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The weighted numerical radius in Hilbert C*-modules

Xiujiao Chi**, Pengtong Li?

#School of Mathematics, Nanjing University of Aeronautics and Astronautics, Nanjing, Jiangsu 210016, PR China

Abstract. In this paper, we introduce the definition of the weighted numerical radius Q,(x) for x € & by
using the linking algebra of a Hilbert C*-modules &, which extends the definition of numerical radius Q(x)
given by Zamani [ Math. Inequal. Appl. 24 (2021), 1017-1030 ]. Among other results, we show that Q,(x)
is a norm on & such that

1
5 lxlle < maxtv, 1 - vilidle < Qu(x) < lixlle,

where 0 < v < 1. In addition, some relevant results are discussed.

1. Introduction and Preliminaries

Hilbert C*-modules are generalizations of Hilbert spaces that allow the inner product to take valuesin a
C*-algebra instead of in the complex field. The theory of Hilbert C*-modules has applications in the study
of locally compact quantum groups, complete maps between C*-algebras, non-commutative geometry, and
K-theory [6, 7, 11, 13].

Several mathematicians have studied the fundamental properties of numerical radius for bounded
adjointable operators on Hilbert C*-modules [5, 8, 10]. Although some inequalities in Hilbert C*-modules
can be proved using standard methods, the different structure of Hilbert C*-modules seems to require
different definitions of some concepts that are natural extensions of some standard definitions to study
some inequalities in Hilbert C*-modules.

Suppose A is a unital C*-algebra and & is a right A-module. & is a pre-Hilbert A-module if & is equipped

with an A-valued inner product (-, -)g : & X & — A such that the following properties hold:
(1) {x,x)¢ = 0 for all x € & and (x, x)g = 0 if and only if x = 0.

(2) (x,y+ 29 ={x,2)g + (Y, 2)s for every x, y,z € &.
(B) {x, ya)s = {x, y)sa foreverya € A, x,y € E.
(4) (x, e = (y, x)}, for every x,y € &.

For every x € &, we define ||x||g = [[{x, x)gll%. If & is complete with || - ||g, it is called a Hilbert A-module (or
a Hilbert C*-module over A). For every a € A, we have |a| = (a*a)%, and the A-valued norm on H is defined
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by Ix| = (x, x)é. Further, it was shown in [6, Proposition 1.1] that we also have the following version of the
Cauchy-Schwarz inequality:
(y, 0elx, Ye < IlZy, e, x,y€E.

Let & and ¥ be two Hilbert A-modules. We say that the operator T : & — F is adjointable if there
is another one T* : ¥ — & such that (Tx, y)s = (x, T*y)s for any x € & and y € F. The operator T* is
called the adjoint operator of T. Note that an adjointable operator is automatically A-linear and bounded.
The family of all adjointable operators from & to ¥ is designated as End, (&, ) abbreviated as End’,(E) if
F = &. Let K(&, ) be the closed linear subspace of End;(E, ) spanned by {6, : x € &,y € ¥}, where
Ox,y(2) = x(y, z)e. The elements of K(&, ) are often referred to as “compact” operators. We write KK(E) for
K(&, &). Given a Hilbert C*-module &, the linking algebra L(E) is defined as a matrix algebra of the following
form

KA K& A
L@_[Mﬂ& K(©) }

Then £L(E) has a canonical embedding as a closed subalgebra of the adjointable operators on the Hilbert
C*-module A & via

X Y

z W

which makes £(£) a C*-algebra [12, Lemma 2.32 and Corollary 3.21]. Each x € & induces the mappings
ry € End(A, &) and I, € End’;(E, A) given by r.(a) = xa and L(y) = (x, y)s, respectively, such that 7} = L.
For any x,y € &, we have Iy, = I, + 1, and 7y, = 7, + ry. In addition, for every a € A, x € &, we also have
lox = aly and 74, = ary. The mapping x — r, is an isometric linear isomorphism from & to K(A, &) and
x — I, is an isometric conjugate linear isomorphism from & to K(&E, A). Moreover, each a € A induces a
mapping given by T,(b) = ab for T, € K(A). The mapping a — T, defines an isomorphism between A and

K(A). Therefore, we may write

a

Za+ Wx

_[ Xa+ Yx ]

X

L(a):{[ Z l]g ]:aeﬂ,x,yeS,Te]K(S)}

and identify the C*-subalgebras of compact operators with the corresponding corners in the linking algebra:
KA) = KA 0) CKA®E) = L(E), KE)=KO0®E) CKAGE)=L(E).

For more information on Hilbert C*-modules and linking algebras, please refer to [6, 7].

Let B(H) be the C*-algebra of all bounded linear operators on a Hilbert space H. Every operator
T € B(H) can be represented as T = R(T) + iI(T), where R(T) = % and 3(T) = % are the real and
imaginary parts of T, respectively. For 0 < v < 1, we define the weighted real and imaginary parts of
T € B(H) by R, (T) = vT + (1 — v)T*. The numerical radius and operator norm of an element T € B(H) are
defined by

w(T) = sup{(Tx,x)| : x € H, Ixll = 1}, |ITll = ”81”1131 ITx]l,
=

where || - || is the norm induced by the inner product (-, -) on H. These concepts have proven useful in some
cases [1,2,4,9, 16, 18]. An important and useful identity for the numerical radius [15] is as follows:

(T) = sup |R(“T)|I.
OeR

Recently, Sheikhhosseini et al. [14] introduced the so-called weighted numerical radius: If 0 < v < 1, the
weighted numerical radius for T € B(H) denoted by w,(T) is introduced by

wy(T) = sup [| R, (O T)|l. 1)

feR
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Suppose A is a unital C*-algebra and & is a right A-module. Let A" be the dual space of A. A positive

linear functional of A is a map ¢ € A" such that ¢(a) > 0 whenever a > 0. Let S(A) be the set of all positive
linear functionals on A of norm 1. Recall [17] that the numerical radius C(x) of x € & is defined by

Q(x) = sup{’c{) ([ TZ 8 ])‘ ONS S(.E(S))}.

It is known that Q(-) is a norm on Hilbert C*-module &, which is equivalent to the norm || - ||g. In fact, for
every x € &,

el < Q) < e @

An important and useful identity for the numerical radius is as follows.

Proposition 1.1. [17, Theorem 2.6] Let & be a Hilbert A-module and let L(E) be the linking algebra of E. Then
0 ¢,
e, 0
for every x € &.

Let & be a Hilbert A-module and let £(&) be the linking algebra of & For 0 < v < 1, we defined the

weighted real and imaginary parts of [ 1? 8 ] by

o o\ [ 0o a-vi
L H

0o 0\ [ 0 @a-wi
SV([ Ty OD_[—virx 0 ]

Inspired by (1) and Proposition 1.1, we introduce the following definition, which we call the weighted
numerical radius.

Definition 1.2. Let & be a Hilbert A-module and let L(E) be the linking algebra of &. For 0 <v < land x € &, the
weighted numerical radius of x is denoted by Q,,(x) and is defined as

(1 —v)e ™I, ]
Since L(E) is a C*-algebra, the operator norm || - || on £(E) is self-adjoint. For any x € &, we have

[vei"rx 0
0 e |[_|Ifo @ J||_I o of|_|[o o i
0 0 “Mlo o =l e, o ||| T . o [| T e

For every x € &, it is easy to see that
0 0
SV ([ Viei0y 0 :|)H ’

In this paper, we first use the linking algebra £(&E) of a Hilbert A-module & to define the weighted
numerical radius of x € & and denote it by ,(x). We then show that Q,(:) is a norm on & , which is
equivalent to the norm || - [lg and the following inequalities

Qx) = % sup
0eR

and

Q,(x) = sup
0eR

Qo(x) = D (x) =

Q,(x) = sup
0eR

1
5 Il < max{y, 1 = vilidle < Qv (x) < lixlle
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hold for every x € &. Furthermore, for x € &,a € A we prove that
Q,(xa + xa*) < 2||a + a’||]Q,(x).

In particular, we find some bounds for ),. The main purpose of this paper is to discuss this definition and
the interesting properties that (), satisfies.

2. Main results

In this section, we present some of our main results. We start with the following main properties of €J,.

Theorem 2.1. Let & be a Hilbert A-module and L(E) be the linking algebra of & Suppose 0 < v < 1. Then
Q,() : & = [0, +00) defines a norm on &.

Proof. For x € &, the nonnegativity follows from the fact ), (x) is the supremum of a nonnegative valued
function. Assume that Q,(x) = 0 for all x € E. If we choose v = 0, then we have

0 ¢
* ] = |lx|le = 0.

o

Thus x = 0. Hence, we may assume that v # 0. Then by Definition 1.2,

0 (Q-ve |_ 0
vefr, 0 -

for any 6 € R. Taking 6 = 0 and 0 = 7, we have

[ 0 a—wg]_[ 0 —a—mm]zo

VI 0 | vir, 0
Thus
[ 0 a—wg]_{ 0 —a—wm]:m{o 0}20

VI 0 Viry 0 re O

Since

[ ,f) 8 ]H = ||xlle, we get ||x|lg = 0 and therefore x = 0. For the triangle inequality, let x, y € & Then
X

0 1 —v)e 0],
Qv(x + y) =sup Vei@,, ( )0 i ] ‘

OeR ||L x+y
3 0 (1-v)e I, 0 (1-vel,
_%IEIIE i velfy, 0 + ve'lr, 0

0 1—v)e ], 0 1—v)e 9]

ssup )\ oo, ( 8 ] *+sup [ velfy ( 3 ! H

O€R ||L x BeR y

ZQV(x) + Qv(y)
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Let @ = C. There exists ¢ € R such that a = |a|e’. For any x € E,a € A, we have

{,(ax) =sup veigr - Vz)e b } |

O€R ||L ax

= sup rg (1-v)eal, ]
ocr ||l vell ary 0
oer ||| V€ AR 0

=|a| sup [ vei%r (1 —vge o] ]l

0eR x
=[ar|€Q (x).

This completes the proof. [J

Since L(E) is a C*-algebra, the operator norm || - || on L(E) is self-adjoint, in the sense that

_ 0 ve 9],
@ =v)er, 0

0 (1-v)el,
ve

Oy 0

for x € 8. Then we have

Proposition 2.2. Let & be a Hilbert A-module and let L(E) be the linking algebra of E. Then
Q,(x) = Q- (x)
forxe&.
The inequality (2) is an essential inequality for the numerical radius. This inequality has a satisfactory
version of the weighted numerical radius that we see below. It turns out that factor 3 is a special case.
Furthermore, we note that the term max{v, 1 — v} appears in many results dealing with operator inequalities

and convex functions [3, 19].

Theorem 2.3. Let & be a Hilbert A-module and L(E) be the linking algebra of &. Suppose that 0 <v < 1. Then we
have

1
5lxlle < max{y, 1 —vilixdle < € (x) < lixlle 3)

for any x € &. In particular, the norm C,(-) is equivalent to the norm || - ||.

Proof. The first inequality is obvious. For the second inequality, for every x € &, by Definition 1.2 we have

0 (1-v)e I,
S e

for any 0 € R. So, by taking 0 = 0 and 0 = —%, we conclude that

Q,(x) =sup
0eR

(1 =v)e ],
vely, 0

2

Q%) > and Q,(x) >

[o a—wu]

VIy 0

[ 0 a—wm]

—Viry 0




X. Chi, P. Li / Filomat 38:2 (2024), 437-448

Therefore, by the triangle inequality

20, (x) =

Z ‘

=2v

0 (1-v)i 0 1 -wvil,

| ol
0 (1-v)i . 0 1 -wvily,

| Iy 0 ] +i [ —Viry 0 ]

VI 0
0 0
[ B ]H = 2v[xll.

Replacing v with 1 — v, we obtain (1 — v)|lxlls < Qi_,(x) = Q,(x), which implies that

max{v, 1 — villxllg < Q,(x).

Also, we have

3 0 (1-v)e I,
o =supl[ L5, 40|
ol 0 1 ; 0 0
=sup|| (1 -v)e™® [ x ] +ve'? [ ”'
P § 0 re 0
<(1-v)sup [O lx] +vsup [ 0 O]H
B OeR 00 OeR e 0

0 0=
re 0 = IXle-

B

This completes the proof. [

=(1-v

442

Since the value of QQ, depends on the parameter v, we further investigate the properties of the function

f(V) =Q,.

Proposition 2.4. Let & be a Hilbert A-module and let L(E) be the linking algebra of . Suppose that 0 <v <1 and

x € &. Then the function f(v) = Q,(x) is a convex function on the interval [0, 1].

Proof. Letx e Eand let0 < u,v,t <1, we have

ftv+ 1 =) = Qpya-nu(x)

B 0 ’ (1—tv—u+tu)el,
- selel]g | (v + (1 =D, 0
_ 0 Hl-v)e™L 0 (1 =61 = we
O tver 0 ] " [ (1= tuer, 0

0 (1-v)el, (1 - we I,
e S i RO PR

=tQ,(x) + (1 = )Qyu(x)
=tf() + (1 - D ().

Therefore, f is convexon [0,1]. O

In the following result, we present more elaborated formulas for Q, .
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Proposition 2.5. Let & be a Hilbert A-module and let L(E) be the linking algebra of . Suppose that 0 <v <1 and

x € &E. Then
0 0 0 0
owof| 2o s )

3 0 1 —v)(€ — ie'®) 1,
(i) Q,(x) = %superq,e]R [ V(e — iei)r, ( ) . ) ] ,

(i) Qu(x) = supz, gy

Proof. (i) For any x € &, we have

B 0 (1 =v)e 1,
Qu(x) = Supll veioy, 0 ]H
_ 0 (1 —v)(cos O —isin O)l,
B SQE]E | v(cos 0 +isin O)rx 0
— sup 0 (1 —v)cos 01, ] N [ 0 —(1 -v)isin6l, ] ‘
oer ||| v cos Ory 0 Vi sin Ory 0
0 (1-v) ] . [ 0 (1-wi, ] ‘
= sup ||cos O —sin@ )
eeulz [ VIy 0 —Viry 0
_ 0 (A-v) 0 1 —wv)il,
- fuﬁ a[vrx 0 ]Jrﬁ[ —Viry 0
a?+p2=1
0 0 0 0
= R, 3, .
sl 20 ) (25

(ii) For any x € &, we have

_ 0 (1 =v)e 1,
Qu(x) = sup [ veiOr. 0
1 0 (1-v)e I, 0 (1-v)e I,
- ESQLGIJE i velfr, 0 + velr., 0
B 0 (1-v)e ], 0 (1 = v)e O+2)j],
) 59161]1}: | vefr, 0 + —vel @+ iy, 0
1) -0 _1\emip;

< 1 sup i% 1 =v)e ™I, N (i)<p' 1 -v)eil,

2 o.per |1 ety 0 —ve'Pir, 0
1 0 (1 =) —ie®) I,
2 ;EEPR | V(e —ie)ry 0

1 - i il

0,peR |[L 77 (e0—ie?)x

< E sup Q,((e" - ie'?)x) = 1 sup [e? — |, (x)

2 0,p€R 2 0,p€R

Q
= () sup 2 —2sin(0 — @) = Q,(x),

2 0,peR
and thus ' '
1 0 (1 =) (e —ie?)],
(%) = 2 98, ;15{ [ V(e — ie'?)r, 0 :




X. Chi, P. Li/ Filomat 38:2 (2024), 437448 444
3. Some upper and below bounds for Q,(-)

So far, we have given the basic inequalities for the weighted numerical radius. In this section, we intend
to present more detailed inequalities.

Theorem 3.1. Let & be a Hilbert A-module and let L(E) be the linking algebra of & For 0 < v < 1,x € &, the
following inequality holds:

A+Rv=1DA+v), o TRV =1y AFRV=1D e b,
1 8 4
0 1 - lx ’ 0 - 1 - lx
where T = max{llxllg,”[ o ( OV) LT = max{||X||a, [ o ( OV) ] },
B 0 (1= , 0 —A-vk
A= ||x||s—H v 0 ] GRS llxlle-H vre 0 '

Proof. Since Q,(x) = sup,g , by taking 0 = 0 and 6 = 7, we have

0 —-1-v
VIy 0

So, by (3) and (4), we have Q, (x) > % max{I’, I"}. Therefore,

0 (1-v)e I,
vely, 0

Q,(x) > and Q,(x) >

[ 0 (1-v) ]

VI 0

‘ . (4)

T+R2v-1pT+17) N T+R2v-=1p(r -17"))

>
C1+v-1](1 0 (1-v) 1
=1 (z (”’“'8 * ‘ [ w0 )28
1+)2v-1](1 0 —-1-v), 1.,
A (5 (”x”ﬁ * | [ e 0 tah
, A+ v—1)(r-r7)
4
vyl o a-wk [ ff o —a-vk
- 8 Vry 0 Vry 0
- - 1+2v-1))(I = T7
JLeRv R Ry T
4 8 4
S 1+ )2v-1] 0 (1A-v)l N 0 —-(1-v)I,
- 8 VI 0 Vs 0
— — 1+ 2v-1|)(T =T
+1+|1v 1|”x”8+1+|28v Uin s ay s OH2 4|><| )
1+2v-1D)A +v 1+2v-1 1+2v-1 ,
B T P et | PPN i | Y
4 8 4
Thus (1+[2v - 1)(1 +v) 1420 1] (1+2v-1))
+2v — +v +2v — , +]2v — ,
1 ||Ixlle + T(A + A") + TIF—F | < Q,(x).
[}

Theorem 3.2. Let & be a Hilbert A-module and L(E) be the linking algebra of . Let 0 <v<1,a€ Aandx € &.
Then

Q,(xa + xa*) < 2||a + a*||Qy(x).
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Proof. Forany b € Aand y € &, we have
rxa(b) = (xa)b = x(T,(D)) = r:Ta(b)

and
La(y) = (xa, y)e = a*(x, y)e = a"(1(y)) = ToL(y).
Hence ry, = 1T, and I, = T,-1,. Therefore, let 6 € R,

0 (1 - V)e_iglxu+xa* ]

| Veierxa+xa* 0
~ 0 (1 = v)eO(Tyl + Toly)
| velrnTa + i Te) 0
Rt 0 (1—v)e 0T, 0ly
N veOr, Tosar 0
o a=vet || Tow 0], [ Taww O 0 (1-v)e L
N ve'lr, 0 0 0 0 0 || velr, 0
- [0 (1-v)el Tora O
| verx 0 0 0
N Tosr O 0 (1-v)e i,
0 0 vel9r, 0

sZQV(x)”[ T‘g“* 8 ] =2|la + a*[|Q,(x).

SO

< 2|la + a*|Q, (x).

Taking the supremum over 0 € R in the above inequality, we deduce that

[ 0 (1 - V)e_ielxaﬂca* ]

ve i0 Yxa+xa* 0

Q,(xa + xa*) < 2|la + a*||Q, (x).
|
As a direct consequence of Theorem 3.2, we obtain the following result.
Corollary 3.3. Let & be a Hilbert A-module and 0 <v <1. Leta € Aand x € &. If xa = xa*, then
Q,(xa) < |la + a*(|Qy (x).

Remark 3.4. Let & be a Hilbert A-module and 0 <v <1. Let a € A and x € E. Replace a by ia in Theorem 3.2, we
obtain
Q,(xa — xa*) < 2||a — a*||Qy(x).

Thus
Q,(xa + xa*) < 2||a £ a*||Q,(x).
Using Proposition 2.5, we obtain the following upper bound for the weighted numerical radius of
elements in a Hilbert A-module.
Theorem 3.5. Let & be a Hilbert A-module and 0 <v < 1. Then
1
V2= (I o e | o ieon |’
2 n é?r, 0 + —ie®r, 0

Q,(x) < inf

for every x € E.
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Proof. Let a,B € R such that a? + 2 = 1. Then clearly
0 I 0 i, . 0 i 0 I
Flo 6ol 5 6 el 5[] 6]
0 I 0 i
LERIE
wherec = a—p(2v—-1)iand d = f+a(2v—1)i. Using triangle and Cauchy-Schwarz inequalities, respectively,
we have
0 I 0 i
C[ re O ]+d[ —iry, O }
0 I, 0 i
s el v
2 23
2 2 % 0 lx 0 llx
<(Ic)* + |d?) ([Tx 0 ] +H[ Zir. 0 .
A simple calculation implies |c|* + |d|*> = 2 + 4v(v — 1). Hence, we have
0 i, 0 i 0 I
P2 6ol 5 Jomenle 5 ]l 6 )
_4' mz] [ 1- vd]
—Viry
NEHE )
1
o Ll o Y
re O —iry O ’

By Proposition 2.5(1), taking the supremum over all @, € R such that a? + ? = 1, then

7

<lcl

=2

s@+4wv—nﬁ(

Erme=D(lfo L IF Il o i I
o< T ([0 G 2 4 )

Replacing x by ex, we get the desired result. [

In the next theorem, we obtain another upper bound for the weighted numerical radius of elements in
a Hilbert A-module.

Theorem 3.6. Let & be a Hilbert A-module and 0 <v < 1. Then

0 el
e'Pry 0

0 ie~'P1, ) 0 e,
[ —ieiPr, 0 ]—1(21/— 1)[ ePr, 0 ]

, 2
, 0 ie™l,
+i(2v — 1)[ ey, 0 ]

2);

1.
g inf

+

for every x € E.
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Proof. For a,p € R, we have

“[2 lg]+ﬁ[_?r éx]+l(2v—1)(a[ (z)rx iéx}_ﬁ[g l(,;DH

e[ S]] 0 |

:a([rox " +i(2v—1)[_?rx s ')+ﬁ( o ]—1(21/ ) )”
TR I I
woor[2 5 eoa] S 52 4 o] 5]

Taking the supremum over a? + 82 = 1, then by Proposition 2.5(1),

1l o ! o i | 0 il o L )}
X . Uy Uy . X
Q,(x) < E(l'[ 0 ]+1(2v—1)[ Zir. 0 + H[ Zir. 0 ]—1(21/—1)[ e 0 ] ) .
Now, replacing x by ¢*x, we can obtain
. . 2
1 0 el ) 0 ie "1y
Q) < E;;rel]lfz( [ e*re 0 ]+ i2v - 1)[ —ier, 0 ]
. . 2.4
0 il | . 0 el ’
* [ —ier, 0 ]—1(21/—1)[ ére 0 ] ) :
|
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