,; = lim b,; = 0 for i = 1,2, thanks to
n—oo n—oo

(36) we note that all the conditions of Lemma 5.3 are satisfied. Now, lemma 5.3 and (46) guarantee that
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(Xu+1,Yn+1) = (x,y) as n — oo. Therefore, the iterative sequence {(x,, yu)}., generated by Algorithm 4.9
converges strongly to the unique solution of the SGNVLI (1), that is, the only element of Fix(Q) N QsgNvL-
We now prove the conclusion (2). By (38), we obtain

(ttns1, Vna1) = (6 Yl < N1, One1) = L, D)l + (L, D) = (x, )

(47)
= €p +[ILy = X[l + 1Dy = yll2.

By following similar arguments as in the proof of (43) and (44) with suitable modifications, we obtain

1L, = xlly < @ity = xll + (1 = @)La (@1 ()l = xlh + S1()llwn = yllo
+ A() + W)l + 101 (@1 ()l — ully + 81(m)llow =yl (48)
+ A() + W)l ) + b ) + (1= anliegll + lley I + 1l
and
1Dy = Yl < anllon = yllz + (1 = c)La(@2 ()l = xlhy + S2(m)llo — yllz + Y ()
+ @Mz + an2P2(P2()lltn — xll1 + S2(n)lvy — Yll2 (49)
+ Y1) + IPIR) + bua) + (1 = Il + 1871 + Ik,

where for all n > 0, @1(n), 91(n) are the same as in (43) and ¢@z(n), 92(n) are the same as in (44). Since
0<a<1-a,forall n > 0, making use of (47)—(49), as the proof of (46), we can conclude that

a1, Os1) = (6 Pl < (1= (1= L)L = @)t 02) = @, )l

- 50
+(1-ID0-a >1A‘L’ 1€ DI + 1 )l 0

where
A(n) = L(T(n) + a1kl (ttn, 0) = (5, )l + r1<n)) + a2 @kl (tn, ) = (5, )1l

+ () + byt + bua) + €5 )l + 2.

Suppose that lim €, = 0. Then it follows from (36), (50) and Lemma 5.3 that lim (u,, v,) = (x, y).
n—oo n—oo
Conversely, assume that lim (u,,v,) = (x, y). With the help of (48) and (49), we have
n—oo

€n = [(Un+1, V1) — (L, Di)lls
< (nr1, 0ue1) = (x, Y + (L, D) = (x, YL

< Ntts1, Os1) = @ Pl + (1 = (1 = LA = a)ll(1dn, 02) = (x, )l (51)

w(n)

+ (1= LI(1 - ay)——= = = +1I(er, Dl + (L, T,

where

w() = L(T () + a1kl 1t, 0) = (6, I+ T1 (1)) + 220kl 11, 0) = (5, Y-
+To(1)) + by + b)) + (e, &)l

Obviously, (36) implies that hm ey, el = hm (L., LIl = 0. Now, the facts that lim a,,; = hm by, = 0 for

i=1,2and hm I, el = hm I'n)=0 ensure that the right-hand side of (51) tends to zero as n — 00. The
proof is f1mshed O

Taking S; = I;, the identity mapping on E;, we obtain the following corollary as a direct consequence of
Theorem 5.4 immediately.
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Corollary 5.5. Suppose that E;, 0i, i, Pi, P, fi, §i, M, M, Ny, N,F and G (n 2 0 and i = 1, 2) are the same as in
Theorem 5.4 and let conditions (i)—(vii) of Theorem 5.4 hold. Then

(1) the iterative sequence {(x,, ¥n)},, generated by Algorithm 4.10 converges strongly to the unique

solution (x, y) of the SGNVLI (1).

(2) If, in addition, there exists a constant a > 0 such that o + a,, < 1 for each n > 0, then lim (u,, v,,) = (x, y)
n—oo

if and only if lim €, = 0, where {(u,, o)}, is any sequence in E; X E; defined by (38).
n—00
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