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Abstract. Soft set theory is a topic of interest for many researches working in a various of fields. In
order to advance this field of study, we invest the soft pre-open sets to introduce a new generalization
for soft-expandable, namely soft(pre)-expandable. We used the soft pre-open sets in various locations in the
definition of soft-expandable spaces to give either equivalent definitions of soft expandable spaces or to give
different types of soft spaces, we will show the connections between them and based on these connections,
the definition of soft(pre)-expandable space was chosen. Relationships between this soft topological space
with other some know soft topological spaces are examined. Also, we show soft(pre)-expandable and soft
expandable are equivalent if the soft topological space is either soft-QSM orω0-soft(pre)-Compact, and some
other features of this spaces with helpful examples are discussed to understand this space more. Finally, we
finished this work with our study of two concepts called soft(pre)α -expandable set and soft(pre)β -expandable
set.

1. Introduction

Several practical issues in a variety of scientific areas, including engineering, environment, economics
and medical science, require technical approaches rather than dealing with them in a traditional manner.
Many researchers went on to create soft set theory as a new mathematical tool to deal with problems
containing uncertainty after the pioneering monograph of Molodtsov [31]. The first attempt was made by
Maji et al. [29]. He introduced null and absolute soft sets in 2003, as well as the complement of a soft set,
soft intersection, and soft union between two soft sets. Some of these notions have been reformulated to
be fit for abstract and applied aspects as well as to get rid of some shortcomings concerning onology. This
gives rise to conducting of some studies such as Ali et al. [3] and Al-shami and El-shafei [9]. They proposed
new soft operators and redefined certain existing soft operators.

Shabir and Naz [39] introduced the analysis of soft topological spaces in 2011. They used the concept
of soft sets to describe soft topology and developed fundamental concepts for soft topological spaces, such
as soft open, soft closed, soft closure, soft neighbourhood of a point, soft subspace, soft Ti-spaces, for
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i = 1, 2, 3, 4, soft regular and normal spaces. Min [30] conducted additional research on soft Ti-spaces and
proved that a soft T3-space is a soft T2. The fundamental characteristics of soft closure and soft interior
operators were defined by Hussain and Ahmad [25]. Covering properties, i.e., nearly soft Menger, almost
soft Menger and weakly soft Menger spaces were introduced and explored by Al-shami and Kočinac [12, 13].

A brilliant idea developed by the authors of [23, 32] was the ”soft point,” which was utilized to analyze
various characteristics of soft interior points and soft neighborhood systems. Kharal and Ahmad [27]
identified soft mapping and developed its master qualities, while Zorlutuna and Çakir [46] discussed the
idea of soft continuous mapping. Al-shami [7] provided a new formulas to compute the image and pre-
image of a soft set depending on a soft point. Aygünoǧlu and Aygün [21] established the concept of soft
compact spaces and Al-shami et al. [10] proposed the notions of almost soft compact and approximately
soft Lindelöf spaces, while Aljarrah et al. [4] employed the soft regular closed sets to introduce a new
type of soft compact and soft Lindelöf spaces namely, softint-compact and softint-Lindelöf. Furthermore,
Rawshdeh et al. [37] introduced soft-expandable spaces as a generalization of soft paracompact and
countably soft compact spaces and they went through the condition in which a countably soft-expandable
space becomes soft paracompact where a soft-TS (Z,A,Γ) is soft-expandable if for each Soft-LF (Z,A,Γ)
family S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω}, there is a Soft-LF (Z,A,Γ) family T = {(Tβ,Γ) ≪ (Z,Γ) : β ∈ Ω}
with (Tβ,Γ) ∈ SO(Z,A,Γ) and (Sβ,Γ) ≪ (Tβ,Γ) for each β ∈ Ω. Also, they demonstrated there is no
connection between soft topology and its parametric topologies in terms of having the property of being
a soft-expandable space. Moreover, they defined soft s-expandable spaces which are stronger than soft-
expandable spaces, they looked into some concepts that are equivalent to soft s-expandable spaces and they
investigated how soft s-expandable spaces behave when certain soft mappings are applied.

In general, the soft set theory was still being used in numerous fields such as [11, 38, 42] and from these
works was introduced by Arockiarani and Lancy [19] where they defined the concept of soft pre-open sets
and demonstrated some of their features. Additionally, they studied the prerequisite for a collection of soft
pre-open sets to be a soft topology. Many researchers invest soft pre-open sets to introduce different ideas
in soft structures such as [8, 20, 35, 36]. We continue our investigation into the characteristic of soft set
theory in particular soft pre-open sets to define the notion of soft(pre)-expandable which is a generalization
for soft expandable [37]. We provide various examples to illustrate the relationship a among these spaces
and we give the prerequisite for soft(pre)-expandable and soft-expandable are equivalent.

Following this brief introduction, we recollect some preliminaries concepts in Section 2. Then, In
Section 3, we introduce a generalization of soft submaximal namely soft quasi-submaximal soft-TS and
study some main properties of this notion. In Section 4, we used the soft pre-open sets in various locations
in the definition of soft expandable spaces [37] to give either equivalent definitions of soft expandable
spaces or to give different types of soft spaces, we will show the connections between them and based on
these connections we give the definition of soft(pre)-expandable space. In Section 5, we define the concepts
of soft(pre)α -expandable set and soft(pre)β -expandable set. Finally, some conclusions and upcoming works are
given in Section 6.

2. Preliminaries

The purpose of this section is to provide a brief overview of some of the fundamental definitions and
results that we will need in our future studies. The set of alternatives and its power set are represented as
Z and 2Z, respectively.

Definition 2.1. Let Γ be a parameters set with a functionH : Γ→ 2Z. Then (H ,Γ) = {(γ,H(γ)) : γ ∈ Γ and
H(γ) ∈ 2Z} is said to be a soft set overZ [31]. Moreover:

1. If H(γ) = Z (resp. H(γ) = ∅) for each γ ∈ Γ, then (H ,Γ) is said to be absolute (resp. null) soft set,
denoted by (Z,Γ) (resp. Φ) [29].

2. If there is z ∈ Z and γ ∈ Γ with P(γ) = {z} and P(γ∗) = ∅ for each γ∗ ∈ Γ − {γ}, then (H ,Γ) is said to be
soft point , denoted by Pz

γ [45].

Definition 2.2. Let (H ,Γ) and (H ∗,Γ) be soft sets overZ. Then:
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1. p ∈ (H ,Γ) if p ∈ H(γ) for each γ ∈ Γ [39].
2. p ⋐ (H ,Γ) if p ∈ H(γ) for some γ ∈ Γ [24].
3. (H ,Γ)≪ (H ∗,Γ) ifH(γ) ⊆ H ∗(γ) for each γ ∈ Γ [29].
4. (H ,Γ) ⊓ (H ∗,Γ) = (M,Γ),whereM(γ) = H(γ) ∩H ∗(γ) for each γ ∈ Γ [33].
5. (H ,Γ) ⊔ (H ∗,Γ) = (M,Γ),whereM(γ) = H(γ) ∪H ∗(γ) for each γ ∈ Γ [29].
6. (H ,Γ)c = (H c,Γ), where a functionH c : Γ → 2Z is defined byH c(γ) = Z−H(γ) for each γ ∈ Γ [29].

Definition 2.3. ([39]) Let A be a family of soft sets overZ with a fixed parameters set Γ. Then A is said to
be soft topology onZ if it satisfies the following:

1. Φ and (Z,Γ) belong to A.
2. The union of an arbitrary number of soft sets in A belongs to A.
3. The intersection of a finite number of soft sets in A belongs to A.

And (Z,A,Γ) is said to be a soft topological space, denoted by soft-TS. The members of A are said to be
soft open and its complement are said to be soft closed where the family of all soft open (resp. soft closed)
subset of (Z,A,Γ) will be denoted SO(Z,A,Γ) (resp. SC(Z,A,Γ)). For (H ,Γ) ≪ (Z,Γ), Int(H ,Γ) is the
union of all soft open sets contained in (H ,Γ) and Cl(H ,Γ) is the intersection of all soft closed super sets of
(H ,Γ). If Cl(H ,Γ) = (Z,Γ), then (H ,Γ) is said to be soft dense [26] and the family of all soft dense will be
denoted by SD(Z,A,Γ).

Definition 2.4. ([32]) Let (Z,A,Γ) be a a soft-TS and (H ,Γ) be a non-null soft subset of (Z,Γ). Then a
relative soft topology on (H ,Γ) is defined by A(H ,Γ) = {(H ,Γ) ⊓ (U,Γ) : (U,Γ) ∈ A} and ((H ,Γ),A(H ,Γ),Γ) is
said to be a soft subspace of (Z,A,Γ).

Definition 2.5. ([21]) Let (Z,A,Γ) be a Soft-TS. A soft topology A on Z is said to be an extended soft
topology if A = {(U,Γ) :U(γ) ∈ Aγ for each γ ∈ Γ}where Aγ is a parametric topology onZ.

Lemma 2.6. ([6]) If (U,Γ) ∈ SO(Z,A,Γ), then (U,Γ)⊓Cl(H ,Γ) ⊑ Cl((U,Γ)⊓ (H ,Γ)) for each (H ,Γ)≪ (Z,Γ).

Definition 2.7. Let (Z,A,Γ) be a soft-TSwith (H ,Γ)≪ (Z,Γ). Then (H ,Γ) is said to be:

1. Soft semi-open [22] if (H ,Γ) ≪ Cl(Int(H ,Γ)). The complement of soft semi-open is called a soft
semi-closed set. The family of all soft semi-open (resp. soft-semi closed) subsets of (Z,A,Γ) will be
denoted SSO(Z,A,Γ) (resp. SSC(Z,A,Γ)). The intersection of all SSC(Z,A,Γ) super sets of (H ,Γ)
is ClSSO(H ,Γ).

2. Soft pre-open [19] if (H ,Γ) ≪ Int(Cl(H ,Γ)). The complement of soft pre-open is called a soft pre-
closed set. The family of all soft pre-open (resp. soft pre-closed) subsets of (Z,A,Γ) will be denoted
SPO(Z,A,Γ) (resp. SPC(Z,A,Γ)). If (H ,Γ) ∈ SPO(Z,A,Γ) ⊓ SPC(Z,A,Γ), then (H ,Γ) is said to be
soft pre-clopen [8], denoted by SPCO(Z,A,Γ).

3. Soft semi-pre open [19] if (H ,Γ)≪ Cl(Int(Cl(H ,Γ))). The complement of soft semi pre-open is called
a soft semi-pre closed set. The family of all soft semi-pre open (resp. soft semi-pre closed) subsets of
(Z,A,Γ) will be denoted SSPO(Z,A,Γ) (resp. SSPC(Z,A,Γ)).

4. Soft α-open [1] if (H ,Γ)≪ Int(Cl(Int(H ,Γ))). The complement of soft α-open is called a soft α-closed
set. The family of all soft α-open (resp. soft α-closed) subsets of (Z,A,Γ) will be denoted αSO(Z,A,Γ)
(resp. αSC(Z,A,Γ)). In [40] show that the family αSO(Z,A,Γ) is a soft-TS.

5. Soft regular-open [43] if (H ,Γ) = Int(Cl(H ,Γ)). The complement of soft regular-open is called a soft
regular-closed set. The family of all soft regular-open (resp. soft regular-closed) subsets of (Z,A,Γ)
will be denoted SRO(Z,A,Γ) (resp. SRC(Z,A,Γ)).

Theorem 2.8. Let (Z,A,Γ) be a soft-TS. Then:

1. SO(Z,A,Γ) ⊆ SPO(Z,A,Γ) [2].
2. ⊔
β∈Ω

(Hβ,Γ) ∈ SPO(Z,A,Γ) whenever (Hβ,Γ) ∈ SPO(Z,A,Γ) for each β ∈ Ω [2].
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3. SRO(Z,A,Γ) ⊆ SO(Z,A,Γ) [43].
4. SSO(Z,A,Γ) ∪ SPO(Z,A,Γ) ⊆ SSPO(Z,A,Γ) [44].
5. SO(Z,A,Γ) ⊆ αSO(Z,A,Γ) [1].
6. Cl(H ,Γ) ∈ SRC(Z,A,Γ) iff (H ,Γ) ∈ SSPO(Z,A,Γ) [44].
7. ClSSO(H ,Γ) = ClSPO(H ,Γ) whenever (H ,Γ) ∈ SSO(Z,A,Γ) [20].

Proposition 2.9. ([22]) Let (Z,A,Γ) be a soft-TS with (H ,Γ)≪ (Z,Γ). Then:

1. A soft set (H ,Γ) ∈ SSO(Z,A,Γ) iff there is (U,Γ) ∈ SO(Z,A,Γ) with (U,Γ)≪ (H ,Γ)≪ Cl(U,Γ).
2. A soft set (H ,Γ) is soft semi preopen iff there is (U,Γ) ∈ SPO(Z,A,Γ) with (U,Γ)≪ (H ,Γ)≪ Cl(U,Γ).

Theorem 2.10. ([26]) Let (Z,A,Γ) be a soft-TS. Then (H ,Γ) ∈ SPO(Z,A,Γ) iff (H ,Γ) = (U,Γ)⊓ (D,Γ) where
(U,Γ) ∈ SO(Z,A,Γ) and (D,Γ) ∈ SD(Z,A,Γ).

Lemma 2.11. Let (Z,A,Γ) be a soft-TS with (H1,Γ), (H2,Γ)≪ (Z,Γ).

1. If (H1,Γ) ∈ SPO(Z,A,Γ) and (H2,Γ) ∈ SSO(Z,A,Γ), then (H1,Γ) ⊓ (H2,Γ) ∈ SPO((H2,Γ),A(H2,Γ),Γ))
[8].

2. If (H1,Γ) ∈ SPO((H2,Γ),A(H2,Γ),Γ)) and (H2,Γ) ∈ SPO(Z,A,Γ), then (H1,Γ) ∈ SPO(Z,A,Γ) [35].
3. If (H1,Γ) ∈ SPO(Z,A,Γ) and (H2,Γ) ∈ SO(Z,A,Γ), then (H1,Γ) ⊓ (H2,Γ) ∈ SPO(Z,A,Γ). [36].

Definition 2.12. ([28]) Let (Z,A,Γ) be a soft-TS. Then a family S = {(Sβ,Γ) : β ∈ Ω} is said to be soft
locally finite in (Z,A,Γ), denoted by Soft-LF (Z,A,Γ), if for each Pz

γ ∈ (Z,Γ), there is (U,Γ) ∈ SO(Z,A,Γ)
containing Pz

γ and (U,Γ) meets at most finite members of S.

Theorem 2.13. ([28]) Let (Z,A,Γ) be a soft-TS with the family S = {(Sβ,Γ)≪ (Z,Γ) : β ∈ Ω}. Then:

1. S is Soft-LF (Z,A,Γ) iff {Cl(Sβ,Γ) : β ∈ Ω} is Soft-LF (Z,A,Γ).
2. Cl( ⊔

β∈Ω
(Sβ,Γ)) = ⊔

β∈Ω
Cl(Sβ,Γ) if S is Soft-LF (Z,A,Γ).

Definition 2.14. Let (Z,A,Γ) be a soft-TS. Then:

1. The family S = {(Sβ,Γ) : β ∈ Ω} is said to be soft [21] (soft open [21], soft pre-open [8]) cover, denoted
by Cover-S(Z,A,Γ) (resp. Cover-SO(Z,A,Γ), Cover-SPO(Z,A,Γ)), of (Z,Γ) if (Z,Γ) = ⊔

β∈Ω
(Sβ,Γ)

where (Sβ,Γ)≪ (Z,Γ)(resp. (Sβ,Γ) ∈ SO(Z,A,Γ), (Sβ,Γ) ∈ SPO(Z,A,Γ)).
2. A soft cover T = {(Tβ,Γ) : β ∈ Ω} is soft refinement ofS = {(Sβ∗ ,Γ) : β∗ ∈ Ω} [28] iff for each (Tβ,Γ) ∈ T

there is (Sβ∗ ,Γ) ∈ S with (Tβ,Γ) ≪ (Sβ∗ ,Γ) . If (Tβ,Γ) ∈ SO(Z,A,Γ) (resp. (Tβ,Γ) ∈ SPO(Z,A,Γ)),
then T is said to be soft open (resp. soft pre-open) refinement.

3. A soft set (H ,Γ) is said to be ω0-Soft-Compact if each countable Cover-SO(Z,A,Γ) of (H ,Γ) has a
finite soft subcover of (H ,Γ)[34].

4. A soft set (H ,Γ) is said to be soft pre-compact [8], denoted by soft(pre)-Compact, if each Cover-
SPO(Z,A,Γ) of (H ,Γ) has a finite soft subcover of (H ,Γ). If each countable Cover-SPO(Z,A,Γ) of
(H ,Γ) has a finite soft subcover of (H ,Γ), then (H ,Γ) is said to be ω0-soft(pre)-Compact.

Definition 2.15. ([27]) Let (Z,AZ,Γ) and (Z∗,AZ∗ ,Γ∗) be a soft-TSwith g : Z→Z∗ and f : Γ → Γ∗. Then for
each (H ,Γ ) ∈ (Z,AZ,Γ) and (H ∗,Γ∗) ∈ (Z∗,AZ∗ ,Γ∗) define a soft function (g, f) : (Z,AZ,Γ) → (Z∗,AZ∗ ,Γ∗)
by:

1. (g, f)(H ,Γ )(γ∗) = ((g, f)(H),Γ∗) = g( ∪
γ∈f−1(γ∗)

H(γ)) , where γ∗ ∈ Γ∗.

2. (g, f)−1(H ,Γ∗)(γ) = ((g, f)−1(H),Γ) = g−1((H ,Γ∗)(f(γ))), where γ ∈ Γ.

Definition 2.16. Let (g, f) : (Z,AZ,Γ)→ (Z∗,AZ∗ ,Γ) be a soft function. Then (g, f) is said to be:

1. soft surjective if g and f are surjective [45].
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2. soft continuous if (g, f)−1(U,Γ) ∈ SO(Z,AZ,Γ) for each (U,Γ) ∈ SO(Z∗,AZ∗ ,Γ) [45].
3. soft closed if (g, f)(U,Γ) ∈ SC(Z∗,AZ∗ ,Γ) for each (U,Γ) ∈ SC(Z,AZ,Γ) [32].
4. soft(pre)-Irresoulte iff (g, f)−1(U,Γ) ∈ SPO(Z,AZ,Γ) for each (U,Γ) ∈ SPO(Z∗,AZ∗ ,Γ) [8].

Definition 2.17. Let (Z,A,Γ) be a soft-TS. A soft set (H ,Γ)≪ (Z,Γ) is said to be:

1. soft nowhere dense if Int(Cl(H ,Γ)) = Φ[41].
2. soft nodec if (H ,Γ) ∈ SC(Z,A,Γ) whenever (H ,Γ) is soft nowhere dense.

Definition 2.18. ([26]) A soft-TS (Z,A,Γ) is said to be soft submaximal, denoted by soft-SM, if (D,Γ) ∈
SO(Z,A,Γ) whenever (D,Γ) ∈ SD(Z,A,Γ).

Lemma 2.19. ([26]) A soft-TS (Z,A,Γ) is soft-SM iff SO(Z,A,Γ) = SPO(Z,A,Γ).

Definition 2.20. ([14]) LetZ = ∪
α∈Ω
Zα and a family {(Zα,Aα,Γ) : α ∈ Ω} be pairwise disjoint soft-TS. Then,

the family A = {(S,Γ) overZ : (S,Γ) ⊓ (Zα,Γ) ∈ SO(Zα,Aα,Γ) for each α ∈ Ω defines a soft topology onZ
with a fixed set of parameters Γ, denoted by ( ⊕

α∈Ω
Zα,A,Γ), and ( ⊕

α∈Ω
Zα,A,Γ) is called the sum of soft-TS.

3. Soft quasi-submaximal

In this section, we introduce the notion of soft quasi-submaximal soft-TS which is a generalization of
soft submaximal. Then, we give some characterizations of this notion with other some main properties.

Definition 3.1. A soft-TS (Z,A,Γ) is said to be soft quasi-submaximal, denoted by soft-QSM, if Bd(D,Γ) =
Cl(D,Γ) − Int(D,Γ) is soft nowhere dense whenever (D,Γ) ∈ SD(Z,A,Γ).

Theorem 3.2. Let (Z,A,Γ) be a soft-TS. Then the following are equivalent:

1. A soft-TS (Z,A,Γ) is soft-QSM.
2. For each (H ,Γ)≪ (Z,Γ), if Int(H ,Γ) = Φ then (H ,Γ) is soft nowhere dense.
3. The soft set Int(D,Γ) ∈ SD(Z,A,Γ) whenever (D,Γ) ∈ SD(Z,A,Γ).
4. For each (D,Γ) ∈ SD(Z,A,Γ), the soft set (D,Γ)c is soft nowhere dense.
5. For each (H ,Γ)≪ (Z,Γ), the soft set Bd(H ,Γ) has soft nowhere dense.

Proof. (3→ 4) and (5→ 1) are trivial.
(1 → 2) Assume that Int(H ,Γ) = Φ, then (H ,Γ)c

∈ SD(Z,A,Γ) and hence Φ = Int(Cl(Cl(H ,Γ)c
−

Int(H ,Γ)c)) = Int(Cl(H ,Γ)).
(2→ 3) Assume that (D,Γ) ∈ SD(Z,A,Γ), then Int(D,Γ)c = Φ and hence (D,Γ)c is soft nowhere dense.

Therefore Int(D,Γ) ∈ SD(Z,A,Γ).
(4 → 5) Assume that (H ,Γ) ≪ (Z,Γ), then (H ,Γ) ∪ Int((H ,Γ)c) ∈ SD(Z,A,Γ). By (4), Int((H ,Γ) ∪

Int((H ,Γ)c)) ∈ SD(Z,A,Γ) and since (Bd(H ,Γ))c = Int((H ,Γ) ∪ Int(H ,Γ)c) ∩ Int((H ,Γ)c
∪ Int(H ,Γ)), then

(Bd(H ,Γ))c
∈ SD(Z,A,Γ). Therefore, Bd(H ,Γ) has soft nowhere dense.

Theorem 3.3. Let (Z,A,Γ) be soft-QSM. Then:

1. for every soft dense subset (H ,Γ) of (Z,Γ), Int(H ,Γ) is soft dense, and
2. if (H1,Γ) and (H2,Γ) are soft dense sets, then (H1,Γ) ∩ (H2,Γ) is non-null. That is, there are no disjoint soft

dense subsets of (Z,Γ).

Proof. 1. Assume that (H ,Γ) is soft dense. By assumption, (Z,A,Γ) is soft-QSM, we obtain Bd(H ,Γ) =
Cl(H ,Γ) − Int(H ,Γ) = (Z,Γ) − Int(H ,Γ) is soft nowhere dense. Hence, (Z,Γ) − Cl[(Z,Γ) − Int(H ,Γ)] =
(Z,Γ) − [(Z,Γ) − Int(H ,Γ)] = Int(H ,Γ) is soft dense.

2. Suppose that (H1,Γ) and (H2,Γ) are disjoint soft dense sets. Since (Z,A,Γ) is soft-QSM, Bd(H1,Γ) =
Cl(H1,Γ)− Int(H1,Γ) is soft nowhere dense. But Bd(H1,Γ) = Cl(H1,Γ)∩Cl(H1,Γ)c ≫ Cl(H1,Γ)∩Cl(H2,Γ) =
(Z,Γ) is not soft nowhere dense. This is a contradiction.
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Corollary 3.4. Every soft-SM is soft-QSM.

Proof. Immediately from 3 of Theorem 3.2.

The converse is not true as the following example shows.

Example 3.5. Let (Z,A,Γ) be a soft-TSoverZ = {z1, z2, z3}withΓ = {a1, a2} andA = {Φ, (Z,Γ), {(γ1, {z1}), (γ2, ∅)}}.
Then (Z,A,Γ) is soft-QSM but not soft-SM.

Theorem 3.6. Let (Z,A,Γ) be a soft nodec soft-TS. If (Z,A,Γ) is soft-QSM, then it is soft-SM.

Proof. Assume that (D,Γ) ∈ SD(Z,A,Γ), then by Theorem 3.2, (D,Γ)c is soft nowhere dense. By assumption,
(Z,A,Γ) is a soft nodec, we obtain (D,Γ) ∈ SO(Z,A,Γ).

In the following theorem, we will give another characterization of soft-QSMby usingSSPO(Z,A,Γ),SSO(Z,A,Γ)
and SPO(Z,A,Γ).

Theorem 3.7. Let (Z,A,Γ) be a soft-TS. Then the following are equivalent:

1. A soft-TS (Z,A,Γ) is soft-QSM.
2. SSPO(Z,A,Γ) = SSO(Z,A,Γ).
3. SPO(Z,A,Γ) ⊆ SSO(Z,A,Γ).

Proof. (1→ 2) Assume that (U,Γ) ∈ SSPO(Z,A,Γ), since Φ = Int(Bd(U,Γ)) = Int(Cl(U,Γ)) − Cl(Int(U,Γ)),
then Int(Cl(U,Γ))≪ Cl(Int(U,Γ)) and hence (U,Γ)≪ Cl(Int(Cl(U,Γ)))≪ Cl(Int(U,Γ)). SinceSSO(Z,A,Γ) ⊆
SSPO(Z,A,Γ) then SSPO(Z,A,Γ) = SSO(Z,A,Γ).

(2→ 3) is trivial.
(3→ 1) Assume that (D,Γ) ∈ SD(Z,A,Γ), since (D,Γ)≪ Int(Cl(D,Γ)) then by (2) (D,Γ) ∈ SSO(Z,A,Γ).

Therefore, Int(D,Γ) ∈ SD(Z,A,Γ) and hence by Theorem 3.2, (Z,A,Γ) is soft-QSM.

Lemma 3.8. ([26]) Let (Z,A,Γ) be a soft-TS and (H ,Γ)≪ (Z,Γ). Then Cl(pre)(H ,Γ) = (H ,Γ)∪Cl(Int((H ,Γ)))

Corollary 3.9. Let (Z,A,Γ) be a soft-TS. Then the following are equivalent:

1. A soft-TS (Z,A,Γ) is soft-QSM.
2. Cl(pre)(H ,Γ) = Cl(H ,Γ) for each (H ,Γ) ∈ SSPO(Z,A,Γ).
3. Cl(pre)(H ,Γ) = Cl(H ,Γ) for each (H ,Γ) ∈ SPO(Z,A,Γ).

Proof. (1 → 2) Assume that (H ,Γ) ∈ SSPO(Z,A,Γ). By Theorem 3.7, (H ,Γ) ∈ SSO(Z,A,Γ). Hence by
Lemma 3.8, Cl(pre)(H ,Γ) = (H ,Γ) ∪ Cl(Int((H ,Γ))) = Cl(H ,Γ).

(2→ 3) is trivial.
(3 → 1) Assume that (H ,Γ) ∈ SPO(Z,A,Γ). By (3), (H ,Γ) ≪ Int(Cl((H ,Γ))) = Int(Cl(pre)(H ,Γ)) =

Int(Cl(Int(H ,Γ)))≪ Cl(Int(H ,Γ)). Thus (H ,Γ) ∈ SSO(Z,A,Γ).

Proposition 3.10. Let (Z,A,Γ) be a soft-TS. If (Z,A,Γ) is soft-QSM, then there are no disjoint soft dense.

Proof. Assume that (D1,Γ), (D2,Γ) ∈ SD(Z,A,Γ) with (D1,Γ) ⊓ (D2,Γ) = Φ. Since (Z,Γ) = Cl(D1,Γ) ⊓
Cl(D2,Γ)≪ Cl(D1,Γ)⊓Cl(D1,Γ)c = (Int(D1,Γ))c which means (Int(D1,Γ))c is not soft nowhere dense, which
is a contradiction.
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4. Soft(pre)-expandable

In this section, we introduce a new generalization for soft expandable space [37], namely soft(pre)-
expandable. Then, we examine the relationships between this soft topological space with some known soft
topological spaces.

Definition 4.1. Let (Z,A,Γ) be a soft-TS. Then a family S = {(Sβ,Γ)≪ (Z,Γ) : β ∈ Ω} is said to be:

1. soft pre-locally finite in (Z,A,Γ), denoted by Soft(pre)-LF (Z,A,Γ), if for each Pz
γ ∈ (Z,Γ), there is

(U,Γ) ∈ SPO(Z,A,Γ) containing Pz
γ and (U,Γ) meets at most finite members of S.

2. soft strongly-locally finite in (Z,A,Γ), denoted by Soft(re1)-LF (Z,A,Γ), if for each Pz
γ ∈ (Z,Γ), there

is (U,Γ) ∈ SRO(Z,A,Γ) containing Pz
γ and (U,Γ) meets at most finite members of S.

In the whole paper, the notion of Soft-LF ((H ,Γ),A(H ,Γ),Γ) (resp., Soft(pre)-LF ((H ,Γ),A(H ,Γ),Γ) will be
used to describe S if it is soft locally finite (resp, soft pre-locally finite) family in ((H ,Γ),A(H ,Γ),Γ), where
(H ,Γ)≪ (Z,Γ).

Note that each Soft-LF (Z,A,Γ) family is Soft(pre)-LF (Z,A,Γ) but the following example shows the
converse is not always true.

Example 4.2. It is well known that by taking Γ as a singleton set, the soft topology coincides with general
topology. Also, (Z,A,Γ) is a soft subspace of itself, so Example 2.2 of [5] elaborates on that the converse is
false, in general.

Theorem 4.3. Let (Z,A,Γ) be a soft-TS with the family S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω}. If S is Soft(pre)-
LF (Z,A,Γ), then:

1. A family T is Soft(pre)-LF (Z,A,Γ) for each T ⊆ S .
2. Cl(pre)( ⊔

β∈Ω
(Sβ,Γ)) = ⊔

β∈Ω
Cl(pre)(Sβ,Γ) whenever (Z,A,Γ) is soft-QSM.

Proof. 1. It is immediately from Definition 4.1.
2. Since (Z,A,Γ) is soft-QSM, thenSPO(Z,A,Γ) = αSO(Z,A,Γ). if (U,Γ) ∈ SPO(Z,A,Γ) then (U,Γ) ∈

αSO(Z,A,Γ) whenever the soft-TS (Z,A,Γ) is soft-QSM. As it was proved the family of αSO(Z,A,Γ)
forms a soft topology; hence, we obtain the desired result.

Proposition 4.4. Let (Z,A,Γ) be a soft-TS. The family S = {(Sβ,Γ)≪ (Z,Γ) : β ∈ Ω} is Soft(pre)-LF (Z,A,Γ)
iff one of the following holds:

1. Cl(pre)(S) = {Cl(pre)(Sβ,Γ) : β ∈ Ω} is Soft(pre)-LF (Z,A,Γ) family.
2. The family S is Soft(re1)-LF (Z,A,Γ) provided that (Sβ,Γ) ∈ SSO(Z,A,Γ).

Proof. (1) For each (U,Γ) ∈ SPO(Z,A,Γ) and β ∈ Ω, (U,Γ) ⊓ (Sβ,Γ) , Φ iff (U,Γ) ⊓ Cl(pre)(Sβ,Γ) , Φ and
hence the result follows.

(2) Sufficiency: It is immediately from the Theorem 2.8.
Necessity: Let Pz

γ ∈ (Z,Γ). Then there is (UPz
γ
,Γ) ∈ SPO(Z,A,Γ) with Pz

γ ∈ (UPz
γ
,Γ) and (UPz

γ
,Γ) meets

at most finite members of S, say {(Sβ1,Γ), (Sβ2,Γ), ...(Sβn,Γ)}. Define (WPz
γ
,Γ) = Int(Cl(UPz

γ
,Γ)), then:

• The soft point Pz
γ ∈ (WPz

γ
,Γ) and (WPz

γ
,Γ) ∈ SRO(Z,A,Γ).

• For each β ∈ Ω, pick (Uβ,Γ) ∈ SO(Z,A,Γ) with (Uβ,Γ)≪ (Sβ,Γ)≪ Cl(Uβ,Γ). If (Sβ,Γ)⊓ (WPz
γ
,Γ) ,

Φ, then Cl(Uβ,Γ) ⊓ (WPz
γ
,Γ) , Φ and hence (Uβ,Γ) ⊓ Int(Cl(UPz

γ
,Γ)) , Φ which implies that Φ ,

(Uβ,Γ) ⊓ (UPz
γ
,Γ)≪ (Sβ,Γ) ⊓ (UPz

γ
,Γ). Thus (Sβ,Γ) ⊓ (WPz

γ
,Γ) = Φ for each β ∈ Ω − {β1, β2, ...βn}.

Therefore, the family S is Soft(re1)-LF (Z,A,Γ).

Corollary 4.5. Let (Z,A,Γ) be a soft-TS with S = {(Sβ,Γ)≪ (Z,Γ) : β ∈ Ω} where (Sβ,Γ) ∈ SO(Z,A,Γ)(resp.
SRC(Z,A,Γ)). If S is a Soft(pre)-LF (Z,A,Γ) family, then it is Soft-LF (Z,A,Γ).
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Proof. It is immediately from Theorem 2.8, Proposition 4.4 and the fact SO(Z,A,Γ) ∪ SRC(Z,A,Γ) ⊆
SSO(Z,A,Γ).

Theorem 4.6. Let (Z,A,Γ) be a soft-QSM soft-TS with S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω} where (Sβ,Γ) ∈
SPO(Z,A,Γ). If S is Soft(pre)-LF (Z,A,Γ) family, then it is Soft-LF (Z,A,Γ).

Proof. Assume that (Z,A,Γ) is soft-QSM. Then by Corollary 3.9, Cl(pre)(Sβ,Γ) = Cl(Sβ,Γ) for each β ∈ Ω
and hence, by Proposition 4.4, the family {Cl(Sβ,Γ) : β ∈ Ω} is soft(pre)-LF (Z,A,Γ). By Theorem 2.8,
Cl(Sβ,Γ) ∈ SRC(Z,A,Γ) and hence by Theorem 2.13 and Corollary 4.5, the familyS is Soft-LF (Z,A,Γ).

Lemma 4.7. Let (Z,A,Γ) be a soft-TS with (H ,Γ) ∈ SC(Z,A,Γ). If S = {(Sβ,Γ) ≪ (H ,Γ) : β ∈ Ω} is a
Soft-LF ((H ,Γ),A(H ,Γ),Γ) family, then it is Soft-LF (Z,A,Γ).

Proof. Let Pz
γ ∈ (Z,Γ). If Pz

γ ∈ (H ,Γ), then there is (U,Γ) ∈ SO((H ,Γ),A(H ,Γ),Γ) with Pz
γ ∈ (U,Γ) and (U,Γ)

meets at most finite members of S. Now there is (U∗,Γ) ∈ SO(Z,A,Γ) with (U,Γ) = (U∗,Γ) ⊓ (H ,Γ) and
(U∗,Γ) meets at most finite members of S. Now if Pz

γ ∈ (H ,Γ)c, then (H ,Γ)c
∈ SO(Z,A,Γ) and meets no

members of S.

In the next theorem, we will employ the SPO(Z,A,Γ) to give several characterizations for soft-
expandable space and from which we deduce the appropriate definition of soft(pre)-expandable.

Theorem 4.8. Let (Z,A,Γ) be a soft-TS. Then the following are equivalent:

1. A soft-TS (Z,A,Γ) is soft-expandable.
2. For each Soft-LF (Z,A,Γ) family S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω}, there is a Soft(pre)-LF (Z,A,Γ) family
T = {(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω.

3. For each Soft-LF (Z,A,Γ) family S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω}, there is a Soft-LF (Z,A,Γ) family
T = {(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SPO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω.

4. For each Soft-LF (Z,A,Γ) family S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω}, there is a Soft(pre)-LF (Z,A,Γ) family
T = {(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SαO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω.

Proof. (1→ 2→ 3→ 4) These implication follow from Theorem 2.8 and Corollary 4.5.
(4 → 1) Assume that S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω} is a Soft-LF (Z,A,Γ). Then, there is a Soft(pre)-

LF (Z,A,Γ) family T = {(Tβ,Γ) ≪ (Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SαO(Z,A,Γ) and (Sβ,Γ) ≪ (Tβ,Γ) for
each β ∈ Ω. By Proposition 4.4, the family T is Soft-LF (Z,A,Γ). Therefore, {Int(Cl(Int(Tβ,Γ))) : β ∈ Ω}
is a Soft-LF (Z,A,Γ) with Int(Cl(Int(Tβ,Γ))) ∈ SO(Z,A,Γ) and (Sβ,Γ)≪ Int(Cl(Int(Tβ,Γ))) for each β ∈ Ω.
Hence, (Z,A,Γ) is soft-expandable.

Definition 4.9. A soft-TS (Z,A,Γ) is said to be:

1. soft(pre)-expandable if for each Soft-LF (Z,A,Γ) family S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω}, there is a
Soft(pre)-LF (Z,A,Γ) family T = {(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SPO(Z,A,Γ) and (Sβ,Γ)≪
(Tβ,Γ) for each β ∈ Ω. If |Ω| ⩽ ω0, then a soft-TS (Z,A,Γ) is called ω0-soft(pre)-expandable space.

2. soft(pre)I -expandable if for each Soft(pre)-LF (Z,A,Γ) family S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω}, there is a
Soft-LF (Z,A,Γ) familyT = {(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω}with (Tβ,Γ) ∈ SO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ)
for each β ∈ Ω.

3. soft(pre)II -expandable if for each Soft(pre)-LF (Z,A,Γ) family S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω}, there is a
Soft(pre)-LF (Z,A,Γ) family T = {(Tβ,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SPO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for
each β ∈ Ω.

From Theorem 2.13, we note that a soft-TS (Z,A,Γ) is soft(pre)-expandable iff for each Soft-LF (Z,A,Γ)
family S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω} with (Sβ,Γ) ∈ SC(Z,A,Γ), there is a Soft(pre)-LF (Z,A,Γ) family
T = {(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω}with (Tβ,Γ) ∈ SPO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω.

The following diagram follows immediately from the definitions in which none of these implications is
reversible.



H. H. Al-Jarrah et al. / Filomat 38:20 (2024), 7127–7141 7135

soft-expandable→ soft(pre)-expandable
↑↑

soft(pre)I -expandable→ soft(pre)II -expandable

Example 4.10. Let (R,A,Γ) be a soft-TS with Γ = {a1, a2} and A = {R, (U,Γ) : (U,Γ) ⊑ Q̃}. Note that each
Soft-LF (R,A,Γ) family is finite. Hence, (R,T,Γ) is soft-expandable and so soft(pre)-expandable. But, it is
not soft(pre)II -expandable because the family of soft points constructs soft(pre)-LF (Z,A,Γ) family which has
not a Soft(pre)-LF (Z,A,Γ) family satisfying the condition of soft(pre)II -expandable.

Example 4.11. Let (N,A,Γ) be a soft-TS with Γ = {a1, a2} and A = {Φ, (U,Γ) ⊑ Ñ : 1 ∈ (U,Γ)}. Then
(N,A,Γ) is neither soft-expandable nor soft(pre)I -expandable.

Example 4.12. Let (R,A,Γ) be a soft-TS with Γ = {a1, a2} and A = {Φ, (R,Γ), (Q,Γ), (Q,Γ)c
}. Let (H ,Γ) be a

soft subset of (R,A,Γ). Now, we have the following three cases:

• (H ,Γ)≪ (Q,Γ). Then, Cl(H ,Γ) = (Q,Γ), so Int(Cl(H ,Γ)) = (Q,Γ) as well, which means that (H ,Γ) ∈
SPO(R,A,Γ).

• (H ,Γ) ≪ (Q,Γ)c. Then, Cl(H ,Γ) = (Q,Γ)c, so Int(Cl(H ,Γ)c) = (Q,Γ)c as well, which means that
(H ,Γ) ∈ SPO(R,A,Γ).

• Neither (H ,Γ) ≪ (Q,Γ) nor (H ,Γ) ≪ (Q,Γ)c hold true. Then, Cl(H ,Γ) = (R,Γ), so Int(Cl(H ,Γ)) =
(R,Γ) as well, which means that (H ,Γ) ∈ SPO(R,A,Γ).

Thus, SPO(R,A,Γ) is the soft discrete topology. So, (R,A,Γ) is soft(pre)II -expandable. In contrast, it can be
checked that (R,A,Γ) is not soft(pre)I -expandable.

Note that the Example 4.2 and Example 4.12 show that soft-expandable and soft(pre)-expandable soft-TS
are independent notions.

Theorem 4.13. Let (Z,A,Γ) be a soft-TS. Then the following are equivalent:

1. (Z,A,Γ) is soft(pre)I -expandable.
2. Every Soft(pre)-LF (Z,A,Γ) family S = {(Sβ,Γ)≪ (Z,Γ) : β ∈ Ω} has a Soft(pre)-LF (Z,A,Γ) family
T = {(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω.

3. Every Soft(pre)-LF (Z,A,Γ) family S = {(Sβ,Γ)≪ (Z,Γ) : β ∈ Ω} has a Soft-LF (Z,A,Γ) family T =
{(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SPO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω.

Proof. (1→2→3) Immediately from Theorem 2.8 and Corollary 4.5.
(3→1) Let S = {(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω} be a Soft(pre)-LF (Z,A,Γ). Then, S has a Soft-LF (Z,A,Γ)

familyT = {(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω}with (Tβ,Γ) ∈ SPO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω. Since
{Int(Cl(Tβ,Γ)) : β ∈ Ω} is a Soft-LF (Z,A,Γ) with Int(Cl(Tβ,Γ)) ∈ SO(Z,A,Γ) and (Sβ,Γ) ≪ Int(Cl(Tβ,Γ))
for each β ∈ Ω. Therefore, (Z,A,Γ) is soft(pre)I -expandable.

Proposition 4.14. Let (Z,A,Γ) be a Soft-TS. If (Z,A,Γ) is:

1. A soft-QSM, then (Z,A,Γ) is soft-expandable iff it is soft(pre)-expandable.
2. A soft-SM, then (Z,A,Γ) is soft-expandable iff it is soft(pre)II -expandable.

Proof. Immediately from Lemma 2.19 and Theorem 4.6.

By Example 4.2 and Example 4.10, we observe that the conditions in Proposition 4.14 are essential.

Theorem 4.15. Let (Z,A,Γ) be a soft-TS. Then (Z,A,Γ) is soft(pre)-expandable if each Cover-SO(Z,T,Γ) of (Z,Γ)
has Soft(pre)-LF (Z,A,Γ) family soft pre-open refinement.
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Proof. Assume that a family S = {(Sβ,Γ)≪ (Z,Γ) : β ∈ Ω} is a Soft-LF (Z,A,Γ) with (Sβ,Γ) ∈ SC(Z,A,Γ)
and Ω∗ = {F ⊆ Ω : F is finite}. Define T = {(Tβ∗ ,Γ)≪ (Z,Γ) : β∗ ∈ Ω∗} where (Tβ∗ ,Γ) = (Z,Γ) − ⊔{(Sβ,Γ) :
β < β∗} for each β∗ ∈ Ω∗. Then:

• The family T is Cover-SO(Z,T,Γ) of (Z,Γ).

• The family T has Soft(pre)-LF (Z,A,Γ) soft pre-open refinement, sayW = {(Wα,Γ)≪ (Z,Γ) : α ∈ Ω}.

• Define (Mβ,Γ) = ⊔{(Wα,Γ) ∈W : (Wα,Γ)⊓ (Sβ,Γ) , Φ} for each β ∈ Ω. Then, (Mβ,Γ) ∈ SPO(Z,A,Γ)
with (Sβ,Γ)≪ (Mβ,Γ) for each β ∈ Ω.

• The family {(Mβ,Γ) ≪ (Z,Γ) : β ∈ Ω} is Soft(pre)-LF (Z,A,Γ), since for each Pz
γ ∈ (Z,Γ) there is

(MPz
γ
,Γ) ∈ SPO(Z,A,Γ) containing Pz

γ and (MPz
γ
,Γ) meets at most finite members of W. Note that,

(MPz
γ
,Γ) ⊓ (Mβ,Γ) , Φ iff (MPz

γ
,Γ) ⊓ (Wα,Γ) , Φ and (Wα,Γ) ⊓ (Sβ,Γ) , Φ for some α ∈ Ω. Since

(Tβ∗ ,Γ) meets at most finite members ofS andW is refinement of T, then (Wα,Γ) meets at most finite
members of S for each α ∈ Ω.

Therefore, (Z,A,Γ) is soft(pre)-expandable.

Theorem 4.16. Let (Z,A,Γ) be a soft-TS. Then (Z,A,Γ) is ω0-soft(pre)-expandable iff each countable Cover-
SO(Z,A,Γ) of (Z,Γ) has a Soft(pre)-LF (Z,A,Γ) family soft pre-open refinement.

Proof. Sufficiency. The proof is similar of Theorem 4.15.
Necessity. Assume that S = {(Sβ,Γ)≪ (Z,Γ) : β ∈N} is a Cover-SO(Z,A,Γ) of (Z,Γ). For each β ∈N,

set (Tβ,Γ) = ⊔{(Sδ,Γ) : δ ≤ β} and define

(Wβ,Γ) =
{

(T1,Γ) : if β = 1
(Tβ,Γ) − (Tβ−1,Γ) : if β ⩾ 2

}
Then (Wβ,Γ) ≪ (Sβ,Γ) for each β ∈ N. Now for Pz

γ ∈ (Z,Γ), let β(Pz
γ) = min{β ∈ N : Pz

γ ∈ (Sβ,Γ)} and
hence Pz

γ ∈ (Wβ(Pz
γ),Γ). PutW = {(Wβ,Γ) : β ∈N}. Then:

• The familyW is a refinement ofS and it is Soft-LF (Z,A,Γ) family since (Sβ,Γ)⊓(Wβ,Γ) = Φ for δ > β
and for each β ∈N, (Wβ,Γ)≪ (Sβ,Γ). Hence, there is a Soft(pre)-LF (Z,A,Γ) family {(Mβ,Γ) : β ∈N}
with (Mβ,Γ) ∈ SPO(Z,A,Γ) and (Wβ,Γ)≪ (Mβ,Γ) for each β ∈N.

• Define T∗ = {(Sβ,Γ) ⊓ (Mβ,Γ) : β ∈ N}. Then the family T∗ is Soft(pre)-LF (Z,A,Γ) family since
{(Mβ,Γ) : β ∈N} is soft(pre)-LF (Z,A,Γ) and, by Lemma 2.11, (Sβ,Γ)⊓ (Mβ,Γ) ∈ SPO(Z,A,Γ) for each
β ∈N.

• Each element of T∗ is a soft subset of some element of S and T∗ is a Cover-S(Z,A,Γ) of (Z,Γ) since
W is a Cover-S(Z,T,Γ) of (Z,Γ) and for each β ∈ N, (Wβ,Γ) ≪ (Sβ,Γ) ⊓ (Mβ,Γ). Hence, T∗ is
refinement of S.
Therefore, S has a Soft(pre)-LF (Z,A,Γ) family soft pre-open refinement.

Definition 4.17. Let (g, f) : (Z,AZ,Γ)→ (Z∗,AZ∗ ,Γ) be a soft function. Then (g, f) is said to be:

1. soft strongly(pre)-open if (g, f)(H ,Γ) ∈ SPO(Z∗,AZ∗ ,Γ) for each (H ,Γ) ∈ SPO(Z,AZ,Γ).
2. soft strongly(pre)-closed if (g, f)(H ,Γ) ∈ SPC(Z∗,AZ∗ ,Γ) for each (H ,Γ) ∈ SPC(Z,AZ,Γ).

Proposition 4.18. A soft surjective function (g, f) : (Z,AZ,Γ)→ (Z∗,AZ∗ ,Γ) is soft strongly(pre)-closed iff for each
P

z∗
γ ∈ (Z∗,Γ) and each (U,Γ) ∈ SPO(Z,AZ,Γ) with (g, f)−1(Pz∗

γ ) ≪ (U,Γ) there is (U∗,Γ) ∈ SPO(Z∗,AZ∗ ,Γ)
with Pz∗

γ ∈ (U∗,Γ) and (g, f)−1(U∗,Γ)≪ (U,Γ).
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Proof. Necessity: Assume that Pz∗
γ ∈ (Z∗,Γ) and (U,Γ) ∈ SPO(Z,AZ,Γ) with (g, f)−1(Pz∗

γ ) ≪ (U,Γ).
Take (U∗,Γ) = (Z∗,Γ) − (g, f)((Z,Γ) − (U,Γ)). Then, (U∗,Γ) ∈ SPO(Z∗,AZ∗ ,Γ) with Pz∗

γ ∈ (U∗,Γ) and
(g, f)−1(U∗,Γ)≪ (U,Γ).

Sufficiency: Assume that (G,Γ) ∈ SPC(Z,AZ,Γ). For eachPz∗
γ ∈ (Z∗,Γ)−(g, f)(G,Γ) we have (g, f)−1(Pz∗

γ )≪
(Z,Γ)−(G,Γ) = (U,Γ). Then, there is (U∗

Pz∗
γ
,Γ) ∈ SPO(Z∗,AZ∗ ,Γ) withPz∗

γ ∈ (U∗
Pz∗
γ
,Γ) and (g, f)−1(U∗

Pz∗
γ
,Γ)≪

(U,Γ). Set (U∗,Γ) = ⊔{(U∗
Pz∗
γ
,Γ) : Pz∗

γ ∈ (Z∗,Γ) − (g, f)(G,Γ)} ≪ (Z∗,Γ) − (g, f)(G,Γ). Then (U∗,Γ) ∈

SPO(Z∗,AZ∗ ,Γ) withPz∗
γ ∈ (U∗,Γ) and (g, f)−1(U∗,Γ)≪ (U,Γ). Therefore, (g, f)(G,Γ) ∈ SPC(Z∗,AZ∗ ,Γ).

Lemma 4.19. ([37]) Let (g, f) : (Z,AZ,Γ)→ (Z∗,AZ∗ ,Γ) be a soft surjective function. Then:

1. A family (g, f)−1(S) = {(g, f)−1(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω} is Soft-LF (Z,AZ,Γ) whenever S = {(Sβ,Γ) ≪
(Z∗,Γ) : β ∈ Ω} is Soft-LF (Z∗,AZ∗ ,Γ) and (g, f) is a soft continuous.

2. A family (g, f)(S) = {(g, f)(Sβ,Γ) ≪ (Z∗,Γ) : β ∈ Ω} is Soft-LF (Z∗,AZ∗ ,Γ) whenever S = {(Sβ,Γ) ≪
(Z,Γ) : β ∈ Ω} is Soft-LF (Z,AZ,Γ) and (g, f) is soft closed with (g, f)−1(Pz∗

γ ) is soft compact for each
P

z∗
γ ∈ (Z∗,Γ).

Lemma 4.20. Let a soft surjective function (g, f) : (Z,AZ,Γ) → (Z∗,AZ∗ ,Γ) be soft(pre)-Irresolute. If a family
S = {(Sβ,Γ)≪ (Z∗,Γ) : β ∈ Ω} is a Soft(pre)-LF (Z∗,AZ∗ ,Γ), then (g, f)−1(S) = {(g, f)−1(Sβ,Γ)≪ (Z,Γ) : β ∈ Ω}
is a Soft(pre)-LF (Z,AZ,Γ).

Proof. Let Pz
γ ∈ (Z,Γ). Then there is (U,Γ) ∈ SPO(Z∗,AZ∗ ,Γ) with (g, f)(Pz

γ) ∈ (U,Γ) and (U,Γ) meets at
most finite members of S. Since (g, f)−1(U,Γ) ∈ SPO(Z,AZ,Γ) with Pz

γ ∈ (g, f)−1((g, f)(Pz
γ))≪ (g, f)−1(U,Γ)

and (g, f)−1(U,Γ) meets at most finite members of (g, f)−1(S). Therefore, (g, f)−1(S) is a Soft(pre)-LF (Z,AZ,Γ).

Lemma 4.21. If a soft surjective function (g, f) : (Z,AZ,Γ) → (Z∗,AZ∗ ,Γ) is soft strongly(pre)-closed with
(g, f)−1(Pz∗

γ ) is soft(pre)-Compact for each Pz∗
γ ∈ (Z∗,Γ), then (g, f)(S) = {(g, f)(Sβ,Γ) ≪ (Z∗,Γ) : β ∈ Ω} is a

Soft(pre)-LF (Z∗,AZ∗ ,Γ) family whenever S = {(Sβ,Γ)≪ (Z,Γ) : β ∈ Ω} is a Soft(pre)-LF (Z,AZ,Γ).

Proof. LetPz
γ ∈ (g, f)−1(Pz∗

γ ). ThenPz
γ ∈ (UPz

γ
,Γ) ∈ SPO(Z,AZ,Γ) and (UPz

γ
,Γ) meets at most finite members

of S. Therefore, (g, f)−1(Pz∗
γ ) ≪ ⊔

Pz
γ∈(g,f)−1(Pz∗

γ )
(UPz

γ
,Γ) and hence (g, f)−1(Pz∗

γ ) ≪
n
⊔

k=1
(U
P

zk
γ
,Γ) = (U,Γ) where

{P
z1
γ ,P

z2
γ , ...P

zn
γ } ≪ (g, f)−1(Pz∗

γ ). By Proposition 4.18, there is (U∗,Γ) ∈ SPO(Z∗,AZ∗ ,Γ) with Pz∗
γ ∈ (U∗,Γ)

and (g, f)−1(U∗,Γ) ≪ (U,Γ). Since (U∗,Γ) meets at most finite members of (g, f)(S), then (g, f)(S) is Soft-
LF (Z∗,AZ∗ ,Γ).

Theorem 4.22. Let a soft surjective function (g, f) : (Z,AZ,Γ)→ (Z∗,AZ∗ ,Γ) be soft continuous, soft strongly(pre)-
closed and soft strongly(pre)-open with (g, f)−1(Pz∗

γ ) is soft(pre)-Compact for each Pz∗
γ ∈ (Z∗,Γ). If (Z,AZ,Γ) is

soft(pre)-expandable then (Z∗,AZ∗ ,Γ) is soft(pre)-expandable.

Proof. Assume that S = {(Sβ,Γ) ≪ (Z∗,Γ) : β ∈ Ω} is a Soft-LF (Z∗,AZ∗ ,Γ) family, then by Lemma 4.19,
(g, f)−1(S) = {(g, f)−1(Sβ,Γ) ≪ (Z,Γ) : β ∈ Ω} is a Soft-LF (Z,AZ,Γ) family and hence it has a Soft(pre)-
LF (Z,AZ,Γ) family T = {(Tβ,Γ) ≪ (Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SPO(Z,AZ,Γ) and (g, f)−1(Sβ,Γ) ≪
(Tβ,Γ) for each β ∈ Ω. Since (g, f) is soft strongly(pre)-open and by Lemma 4.21, then (g, f)(T) = {(g, f)(Tβ,Γ)≪
(Z∗,Γ) : β ∈ Ω} is Soft(pre)-LF (Z∗,AZ∗ ,Γ) with (g, f)(Tβ,Γ) ∈ SPO(Z∗,AZ∗ ,Γ) and (Sβ,Γ) ≪ (g, f)(Tβ,Γ) for
each β ∈ Ω.

Theorem 4.23. Let a soft surjective function (g, f) : (Z,AZ,Γ)→ (Z∗,AZ∗ ,Γ) be a soft closed and soft(pre)- Irresolute.
If (Z∗,AZ∗ ,Γ) is soft(pre)-expandable then (Z,AZ,Γ) is soft(pre)-expandable provided that (g, f)−1(Pz∗

γ ) is soft(pre)-
Compact for each Pz∗

γ ∈ (Z∗,Γ).
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Proof. Assume that S = {(Sβ,Γ) : β ∈ Ω} is a Soft-LF (Z,AZ,Γ) family. By Lemma 4.19, (g, f)(S) =
{(g, f)(Sβ,Γ) : β ∈ Ω} is a Soft-LF (Z∗,AZ∗ ,Γ) family and hence it has a Soft(pre)-LF (Z∗,AZ∗ ,Γ) family
T = {(Tβ,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SPO(Z∗,AZ∗ ,Γ) and (g, f)(Sβ,Γ) ≪ (Tβ,Γ) for each β ∈ Ω. Since (g, f)
is soft(pre)- Irresolute function and by Theorem 4.20, then (g, f)−1(T) = {(g, f)−1(Tβ,Γ) : β ∈ Ω} is Soft(pre)-
LF (Z,AZ,Γ) with (g, f)−1(Tβ,Γ) ∈ SPO(Z,AZ,Γ) and (Sβ,Γ) ≪ (g, f)−1((g, f)(Sβ,Γ)) ≪ (g, f)−1(Tβ,Γ) for
each β ∈ Ω.

5. Soft (pre)-expandable sets

In this section, we define when the soft set (H ,Γ) ≪ (Z,Γ) is a soft(pre)α -expandable set and when it is
soft(pre)β -expandable set. To clarify the results and relationships investigated in this part, we display some
illustrative examples.

Definition 5.1. Let (Z,A,Γ) be a soft-TSwith (H ,Γ)≪ (Z,Γ). Then (H ,Γ) is said to be:

1. soft(pre)β -expandable set in (Z,A,Γ) if ((H ,Γ),A(H ,Γ),Γ) is soft(pre)-expandable.
2. soft(pre)α -expandable set in (Z,A,Γ) if each family S = {(Sβ,Γ) ≪ (H ,Γ) : β ∈ Ω} which is Soft-
LF ((H ,Γ),A(H ,Γ),Γ) has a Soft(pre)-LF (Z,A,Γ) family T = {(Tβ,Γ) ≪ (Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈
SPO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω.

Note that soft(pre)β -expandable and soft(pre)α -expandable sets are linearly independent. To see that we
give the following examples.

Example 5.2. Let (N,A,Γ) be as soft-TS given in Example 4.11. One can not that the family ofSPO(Z,A,Γ)
is A. Obviously, the soft set (H ,Γ) = (N,Γ) − {(γ1, {1}), (γ2, {1})} is not soft pre-open and A(H ,Γ) is the soft
discrete topology. This implies that (H ,Γ) is a soft(pre)β -expandable set but not a soft(pre)α -expandable set.

Theorem 5.3. Let (Z,A,Γ) be a soft-TS with (H1,Γ), (H2,Γ)≪ (Z,Γ) and (H1,Γ)≪ (H2,Γ). Then (H1,Γ) is:

1. soft(pre)α -expandable set in (Z,A,Γ) if (H2,Γ) ∈ SPCO(Z,A,Γ) and (H1,Γ) is soft(pre)α -expandable set in
((H2,Γ),A(H2,Γ),Γ).

2. soft(pre)α -expandable set in ((H2,Γ),A(H2,Γ),Γ) if (H2,Γ) ∈ SSO(Z,A,Γ) and (H1,Γ) is soft(pre)α -expandable
set in (Z,A,Γ).

Proof. 1) Assume that S = {(Sβ,Γ) ≪ (H1,Γ) : β ∈ Ω} is a Soft-LF ((H1,Γ),A(H1,Γ),Γ) family. Then S has a
Soft(pre)-LF ((H2,Γ),A(H2,Γ),Γ) family T = {(Tβ,Γ) ≪ (H2,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SPO((H2,Γ),A(H2,Γ),Γ)
and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω. Then:

• By Lemma 2.11, (Tβ,Γ) ∈ SPO(Z,A,Γ).

• The family T is Soft(pre)-LF (Z,A,Γ) since ifPz
γ ∈ (Z,Γ), then eitherPz

γ < (H2,Γ) orPz
γ ∈ (H2,Γ).When

P
z
γ ∈ (Z,Γ) − (H2,Γ) then (Z,Γ) − (H2,Γ) ∈ SPO(Z,A,Γ) which meets no member of T. Now, if
P

z
γ ∈ (H2,Γ), then there is (T ∗,Γ) ∈ SPO((H2,Γ),A(H2,Γ),Γ) with Pz

γ ∈ (T ∗,Γ) and (T ∗,Γ) meets at most
finite members of T.

• By Lemma 2.11, (T ∗,Γ) ∈ SPO(Z,A,Γ) and hence T is Soft(pre)-LF (Z,A,Γ) family.

Therefore, (H1,Γ) is soft(pre)α -expandable set in (Z,A,Γ).
2) Assume that S = {(Sβ,Γ) ≪ (H1,Γ) : β ∈ Ω} is a Soft-LF ((H1,Γ),A(H1,Γ),Γ) family. Then it has a

soft(pre)-LF (Z,A,Γ) familyT = {(Tβ,Γ)≪ (Z,Γ) : β ∈ Ω}with (Tβ,Γ) ∈ SPO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ)
for each β ∈ Ω. Set T∗ = {(Tβ,Γ) ⊓ (H2,Γ) : β ∈ Ω}. Then by Lemma 2.11 we have:

• The family T∗ is Soft(pre)-LF ((H2,Γ),A(H2,Γ),Γ).

• For each β ∈ Ω, (Sβ,Γ)≪ (Tβ,Γ) ⊓ (H2,Γ) and (Tβ,Γ) ⊓ (H2,Γ) ∈ SPO((H2,Γ),A(H2,Γ),Γ).
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Therefore, (H1,Γ) is soft(pre)α -expandable set in ((H2,Γ),A(H2,Γ),Γ).

Corollary 5.4. Let (Z,A,Γ) be a soft-TS with (H ,Γ)≪ (Z,Γ). Then (H ,Γ) is:

1. soft(pre)α -expandable set in (Z,A,Γ) if (H,Γ) ∈ SPCO(Z,A,Γ) and it is soft(pre)β -expandable set in (Z,A,Γ).
2. soft(pre)β -expandable set in (Z,A,Γ) if (H ,Γ) ∈ SSO(Z,A,Γ) and it is soft(pre)α -expandable set in (Z,A,Γ).

By Example 4.11, we remark that the assumption (H,Γ) ∈ SPCO(Z,A,Γ) in Corollary 5.4 can not be
replaced by (H,Γ) ∈ SPC(Z,A,Γ).

Proposition 5.5. Let (Z,A,Γ) be a soft(pre)-expandable soft-TS with (H ,Γ)≪ (Z,Γ). Then (H ,Γ) is:

1. soft(pre)β -expandable set in (Z,A,Γ) whenever (H,Γ) ∈ SRC(Z,A,Γ).
2. soft(pre)α -expandable set in (Z,A,Γ) whenever (H,Γ) ∈ SC(Z,A,Γ).

Proof. 1) Assume that (H,Γ) ∈ SRC(Z,A,Γ) andS = {(Sβ,Γ)≪ (H ,Γ) : β ∈ Ω} is a Soft-LF ((H ,Γ),A(H ,Γ),Γ)
family. By Lemma 4.7, S is Soft-LF (Z,A,Γ) and hence it has a Soft(pre)-LF (Z,A,Γ) family T = {(Tβ,Γ)≪
(Z,Γ) : β ∈ Ω} with (Tβ,Γ) ∈ SPO(Z,A,Γ) and (Sβ,Γ)≪ (Tβ,Γ) for each β ∈ Ω. Set T∗ = {(Tβ,Γ) ⊓ (H ,Γ) :
β ∈ Ω}. Then by Lemma 2.11 we have:

• The family T∗ is Soft(pre)-LF ((H ,Γ),A(H ,Γ),Γ).

• For each β ∈ Ω, (Sβ,Γ)≪ (Tβ,Γ) ⊓ (H ,Γ) and (Tβ,Γ) ⊓ (H2,Γ) ∈ SPO((H2,Γ),A(H2,Γ),Γ).

Therefore, (H ,Γ) is soft(pre)β -expandable set in ((H ,Γ),A(H ,Γ),Γ).
2) Immediately from Lemma 4.7.

Theorem 5.6. Let (Zγ,Aγ,Γ) be a soft-TS for each γ ∈ Ω. Then (Zγ,Aγ,Γ) is soft(pre)-expandable iff the sum of
soft-TS ( ⊕

γ∈Γ
Zγ,A,Γ) is soft(pre)-expandable.

Proof. Sufficiency: Immediately from Proposition 5.5.
Necessity: Assume that S = {(Sβ,Γ) : β ∈ Ω} is a soft-LF ( ⊕

γ∈Ω
Zγ,A,Γ) family. Then the family

Sγ = {(Sβ,Γ) ⊓ (Zγ,Γ) : (Sβ,Γ) ∈ S} is a a Soft-LF (Zγ,Aγ,Γ) for each γ ∈ Ω and hence it has a Soft(pre)-
LF (Zγ,Aγ,Γ) family Tγ = {(T(Sβ,Γ)γ

,Γ) : (Sβ,Γ) ∈ S} with (T(Sβ,Γ)γ
,Γ) ∈ SPO(Zγ,Aγ,Γ) and for each

γ ∈ Ω, (Sβ,Γ) ⊓ (Zγ,Γ) ≪ (T(Sβ,Γ)γ
,Γ) for each (Sβ,Γ) ∈ S. Define T = {(T(Sβ,Γ),Γ) : (Sβ,Γ) ∈ S} where

(T(Sβ,Γ),Γ) = ⊔
γ∈Ω

(T(Sβ,Γ)γ
,Γ). Then:

• By Lemma 2.11, (T(Sβ,Γ),Γ) ∈ SPO( ⊕
γ∈Ω
Zγ,A,Γ) for each (Sβ,Γ) ∈ S.

• The family T is Soft(pre)-LF ( ⊕
γ∈Ω
Zγ,A,Γ), since for each Pz

γ ∈ ( ⊕
γ∈Ω
Zγ,Γ) there is γ∗ ∈ Ω with

P
z
γ ∈ (Zγ∗ ,Γ) and hence there is (Wγ∗ ,Γ) ∈ SPO(Zγ∗ ,Aγ∗ ,Γ) that meets at most finite members of Tγ∗ ,

say (T(S1,Γ)γ∗ ,Γ), (T(S2,Γ)γ∗ ,Γ), ...(T(Sn,Γ)γ∗ ,Γ). Since (T(Sβ,Γ)δ
,Γ) ⊓ (Wγ∗ ,Γ) = Φ for each (Sβ,Γ) ∈ S, then

(Wα∗ ,Γ) ⊓ (T(Sβ,Γ),Γ) = Φ for each (Sβ,Γ) ∈ S − {(S1,Γ), (S2,Γ), ....(Sn,Γ)}.

• For each (Sβ,Γ) ∈ S, (Sβ,Γ) = (Sβ,Γ) ⊓ ⊕
γ∈Ω
Zγ≪ (T(Sβ,Γ),Γ).

Therefore, ( ⊕
γ∈Ω
Zγ,A,Γ) is soft(pre)-expandable.
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6. Conclusion

Researchers have paid a lot of attention to soft topology recently, and there has been a lot of advancement.
Soft topologies enable us to investigate more concepts and features than classical topologies because certain
of its concepts and ideas, like the soft separation axioms [24] and generalizations of soft-open sets [15, 17],
lack analogs in general topology. Additionally, under certain types of soft topologies, like extended
topologies [11] and full topologies [16], many topological ideas behaviors can be examined using their
corresponding soft topological concepts.

A new generalization of soft expandable spaces called soft(pre)-expandable spaces has been familiarized
in this work. We have initiated its master properties and displayed some of its extensions. We have
demonstrated that soft(pre)-expandable and soft expandable spaces are equivalent if the soft topological
space is either soft-QSM or ω0-soft(pre)-compact. To demonstrate how they relate to one another and other
soft areas, we have included some elucidative examples. The characteristics of these ideas have been
established and discussed lucidly.

In the following studies, we plan to examine the ideas and findings utilizing various soft structures such
as supra and infra soft topologies and weak soft structures. We also look at the interrelations between the
current concepts (as part of covering properties) and the different types of soft separation axioms defined
with respect to partial and total belonging relations and distinct ordinary points. Finally, we anticipate that
our effort will support the investigation of soft topology and enable the production of new findings.
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