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Existence results for non-instantaneous impulsive Riemann-Liouville
fractional stochastic differential equations with delay

Fatima Zahra Arioui®

Laboratory of Statistics and Stochastic Processes, University of Djillali Liabes, PB 89, Sidi Bel Abbes 22000, Algeria

Abstract. In this paper, we investigate a fractional stochastic differential equation with delay and non-
instantaneous impulses involving the Riemann-Liouville derivative of order a € (1/2,1) with a fixed lower
bound. The integral representation of the mild solution is presented, and existence results are established

using Banach’s fixed point theorem under appropriate assumptions. An example is provided to illustrate
the main result.

1. Introduction

In recent years, many scientists have become interested in fractional theory because of the memory
property of fractional derivatives, which represent many real-world phenomena. The applications of
fractional differential equations in various fields have received great attention since the qualitative and
quantitative properties of these equations, such as existence, stability, and controllability, are the most
discussed.

To model phenomena using fractional differential equations, we should define physically interpretable
initial conditions. In fractional differential equations with Caputo derivatives, the initial conditions are
expressed in terms of the initial values of the integer-order derivatives. On the other hand, initial conditions
for fractional differential equations in terms of the Riemann-Liouville derivative must be defined in terms
of fractional derivatives of the unknown function, and it is not clear how to measure these values in an
experiment. Heymans and Podlubny [10] proved that initial conditions expressed in terms of Riemann-
Liouville fractional derivatives or integrals can have physical meaning and that the corresponding quantities
can be determined by measurements.

Many different real-world processes and phenomena are modeled using delay differential equations,
where the time derivatives at the current time depend on the solution and possibly its derivatives at
previous times. This delay can be constant, a function of time (time-dependent delay), or a function of a
variable (state-dependent delay) (see, for example [4, 9, 11] and the references therein). Moreover, many
processes experience several abrupt changes in their state at discrete points, known as impulses, which can

be instantaneous or non-instantaneous. It is necessary to model these processes using impulsive differential
equations.
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Several papers on impulsive fractional differential equations with delay have been published. For exam-
ple, some basic points in introducing non-instantaneous impulses in Caputo fractional differential equations
are given in [3], along with two approaches in interpretation of the solutions. Integral representations of
solutions and existence results are provided in [1] for two cases of the lower limit of the Riemann-Liouville
fractional derivative in the presence of delay and impulses.

There are many publications on Riemann-Liouville fractional differential equations with delay and
instantaneous impulses. However, a few papers on these equations involving non-instantaneous impulses
have recently been published (see [2, 15]).

Agarwal et al. [2] investigated the following nonlinear fractional differential equations with a constant
delay where initial conditions and non-instantaneous impulsive conditions are appropriately established
(in integral or weighted form) depending on the type of fractional derivative (with a fixed or changeable
lower limit):

RDiIx() = f(t, x(t), x(t— 1)), t€ (b, sl k=0,1,...,m, 0<q<1,
x(t) = Qr(t, x(sk = 0)), t€ (s tiral k=1,2,...,m,
el "X(Oli=tyyy = Prltion, X(s6 = 0)),

or t_l)ztm ((t = te1) 79x() = Prltern, X(s — 0)),

Wl x(Bli=, = P(0), or Jim((t = to) 1x(t)) = p(0),

x(t +to) = Y(t), te€[-1,0].

The existence of the stochastic term (a random term) is important due to the possibility of unpredictability
in the characteristics of natural systems. For this reason, stochastic differential equations (SDEs) are
considered important tools in modeling and simulating real phenomena and have been applied in a variety
of fields. For more references on SDEs, refer to [5, 6, 13]. During the last decades, a few papers have
been presented on fractional stochastic differential equations involving Riemann-Liouville derivatives (see,
for example, [8, 16]). Therefore, and based on the above model, we propose in this paper the following
fractional stochastic differential equation with delay and non-instantaneous impulses:

iD?M(t) — f(l’, u(t), u(t — 7)) + g(t, u(t), u(t — T))%, te (S]', tj+1]/ i=0,1,...,m, (1)

u(h) = Wi u(6), L€ sl j=12,m (2)

slltl_au(f)h:s,' = f]\llj(s, u(t;))ds, j=12,...,m, 3)
tj

oI u(Blco = 9(0), and u(t) = p(t), t € [~7,0] @

where iD;" denotes the Riemann-Liouville derivative of order % < a < 1 with a fixed lower bound sy = 0,
t € J = (s0,b]; the non-negative points {sj};ﬁ: o and {15]-+1}]’.":0 are given such that 0 = sp <t <51 < fp <
- < 8y < tys1 = b. The unknown u(-) is a random variable that takes its values in a separable Hilbert
space H. The values u(t;) = u(t]T) = lirr(}u(tj —€) and u(t;') = lir%u(tj + €) denote the left and right hand
€ €—l
limits of u(t) at t; for j = 1,2,...,m, respectively. The process jumps to the states u(t}r) = lirr(}u(tj +€) at the
€
points ¢; where the impulsive functions W; begin and continue along the interval (t;,s;] for j = 1,2,...,m.
f : U;H:O[S]" t]‘+1] XHXH — H, g: U;.":O[S]', tj+1] XHYXH — Lg, \y] : [t]',S]‘] XH — H fOI'j =1,2,..,m,and
@ : [-1,0] — H are appropriate functions.
The paper is organized as follows: In Section 2, we introduce some materials that will be used throughout
this paper. In Section 3, we present the integral representation of the solution to the system (1)-(4). Section
4 contains the main result. An example illustrating the result obtained is presented in Section 5.
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2. Preliminaries

In this section, we will introduce some basic concepts and notations that will be used in this paper to
answer the existence problem for the system (1)-(4).

Let H and K be two separable Hilbert spaces, and L(%, H) be the space of all linear and bounded
operators from K to H. We use the same notation ||| to denote the norms in K, H and L(K, H), and
we use (-, ) to denote the inner product of K and H. Let (Q, 7, {F:}1»0, P) be a complete probability space
equipped with a normal filtration {#}};>0 satisfying the usual conditions. An H-valued random variable is
an ¥ -measurable function u(t,-) : Q — H; in the rest of the paper, we write u(t) instead of u(t, ®) for all
@ € Q.

Let {w(t)};=0 be a Q-Wiener process defined on (CQ, F, {Ft}i-0, P) with the covariance operator Q such that
trQ < co. We assume that there exists a complete orthonormal system ¢; in K, and positive real numbers
A such that Qcx = Ak, k =1,2,- -+, and a sequence of independent Brownian motions such that (w(t), e) =

ki VA, e)Bi(t), e € K, t = 0.

Let Lg = LZ(Q%‘K, H) be the space of all Hilbert-Schmidt operators from Q%W into H with the inner
product < ¢, ¢ > p=tr(PQ¢").

The space of all strongly measurable, square-integrable, H-valued random variables, denoted by £,(Q, H),
is a Banach space equipped with the norm ||u(')||i:2(0,(H) = E[u(-)|.

Let C((0,b]; L2(Q, H)) be the Banach space of all continuous ¥;-adapted measurable processes with the

norm ||ullc = sup (]Ellu(t)||2)%. Consider the following space
te(0,b]

PC1-al),H) = b X Q = H i (£ = 5)' (1) € CUUL(5) o) U (U5 e, 551D, L2, H)),
x(t) = x(t]T) = gr& x(tj —€) < oo and
x(sj) = x(s].‘) = lelir(} x(sj—€)<oo, j=1,2,...,m,
E ||t - s)" )" < oo, for t€(s;,sp], j=0,1,...,m~1,
E ||t = ) ()" < o0, for ¢ € (m, turrall-

We introduce a norm on the space PCi—,(J, H) defined by:

Ixllec, e = lIxll; = max |[lx]l;,
j=0,1,....m.

where [|x|l; = sup (]E”(t—sj)l‘“x(t)”2)% forj=0,1,...,m—1,and [l = sup (]E”(t—sm)l‘“x(t)”z)%.
te(sj,sj41l te(Smtms1]

Here PC1-,([—71, ], H) is the space of all functions x € PCi_,(J, H) with x(t) = ¢(t) on [-1,0].

Let us recall some elementary concepts related to fractional calculus (cf,. [7, 12, 14]).
Definition 2.1. Let0 <y < T < oo,

e The Riemann-Liouville a™-order fractional integral is defined by
t
wlfu(t) = ﬁ f(t —s5)* tu(s)ds, t €[ty T], a >0,
to

where I'(-) is the gamma function, which is defined by T'(a) = f te-letdt,
0
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e The fractional a™-order Riemann-Liouville derivative is defined by

1 d"
R _ n—-a-1
wDiu(t) = Toi—a) _dt’l(f(t — )" u(s)ds), telt, T, 0<n—-1<a<n.

7

I=u(t) = u_o(t), the following equality holds:

Lemma 2.2. Fora >0,k = a| +1and I}

k (k 1)( to)

W12 RDu(t) = u(t) - Z o o

—-i+1)

Proposition 2.3. Fort > ty, v > 0and 0 < a < 1, the following are true:

. _ L'(y) e
Rpars _ -1 _ _ y—a—1
i) DIt =)™ = T —a) (t—to) ™",
. I'(y) e
) Wl =)= gy

iii) RD¥(t - t)*! = 0.

3. Integral representation of a mild solution

In the following, we will give the integral representation of the mild solution to the system (1)-(4).

Lemma 3.1. The stochastic process u € PCi_n(J, H) is a mild solution to (1)-(4) if the following integral equation is
satisfied:

(t=s)*" 1 (s, u(S) u(s - 1))
g iy g OO
1 - g(s, u(s) u(s — 1))
u(t) = f EpSTEn dw(s) .
smm |
a)f(t )1ads’ te(sj/tj+l]/]=0,1,...,m

Wi(t, u(t] )) te(tysyl, j=1,2,...,m

where Wy = p(0), o =0, and for j=1,...,m

-1 Sk+1
Dt u(t)) = —2 ]Z( tm(t—s)-a-lu(s)dﬁ (t = 8) ™ Wi (5, ut,,))ds)- (6)
7 T(1-a) &t - k1S, Uty

Proof.

Let t € (5o, t1]. From Lemma 2.2, the general integral equation of the system (1)-(4) can be expresses as

pa-1 t f(s, u(s), u(s — 1)) 1 (" g(s,u(s), u(s - 1)
LGRSl S e R ol B v

u(t) = dw(s). @)
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Let t € (s, 2], then
t1 t
ng‘u(t) = T ! )(;tf (t—s)" u(s)ds+%f (t —s)™u(s)ds + — d f(t—s) u(s)ds)
= F(l oz)f (t—s)"" 1u(s)ds— f (t =)Wy (s, u(ty))ds

+ﬁT;53L£G—®”Mﬂ%
= —Oy(t, u(t) +X Dfu(t),

where @y (¢, u(t)) = T

From (1) and (3), we obtain the following initial Ilaroblern for t € (s1, 2]

()

t s
o a)( f (t — s)™* Lu(s)ds + f (t— s)~"1W, (s, u(t;))ds).
0 ¢

s Dfut) = f(t, ut), u(t = 7)) + g(t, ut), u(t = 1)) — = + Gi(t, u()),

51
a2 [0U) ey, = f Wy (s, u(ty))ds.

31

From Lemma 2.2, we get

(s fls uts) s =)
T J, s e R >f =

1

q(s, u(s) u(s — 1)) 1 ' Dy (s, u(s))
F(a)f “oe . WOt EG | e ®

u(t) =

Continuing this process for j = 2,3, ...,m, we prove the integral representation (5).

Now we show that the mild solution satisfies the system (1)-(4). From (5), we have

— 5! f(s,u(s), u(s — 1))
F( ) f Wi(s, u(t; ))ds+r( )f (f— s ds

g(s, u(s) u(s — S, M(S))
r(a)f o ‘”“r()f(t oy

By the Definition 2.1, we have for every t € (s, tj;1],j=0,1,...,m
1 d (!
Rpa _ o\
oDju(t) = —F(l —2) T f(; (t —s)“u(s)ds

1 d j-1 frr1 N Skt1 . 1 d ¢ .
:r(1—a)EZ(L (t—s) ”(S)dS+L (t->s) u(S)ds) o a)dtf(t_s) u(s)ds

te1 Skt 1
= F(l ~ ) Zf (t = 5)™* u(s)ds — F(l D Zf (t = 8) "W (t, ulty,,))ds

tret

— st & u@),uE -
YA oc)dtf(" T f‘””“”d“r()f o

tj
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G-t O | Goge

1 9@, u@3), u@ - 1)) 1 D;(5,u(S))
+ F(a)f ds)ds.

Then, from (6) and Proposition 2.3, we have

RDSu(t) = —y(t, u(t) + ﬁ%(s,zg-(*<t-sj>a—l f w5 u(e))as)

t
+ ﬁ% f(t - s)‘“( sils f(s,u(s), u(s — 1)) + 515 g(s, u(s), u(s — T))dz;is) + 515 Dj(s, u(s)))ds
d
= —®j(t, u(t) + EDF( I ut), ult = 1) + oI g(t, ut), u(t - ﬂ)% + o 7Dt u(h)))
d
= b, u(t), ult — 1) + g0t ), u(t ~ ) o )

We can see that the mild solution (5) is adequate for the system (1)-(4). Based on this, we define a mild
solution for (1)-(4). O
4. Existence results

Let us introduce the following hypotheses:
(H1) The function f : U;?; olsistis] X H x H — H satisfies the following condition:

There exist two constants Lg, My > 0, such that for all t € [s;, t;1], j = 0,1,...,mand x1,x2, y1, 2 € H,
we have

2
E £t x1, 1) = f(t, 22, )| < L7ElIx1 = xal® + MfElly; — yall.

(H2) The function g : U;." olsistisl X HXH — Lg satisfies the following condition:

There exist two constants L,, M, > 0, such that for all t € [s;,t;,1], j=0,1,...,mand x1,x2,y1,y2 € H,
we have

2
E ||g(t, x1, y1) = 9(t, %2, v2)||” < LyEllx1 = xal? + MyEllys — vl

(H3) For j = 1,2,...,m, the impulsive functions W¥; : [t;,s;] x H — H are continuous and satisfy the
following condition:

E|[W,(t,x) - Wt y)||” < A Ellx - yI2, Vx,y € H, with Ay, € (0,1].
(H4) For j =1,2,...,m, the impulsive functions W, : [¢;,s;] X H — H are of order (sj— )+ ie.,
Wit x) = (s; — )Yt x), YxeH,

2, Vx,y € H, with Ay, € (0,1].

Theorem 4.1. Assume that conditions (H1)-(H4) hold. Then (1)-(4) has a unique solution u € PC1_o([—7,b], H) if
the following condition holds:

where the functions ¢; satisfy |E ||1/)]-(t, x) — Yt y)“2 < Ay E ||x -y

C max (4/\\1/].(51‘ - t]')2(t]' - S]'_1)2(a_1) . 4Lf1"(2a - 1)(fj+1 - S]')Za 4Mf(5]' - T)2(a_1)(tj+1 - S]')2
e A 2(a) T(a+ 1) Ga - 1) T2(a+1)
+4Lg/3(2a -1,2a - 1)(t]'+1 - Sj)za*1 4Mg(s]‘ - T)Z(“fl)(t]q_l - Sj)
I'%(a) Qa — DI?(a)
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jZ (t]+1 - S])
(X)rz 1- (X) Ra—1)(s; - fre1)?
j—2

+
k=0

L R (T . Ay,(sj = ti)(tjs1 = s))? ))
a(sj = sg1)* (tj —sj-1)21-

)
Proof. Define the operator N for any u € PCi_,([-7, b], H) by

o), for t € [-1,0]
a1 1 LfGs, u(s) u(s — 1))
TGRS el e =
F(la) [ 96, ”(S) S’”;fsa ))dw(s), fort € (0, 1]
Wit, u(t )) forte(tj,s]] i=12,..., m
(Nu)(t) = (t—s]-)“‘l S ~ 1 L f(s, u(s), u(s — 1))
) f_ Wi, u(t;))ds + f o ds
1 (s, u(S) u(s — 1))
T f BN EE
t
+r(1a)fcz(_s:)’1(_l)ds, fort € (s tial, j=1,2,...,m

It is evident that N maps from PC;_.([-7, b], H) into itself. Now we prove that N is a contraction mapping.
Let u,v € PC1_o([—7, b], H), then

Case 1: For t € (so, t1] with t; < 7 + sy, we have

_ f s, u(s), p(s — T)) (s, u(s), @(s -

(Nu)(t) = )<p(0) F(a) T T f mp w(s).

Therefore,

|- (Vi@ - Noyo)|[

tl=a L (f(s,u(s), p(s — 1)) = f(s,9(s), p(s — 1)) , 112
ZIE”F(Oé (t _ S)l—a dS”
= (g(s, u(s), o(s — 1)) = g(s,0(s), p(s — 1)) 2
+ 28 [ o o)
=1 +1. (10)

Using Holder’s inequality, (H1), and Proposition 2.3, we get
tl_a ! (f(S/ M(S), (P(S - T)) - f(sl Z](S)/ (P(S - T))) d5”2

h=2%rg ) -9
< 2;22(1&;() f(t s)*” 1dsf (t—s)* 1]EIIf(s u(s), (s — 7)) — f(s,v(s), p(s — 7))|*ds
2t2 a

*T@la@+D fo (t = s LyBlu(e) - o()lPds

2Lft2 @

t
= Ta+ DM@ f (t =) DE|ls' ™ (u(s) - o(s))IPds
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f’f2 ! ) t _ a-12(a-1)
< m T)”O ](; (t—s)""s ds
2L T(Qa - 1)a2 5
STa+D < TEa-1 M
2LT(2a — 1) ,
= T+ Dr@a-n D
From Proposition 2.3 and (H2), we get
, £ (g(s, u(s), p(s — 1)) = g(s,0(s), p(s — 1)) 2
=265 | e duw(s)|
2 2(1-a)
< f_z( ) f (t = 52 E||g(s, u(s), pls — 1)) — g5, 0(5), p(s — 0)|'ds
i (YT VL,E *d
o f (t-s) lu(s) — o)
2(1-a)
Zert(a) f (t =92 VE|s' ™ u(s) — o)) s
2L, T(2a — 1) — 1)t4a~3 2
() T(4a - 2) e =2l
2L,Ra —1,2a — 1)t2271
<ol (12)
By substituting (11) and (12) into (10), we get for ¢ € (0, 1],
|- ((Nw®) - Vo) o)
2LTQa—1)R* 2L AQ2a— 1,20~ 1)12a7 ,
= (F(a TG -1) 2(a) Y =
< nllu ~ oll3. (13)
Case 2: Fort € (sj, th], j=12,...,m
Lets; > 7 + 5. For any s € [s}, ], we have
E|(t - s)" " (Nu)(t) - o))
< 4]E||L fsj (‘If'(s u(t;)) = Wi(s v(sz)))ds”2
~ @ J, U A
(f(s,u(s), u(s — 1)) — f(s,0(s),v(s — 7)) , 12
e [ = i
(t=35)""" (" (g5, u(s), u(s = 1)) — g(s,0(s), 0(s = 1)) , 2
+4E|| ) f e duw(s)|
(t=spi=e (4 (Dils,u(s) = Di5,0(5) 1
rap| e [
=hL+L+1;+14. (14)

From (H3), we have

I =4IE“$ ft j(\Ifj(s,u(t;))—\I/]-(s,v(t].‘)))ds”z
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4 p— S
< (15]2( )’) . 1E||\yj(s,u(t;))—\yj(s,v(t;)))jzds
A6 - 1) _
< T2 — A Ellu(t; )—v(tj)||2
4 t)Aw,
& Fz(];) = (t = 50 V||t -0 et)) - ot )|

L(t = 5712 Dl — U||]2-,1-

481

(15)

First, we calculate I and I3. Since we previously assumed that s; > 7 + sy, then we have for any s € [s, t]
withj=1,2,...,m,s0 <sj— 7 <s—1. Let k be a natural number such that s — 7 € (s, t — 7] for s € [s},t] and

t € (sj, tjr1l
Using Holder’s inequality, (H1), and Proposition 2.3, we obtain

I = 41E'

‘(t - sj)l_“ L (f(s,u(s), u(s — 1)) — f(s,v(s),v(s — T))) ”
T J, =)
4(t - S]‘)Z(l_a)

t t
< T I (t-— s)“‘ldsjs‘ (t- s)‘H]EIIf(s, u(s), u(s — 1)) — f(s,v(s), v(s — 7))|*ds

j j

4(t—s]

s T(@ @+ 1) f (t—9)"" 1(Lf]EIIM(S) = 0(s)I* + MfE|u(s — 7) — o(s — T)||2)

At —s))> Ly

= T@r@+ D) f (=5)""(s = 5" VEllis = )" (uls) - o(s))lPds

A(t - 5,7 M

 T@ra+ 1) f (F=9)"" s =7 = 5P VEN(s — 7 - 50" (u(s — 1)~ 0(s — )|

4(t —sj)* Ly , (! ) )
< — 7y — ol _gya1(o _ ¢ )2a-1)
S T@l@+1) [|u vll] L (t=s)""(s—s)) ds
4(t — Sj)z_a]\/ff 5 t 1 9
—_—lu - —g) g1 (a-1)
+ T@l@+1) [|u U”kfs,-(t S)* (s — T —sg) ds

<(4(t—s]~)2_“Lf T(a)T(2a — 1)(t — 52 4(t — 5,2 *M;

D@la+1) TGa-1)  Taresn ©
ALTQa —1)(t—s)**  4My(t —sj)*(s; — 1)*@ D )
<(arrGa=n * Rary Ml

(4LfF(2a = D(tjs — S],)Za 4M(s; — T)z(a_l)(t]q_l - S]‘)2

IA

From Proposition 2.3 and (H2), we have

I; = 4E|

(t=5)" f (965, 1(s), u(s = 7)) = g5, 0(6), v(s = 7))
@ J, (t=9

A(

4(t _ S])Z(l a)
I*(a)

5j

2
Ta+DIGa-1) T2(a + 1) )b = .

tilw(s)”2
_ 2(1-a
< % f (t — )2 VIE||g(s, u(s), u(s — 7)) — g(s, v(s), v(s — 7))|l*ds

f (t - s)z(“‘l)(Lg]EIIu(s) — o) + MyElju(s — t) — (s — T)||2)ds

t
=50 [ (- as) ol
Sj

(16)
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4(t —s; )2(1 a)y,
< T f (t- 5)2(a 1)(5 -5 )Z(a D]E”(S _ S])l (u(s) — U(S))||2ds
4(t — 52 (=1
T f (t = P75 = 7 = 502 VE||(s = T = 51 (u(s — 1) = 0(s = )|['ds
r@ o,
4(t - S]')z(l*a)Lg 5 t X
S —— o llu—-1; — o)1) _ o y2(a-1)
< T2(a) llu = ol fs/ (t—s) (s —s;) ds
4(t —s; 2(1_“)M t
%”u - UH]% js: (t- S)Z(a—l)(s —r— Sk)z(a_l)ds
4(t - sj)Z(l—a)Lg FrQa-1DrQRa—-1)(t- Sj)4“—3
= ( rZ(a) X I“(4a — 2)
4(t — Sj)z(l_“)Mg

t
(s; — T —sp)*7V f (t — )@ Vds)|ju — o||?
I(a) / 5 ) ]

4L,BRa —1,2a — 1)(tjs1 — s 4M,(s; — 1)@ D(tjsg —s)) 5
<( (a) " Qo - )2(a) Yl = ol

(17)

Second, we calculate I. From (6) and the Holder inequality, we obtain for t € (sj, tj11], j = 1,2,...,m,

L =sye (@i, u(s) = Difs,09) e
1y = 48] T(a) f (t—s)i-a ]
4(t _ Sj)Z(lfa) t . t el 2
e f/ (t—s)*"'ds f (t = 5)*7VE||@;(s, u(s)) — @j(s, ()| ds
4(t —sj 2 a

<n&m;ﬂf%*)MH@“WW—®@WMWs

At-s N = (1) o)
_1"(0()1"(;+1)f(t_s) R ”m a)Z fk oz

+ fshl (\yk+1(z u(tk+1)) \IJk+1(Z U(tk+1))) )||2dS

(S — Z)a+1

fi+1

_ Bjalt—s f(t_s)a 3 IE”f”“ u(@) - () Z”

= T2(a)2(1 —a) (s —z)et
At \pk+1 Z M(tk+1)) \Ijk+1(Z U(tk+1))
+ ]E” ftm (s — )+l ” )ds

= 14,1 + 14,2.

We have to calculate I;; and Iy». Fors € [s;,t] and t € (s, tj1], j = 1,2,...,m, we use Holder’s inequality
and s — 41 < 5 — 5, we get

j-1 tert _
Foe] [ 1

] 1 1 Frs1
2
Z‘ fs (s — 2)2(a+1)d L Ellu(z) — o(z)lI*dz

k=0 k
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-1
(tk+1 ftk+1 2(a—1) 1- 2
< z — sp ) TVE|(z — sp) Y (u(z) — v(2))|| dz
Z;‘ ot [ e e - st ) - o)
j-1
(b1 — 50)™ 2
< [l — o[- (18)
L 2a—1)(s — b G - s

t —
From (18), and by applying k;rl—ssk <lands; — tg41 < 8 — tg1, We obtain
— Sk

8 _ 2—a t sl _
L= F2](0;¢()tr2(51]) (t —s)* ! Z IEH f inzz Z)ij) ZH ds

8]01(t - 5])2 a f ) (besr — Sk)Za ,
P — _ o\ 3 J
T 221 -a) ( 9 Z 2 — 1)(s — tr1)2(s — 5£)2 llu — ol ds
Barj(t —s)> el
< s ) Z = ”k " (t—s) =9
2(a)*(1 - a) 20c 1) |, 5= b
8ja(t —s/)*@ U
< f— a— 1d
I2(a)2(1 - a) Z (2 U”k( f( s)*"'ds
(t]+1 5
- e 19
rz(a)r2(1 —a) Z (2a — 1)(s] tkH)Q llu = ol (19)
Using Holder’s inequality and (H3), we get
i]};ﬂ St Wiiq(z, M(tk+1)) Wiz, z)(tk+1)) ||
k=0 tks1 (s — z)att dz
it Skl Sk+1
1 /\‘I’k 1 _ _ 2
< —d — = E t —o(t d
- g ‘[kﬂ (S - Z)[H—l : \ft;ﬂ (S - Z)a+1 ”u( k+1) U( k+1)|| Z
- Skl — o\2(a-1)
1 1 1 ‘ A\Vk 1(tk+1 Sk) B 5
= a - - E||(te1 —s1)” " (u(t o(t dz
kZ:O‘ ()C((S—Sk_,_l)bY (S—tk+1)a)L+l (s — z)*1 ”( k+1 k) (u( k+1) ( k+1))“
U _ o \2(a-1) .
Awy, (Ferr = Sk) . f 1
= } u-v ———dz
kZ:;. a(s — ska1) I i by (5—2)0*1
It o201
My, (b1 — k) )
- ; e 20
B Z a%(s — sps1)%® Il = ol (20)

k=0
Fork=0,1,...,j-2with j=2,3,...,m, using (20) and applying s; — sg11 < 5 — 5541, We get

8ja(t — s> il [ Ve @) = Wiz o))
o ¢ B S

k+1

8ja(t — s> /\\If+ (b1 — 52D
< a5y f(—s)“1 ol 297 ipas
I2(a)?(1 - a) = (5 — 5k41)%@
< 8](t - Sj)z_a Z A\yk+l (tk+1 - Sk)Z(ail) ”u U||2 ' (t - S)a_l
T Pl -a) - a ¢ 5 (5= 5ka1)™
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8't_s,2—a j=2 A ¢ _ 2(a-1)
j(t=s)) Z Wy (Fes1 — Sk) " _kaf(t_sa 16

<
T I2(a)2(1 - a) a(sj — sg1)%®

)2Aa=1)

8] j+1 = S]) A\Ilk (tk+1 — Sk 2
< = -0l 21
(@21 -a) Z P [l — [ (21)

si—z
Fork=j—-1withj=1,2,...,m, using the Holder inequality, (H4), and applying s]— - <1, we get

8]01(1%—5])2 a . si Wi(z, u(t ) — \I/j(z,v(tjf)) 5
Lyy = rz(a)r2(1 a) f(t—s) 11E”f 2 dz” ds

dzds

8ja(t —s;)*%(sj — tj) (9 EVE ) - i, v(t}?))||2
= I2(a)2(1 - ) L (£=5) ]t: (s — z)Xa+D)

e CRL f EliGs; — 20 (9, u(t7) = 5z, vt ))IP

I2(a)I(1 - a) . ; (5= 22D zds
< 8jalgi(:)é)s§)22(—la(_s]'0é; tj) L (t=s)"" . ((Ssj—mmllybj(z,u(t;))—¢j(z,v(t;))||2dzds
< Sjwi(t_sgjgisijé(_lti)gﬁ_sj1)2(a_1)||u—vu2» f g ti | —((S — ;Zf:;)dzds
< e T o, )

Fork=0,1,...,j—-1with j=1,2,...,m, we derive the following result from (21) and (22),

: 8j (Z Aw,, (Es1 = 52 (ber — 52D LMt - b)Y (e = SJ)Z)H P (23)
2= e - a2(sj — S 2 (t; — 5120 4
As a result of (19) and (23), we have
I ] . ]+1 - S/)
4= T r2(1 )\ = (2a = T)(sj — i)
+ ]ZZ A\I»’k+1(t]+1 S]) (tk+1 - Sk)z(a b + A#’/‘(S]' - tj)z(tj+1 - 51)2)” _ 0”2 (24)
P = S1)* (tj = 5j-1)21~ a

Substituting (15)-(17) and (24) into (14), we get for t € (sj, tj11], j=1,2,...,m

IE“(t — )M ((Nu)(®) - o) )|
[4)\\;1] Sj —t: ) (i‘ —5j- 1)2(“ D 4Lfl—'(20( — 1)(t]'+1 — sj)Za 4Mf(S]' - T)2(a71)(tj+1 - S]')2

() T T@+)rGa-1 T T2(a+1)
4Lgﬁ(2a 1,2a = 1)(tia —s)*7 4Mg(sj — 1@ V(i1 —sj)
T2(a) (2a — 1T (a)

Z ]+1 - 5])
1"2((1 F2(1 a) Qa - = trr1)?
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-2 _

j Ay, (tj+1 - Sj)z(tk+1 - Sk)z(a 2 /\%‘(Sj - tf)z(tf+1 - Sf)z 2
+ 2(s; — )2 * t— g 1)20-a) )]HM_UHI

P a(Sj — Sk+1 ( j S]—l)

< nllu ~ ol (25)

Case 3: For t € (t,5;], j=1,2,...,m,

E||(¢ — 5j-)"((Nu)(®) ~ (No)®)|[
= |t — 510" (10, N@(t7)) = Wi, ;) )|

< Aw (¢ = 510" (NG(t)) = N )|
4/\\1/];1 (S]'_l - tj_l)z(tj_l - S],_Q)Z(a—l) 4Lf1"(2a - 1)(i’j - Sj_1)2“ 4Mf(S]‘_1 - T)z(a_l)(i’]' - S]‘_1)2

< )
<du T2(a) T T T@+)Ga-1) 2@+ 1)
.\ 4L,BRa —1,2a = 1)(t; — sj-1)** " 4My(sj—1 — 1)@ D(tj — sj-1)
2(a) Qa - DI2(a)
.\ 8 (jz (tj = sj-1)?
I2(@)I?(1 - a) = (2a = 1)(sj-1 — tra1)?
N ’i Ayt = 512 (bian =500 Ay im0 = )08 — 5)? Vi ol
a2(sj-1 = Sk+1)* (tj-1 = 5j-2)*170 J
k=0
< nllu — olf}. (26)

Therefore, from (13), (25), and (26), we obtain
INu = Nolly < il - ol

From condition (9), the operator N satisfies the condition of the contraction mapping principle, then
N has a fixed point. We get the uniqueness in the same way by proving that |lu — ol < +/fllu — ol
for u,v € PCi_o([-7,b], H), and we conclude that u(f) = v(t). Hence N has a unique fixed point u €
PC1-o([-7,b], H). O

5. An example

Lets; =2j, tjyn =2j+1,j=0,1,2,3, b=7.
Consider the following problem

R 1~0.9 _ e u(t)| [u(t —1)|
WD u®) = e a + ) T 100+ - 1)
1 ( 0.1Ju() 0.2Ju(t —1)| \ dw(t)
@(10+|u(t)| + ool te(0,11U(2,3]U(4,5]U(6,7], (27)
A £
u(t) = (S]—te—“f—f)”“u(t ), te(1,2]U(3,4]U(5,6], (28)
\/m ]

Sj (S]' _ s)1+a

IO, = eyt )ds, i=1,2,3 (29)
it t=s; | \/ﬁ ] )
oI/ u®l=o = 9(0), and u(t) = (t), t€[-1,0]. (30)

We have ) u(t-1) 01u()l |, 02Ju(t-1)|
— e lu(t u(t— _ 1 u(t 2lu(t—
f(t, u(t), u(t - 1)) = TN+ @) + 10(1+|u(t_1)|)/f](f, M(f), M(f - 1)) Y (10+|u(t)l + 10+|u(t—1)l)r
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Wit u(t)) = %e—@—t)l*“u(g)g =1,4=09,L; = 0.02, My = 0.02,L, = 0.01, M, = 0.04, Ay, = 0.025, 1, =
0.1,] = (0,7].

4% 0.025(S]‘ - t]‘)z(t]‘ - S]‘_1)_0'2 4 x 0.02r(0.8)(f]‘+1 - S]‘)l'8 4% 0.02(5]‘ - 1)_0‘2(t]‘+1 - S]‘)2

= j:l?‘szv)( 2(0.9) * T(L.9(1.7) * 2(1.9)
4% 0.01 X B(0.8,0.8)(Hia —5)%° 4% 0.04(s; — 1)°2(tj11 — )
+ +
T2(0.9) 0.812(0.9)

. 8j (i (tjin1 — Sj)2
I'2(0.9)I2(0.1) i 0.8(sj — tgs1)?

ji 0.025(tj1 — 5)(tes1 =502 0.1(s; = ) (tj1 —5)° ) ~085<1
L 081(5] _ Sk+1)1'8 (t] — Sj—l)O'Z =u. .

According to Theorem 4.1, the system (27)-(30) has a unique solution u € PCoo([-1,7], H).

References

[1] R. Agarwal, S. Hristova and D. O'Regan, Existence and Integral Representation of Scalar Riemann-Liouville Fractional Differential
Equations with Delay and Impulses, Mathematics 8 (2020).
[2] R. Agarwal, S. Hristova and D. O’Regan, Integral representations of scalar delay non-instantaneous impulsive Riemann-Liouville
Fractional Differential Equations, Appl. Anal. 101 (2021), 6495-6513.
[3] R. Agarwal, S. Hristova and D. O'Regan, Non-instantaneous impulses in Caputo fractional differential equations, Fract. Calc. Appl.
Anal. 20 (2017), 595-622.
[4] M. Benchohra, J. Henderson, S. K. Ntouyas, A. Ouahab, Existence results for fractional order functional differential equations with
infinite delay, ]. Math. Anal. Appl. 338 (2008), 1340-1350.
[5] R.E Curtain and P. L. Falb, Stochastic differential equations in Hilbert space, ]. Differ. Equ. 10 (1971), 412-430.
[6] G.Da Prato, ]. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University Press, Cambridge, 1992.
[7]1 K. Diethelm, The Analysis of Fractional Differential Equations, Springer, Berlin ,2010.
[8] Y.Guo, X-B.Shu, Y. Li and F. Xu, The existence and Hyers-Ulam stability of solution for an impulsive Riemann-Liouville fractional neutral
functional stochastic differential equation with infinite delay of order 1 < p < 2, Bound. Value Probl. (2019).
[9] J. Henderson, A Ouahab, Fractional functional differential inclusions with finite delay, Nonlinear Anal. 70 (2009), 2091-2105.
[10] N. Heymans and I. Podlubny, Physical interpretation of initial conditions for fractional differential equations with Riemann-Liouville
fractional derivatives, Rheol Acta. 45 (2006), 765-771.
[11] S. Hristova, R. Agarwal and D. O'Regan, Explicit solutions of initial value problems for systems of linear Riemann-Liouville fractional
differential equations with constant delay, Adv. Difference Equ. (2020).
[12] A. A.Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differential Equations, Elsevier, 2006.
[13] B. Oksendal, Stochastic differential equations: An introduction with applications, Springer-Verlag, Berlin, 1995.
[14] 1. Podlubny, Fractional Differential Equations, Elsevier, 1999.
[15] L. Sahijwani and N. Sukavanam, New notion of mild solutions for nonlinear differential systems involving Riemann-Liouville derivatives
of higher order with non-instantaneous impulses, arXiv:2207.13759v1 [math.DS] 27 Jul 2022.
[16] M. Yang and H. Gu, Riemann-Liouville fractional stochastic evolution equations driven by both Wiener process and fractional Brownian
motion, J. Inequal. Appl. (2021).



