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Abstract. This study delves into the investigation of positive solutions for a specific class of such problems,
namely double multi-point boundary value problems. In this research, we employ a monotone iterative
approach combined with the theory of the fixed point index within a cone to establish the existence and
multiplicity of positive solutions for double multi-point boundary value problems associated with nonlinear
fractional differential equations involving the p-Laplacian operator. These findings not only advance the
theoretical understanding of fractional differential equations but also hold promise for applications in
diverse scientific and engineering disciplines. Additionally, we present straightforward and illustrative
examples that reinforce the core findings of this study.

1. Introduction

Fractional differential equations, with derivatives of non-integer order, have emerged as a powerful
mathematical framework for modeling intricate phenomena with applications spanning across various
scientific and engineering disciplines. These equations provide a more accurate representation of systems
that exhibit memory effects, non-local interactions, and anomalous diffusion. Some examples are seen in
biology, economics, control theory, chemistry, physics and biophysics, just to mention but a few [11]-[14].
In particular, the incorporation of the p-Laplacian operator adds an extra layer of complexity and relevance
to the study of such equations. Double multi-point boundary conditions are of particular interest as they
arise in many real-world applications. Understanding the existence of positive solutions in the context of
double multi-point boundary value problems for such equations is a fundamental endeavor with broad
implications. This trend comes about due to advances in fractional calculus theories with its widespread
applications as evidently seen in [1],[15]-[20].

Moreover, the use of fractional differential equations has extended to hereditary properties of diverse
materials and processes. This has caught the attention of a lot of researchers who have over the years
concentrated on the study of existence and uniqueness of solutions for boundary value problems (BVP)
of fractional differential equations involving nonlocal boundary conditions through means of techniques
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of nonlinear such as the upper and lower solution method, fixed point theorems and the Leray-Schauder
theory among others [2]-[5], [7], [8], [10].
In [6], the following fractional differential systems

D y(x) + 1 f(x, 0(x)) + pag(x,o(x)) =0, x€(0,1),
Dg.o(x) + p f(x, y(x)) + p2g(x, y(x) =0, x €(0,1),

and

Dg, y(x) + i f(x, y(x)) + pag(x,v(x)) =0, x€(0,1),
Dg.o(x) + p1f(x, v(x)) + p2g(x, y(x)) =0, x€(0,1),

with the multipoint boundary conditions

Dl y(1) = 2 &DL, y(mi), y(0) =0,
Db, o(1) = L2 &Dk, o(ne), ©(0) =0,

were considered, where Dg,, Dg+ are the Riemann-Liouville fractional derivatives, f : [0, 1] X [0, 00) — [0, o0)
is continuous, 1 < @ <2, 0 < B <1withl <a-80<&m<1 k=12--,m—2, such that
Y2 ékn:_ﬁ ' <1land 1, p2 € (0, +00) such that i1 > . The application of fixed-point theorems concerning
y concave and (—y) convex operators played a pivotal role in verifying the existence of positive solutions
in fractional differential systems subjected to multipoint boundary conditions.

In [9], the following BVP was investigated

DY (pp(D*y(x))) = fx, y(x)), 0 <x <1,
y(0) = D*Y(0) = 0, DPy(1) = aDPy(&), D*y(1) = bD*y(n),

where a,8,y € R, 1 <a,y <2, >0suchthat 1+ < a, & 1 € (0,1), a, b € [0,+00) such that
1—a&* P >0, 10171 >0, ut) = P72t p > 1, @ = ()7}, % + % =1, D% DF and D are the
Riemann-Liouville derivatives and f : [0,1] X [0,00) — [0, o). The authors applied a monotone iterative
method to obtain some existence results for positive solutions of the BVP of nonlinear fractional differential
equations with the p-Laplacian operator.

As far as the authors are aware, there is a limited body of work that delves into the investigation of the
Riemann-Liouville fractional derivative involving a p-Laplacian operator and double multi-point boundary
value conditions. The inclusion of double multi-point boundary conditions introduces additional layers of
complexity and mathematical richness, making this problem both challenging and captivating. Motivated
by the literature mentioned, in this study we concentrate on the existence results of the following BVP of
fractional differential equations

D (g, (D*y(x))) + Ah() f(x, y(x)) =0,  x€(0,1),
y(0) =0, @,(D*¥(0)) =0, 1)
D'y(l) = Y2 aD y(ne),  pp(D*y(1)) = Lt brpp (D y(Ex)),

wherel < a, <2, 0<y<1lsuchthat 1 <a-vy, 0 <aby,n & <1, fork=1,2,---,m—2 such that
Yiltan T <L, TRl <1, f 110,11 X [0,00) = [0,00), ki : [0,1] = [0,+00)), @u(t) = [t p >
L ¢,' = ¢y % + % =1, with D%, Df and D are the standard Riemann-Liouville fractional derivatives.

The primary objective of this study is to explore the existence of positive solutions for this class of
nonlinear fractional differential equations. This pursuit holds significant value not only from a theoretical
perspective but also for its potential implications in real-world problem-solving. Positive solutions often
represent physical quantities of interest, and their existence or non-existence can profoundly affect the
outcome of mathematical models.
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In Section 2 of this paper, we present essential definitions and lemmas that serve as the foundational
elements for our main findings. Additionally, for the reader’s convenience, we introduce a fixed point
theorem. In Section 3, we consider the nonlinear BVP (1) and give the existence results of this problem. In
this section, we also present multiplicity results for the BVP (1). In addition, some comprehensive examples
to illustrate our main results are provided herein. Finally, Section 4 concludes the paper, emphasizing the
significance of our results and suggesting avenues for future research.

In summary, this study contributes to the understanding of fractional differential equations with the
p-Laplacian operator, particularly in the context of double multi-point boundary value problems. The
exploration of positive solutions not only advances the theoretical understanding but also holds promise
for applications in diverse scientific and engineering disciplines.

2. Basic Definitions and Preliminaries

In this section, we commence by presenting crucial definitions and lemmas. These auxiliary lemmas are
indispensable for demonstrating the existence of solutions for the problem (1).

Definition 2.1. (see [19], [20]) The integral

8 (X—i’)ﬁ1
lag(x) = f T O

the fractional order integral operation onto the function g € L'([a, b), Ry) with order B € R, and lower limit a, where
I represents the gamma function.

Definition 2.2. (see [19], [20]) The definition of the Riemann-Liouville fractional-order derivative of a function g at
order B denoted as,

1 d\" e
i p) (E) fo e =y gt

Lemma 2.3. (see [1]) Suppose that g € C(0,1) N L(0, 1) with a fractional derivative of order p > O that belongs to
domain C(0,1) N L(0,1). Then

Dg+9(x) =

where B € R4

PDPg(x) = g(x) + c1xF 1 + P2+ oo+ PN,
forsomecy € R, k=1,2,--- ,N, where the number N is the smallest integer greater than or equal to p.
Lemma 2.4. (see [6]) Let e € C[0,1]. Then the linear fractional BVP

D%y(x) + e(x) =
m—2

y©0)=0,  D'y(1) aD” y(nk)

k=1

has a unique solution which is given by

1
y) = f Glx, De(bt,
0
where

G(x, t) = G1(x, t) + Ga(x, 1),
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in which
a=1¢1_pya=y-1_(y_pja-1
¥ t)l“a) (x=1) , 0<t<x<1,
Gl (x, t) a1 (1_t)zrjv71
T 0<x<t< 1,
Eosrzg ot 1= = (=t
Gt) = — e , x€[0,1],
z(x, - Znistsl uinfﬂ/*lxa—l(l_t)a—y—l
@ , x€[0,1],
where .
a—
=1-y;2 a1, [

Lemma 2.5. (see [4]) Let e € C[0,1]. Then the linear fractional BVP

DF(p,(Dy(x)) +e(x) =0,  x€]0,1],

m—=2

y(0)=0, @,(Dy(0) =0, ¢@,(Dy1)) = Z brpp(D*y(&k), D7y(1) =
k=1

admits a unique solution expressed as

1
y@=£GmWMWM

where
G(x, t) is given in Lemma 2.2 and

1 p-1 m=2 1
p(x) = fo H(x, He( t)ds+—Zbk fo H(E, Be(t)dt

in which
m-2
-1
B=1-) b,
k=1
Hx b {—Xﬁ_l(l_t)@; G g<t<x<],
X = Pt

7186

m—2

ax D7 y(ni)
k=1

©)

Lemma 2.6. ( see[4], [6]) The functions G(x,s) and H(x,s) given by (2) and (3) respectively meet the following

conditions:

1. Fort,x €[0,1],G(x,t) > 0,H(x,t) > 0, H(x, t) < H(t, t) and if Y. ;-; ﬂkﬂ;: oy,

G(x, t) < G(x, 1),
where

G(x,t) = Gi(x, 1) + Ga(x, t),

in which
_ xa—l(l _ t)a—)/—l
Gl(x/ t) _T
and
_ a a)/la—ll_ta—y—l
Go(x, t) = L o 4"

AT (@) '



T. G. Chakuvinga et al. / Filomat 38:20 (2024), 7183-7198 7187
2. G(x,t) > x*71G(1,t) for all t, x € [0,1] and there exists a positive function g, € C(0,1) such that

min H(x,0) 2 g2(OH(, B for t € (0,1),

where

(1T
(%)ﬁ_ll lft € [mlr 1]
for0<d<m <0< 1L

3. Fort,x € [0,1], maxo<y<1 fol H(x, t)ds = %ﬁﬁ)) and

SET(1—ppl—(5—ppl
—I l t E [O/ ml]/
nlt) = { f

G.(t, 1) = max G x,t + max G x, 1),
( ) x€[0,1] 1( ) x€[0,1] 2( )

where
— (1 -t r-t
Gi(x, t) =——F—
max 1(x, 1) (@)
and
_ 221:—12 akﬂ:_y_l(l _ t)a—}/—l
) =
max Ga(x, 1) AT (@)

Moreover, we leverage the following fixed point theorems to establish the existence of results.

Theorem 2.7. (Schauder-Tychonov Fixed Point Theorem)(see [21]) Let E be a Banach space and P be a bounded,
closed, convex subset of E. If ® : P — P is compact, then © has a fixed point in P.

Theorem 2.8. (see [5]) Let E be a Banach space, D C E be a cone and Qr = {v € D : ||[v|| < R}. Let the operator
O : DN Qg — D be completely continuous that satisfying Ow + w, Yw € Q.
Then

1. IfllOw|| < |lwll, Yw € dQg, then i(®, g, D) =1,
2. If l®w]| = |lwl|l, Yw € dQg, then i(®, Qg, D) = 0.

3. Existence of Solutions for BVP (1)

We examine the Banach space E = C([0, 1], R) equipped with the norm [ly|| = sup,_, . [y(x)|. Let we
define the set D = {y € E : y(x) > 0}, then D is a cone within E.

Define the operator ©® : D — D as follows:

tﬁ_l m—2

1 1 1
Oy)(x) = j(; G(x, ey j; H(t, t)Ah(t) f(T, y(T))dT + 5 Z bkj; H(&, t)AR(T) f (T, y())dT |dt.
k=1

Then, the operator © has a fixed point if and only if the BVP (1) has a solution.

Lemma 3.1. Suppose f € C([0,1] X [0, +c0), [0, +00)) and h € C([0, 1], [0, +00)), then the operator ® : D — D isa
completely continuous operatot.
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Proof. From the non-negativeness and continuity of G(x,t), H(x,t), f(x,y(x)) and h(x), we see that the
operator ® : D — D is continuous.

Let QO ¢ D be bounded. So, for all x € [0,1] and y € Q, there exists a positive constant M such that
|f(x, y(x))| < M. Then, we get

1 1
I(@y)(X)I=| f G(x/t)(Pq( f H(t, ))Ah(7) f(t, y(1))dT
tﬁ 1 m -2

+? bk f H(&, T)AR(T) (7, y(T))dT] dt

B-1(1 — 7)B-1
<(AllHIM)! fo G(x,t)(p,,( fo %w

1 1 p-1(1 — 7)1
+§;bkf0 — G dr]dt
1 1 1 m=2
<(AlIIM)T! f G.(t, D, [ f H(, 1) [1 tg ka dt]dt
0

AllRIMT(B) 1=\
a5

1
= f G.(t, t)dt,
0

which shows that ©(Q2) is uniformly bounded.
Also, by the continuity of G(x, t) on [0, 1] X [0, 1], we know that this function is uniformly continuous on
[0,1] x [0, 1]. Therefore, for any ¢ > 0, there exists a constant 6 > 0, such that x;,x; € [0, 1] and |x; — x2| <6,

AllRIMT(B) 1
TP [ EZ ]]

where

IG(x1, ) = G(x2, 1) < @p

for fixed t € [0, 1].
Thus, for all y € Q, we get

1
(®y)(x2) — (Oy)(x1)| < fo IG(x2, 1) = G(x1, t)lepg (p(t)) dt
! ammre) (183 [
< fo IG(xa, ) — G(x1, 1) Tﬁ)[“ﬁgbkﬂ dt
AllBIMT -
%[ “rn(zﬁ)(ﬁ)[ %Z ]f|Gx2,t)—G(x1,t)|dt
< g

which gives that the operator © is an equicontinuous operator. Thus, using the Arzella-Ascoli theorem, we
get ® : D — D is completely continuous operator. []

Definition 3.2. Let p(x) be a solution of the BVP (1). The p(x) is said to be a maximal solution of the BVP (1), if
every solution y(x) of the BVP (1) satisfies y(x) < p(x) for x € [0,1]. A minimal solution q(x) can be defined by
similar way by reversing the above inequality, i.e y(x) > q(x) for x € [0, 1].
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Theorem 3.3. Suppose f : [0,1] X [0, 00) — [0,00) and h : [0, 1] — [0, +00) are continuous and f is non-decreasing

in the second variable, then BVP (1) has a maximal positive solution w and a minimal positive solution v such that
wy(x) = w(x) and v,(x) — v(x) as n — oo uniformly on [0, 1], where

1 1
(%) = fo Gx, e, ( f H(t, ©)AR(T) f(T, 01 (T))dT

tﬁ 1 m -2
me@mmmqumW] )
and
1 1
%m=fG@W%fPMﬂM®ﬂW%MWT
tﬁ 1 m= -2
—;beH@memwﬂmm d. 6)
k=1
Proof. Let
B,={yeD:|lyll<r},
where

>L

AHIQITR)
et

Step 1: Firstly, let show BVP (1) has at least one solution.
For y € B,, there exists a positive constant Q; such that |f(x, y(x))| < Q1,

1
mwnzﬁammmw
e (157, )"
= T(2p) Bl
Therefore,
®:B, — B,.

By Lemma 3.1, we can easily say that the operator ® : B, — B, is completely continuous. Hence, by
using the Schauder fixed point theorem, it is clear that the operator © has at least one fixed point in B, and
so BVP (1) has at least one solution in the set B,.

Step 2: BVP (1) has a positive solution in the set B,, thatis a minimal positive solution. Letvy(x) = 0, x € [0, 1]
and v1(x) = Ouy(x). From @ : B, — B,, we have v; € B,. From (4), it is obvious that

Un(x) = (Ov,-1)(x), x €[0,1], forn=1,2,3,.... (6)
Also, since f(x, y) is non-decreasing in the second variable y, we have

0=vo(x) <v1(x) <---v(x) <--+, x€[0,1],

so we get {v,} is a sequentially compact set since © is compact. Consequently, there exists a v € B, such that
Uy, > vasn — .
Let y(x) be any positive solution of BVP (1) in the set B,. It is easily seen that

0 = o) < y(x) = (OY)(x).
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Therefore,

v(x) < y(x) forn=0,1,2,---. (7)
If we take a limit as n — oo in (7), we have v(x) < y(x) for x € [0, 1].
Step 3: BVP (1) has a positive solution in B,, that is a maximal positive solution. Let
wo(x) =1, x € [0,1] and w; (x) = Twp(x). From © : B, — B,, we get w; € B,. So we have

0 < wi(x) <7 =wo(x).
Moreover, since f(x, y) in non-decreasing in y, we obtain

L wyx) < - < wp(x) Swe(x) =1, x €[0,1].

Following the same steps used in Step 2, we see that

wy(x) = w(x)asn — oo

and

1 1
T(x) = fo Gx, e, ( f H(t, ©)AR(7) f(7, (7))dT

_1 m -2
mjﬁﬂ@ﬂﬂmvawmmi
Let y(x) be any positive solution of BVP (1) in B,.
Trivially,

y(x) < wo(x).
Thus,

y(x) < wy(x). (8)

If we take a limit as n — oo in (8), we have y(x) < w(x) for x € [0,1]. O

Let we define the numbers f°, fy, f*, fw as followings:

flx,y) . Sy

= lim sup L = lim inf
fo=Jimosup Sy P T
f° = lim sup ———— S fo = lim & y)

y=+eo o1 Pp(sllyll)’ y—+eoxel01] @p(rallyll)’

where 11, 1, 13, 14 are any positive numbers.

Let

g-1
_|mire) 1§
Al—LI: F(Zﬁ) [ E 1bk]l

O 0 m-2
Ay = fs G(1, D, [ fs g2(DH(T, T [ %Zb ]h(’r dr]
k=1

where § and 6 are given in Lemma 2.4.

and
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Theorem 3.4. Assume that f : [0,1] X [0,00) — [0,00) and h : [0,1] — [0, +00) are continuous and the following
conditions hold:

(C2) There exists a constant py > 0 such that f(t,y) < @p(rsllyll) for t € [0,1] with rs > 0 and y € [0, p1].

Then, BVP (1) has at least two positive solutions y, and y, such that

0 <yl < p1 < llyall,
for

1 1 1 1
ez o)
A © (7’2A2 ! 1’5A1 ) 7’4A2 ! 1’5A1 ’ (9)

where 12Ay > rsA1 and 1Ay > 15A;4.

Proof. Since

. oy
=1 f ———s = 0o,
fo gm0 el @y (rallyl) ~

there is pg € (0, p1) such that
fGy) = @p(r2llyll) for x € [0,1], y € [0, pol-
Let

Qp, =y € D:1lyll < po}-
Then, for any y € dQ,,, it follows from Lemma 2.6 that

1
©ne = [ cex g (o)
1
> min { fo G(x, )pq (p(t)) dt}
1 1 m—2
> ATy f “71G(1, D, [ f g2(0)H(1, 7) [1 + %Zkah(T)dTJdt
0 0 k=1
O ") m-2
> r2/1‘l‘1||y||f\; G(1,t)p, [j; 72(1)H(7, 7) (1+%;bk]h(’()dr]dt.
Therefore,

IOyl = AT 2 As|yll.
Considering also (9), we obtain

I®yll > [lyll, for all y € JQ,,.
By Lemma 2.8, we have

i(©,0Qy,, D) = 0. (10)
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Also, since

7

fo = lim inf LY __
y—e0 xe[0,1] @ (r4llyll)

there is a number pf with pj > p, such that
fx, ) = @p(rallyll) for x € [0, 1], y € [pg, +00).
Let

Qp ={y €D : lyll < pyh-
Then, for any y € dQ;, it follows from Lemma 2.6 that

1
@)W = [ b, (o)
0
1
> 52}25 {j(; G(x, t)p, (p(t))dt}
B 1 N 1 1 m=2
> ATyl j; G, D, ( fo g2(1)H(t, ) (1 + E;bk]
O O m—2
> r4/\‘i‘1f9 G(1, ey (fs g2(t)H(7, 7) (1 + % L bk) h(T)dT] dt.
Therefore,

IOyl = AT raAsllyll.
Considering also (9), we get

1©yll > [lyll, for all y € JQ;..
By Lemma 2.8, we get

i(©,Qy:, D) = 0.

Finally, let Q) = {y € D : ||yl < p1} for any y € dQ,,, it follows from Lemma 2.6 and (C,) that

1
<ww=jﬁwmww
0
-1
Aricy (1% [
< L{ o [1+E;bk” .
Therefore,

I©yll < AT rsAullyll
Considering also (9), we have

IOyl < [lyll, for all y € dQ2,,.
By Lemma 2.8, we get

i(©,Q,,D)=1.

7192

(11)

(12)
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From (10)-(12) and po < p1 < pj, we get
i(©,Q,; \Qp,D)=-1,  i(©,Q),\Qy,D)=1.

Thus, © has a fixed point y1 € (2, \ﬁpo and a fixed point y, € Q. \ﬁpl. Trivially, y1, y, are both positive
solutions of BVP (1) and 0 < [[y1ll < p1 < lyell. O

Similarly, we can get the following results;

Corollary 3.5. Assume that f : [0,1] X [0, 00) — [0, 00) and h : [0,1] — [0, +00) are continuous and the following
conditions hold:

(Cs) fO=f>=0.
(Cy4) There exists a constant p, > 0 such that f(x,y) > @,(rellyll) for x € [0, 1] with rs > 0 and y € [0, p2].

Then BVP (1) has at least two positive solutions yy and y, such that

0 <lyall < p2 < lyall
for

1 1 1 1
el ) )
r6Ay" 1341 r6Ar" 1Ay
where r¢Ay > r3A1 and r¢Ay > r1Aq.

Example 3.6. Consider the following boundary value problem:

D3 (pa(D? y(x))) + Ah(x)f(t, y(x)) =0, x€[0,1],
y(0)=0, @xD3y(0)) =0, 3 3 (13)
Diy(l) = Y2 bDry(n), 2D y(1) = L arpa(D3y(Er),

where

W)= s ) = 3lcos(x + )l

N
~
st
—_

1l
=
s
Il
=
~
(st
N
Il
=
N
1l

W=

~

a:%,ﬁ:%,y:%,pzqzzrmzéll ﬂ1=b1=%,ﬂz=bz=
A €(0,+00) and f € C([0,1] X [0, +00), [0, +00)).
Then,

M =|f(x, y())l =3,

By computation we see that

- ' — 1 ! a=y-17q4 _ 8
L—j;G*(t,t)dt—mj;(l—t) dt—ﬁ,
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Mar@) (- 1\ _
rZL[Tﬁ)[ Ekz ]l = 9.24501971,

Hence, according the Theorem 3.3, we can say that BVP (13) has a minimal positive solution v in B, and a maximal
positive solution w in B,.

Example 3.7. Consider the following fractional boundary value problem:

D3 (pa(D? y(x))) + Ah(x)f(t, y(x)) =0, x€[0,1],
¥ =0, <pz(D%y<p>>=o, 3 3 (14)
Diy(1) = Yi2 Dry(me),  @2(D2y(1)) = L axpa(D2y(Ex)),

where

he) =2sin(Z), e ye) = 3y’ + i,

a—i,ﬁ—é 7/_% p=q=2,m=4,a,=b = zlﬂz—bz—}l 51=771=%,52=772=%,
A €(0,+00) and f € C([0,1] X [0, +00), [0, +00)).
We set 9 = and = %
By computation, we find A = }1, B = 0.57666,
e (- 15\
Ay = [ ) { + B L. bk]l =12.327
and

2

: 5 =
Ay = f; G(1, typ, [j; g2(T)H(x, T)[ B Z; b ]h(’[ d’[] dt = 0.22150.

Taking p1 =9, 15 = 2, we get

flx,y) <3(3) +9 =18 = @y(rsllyll) = p2(2 % 9), for x € [0,1], y € [0, p1].

Therefore, condition (Cy) is satisfied. It can be easily seen that condition (C1) holds.
Also, let ro = 200 and r4 = 150, we have ryA, > rsAq and r4A, > 15A1.
Hence, by Theorem 3.4, for

1 1 1 1 1 1
A ( , ) N ( , ) = ( , ) = (0.0300, 0.04006),
© A" 1541 r4Ar" 1541 r4Ar" 1541 ( )

BVP (14) has at least two solutions y1 and y, which satisfy the inequality 0 < |[y1ll <9 < |ly2l| for the given values
of 15, 1o and ry.

Theorem 3.8. Assume that f : [0,1] X [0,00) — [0, 00) and h : [0,1] — [0, +c0) are continuous and there exist
constants y1,y2 > 0 such that:

(Cs) f(x,y1) < f(x,y2) forany 0 < x <1and 0 < y1 < yp <)o,

(Co) maxo<x<1 f(x,72) < @p(y2y1),
(C7) f(x,0)#0for0<x<1.
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Then BVP (1) has at least two positive solutions u* and v* such that
0 < |lu|| < y2 and lim @"uy = u*, where ug(x) = ya,
n—oo

0 < |lv*|| £ y2 and lim ©"vy = v, where vy(x) =0

for

1
= 0, ——
( VlAl)

where y1A1 > 0.

Proof. We define By, = {u € D : |lul| < y2}. We proceed to prove that ®B,, C B,,. Let u € B,,, then
0 <u(x) < |lull £ yo.

By assumptions Cs and Cg, we obtain 0 < f(x, u(x)) < f(x,72) < @p(y2y1)-

For any u € B,,, by Lemma 3.1, ®u € D, then

1 1
|©ul = max { I} et [ 6,000 65 conae

m -2
t _ bkf H(&, t)Ah(T)f(T, v T))d’[}dt

k=1

1 m-2
<yay1(AllR|)T! f G.(t, )pq ( f H(z, 1) [1+% bk]dr)dt
0 0 k=

1

q-1
_ [[|[T 1 _
e 17/1L[ 5 [ B Z‘ bk” = 1Ay A

I'(2p)
S)/z.

Therefore, Ou € B,,. Hence, we obtain ©B,,
Let u1(x) = Oug(x), thus u; € By,.

C B,,. Let ug(x) = y2, 0 < x < 1, then [lug|| = y2 and ug € B,,.

V2 =

We define
Ups1 = ®un = ®n+1u0/ n= 0/ 1/ 2/ e
Since ®B,, € By, u, € B), (n =0,1,2,---) by using Lemma 3.1, © is compact we see that {u,}> | has a

convergent subsequence {u,,};>. and there exists u. € B,, such that u,, — u*. By the definition of G) and
(Cs), for any x € [0, 1], we get

k=1

u1 (x) =(Bup)(x)

1 1
:f G(x,t)(pq(f H(t, t)Ah(t) f (7, uo(t))dt

k=1

B-1(1 _ +\p-1
<y AT fo GW)(Pe( fo %‘h

p-1 M= -2
% Z by f H(&, T)AR(T)f (7, Mo(’t))d’t] dt
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m-2 1 _ _
1 11 - 7)f!
+= 2 b f —— % grl|dt
B4t )y BT

HT a2
=7/2/\q_17/1L[”1"|(|2[(f)3) [1 3 bk”

=101y A4

<ya2 = up(x).
Therefore, we get
up(x) = Ouy(x) < Oup(x) = u1(x), 0<x<1.
Thus, by induction method, we obtain
Upy1 <uy,, n-0,1,2,---.

for0<x<1.

Therefore, there exists a u* € B,, such that u, — u.. By the continuity of the operator ® and 1,1 = Ou,, we
have Ou* = u".

Weletvy =0, 0 <x <1, thenv € By,. Let v; = Ovy, thenv; € B),.

We define

Ups1 = Ov, = O 0y, 1=0,1,2,--- .

Since © : B, — B,,, we obtain v, C B,,, n =0,1,2,---. Since also © is completely continuous, we see that
{va}”, is a sequentially compact set.

Also, v1(x) = Ovy(x) = (B0)(x) > 0, 0 < x <1, it implies that

02(x) = Ovy(x) > (O0)(x) =v1(x), 0 <x < 1.
Thus, by induction method, we obtain
Up+1 2 Up, 0<x< ]-/ n= 0/1/2/"' .

Therefore, there exists a v* € By, such that v, — v". By the continuity of the operator ® and v,4+; = ®v,, we
obtain Ov* = v*.

It is evident that every fixed point of the operator ® in D is also a solution of BVP (1). In addition, if
f(x,0) # 0 for x € [0, 1], then the zero function is not the solution of BVP (1). Thus, we get [[u*|| > 0, [[v*]| > 0.
Then u* and v* are two positive solutions of BVP (1). So, the proof is completed. [

Applying Theorem 3.8, we obtain the following corollary.

Corollary 3.9. Suppose f : [0,1] X [0,00) — [0,00) and h : [0,1] — [0, +00) are continuous, also C; and the
following conditions hold:

(Cs) f(x,y1) < f(x,y2) forany 0 <x <1and 0 < y; < yp;

. X, . . .
(GCy) limy_o maxo<x<t % < @p(y1), in particular lim,,_,c maXp<y<1

fxy) _
T 0.
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Then BVP (1) has two positive solutions u* and v*, for

AT e (o, L)
Y141

where y1A1 > 0.

Example 3.10. We consider the following BVP:

D3 (p2(D3y(x)) + Ah(x)f(x, y(x)) =0, x€[0,1],
y(0) =0, @2D3y(0) =0, (15)
Diy(1) = LI biD3y(n),  @a(Diy(l) = LI aipa(DIy(E)),

where
hw =2sin(2), e yeo) = e+ 3@t + i,

a=1 5=t y=}
A €(0,+00) and f €

We set 8 = L and 6 = 3. By computation, A = ,B = 0.57666 and Ay = 12.327. Taking y, = 9 and y1 = 2.5. Thus,

f(x, y) satisfies
1 fe,y1) < fx, ) forany0<x<1,0<y; <1 £9;
2. maxo<y<1 f(x,v2) = f(1,9) = 20.718 < @2(y2y1) = 22.5;
3. f(x,00#0for0<x <1

Then by Theorem 3.8, BVP (15) has two positive solutions u* and v* such that

0<|wll<9 and limO®'uy=u’, where uy(x)=29,

n—oo

0<|lo'| €9 and lim @"vy=1v", where ©vy(x) =0,
n—oo

for

ML e (0, L)
Y141

or

A €(0,0.00361).

4. Conclusion

In this study, we have explored the existence of positive solutions for a class of nonlinear fractional
differential equations subjected to the influence of the p-Laplacian operator within double multi-point
boundary value problems. These equations hold significant importance in modeling complex phenomena
across various applications. Our research aspires to produce results that aid in both the theoretical under-
standing and practical applications of fractional differential equations. Our findings lay a foundation that
may benefit mathematicians and engineers seeking to investigate such equations.

Our results demonstrate the existence of positive solutions in double multi-point boundary value prob-
lems, a key finding of relevance to researchers and engineers tackling problems across diverse application
domains. Furthermore, it is anticipated that our results will make a meaningful contribution to the existing
body of literature in the field of fractional differential equations.
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Future studies may extend the scope to encompass a broader class of equations or investigate more
complex boundary value problems involving different operators. Additionally, exploring the implications
of our theoretical results in practical applications through numerical solution techniques and stability
analysis could offer valuable insights.

In summary, this study offers a valuable contribution to the field of fractional differential equations by
giving the existence results for positive solutions within double multi-point boundary value problems. This
derived results hold promise for advancing both theoretical and practical understanding in this intricate
domain, serving as a foundation for further research and exploration.

Competing interest: The authors declare that they have no conflict of interest.
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