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Some new characterizations of normal matrices
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Abstract. This paper mainly studies some properties of normal matrix and gives the relation between the
general solution of related matrix equations and normal matrices.

1. Introduction
Let A € C™", B € C"™" is said to be the Moore-Penrose inverse matrix of A if
A = ABA, B = BAB, (AB)f = AB, (BA)® = BA.

The matrix B always exists by [1, 2] and is uniquely determined by the above equations. We denote it by
At
A is said to be group invertible if there exists B € C"" such that

A = ABA, B = BAB, AB = BA.

The matrix B is called group inverse matrix of A, which is uniquely by above equations [3]. We denote it
by A*.

A is said to be regular if there exists B € C"™" such that A = ABA. The matrix B is called an inner inverse
of A. The inner inverse matrix of A is not unique , and A{1} is used to denote the set of all inner inverses of
A.

Let A € C™" be a group invertible matrix. Then A is called an EP matrix if A* = A", It is known that
Ais EP if and only if AA" = ATA. For the study of EP matrices, we can also refer to [1]. A is called a SEP
matrix if A* = A" = AH. And A is called a normal matrix if A”A = AAY. In [5], some properties of normal
matrices and the conditions for the establishment of SEP matrices are introduced. The rest study of normal
matrix can be found in [6-8].

In this paper, we continue to study normal matrices. In Section 2, we construst inner inverse matrices to
characterize normal matrix. In Section 3, with the help of EP matrices, we discuss some new characteriza-
tions of normal matrices. In Section 4, we use invertible matrices to describe normal matrices. In Section 5,
we research the relationship between the consistency of matrix equations and normal matrices. In Section

6, by means of the form of the general solution of the matrix equations, we obtain some interesting results
about normal matrices.
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2. Some characterizations of normal matrices and SEP matrices by constructing inner matrices
Theorem 2.1. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if
AAT(AHT = AHAADH.

Proof. 7 = ” Assume that A is normal matrix. Then, by [5, Lemma 1.3.3], we have A is an EP matrix, which
implies A* = AT, Since A is normal, AA = AAH. Hence AAH(A*) = AAH(ATH = AHA(ANH,
7 =" Suppose that AAH(AH)H = AHA(AYH. Multiplying the equality on the left by AYA, we have

ATAZAH (AN = AAH(AHH,
So AAT = AAH(AMHAY = ATAZAH(AMH AT = ATA2A?, this infers A is an EP matrix. Now we have
AAT = AAHAHHAE = AHAANHHAR = AHAZAT = AHA.
Hence A is a normal matrix. [

Theorem 2.1 inspires us to give the following result on normal matrix.
Theorem 2.2. Let A € C™" bea group invertible matrix. Then A isa normal matrix ifand only if ((A#)H , A* — En) €
AAH 1
A .

Proof. " = ” Assume that A is a normal matrix. Then, by Theorem 2.1, we have AAT(A*) = AHAANH. It
follows that

(AQH) ( (AN, A - En) (AAH) _ (AAH(A#)HAAH + AAH(AY - En)A) ‘

A AAHHTAAH + A(A* - E,)A
Noting that
AATAHTAAT + AAH(A* — E A = (ATAANHT)ARA) + AAHA* —E DA =
AHA? + AAHAPA — AAHA = AHA? + AAH — AHA? = AAH,
and
AAHHAAR + AA* —ENA = AANYHABA + A- A2 = A2+ A- A2 = A.
Hence

(A:H) ((A#)H, A En) (A;?H) _ (AQH)‘

One gets ((A#)H, A* — En) € (AQH) {1}.

" &= " From the assumption, we have

(o o))

this gives
AATAHTAAT + AAH(A* — E)A = AAH. (1)
AAHHAAT + A(A* —E)A = A. )

Multiplying (2) on the right by ATA, we have
AAHHAAH = A(AHHAARATA.

Multiplying the last equality on the left by ATAHAT, one yields A" = AAYA. Hence A is EP. It follows from (1)
that A2AH = AATA, this gives AAHAR = AHAAM and

AHA(AT)H — AHA(A#)H — AHAAH(A#)H(A#)H — AAHAH(A#)H(A#)H — AAH(A#)H.
Hence A is normal by Theorem 2.1. [
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It is well known that A is a normal matrix if and only if A” is a normal matrix. Hence Theorem 2.2 leads
to the following corollary.

Corollary 2.3. Let A € C™" be agroup invertible matrix. Then Aisanormal matrix ifand only if (A#, (AHH - En) €
AHA
Noting that SEP matrix is always normal. Hence Corollary 2.3 implies the following theorem which

characterizes SEP matrix.

Theorem 2.4. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if (AH , (AMHH - En) €
AHA
AH {1}

H
Proof. ” => " Assume that A is SEP. Then A is normal and A* = A", Hence (AH, (AHH — En) € (ﬁlf ) {1}
by Corollary 2.3.
AHA

H H
” < ” From the assumption, one has (A A) (AH, (AHH — En) (A A) = ( A

AH AH ), this gives

APAHARA + AH(AMH — E,)AH = AH, (3)
e.g. AHAHAHA = AHAH, Hence A is SEP by [5, Theorem 1.7.2]. O
Theorem 2.5. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if (A, A — En) €
AAH
it
Proof. 7 = ” Assume that A is a SEP matrix. Then A is normal and A* = AM. By Theorem 2.2, we have

((AhH, A*—E,)e (A;?H)u}, this gives (A, A*—~E,) e (A;?H)u}.

" &= " From the assumption, we have
AAH " AAH AAH
[(F e w-e3)-(5)

(AAHAZAH + AAH(A* - En)A) B (AAH)

this gives

ASAH + A - A? A
Hence, we have A3AH = A2. Therefore A is SEP by [5, Theorem 1.7.2]. [

3. Constructing EP matrices to characterize normality

The following lemma can be proved by a routine verification.
Lemma 3.1. Let A € C"™" be a group invertible matrix. Then

1) AAH(AMH is EP with (AAH(AHH)T = AATAY;

2) AHA(AN! is EP with (AHA(ATH)T = AHA#(ATYH.

Theorem 2.1 and Lemma 3.1 imply the following theorem.
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Theorem 3.2. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AATAT
AHARATH,

Noting that normal matrix is EP. Then (A" = (A*)H, so Theorem 3.2 gives the following corollary.

Corollary 3.3. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AATAY
AHA#AHH,

Lemma 3.4. Let A € C'"™" be a group invertible matrix. Then
1) (AHA#(A#)H)+ — AA+AHA+A2(A+)H,'
2) AHA¥(AMH is group invertible with (ATA*(AM)H)* = AHATA2(AA*ATYH;
3) (AA*)T = ATA2AY.

Proof. 3)
(AA*)(ATA?AT) = AAT = (ATA2AT)(AAY);
(AA*)(ATAZAT)(AAY) = (AA™);
(ATAZAT)(AAT)(ATAZAT) = (ATA%AY).
Hence, we have (AA*)t = ATA2AT. O

Lemma 3.1, Corollary 3.3 and Lemma 3.4 lead to the following theorem.

Theorem 3.5. Let A € C"™" be a group invertible matrix. Then the following conditions are equivalent:
1) A is a normal matrix;
2) AAH(AH = AATAHATA2(ATH,
3) AAH(AM = AHATAZ(AA*ATH.

Observing the condition 2) of Theorem 3.5, we yield the following corollary.

Corollary 3.6. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if AH(AM)H =
ATAHAT A2(ANH.

Applying the involution on the equality of Corollary 3.6, we have the following corollary.

Corollary 3.7. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if AA*
ATAHATAZ(ATH.

Theorem 3.8. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AA*
ATAHA(ANH.

Proof. ” = ” Assume that A is normal. Then A is EP and ATA? = A. This infers AA* = ATAHA(AN)H by
Corollary 3.7.

7= "1f AA* = AYAHA(ANH, then A is EP because (AA*)H = AA*. Tt follows that AA" = A(AA*)AH =
AATAHAANH)AH = AHA. Hence A is normal. [

Noting that Lemma 3.4 and (ATAHA(AT)H)' = AHA*AAT(A*)H A. Then Theorem 3.8 leads to the following
corollary.

Corollary 3.9. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if ATA2AT =
AHAFAAT(AT)HA.
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4. Constructing invertible matrices to characterize normality

In fact, if A is a group invertible matrix, we have (A + E, — AA*)(A* + E,, — AA*) = E,, then A + E,, — AA*
is invertible with (A + E, — AA*)™! = A* + E, — AA*. Hence Lemma 3.1 gives the following lemma.

Lemma 4.1. Let A € C™" be a group invertible matrix. Then AAM(A"H + E, — AA" is an invertible matrix and
(AAH(ADH + E, — AAY1 = AATAT + E, — AAY,

Lemma 4.1 and Theorem 3.2 imply the following theorem.

Theorem 4.2. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if (AAH(A*)H +
E, — AAN) = AHA¥ATY + E, — AAT.

Theorem 4.3. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if (AH)FAAH +
E, — AAY)1 = (ANHATA*AHA + E, — AA.

Proof. 7 = ” Assume that A is normal. Then, by Theorem 4.2. we have
(AAEAHHE L E, — AANY = AHA¥(ADHT + E, — AAT.
Noting that AAT(A"H + E, - AAT = E, — AAH((ATHAT — (AH)H). Then
(En = ((ADTAT — (A% AA)™!
= E, + (ANTAT — (AHT)(E, - AAT(ATTAT - (AH)T) 1 AA"
=E, + (ANHHAT — (AN AFA* AT + E, — AAT)AAH
=E, — (AHHAHA*ANYHAAT + (ANHHATAHAR(ATHAAE,
Since A is normal, we have
(A#)HAHA#(A+)HAAH — (A#)HAHA+(A+)HAAH
= ATANHAAR = AYAHHAHA = ATA = AAT
and
(A+)HA+AHA#(A+)HAAH — (A+)HA+A#AH(A+)HAHA — (A+)HA+A#AHA.
Thus
(AHHAAT + E, — AAD)! = (E, — (AHHAT — (AHTAAT) T = (ANHATA*AHA + E, — AAT
” &= " The assumption implies
E, = (AHTAAY + E, - AANYANTATAPARA + E, — AAY) =
(AHHAAHANHATA*AHA) + E, — AAT = (AHTAPAHA + E, — AAT,

it follows that
(AHHAPATA = AAT.
Multiplying the equality on the right by A™A, one yields
AAT = AATATA.
Thus A is EP, this infers
At = AATAT = (AHTAPATAAT = (AHHARAN,
Now we have
AHA‘I' — AH(A#)HA#AH — AH(A#)HA‘l'AH — A‘I'AH
Therefore A is normal by [5, Lemma 1.3.2]. O
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Corollary 4.4. Let A € C™" be a group invertible matrix. Then A is a SEP matrix if and only if (A*)TAAH + E,, —
AAY)T = (ANHATAR + E, — AAT,

Proof. ” = " Assume that A is SEP. Then A is normal, by Theorem 4.3, one obtains that
(AHHAAE + E, — AADY = (ANHHATAAHA + E, — AAT.
Noting that A is SEP. Then
(ANHATA*AFA = (AhHATA*ATA = (AN ATAY)

SO
(AHPAAP + E, — AAT)™ = (ANYIATA* + E, — AAT

” &= " From the assumption, we have
E, = (AHTAAY + E, - AANYAHHATA* + E, — AAY)
= (AHYHAAHANHATAY + E, — AAT = (AHHA? + E, — AAT,

it follows that
(AHHEA* = AAT,

Multiplying the equality on the left by A*A", one yields
ATAT = ATAR
Thus A is SEP by [5, Theorem 1.5.3]. O

5. Consistence of matrix equations

Theorem 2.1 leads us to construct the following equation:

AX(AHT = AHAANH. 4)

Theorem 5.1. Let A € C™" be a group invertible matrix. Then A is normal if and only if Eq.(5.1) is consistent and
the general solution is given by

X =A" + U - ATAUATA, where U € C™". (5)

Proof. 7 = " If A is normal, then AAH(A*) = AHA(AM)H by Theorem 2.1, it follows that X = AH is a solution of
Eq.(4).
Noting that
AAY + U - ATAUATA)AHE = AAH(AHHT = AHAATH.

Hence Formula (5) is the solution of Eq.(4).
Now let X = X be any solution of Eq.(4). Then we have

AXo(AHH = AHAANH.,
Multiplying the equality on the left by AAT, we have
AATAHAAN = AHAATH,
Multiplying the last equality on the right by ATAA*AT, one yields

Al = AATAH.
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Hence A is EP. Now
ATAX\ATA = ATAX)(AHYHAEATA = AVARAATY)AEATA = ATAHAZATATA
=ATAHAATA = ATAHA = ATAAY = AH,

Hence
Xy = A" + X, — ATAX,AA.

Hence the general solution of Eq.(4) is given by Formula (5).
" &= " From the assumption, we have

AAH + U - ATAUATA)(AHHE = AHAAD.

That is AAH(A)H = AHA(AYH. By Theorem 2.1, we have A is normal.
|

Now, we construct the following equation:
(AHHATAXAT = AT, (6)
Theorem 5.2. Let A € C™" be a group invertible matrix. Then the general solution of Eq.(6) is given by (5).

Proof. Since
AHFATAAY + U - ATAUATA)AT = (AHHATAAT AT + (AHHATAUAT

—(AHHATAATAUATAAT = (AHHAPRAT + (AHFATAUAT — (AHHATAUAT = AT,

Formula (5) is the solution of Eq.(6).
Now, we assume that X = Xy is any solution of Eq.(6). Then

(AHHATAX AT = AT
Noting that
ATAX\ATA = AT(AHTATAXGATA = ATATA.

Then
ATAXy - AMHATA =0,

it follows that
Xo = AP + (Xo — AT — ATA(X, — AT)ATA.

Thus the general solution of Eq.(6) is given by (5). O

The following corollary is an immediate result of Theorem 5.1 and Theorem 5.2.

Corollary 5.3. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if Eq.(4) and Eq.(6)
have the same solution.

Lemma 5.4. Let A € C"™" be a group invertible matrix. Then A is normal if and only if (A*)(AM)H = (AH)HAT.

Proof. " = " Assume that A is a normal matrix. Then A is an EP matrix by [5, Lemma 1.3.3], this infers AT = A*.
By [5, Lemma 1.3.2], we have
A#AH:A+AH:AHA+:AHA#,

this gives
A#(A#)H — A#AH(A#)H(A#)H — AHA#(A#)H(A#)H — (A#)HAHAHA#(A#)H(A#)H —

(A#)HA#AHAH(A#)H(A#)H — (A#)HA#AH(A#)H — (A#)HA‘I'AH(A#)H — (A#)HAf
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" =" Assume that A*(A")H = (AHPAT. Then
(AHHAT = AATAR(ANH = AAT(AT)HAT.
It follows that
AT = (AHHAHAT = (AHTATAARAT = AATAHHATAARAT = AATAHHAEAT = AATAT,
Hence A is an EP matrix, and so A is normal because A*(AH) = (AHHA*. O
We construct the following equation:
AFAHHAXAT = AT )

Theorem 5.5. Let A € C"™" be a group invertible matrix. Then A is normal if and only if the general solution of
Eq.(7) is given by (5).

Proof. 7 = " Assume that A is a normal matrix. Then A*(AHH = (AHYHA by Lemma 5.4, this implies Eq.(6) is
the same as Eq.(7), so we obtain that the general solution of Eq.(7) is given by Formula (5).
" &= " From the assumption, one yields

AHAHIAAE + U - ATAUATA)AT = AT,

this gives
AFAHHAARAT = AT,

Multiplying the equality on the left by AAT, we have
AATAT = AT
Hence A is an EP matrix, one has
ATA = A¥(AMHHTAATATA = A*(AHHAAH,
Multiplying the last equality on the left by A, we have
A= (AHTAAY,
one has AHA = AH(ANHAAH = ATA2AH = AAH. Hence A is normal. [
Theorem 5.5 and Theorem 5.2 lead to the following corollary.

Corollary 5.6. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if Eq.(6) and Eq.(7)
have the same solution.

6. Normal matrix and the general solution of matrix equations

Observing Theorem 2.1, we can construct the following equation:

AANHEX = XAAHH. (8)

Theorem 6.1. Let A € C"™" be a group invertible matrix. Then A is normal if and only if Eq.(8) has at least one
solution in pa = {A, A*, AT, AL, (ANH, (A", ATAS AT, (AAHYHA(AA™)).
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Proof. ” => " Assume that A is anormal matrix. Then A isan EP matrixand AAH(AH)T = AHAATH = AHA(AMH
by Theorem 2.1, it follows that
AANHAH = AHAAMH,

Hence X = A™ is a solution of Eq.(8) in pa.
7= "1)If X = Ais asolution, then A(AYHA = AA(A*). Multiplying the equality on the right by AA*, we have

AANHA = A(AHHA2AT,
Multiplying the last equality on the left by A*, we have
(AYHA = (AN AZAT,
Multiplying the equality on the left by A*AH, we have A*A = AAT. Hence A is an EP matrix. Now we have
AMATH = ATATAATYH = ATATAANPA)AT = AT AF(A2(ATYH) AR
= ATA(AMYHA" = ATA(ANHAY = (AM)HAT,

Hence A is normal by Lemma 5.4.
2) If X = A*, then A(ANYHA* = A*A(A*YH. Multiplying the equality on the right by AAT, we have

APAAHHATA = APA(AMH.
Multiplying the last equality on the left by A*A, we have
(AHHATA = (AN,
Hence A* = AYAA*, this infers A is EP. Now we have
AANIAY = A¥AANT = (A,

and so
A#(A#)H A#A(A‘I')HAH (A‘l')HA# (A#)HA‘I'

Hence A is normal by Lemma 5.4.
3)If X = A%, then A(ANHAT = ATA(AM = (A", Multiplying the equality on the left by AA*, we have

(AN = AATANT,

this gives
A" = ATAAT

Hence A is EP, this infers X = A" = A* is a solution. Thus A is normal by 2).
) If X = A, then A2AY = AHA(AMH. Multiplying the equality on the left by AYA, we have

AAT = ATAPAT
Multiplying the last equality on the right by A*, we have
AA* = ATA.
Hence A is EP, one yields
AAT = A2ZATAH = AHAAANH = AHAAATH = AHAAAT = AHA.

Hence A is normal.
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5)If X = (AHH, then A(ANYT (AN = (AMHAAH. Multiplying the equality on the right by AHAH and on the

left by ATA, we have
A2AT = ATASAT
Hence A is an EP matrix, one obtains that
A= AZA‘I' A(AT)HAH (A(A‘l')H(A#)H)(AHAH) _ ((A#)HA(A#)H(AHAH) (A#)HAAH.
Thus
AHA = AHAHHAAR = AAH,

which implies A is normal.

6) If X = (AN, then A(ANHH(ATH = (AHHAAHH.

Multiplying the equality on the right by AAT and on the left by A*, we have

(A‘f)H(A‘l')HAA‘l' (A‘l')H(A‘f)H
Applying the involution on the last equality, we have
AATATAT = ATAY.
By [4, Lemma 2.11], we have
AATAT = AT,

Hence A is an EP matrix, this infers X = (A*)H is a solution. Thus A is normal by 5).

7)If X = ATABAY, then A(ANHATASAT = ATASATA(AMH,

e.g.,

A(A“I‘)HAZA'I' — A+A3(A#)H.
Multiplying the last equality on the left by ATA, one obtains
A(A‘I')HAZA‘I' — A+A2(A+)HA2A+.

This gives
A(A‘l')H — A(A+)HA2A+A# A+A2(A+)HA2A+A# A+A2(A+)H
and
AA* = A2ATAY = AANHHATA* = ATAZ(ANHAHAY = ATA.
Hence A is EP, which implies X = AYA3AY = A is a solution. Hence A is normal by 1).
8) If X = (AAHYHA(AAMH, then

AAHTAAHHAAAHT = (AAHHAAAHHAAHH.
Multiplying the equality on the left by A*A and on the right by AYA*A, one yields
AANH = ATA2(ANH.
Hence A is EP by 7), which implies
= (AAHTAAAHT = (AANHTAAANHT = AATA(AAT) =

Thus A is normal by 1).
|

We can generalize Eq.(8) as follows.

AANEX = YAAHH. 9)

Clearly, the general solution of Eq.(9) can be represented by the following theorem.
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Theorem 6.2. Let A € C™" be a group invertible matrix. Then the general solution of Eq.(9) is given by

X = PAAHT + U - ATAU
where P, U, V € C™". (10)

Y = AAHIP+V —vVAAT

Theorem 6.3. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if the general
solution of Eq.(9) is given by

X =P(AHIA + U - ATAU
where P, U, V € C™". (11)

Y = AAHIP+V —vAAT
Proof. ” = " Assume that A is normal. Then A(A*)! = (A*)HA. Hence Formula (10) is the same as Formula

(11). By Theorem 6.2, we obtains the general solution of Eq.(9) is given by Formula (11).
” &= " From the assumption, we have

AANEPAHHEA + U - ATAU) = (AANHIP + V - VAANHAAHH,
e.g.,
AAHTPAHHEA = A(AHHTPAAHH
for all P € C™ ",
Especially, choose P = E,,. Then we have
AAHTANHTA = A(ATYHAA.
Multiplying the equality on the left by A A* and on the right by AAY, we have
(A#)HA — (A#)HA2A+.
This gives
A= AATAE(AHHEA = AATAH(AMHHAZAT = A2AT,

which implies that A is EP. Hence

(A‘l')H(A#)HA — A#A(A‘I')H(A#)HA — A#A(A‘l')HA(A#)H — (A+)HA(A#)H,
it follows that

(A#)HA — AH(A‘l')H(A#)HA — AH(A+)HA(A#)H — A+A2(A#)H — A(A#)H

Thus A is normal.
[

Theorem 6.4. Let A € C™" be a group invertible matrix. Then
1) (AANHEX)T = XTAA*AHAA* AT, where X € pa;
2) (AANHEX)* = X¥FAHA® where X € 14 = {A, A", (ANH);
3) (AANHHEX)* = XTAA*AHAA*AY, where X € vq = (AT, AH, (AHH, ATA3 AT, (AAHHA(AAMHY,
4) (XAAHEYT = AATAHATAA*XY, where X € pa;
5) (XAAMHY = AATAHAYAA*XT, where X € T4;
6) (XAAH = AHAYXH, where X € va.

Proof. Since when X € t4,
XXt = aa*

and when X € vy,
XX = ATA, (AHEXXTAA* = (AE.
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This gives
(AATX)(XTAATAHAAPATY = A(AHTXXTAAHATAAPAT = A(AHTATAAPAT = AAT.

Also when X € T4,
XTAA*X = ATA

and when X € vy,
XTAA*X = ATA,

it follows that
(XTAA*AHAA*ATYAATX) = XT(AAPAHAAPATAAN )X = XTAA*X

= (XTAA* X! = (XTAAP AP AA* AT AATX))E;
Noting that AA*XXTAA* = AA*. Then
(XTAA*AT AA* AN AATX)(XTAAP AR AARAT) = (XTAAPX)(XTAAT AT AA*AT)
= XT(AA*XXTAAHAHAARAT = XTAAPAHAA AT,

Thus
(AAHTX)T = XTAA*AHAAPAT,

Similarly, we can show (2) (6) O
By Theorem 6.1 and Theorem 6.4, we have the following theorem.

Theorem 6.5. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if one of the
following conditions hold.

1) Equation XTAA*AHAA*AT = AATAHATAA*XT has at least one solution in pa;

2) Equation X*AHA* = AATAHATAA*XT has at least one solution in Ta;

3) Equation XTAA*AHAA*AY = AHAYA* has at least one solution in v .
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