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Global existence theorem for the 3-D generalized micropolar fluid
system in critical Fourier-Besov-Morrey spaces with variable exponent

Fatima Ouidirne?®, Chakir Allalou®, Mohamed Oukessou®

* Applied Mathematics and Scientific Computing Laboratory, Faculty of Sciences and Techniques, Sultan Moulay Slimane University, Beni
Mellal, Morocco

Abstract. In this paper, we consider the 3-D generalized micropolar fluid system in critical Fourier-Besov-
Morrey spaces with variable exponent. Using the Littlewood-Paley theory and Banach fixed point theorem

- 4-20- 3~
we establish the global existence result with the small initial data belonging to F N o0 h(»)ﬂ;) (R3).

1. Introduction and statement of main results

In this work we are interested in looking for the global well-posedness and the Gevrey class regurality
for the following three-dimensional generalized incompressible micropolar system :

i+ (x + V) (A u+u-Vu+Vrn -2xVxw =0 in R x RY,

w + u(-A)y2w+u-Vb+4yw —xVdivw —2xVxu =0 inR®xR", )
divu=0 in R® x RY,

(u, W)= = (o, wo) in IR3,

where u = u(x, t),w = w(x,t) and © = n(x,t) are unknown functions representing the linear velocity field,
the micro-rotation velocity field, the pressure of the fluid particle passing at the point x = (x1,x2,x3) € R3
respectively. uy and wy represent the initial velocities and we assume that divugy = 0. x, u, v and x are
nonnegative constants reflecting various viscosity of the fluid. Throughout this paper we only consider the
situation with x = y = 1 and x = v = 1/2, and we denote a = min(ay, ay).

Eringen [9] introduced the micropolar fluid system in 1960, which is a significant step toward gener-
alizing the Navier-Stokes equations to better describe the motion of various real fluids consisting of rigid
but randomly oriented particles (e.g., blood) by taking into account the influence of micro-rotation of the
particles suspended in the fluid. It can describe many phenomena that occur in a large number of complex

fluids, such as suspensions and liquid crystals. For additional applications, see [8, 20] and the references
therein.
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There is a rich literature about global well-posedness for the system (1) and its related systems with
singular data in different spaces, where the smallness conditions are taken in the weak-norms of the critical
spaces. For instance, the existence theorem of the classical micropolar fluid system (a1 = a, = 1) with
sufficiently regular initial data has been obtained by Lukaszewicz [21]. Inoue et al.[14] established similar
result for the magneto-micropolar fluid system. Chen and Miao [6] obtained the global existence for the

classical micropolar fluid system with small initial data in Besov spaces B;, };E forp € [1,6) and g = co. Zhao
and Zhu [33] established the local existence of the classical micropolar fluid system and the global existence

L —1+3
in the Fourier-Besov spaces TBP,;” for1 < p < o0 and 1 < g < oo when the initial data are small. In the
recent years, Weipeng Zhu [34] obtained the local existence for large initial data in 7 B;! for 1 < g < 2, and

proved that the solution is global in these spaces when the initial data are small. In addition, Zhu obtained
the ill-posedness of the classical micropolar system in TBI; for 2 < q < c0. Chen and Miao [15] proved the

3
global existence for the micropolar system with small initial data in Besov spaces Bpj;” whenp €[1,6) and
g = oo. Recently, Weipeng Zhu [34] considered a critical case p = 1 and proved that the classical system of
micropolar fluid is locally well-posed for large initial data in 7—‘31‘}1 for 1 < g < 2, and globally well-posed
in these spaces with small initial data. However, the ill-posedness of same problem has been showed by
Zhu in FB; }1 where 2 < g < oo, which implies the optimality of the space ¥ B; 1, and this was previously
observed by Iwabuchi and Takada [15] for the Navier-Stokes-Coriolis system(NSC) Recently, Ferreira et
al. [17] showed global existence of solutions for (NSC) when the small initial data belongs to the Fourier-

Besov-Morrey space N ?;\100 (larger than Fourier-Besov spaces) for 1 < A < 3. Moreover, the authors [17]

shown an optimality with respect to parameter A > 0 when the initial data uy € FN ?}1,7 for2 < q < oo,
The well-posedness of the problem (1) was proved by Ferreira and Villamizar-Roa [11] in pseudo-measure
space PM° (c is a given nonnegative parameter), where the pseudo-measure space PM* is defined by

“={feSRY): feLl (R, Ifllow = ess superolélIf(E)] < oo}
Zhu and Zhao [33] established the global existence and asymptotic stability of solutions for the initial value

3
problem of system (1) in Fourier-Besov spaces 7:]34, pm2e for1 <p < oo, and 1 < g < c0. Moreover, they
showed the spatial analyticity and the temporal decay of global solutions. For more studies in this direction
see [26,27,30]. In the last years, function spaces with variable exponent have been attracted much attention
not only for theoretical reasons, but also because of the special role played in some applications, such as
image processing [7], partial differential equations [10] and the fluid dynamics [29]. The aim of this paper is
to establish the global well-posedness of the problem (1) in variable exponent Fourier-Besov-Morrey space

. 4720(7 i
TNP( DRI ) q

the variable exponent Fourier-Besov-Morrey spaces is larger than variable exponent Fourier-Besov spaces
and variable exponent Lebesgue spaces L") which is discovered by Orlicz [25] and was further investigated
by Nakano [22]; however, the current development began with the papers of Kovaik and Rakosnik [17]. We
refer the reader to see [3, 4, 13, 23, 24] and the references therein for a detailed study of Besov spaces with
variable exponent and Besov- Morrey spaces with variable exponent. Notice that the variable exponent

2a- W
p()hC)q
solves system (1) with the initial data (10, wo) then (1, wy) := (A2 1u(A%t, Ax), A2 1wy (Ax)) also solves the
system (1) with the initial data

(0,0, Wo,1) := (A** Tug(Ax), A2 Twy(Ax)), ()

, and this work is a complement of our above work in Fourier-Besov spaces [27]. It is clear that

Fourier-Besov-Morrey space TN is invariant under the scaling of the system (1). In fact if (u, w)

and

[I(240, wo)l A472a7]%=”(740,/\/w0,/\)” a3

PCRC)g PO
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for any A > 0.

Definition 1.1. Let E € S'(IR") be a Banach space. The space E is a critical space for the initial data of the system (1)
if and only if whose norm is invariant under the scaling (2) forall A > 0, i.e

Il (1o, (x), wo, 1 (x)) llE = [ (uo(x), wo(x)) Il

We recall an existence and uniquness result for an abstract operator equation in a Banach space, which will
be used to show the main result.

Lemma 1.2. ([5]) Let X be a Banach space with norm ||-|| and B : X — X a bilinear operator, such that for any

1 ) .
x1,%2 € X, |IB(x1, x2)Il < nllx1llllx2ll, then for any y € X such that ||y|| < E the equation x = y+ B(x, x) has a solution
1
x € X. In particular, the solution is such that ||x|| < 2||yl|| and it is the only one such that ||x|| < %

Our main theorems is stated as below.

Theorem 1.3. Let 3 < a <1, a3 < ap, p(-),h(-) € C°8 (R") NPy (R") such that 2 < p() < %=, p() < h(-) <

00, 1< p<oo, 1<q< 525 and there exists a small &y such that for any (uo, wo) € FN (): )”” satisfying V-up = 0
with [|(uo, o)l 4a-3. < (50. Then, the problem (1) admits a unique global mild solutzon (u, w) in

PO

3 45
p 0 p P 2= 00

LP([0, 00), TNP()h()q ) N LP([0, 00), 7"N2h() )ﬂ.E ([0, 00), FN 2h()q)

Such that
(e, )| Y 500 <o, woll - 4
L0000} F 4( Zh<)77() nLr(o0), TNz'Z(); Lo, TN?/:(ZM ;-)Z,h«)fr(.)

Presented below are certain notations which will be employed throughout this document.

o The symbol C represents a positive constant, the specific value of which may vary in different contexts.
e The notation x < y implies the existence of a positive constant C such that x < Cy.

o In the context of a Banach space E, we use (x, y) € E to denote (x,y) € E X E.

e We denote ||(x, y)lIE as [I(x, y)llexe-

e For two spaces X and Y, we define the norm |||[xny as the sum of the norms ||-||x and ||-||y-

e The symbol S(IR") is the usual Schwartz space of infinitely differentiable rapidly decreasing complex-
valued functions on R".

By ¢ we denote the Fourier transform of ¢ € S (R") in the version

1 .
) = Fo@) = G fR s, xeR"

and we define its inverse Fourier transform by
(p(g) = 7:—1@(5) = (271)_% f ix- ‘5(p(x)dx
]R”

2. Preliminaries
We first introduce some important harmonic analysis related to the variable exponent function spaces.

Definition 2.1. ([4]) Let Po(IR") denotes the set of all measurable functions p(-) : R" — (0, oo) such that

0<p-=ess 1r1f p(x), esssupp(x) = py < co.
x€RN
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The Lebesgue space with variable exponent is defined by
LPO(R") = {f : R" — R is measurable, | f(x)P@dx < oo},

IR"
with Luxemburg-Nakano norm

Ifllso = inf {/\ -0 f LI 1}_

The space LP(R") equipped with the norm || - ||, is a Banach space.
Since the L") does not have the same desired properties as L?. So, we propose the following standard
conditions to ensure that the Hardy-Littlewood maximal operator M is bounded on LFO(R"):

Definition 2.2. ([4]) Letp: R" —» R.

i) We say that p is locally log-Holder continuous, p € C}(O)Cg (R™), if there exists a constant ciog > 0 with

Clo
lp(x) —p(y)l < 8 forall x,ye€R'and x #y.

og(e + ﬁ)

ii) We say that p is globally log-Hélder continuous, p € C'°5 (R"), if p € Ci’f (R") and there exists a po, € R and
a constant co > 0 with

Coo
—Poo| S T ] R".
|p(x) p ( loge + ) for all xe
iti) We write p € PyB(R")if 0 < p~ < p(x) < p* < co with 1/p € C8(R").
We recall the littlewood-Paley decomposition. Let ¢ € S(R") be a radial positive function such that
0<p<l, supp((p)c{éelR”:%slélsg}

and
Z@(Z_JE) =1, forall& #0.
jeZ
We denote |
P& =0 (278), ¥i©) =) e,
k<j-1
and

1) =F o), 900 =F Y.

Now, we present some frequency localization operators:
af =T o) =27 [ 1(2y) ey,

$if = X, auf =7 (7 (0) =27 [ g(20) fx- i,

k<j—1 R

where A; = S; — 51 is a frequency projection to the annulus {|&| ~ 2/} and S; is a frequency to the ball
(1€l < 27).
By using the definition of A; and S;, we easily check that
A]‘Akf =0, if lj - k| >2
A]' (Sk—lfAkf) =0, if lj — k| > 5.
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The following Bony para-product decomposition will be applied around the paper:

uv = T,o + Tou + R(u, v),
where T,v = ¥, SjuAjv, R(u,v) = ¥ AjuAjp and Ajw= Y, Ajo.
ez ez [77—jl<1
2.1. Variable exponent Morrey spaces, Fourier-Besov spaces and Fourier-Besov-Morrey spaces
We now define the Morrey spaces with variable exponent.

Definition 2.3. ([3]) Let p(), h(-) € Po(R") with 0 < p- < p(x) < h(x) < oo, the Morrey space with variable
exponent MZE:; = Mﬁﬁ:;(]R”) is defined as the set of all measurable functions on R" such that

o n
Hf”M"(') ‘= sup |77~ P fXB(xo,r)”Lp(-) < 0.
Pe) Xo€R™,r>0

According to the definition of the LPO-norm, ||f|| , g0 also has the following form
P0)

”f”M;E:; = sup inf {A >0: pp(‘)(rﬁfﬁ ]XCXB(XM)) < 1}.

xo€R",r>0

s()
p()a0)"

Definition 2.4. ([2]) Let s(-) € C(R") and p(-), q() € Po(R") N CI(R") with 0 < p_ < p(-) < oo. The

homogeneous Fourier-Besov space with variable exponent TB;((i)) 50 is defined by the set of all f € Z'(IR") such that

Then, we define the homogeneous Fourier-Besov space with variable exponent ¥ B

||f||¢Bs(~) = ||{2jS(4)(p]‘f\}iooo||l‘7(')([}7(')) < 00,
POAC)
The space Z'(IR") is the dual space of
Z(R" ={f € S(R") : (D*£)(0) = 0, Ya multi-index} .
We also need to give the semimodular of mixed Morrey-sequence spaces lq(')(MZE:;).

Definition 2.5. ([3]) Let p(-), q(-), h(-) € Po(R") with p(-) < h(-), the mixed Morrey-sequence space lq(‘)(MZE:;)
includes all sequences {f;}jez of measurable functions in R" such that
plq(_)(M}xE-;)(/\{f}'}ng) < oo for some A > 0. For {f;}; € lq(')(MZEI;), we define

"

. fi
”{fj}jEZ””(')(Mﬁ:;) := inf {)\ >0, Proom) ({K}jel <1p<oo,
where

. |75 £ B ) P
plq(_)(Mh(-))({f]‘}]‘gz) = Z inf Y > 0, f T — dx <13%.
p() - n )
jEZ Y
Notice that if g, < o0 or g4 < oo and p(x) = q(x), then
prowey(Ufiliez) = 3, sup 057 flxa VOl .

icz, Xo€R"r>0

Definition 2.6. ([3])( Homogeneous Besov-Morrey space with variable exponent)
Let s(-) € CPI(R™) and p(-), q(-), h(-) € Po(R") N C*9(R") with 0 < p_ < p(x) < h(x) < oo. The homogeneous
Besov-Morrey space with variable exponent N;((f)) 1) is defined by the set of all f € Z'(R") such that

Ifllgeo = 2PN fljezllpopp, < oo
f N ]f e HOM)
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Definition 2.7. ([1])(Homogeneous Fourier-Besov-Morrey space with variable exponent) Let s(-) € C*9(R") and
p(), 9(), h(:) € Po(R") N Clo-‘?(]R”) with 0 < p_ < p(-) < h(-) < co. The homogeneous Fourier-Besov-Morrey space

with variable exponent ¥ A0 o N defined by the set of all f € Z'(R") such that

”f”TNj),() o = 127V, /) ”zqm(M“‘) 0.

Proposition 2.8. ([1]) For Morrey spaces with variable exponent, the following inclusions are established.
(1) (Holder inequality)([1]) Let p(,, m( ) 2 HO, (), Ta() € PoRY), such that p) < (), pi(x) <
hi(x), p2(x) < ha(x), — and then there exists a constant C

P~ P Pz(x) () ~ () hz( )’
depending only on p_ and p+ such that

Lfgll v o < CUFIl, mollgll o
fg Mp(') f Mpi(-) g Mpi(-)’

holds for every f € Mhl() and g € MI!ZE;

() ([1]) Let po(-), p1(), ho(), h1(), g() € Po(R"), and so(-), s1(-) € L= N CPI(R™) with so(-) > s1(:). If% and

So(x) — po(x =s1(x) — (r) are locally log-Holder continuous, then

s0() 51(°)
N = Noomora

(3) ([3]) Forp(-) € CP9(R") and ¢ € L\(R"), assume W(x) = sup [|¥(y)| is integrable, then
y&B(0,|x])

”f * IPEHM:;E;(RVI) b ”f”MZE;(]R")H\p”Ll(]R”)’

forall f e MZE:;(]R”), where Y. = elnll)(%) and C depends only on n.

To establish the global well-posedness of (1), we need to introduce the Chemin-Lerner type homogeneous
Fourier-Besov-Morrey spaces with variable exponent.

Definition 2.9. ([1]) Lets(-) € CP9(R"), p(-), q(-), h(-) € Po(R")NCI(R"), T € [0,00) and 1 < g, p < co. We de-
fine the Chemin-Lerner type homogeneous Fourier-Besov-Morrey space with variable exponent LP([0, T); F N )
by

)h()ﬂ)

L ([0,T); TNS(())h ) = {f € Z'R"; Ifll o, TR < oo},

with the norm

7
4 7s0)
A go o iy, ) [Z 2=OpifIl], o, Mm)] :

We will use the following proposition to prove our main theorem.

Proposition 2.10. (1)) Let I=(0,T], 5 >0, 1<y, p, p1, p2, 4 <0, p(), h(), r() € CENPY(RY), 55 =
ﬁ()+%(.)’l p_1+5and1=’()+ . Then, we have

|ab|£ﬂ(I'N,f/,h(-),q) SIa'.ﬁ’l(l,M”l( )Blzeag, Noriatr)

+ |b|ﬂ1 (IM |ﬂ|£pz(1 N)()hz()q)
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2.2. Fractional micropolar semigroup and mild solutions
The corresponding linear system of (1) is as follows:
o+ (—A)"u-Vxw=0
ow + (—A)2w +2w—-Vdivw - Vxu=0, 3)
divu =0,
(1, w)li=o = (1o, wo) .
The solution operator of the previous problem is denoted by the notation G(¢), i.e., for specified initial data

(10, wo) in suitable function space, if we denote (u, w)T = G(t) (uo,wo)T the unique solution of the problem
(3), then

GHNE) = e TOf(E)  for f(x) = (LX), ),

where gPet ()
ﬂ(a:[ BE) (5P +2)1+C) ]

with
0 & -& &2 &i& &i&
BE) = i[ =& 0 & } and C(&) = [ &1& &P && ]
& =& 0 &1&3 &é&s &P

Moreover, by applying the Leray projection P to both sides of the first equations of (1), we can eliminate
the pressure 7 and we obtain

o+ (—A)"u+Pu-Vu) - Vxw=0

dw+ (-A)2w+u-Vw+2w—-Vdivw—-Vxu=0 @)
divu =0

(1, W)= = (o, wo),

£1\3
where P = [+V(-A)™! div is the 3x3 matrix pseudo-differential operator in R? with the symbol (61']' - %)1 ],:1.
We denote

U(x,t):( u(, 1) ) uoz( Zf(’;%)) ):( o ) U,-(x,t):( i, ) ) i=1,2

w(x, t) wo wi(x, t)
and

~ U @u = ~ PV -(u1®u
U8, :( uimfz ) PV - (U;®Uy) :( v-(£¢11®w22)) )

Solving system (4) can be reduced to finding a solution U to the following integral equation:
t
Uu@) = G(HUy — f G(t — 7)PV - (U ® U)(1)dT. 5)
0

A solution of (5) is called a mild solution of (1).
Now, we will look at a property of the semigroup G(-).

Lemma 2.11. [11] Let % < a = min(ay,a) < 1. Then for t > 0 and |&| # 0, there exists C = C(a, a2) >
0 (independent of &) such that

— (&t .
—LA(E) e iflEl<1,
e | < { et i 1E] > 1. (6)

In particular, if « = ay, then it holds

|e—t.ﬂ(§)| < o leret for all & > 0. 7
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3. A priori estimates

The key to the proof of Theorem 1.3 is to establish the linear and bilinear estimates for (1), in order to
use Lemma 1.2. We start by proving the linear estimate for Equation (5) in the lemma given below.

Proposition 3.1 (Linear estimate). Let l <a=a1<1,1<p,q<+00,p(),p1(), h(:) € Po(R") and 2 < p1() <

p(-) < h(-) < oo. Assume that U, € TN Z( )”;’ then the following inequality holds

IG(&)Uoll e 27] S ol 4pa 2

70 0
LP[[O NI N, on ) POACL

Proof. According to Holder’s inequality, Lemma 2.11 and the hypothesis pi1(-) < p(-), we get

_3 T
”G(t)uo +3_% %?1 < ””2](4 2a+ ”'))(Pje_tlélz uo” - l
.EP([Ooo)SFN oo ( )M, u)
4-2
” Z ||2]( a- p())(p UOHMh()
k=0,+£1
BEOpO) 2y 3o 3y

_p2alj+k) I

A

||r POn© 2 A INO) @jike PP
LP([O,OO),L PO-p10) ]
4-2a—
| X il
k=0,+1
< HU()’ 4-2a-3<7
0
POIC)A
where
BpOp1() j(ay 3 _ 3 2a(ith)
BT SAC — 220
|l POP0 2 & *HoTve @jrke I [201210)
LP([O,oo),L pO)-p10) )
2](%7 3())
BEOPO) o oa(jek) . Qjpkd P POT pp ()
= |lr 0 270 e P ey InfFAA > 0: [ | ot dx < 1
R3 A
i p)py () .
<inf{A>0: |@|Ww> 27%dx <1
r A
<C
Consequently, one obtains
IGHUol| e 32y S ol abe s 8)
20| [0;00); ) (>
! m()h() PO

|
We have the following lemma for the bilinear estimate.

Lemma 3.2 (Bilinear estimate) Let 1 <a=a <1, (), k() € Po(R") such that p1(-) < h(-) and 2 < p1(-) <
1<p<oo, 1<g< 5= 1,andpl € [p, oo]. Then, we get

5—4a 4a’
t —
! f G(t — PV - (U ® Uy)(1)dl| i
0 Lpl([o’w)’(FNpl()h ﬂ)lq b
< Il Ao ||U2|| 50+ 1L sz U 52
L0(10,00)F N0, L2102 F Ny, L) TN, )L O
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Proof. Let 1 <a <1, 1 < g < 2. From Propositions 2.8 and 2.10 and Hausdorf-Young’s inequality, we

have
t —_—
|| f Gt~ DBV - (U © L)) n
0 ﬂl([o‘x’)Tanh()q )
< 4 205 pl) (=07 Jiv (U7 @ Lb)d
< Pie v (U @ W)l p, g, 000 09,
< 214 Ry BT div (U ® Uy)d1||
S Ppje VAL ® H2)ATW o1 10,00, M), [
(A0, (520- 35+ 2) oy
< |l ||7’ o2 O pje I e 1A (U1®U2)||Mh<>
[5G4 0)
] (-1 —(t w
< 2 T N a0 AU ® Uil dT||LP1(ooo))”
L&~ G-an0 T
5 o oai _3 6—(5— 41?)}’71() _3i 6-(5—4a)py ()
< f et ST G ) AU © Ul dellnqo],
6 6400 4Lx+‘l
a4 9 aj 20
< ]( ;‘+2 Za) 1 —t221 ]( )
S |12 IA;(U; ® Uz)||MJ§<>4 Ilze (0,000 lle &l A eyl
103
(g2
< [+ )||A](U1®U2)||Mh<->é ooy,
<|U 5 oue2e ||U o +H||U §ooar e
Iin PR s I (g oy 2y 1 zllm P UL g 00,25
S Ul 3200 (Il 3o F I jaezp LA, )
L0 FA o Ty LR (0N ) L) TR (000N
S Itk 3 L2l 30, F I 32020 [IULI
DA T oo T RE Y e Lw([o,oo)?N;,,f) )
where we used the following inequality:
o 6-Gdap ()| o 6=(G-dapy()
I (&0 )2 3 &0 (P]” 6p10)
L 6-(5-4a)p1 ()
5. 665410 H%&l(')
2- ) (P]
<inf A>01f _— drx <1
© )

< Constant.

Then, we obtain the result. [

4. Proof of Theorem 1.3

We consider the Banach space H such that

H = £0([0,00), TN (R)  £9([0,00), F N,

pOIC)g Zh()q

and define mappings as follows,

o(U) = G(HU, + B(U U).

F () nL7(0,09), FN i (R,
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Using Proposition 3.1, we get

IGOUollye < Cilltloll _ san 3, - ©)
PO

By Lemma 3.2, we obtain

IB(Lh ® U2)|| 420342
LUOTNyopy )
S Ithl| 3202 [IL2] 320 T Il 322 [IUL]] o s
L0([0,); TN%& B IS el LOFRG o T LT G
IB(th ® L)l 20
% ([0,00), ?NM(M)
S ||U1|| g |IL] o+ I o2 [IUL] W
LP([0,00),FN. zh(2>q P) L=2([0,), TNZh(Z ) L([0,00), 7:szz)q ? ) L2([0,00), TNZMZM)
and
1B ® W) -
D FALE
< ||U1|| 322 (1Ll 320 T Il 322 [IUL] 3
ST N S S (IS Do AT o T RE
Consequently,
IB(U1 @ Wa)llgs < CollUnllgel|Uzllgy- (10)

Then, by (9) and (10), we get

t
DUl < IGEHUolly + 1 fo G(t — OBV - (U ® Uil

< IGEHUollg + IBU @ U)llg
< GllUoll ot CollUn [l Uzl

PO

< @. Then, by Lemma 1.2, we conclude that the

Put 69 < — forany Uy € TN N With [Uoll s
FA G

C pO)hC)g 0]
PCAC)g

problem (1) admits a unique global mild solution U € H.
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