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Abstract. In this paper, we consider the following fifth-order non-linear difference equation

s
2, _pZn-3Zn-4

Zy = ,s,neN,

Zn-1 (‘12275 + bzn,3z,,,4)

where the initial values z_j, j = 0,_4 and the parameters 4, b are non-zero real numbers. In addition, the
form of the solution of a more general difference equation defined by one to one continuous function is
obtained. We will show that both the solution of the above mentioned equation and the solution of the
general difference equation are related to a generalized Fibonacci sequences.

1. Introduction

Non-linear difference equations and their systems appeared in some scientific areas such as engineering,
biology, economics, physics. Especially, they are used in modeling in biology (see, e.g., [5, 13, 25, 26]). So,
to understand these models, it is worthy to solve the corresponding non-linear difference equations in
closed-form. Sometimes, non-linear difference equations can be transformed to linear ones by using some
convenient transformations. Hence closed-form formulas for the solutions of the non-linear difference
equations can be deduced from the corresponding linear ones. Other related difference equations or system
of difference equations can be found in Refs. [1-3, 6-12, 14, 15, 18-24, 28-37].

Noting that the solutions of some difference equations are related to very known number sequences, for
example, the Fibonacci sequence {f,} ., defined by

f‘rl+l = fn +f‘rl—1/ ne N/ (1)

with the initial conditions fy = 1 and f; = 1. In the present work, as in the references [16, 17], we will use
the following generalized s—Fibonacci sequence defined by

Fuip =Fu1 +sF,, Fo=1=F, n€ Ny, ()
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the first eleven terms of it are

Fp=1,
F,=1,
F,=s5+1,
Fi=2s+1,

Fo=s+3s+1,
Fs=3s>+4s+1,
Fo=s>+65>+5s+1,

Fy =4s® +10s* + 65 + 1,
Fs=s*+10s> + 155 + 7s + 1,
Fo =55 +20s° + 2152 + 85 + 1,

F10 = 8% + 15s* + 355% + 2852 + 95 + 1,

The following special non-linear difference equations

Yn—2Yn-3
Yo (21 % Yy 2yn3)’

Yne1 = n € Ny, 3

where the initial conditions y_,, p = 0,3 are arbitrary real numbers, was considered in [4]. Motivated by
this equations and inspired by [16, 17], our aim in this paper is to obtain the solutions form of the following
difference equation

Z5 2Zn-3Zn-4

Zy = ,s,neNN, 4)

Zn-1 (azi 5t bzn_3zn_4)

where the initial valuesz_y, ¢ = 0,_4 and the parameters a, b are non-zero real numbers. Note that, equation
(4) can be seen as a generalization of equation (3), when s = 0, 2 = 1, b = £1. In addition, we will
also determine the form of the solution of the following difference equation, which is a generalization of
equation (4), it suffices to take h (x) = x,

4 ( (h(zn-2))" 1 (zn-3) h (z0-4)
h(zp-1) [a (h(z5-5))" + bl (z4-3) h (z4-4)]

Zy = ),s,ne]N,

where 1 : B — R is one to one continuous function on B C R, the initial values z_y, ¢ = 0,4 are non-zero
real numbers in B and the parameters a, b are non-zero real numbers. The solution of equation (4) is also
related to the s—Fibonacci sequence defined by (2).

A very well-known linear difference equation, which will be an important key role in solving our
difference equations, is

Up=au,_1+p,n2l, L,neN, (5)

where the parameter @, f and the initial conditions u;, for j € {1 —1,2 —1,...,0} are real numbers. The
equation (5) is solved in [27]. The general solution of equation (5) is

(6)

My, . a1 .
S atuj+ B, ifa#l,
i+ = uj+ pm ifa=1
] 7 - 4
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for each fixed je {1-1,2—1,...,0} and m € INp.
Through this paper, the standard notations IN, INg, Z, R are symbolized for the sets of positive natural

numbers, non-negative integers, integers, real numbers respectively. In addition, the notation of § = y,6
stands for {f € Z:y <p <6}, if y,6 € Z, y < 6. In the sequel, as usual, we suppose that H;:k Cj=1and
Z;Zk C;j=0,forallr <k.

From here on, by a solution, we mean a well defined solution.

2. Solving in closed form the equation (4)

Let us give the definition of well-defined solution of equation (4).

Definition 2.1. A solution {z,},>_4 of equation (4) is said to be well-defined if
Zn-1 (‘72275 + bZn_3Zn_4) #0, neN.
Let {z,},>_4 be a well-defined solution of equation (4). We get

Z,,_pZn-3Zn-4

Zi1 = s 7
Zy-1 (azn_S + bZn_3Zn_4)
ZnZp-1 _ Zn—3Zn—4

- 4
zo ., 4z, o +bz, 3244
S S
Z , 0%, 5+ bz, 32,4 -
- 7
ZnZp-1 Zp-3Zp-4
z° z°
n2 "5 4psnelN.

ZnZn-1 Zn—3Zn—4
By using following the change of variable,

s
_ Zn—Z _
Wy= 2 =2 1, )
ZnZn-1

from equation (7), we obtain
w, =aw,_3+b, n € IN. 9)

By using (6), we have for all m € Ny, j € {2, -1, 0}, the solution of equation (9) is

a"w;+bT=L, ifa#1l
] a-1" 4
W s = 10
3] {wj +bm, ifa=1. (10)
From (8) and (10), it follows that for all m € IN,
amzs, a1 .
Wam— = “2° P, el (11)
= +bm, ifa=1,
—2Z-3
a"z?, am—1 .
Wy g = | 72 +bo=, ifa#l, (12)
—— +bm, ifa=1,
—1Z2-2
Wi = 4 271 +b%=, ifa#l, (13)
== +bm, ifa=1.
0Z-1
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Now, from (8) it follows that

S
-2
Zy = ”_,n:—2,—1,...
Zp-1Wy
So we have,
s SF()
— 2_4 — Z_4
Zp = =
z3w- 3w
s s+1 Fa o F1
zZ1= s _FaW2 Z5Wo
-1 = Z oW1 5 w_q ZsF1 wFo /
-4 -4 -1
2
Zs_z Zs_zsw—l ZSFZ wFI
Zp = = =
Z_1Wyp zz_scjlws_zlwo z stzsz
s §2+3s+1,,,25+1
z1 2y ET W Wo 2! 3w ZwO
- - 2
ZoW1 2554 +5w5_§1w1 ZSF 3 wF 2 w
3, 13:2 F.
Z?) ZS_4+35 +sw%sl+1w1 ZS 410 ZU
Zy = = 2 2 =
Z1Ws Ziis?)+4s+1ws_;—35+1wa+1w2 Z 3w ZwO w2
Fo Fs F . 2 Fz(z z)+1
2 = Z_zw_ Zwo w _ %3 H
=k - 555 Fz(z -y
z 4w 1w1 w —4 =0 Wy
sFs. Fs_ Fs. Fi SFG Fz(z i1
. Z_4w_1w1 w3 Hz ow
4 ot w ZF7 H3 szafz) ’
W LW, W, -3 Llizo Wy_yy
E Fi _Fs 3 gylem
2= ZF 3w zwo w2 Wy,  Z3 H 2(i-1)
= s, Fe Fo ~— _sF7 Fag-i) /
Zwl w2 4 Woi g
F F F
Zs 8’(,(} w w3 wS S 8 Hl ()w 2(3 i)+1
Zg = = 4 Faag
6 Z w w ’(,U w w ZFg 1—[4 wF2(4 i)
-37-2"0 72 -3 i=0 "2(j-1)
It follows that
sF. F;
, B 742(n+1) H?—U 2’2(71' i)+1
2n — F2n+3 n+1 Eoe1—i) |7
i 2(i-1) - —
Fz(n+2) gy 1= 710,
oz n+1 [ Wai-1
Zon+1 = <F2n+3 i=0 Fz<n+1 I
— 21 1

We consider three cases: n = 0(mod3), n = 1(mod3) and n = 2(mod3).

7202

(14)

(15)



M. Kara et al. / Filomat 38:20 (2024), 7199-7207

(i) If n = 0(mod3) equivalent n = 3m, m € Ny. Then, from (15), we have

F, ; F, ; F, ;
SF, m 6(m—i)+1 m-1 6(m—i)-1 m-1 6(m—i)-3
2746m+2 H H H

z _ i=0 “73(2i)-1 =0 "3(2i+1)-2 i=0 *3(2i+1)
6m — T, Fotm—i Fotm—i Fom—i ’
Z m+3 m 6(m—i)+2 m 6(m—i) m=1 6(m—i)-2
-3 ITiZ wslgzna MiZo w30y~ HiZo @iy
SFomia w0, 6m=i)+3 lvFé(rn—zHl » w%(yp:%l
2 _ _ m 320)-2 3(2i) H m 3Qi+1)-1
6m+1 = SFom+3 i=0 Fo(m—i)+2_ Fo(m—i) i=0 Fo(m—i)—2
—4 3(2i)-1 3(2i+1)-2 3(2i+1)

(ii) If n = 1(mod3) equivalent n = 3m + 1, m € INy. Then, from (15), we get

Fe(moi Fg(mi Fg(mei
SFomd m o Fom-iy+3 yym  Fo(m-iy+1 pym-1_ Fem-i)-1
Z_y I 32i)-1 1% 32i+1)-2 1% 32i+1)

Zom+2 = Fom+s e Fo(m-i)+4 " Fo(m—i)+2 " Fom-iy |7
-3 i=0 “3(2i)-2 i=0 “3(2i) i=0 “3(2i+1)-1
Fomso Fom-i+5_ Fe(n-i)+3  Fe(m—ij+1
2 ! !
z — -3 m 3e)-2 3@ 32i+1)-1
6m+3 — Som+5 i=0 Fo(m—i)+4, Fo(m-i)+2_ Fo(m—i)
—4 3(2i)-1 32i+1)-2 3(2i+1)

(iii) If n = 2(mod3) equivalent n = 3m + 2, m > —1. Then, from (15), we obtain

Fe(mi Fe(m—i Fe (i
SFem+6 m 6(m—i)+5 m 6(m—i)+3 m 6(m—i)+1
z _ Z_y Hz:O 3(2i)-1 Hi:U 3(2i+1)-2 Hi:O 3(2i+1)
bm+4 = o7 i o 8m=i+1) Ty Fo(n-i+4 " Fom—iyr2 |7
-3 i=0 *Y3(2i)-2 i=0 “3(2i) Fi=0 3(2i+1)-1
F, 6(m—i+1)+1 6(m—i)+5_ Fo(m-i)+3
6m+8
. oz Hm+1 W2 Hm Wy i) W30it1)-1
6m+5 Som+7 i=0 Fo(m—i+1) =0\ _Fe(m—ij+a_ Fe(m—i)+2
-4 3(2i)-1 3Qi+1)-2 “3(2i+1)

Casea # 1.
(i) If n = 0(mod3) equivalent n = 3m, m € Ny. Then, from (10) and (16), we have

2i((_ _p\Fo(m—i)+1 2i+1 (71, _p\F6(m—i-1
m [ @ ((tl l)w_l+b) b m—1(a ((a 1)w,2+b) b
ziﬁ””z Hi:l)( = IT:Z a1
4 = - - - -
6im 2 om+d m [ @2i((a-Dyw_p+b)-b \T6m—i)+2 " a2 (a=1)wq-+b)—b \ [ 60n—1)
i=0 a-1 i= a-1
Hm,l ( a2+ ((a=1)wg+b)-b )F(’(””i)’3
i=0 | ™ a1
i ( 2% (@=1)w_y +b)-b )F6<m—i>—z ’
=0 \ 7 a1
F 2 ((a=V)w_p+b)—b \ 60m=D+3 ( 2 (1) +b) b \ [ 6m=i)+1
EA i — T a1
Z, = T i - - -
6+l 2Tonss LLi=0 | 7 ity 1) o042 (241 (@ 1y 1) oD
a-1 a-1
2 (0 1w_y +5)-b \[6m=i-1
m—1 a-1

X Hi:O (ﬂzm ((a-1ywg+b)-b )Fé(m—z>—2

a-1

(ii) If n = 1(mod3) equivalent n = 3m + 1, m € INy. Then, from (10) and (17), we get

2 ((@=1)w_q +b)-b \ 6(n=i)+3 2 (0= 1yw_n +b)—b \ 6m=i)+1
e L e I e )
Zem+2 = T, : - : Foomt
6 Z_63m+5 i (nz’((nfl)w,zw)—b )Fﬁ(m*!)ﬂ i (uzz((a—l)w[ﬁbrb) 6(m—i)+2
i=0 a-1 i=0 a-1
et { @1 (1) +b) b \[60m=-1
i=0 a—1
w (02 (a-1yw_y +b)—b \F60m—) 7
el — =
Fo i ((a-1yw_y +b) b \[60m=i45 2 ((a=1ywg +b)-b Fo(m—i)+3
.z m = a1
Zem+3 = ZTones LLi=0| iy | v)— \Foln—+4 [ 21 (110 +6)—b \ 6 +2
- a-1 ) ( a-1 )
( 2 (@-1yw_y +5)-b )Fs(m—oﬂ
m a-1
X i - -
H i=0 ( 241 ((a-1)wg +b)-b )F 6(m—i)
a-1

7203

(16)

(17)

(18)

(19)

(20)
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(iii) If n = 2(mod3) equivalent n = 3m + 2, m > —1. Then, from (10) and (18), we obtain

20 (a=1yw_; +b)-b \[ 6(n—i)+5 241 (g=1)w_p+b)—b | 60m—1+3
. s H}ig(%) H;’LO(%)
6m+d — ZFom7 m+1(a2i(<n-1>w_2+b)-b )Fé(m—iﬂ) . (a2i(<u-1)w0+h)-b)Fb(m—x‘wt ’
i= a—1 i=l a—1
( a2+ (a=1)wg +b)-b )Ff‘(’"’i)+1
m a-1
X Hi:O (a2i+1 (a=1yw_q +b)-b )Fb(m—i)+2
a-1
. ( 2 ((a-Dw_p +b)-b )F6(m—i+1)+‘l (21)
6m+8 —_——
z _ Z_5 m+1 a-1
6m+5 = zsllamn i=0 2 ((a—1yw_q +b)-b )Fé(m—iﬂ)
B a1
( aZi((a—l)wO +b)-b )F(’(m_i)*'S ( 21 ((a=1)w_q +b)-b )Fé("‘_i)+3
m a-1 a-1
X Hi:O a2+ ((a=1yw_y +b)-b \[60m=1+4 ( a2i+1 (a-1ywg +b)-b \[ 6(m=D+2 |7
( a-1 ) ( a-1 )
_ % _ % _ %
where w_, = T W= o and wy = P
Casea =1.
(i) If n = 0(mod3) equivalent n = 3m, m € INy. Then, from (10) and (16), we have
- Zoms2 (T[m (o 42ib)Fem-d4 [T oy + (204 1)) 60n--1
m zigma H;':’O(w,2+2ib)F6("’*i)+2 H;':’O(wo+2ib)F6(’“*")
L1155 (o +(2i+1)b) o0m-i-3
g +Qi+1)b) 60m=)-2 7 22)
Foms4 ib)F6m—i)+3 ib)F6(m—i)+1
z . Z m (w_p+2ib)" 6m=i)+3 (wy+2ib) 60m—1)
6m+1 — 2 Ten+3 =0\ (w_y +2ib) 6m-11+2 (_p +(2i+1)b) 60m-1)
XH’»'H (w_1+(2i+1)b) 6lm-i-1
=0\ (w+Qi+1)b) 6m-0-2 |
(ii) If n = 1(mod3) equivalent n = 3m + 1, m € INy. Then, from (10) and (17), we get
5 _ Zomed (T (o 42i) 601043 [T (c0_p+(2i-+1)b) 6n-0+1
611+2 Zfeams L1020 +2ib) 6n=+4 [T (e +2ib) olm-ir+2
L1 (o +(2i+1)b) 6m--1
iZo(-1+@ixp) e 7 (23)
. A (w_p+2ib) 60n-)+5 (1w +2ib) 6lm=i)+3
6m+3 Z‘iFGWH’S 1=0\ (qw_y +2ib)T60m-i0+4 (_p +(2i+ 1)b) 6(m-i)+2
1" (w_1+(2i+1)b) 6m-i+1
=0\ (wo+(Qi+1)b)T60n-n |
(iii) If n = 2(mod3) equivalent n = 3m + 2, m > —1. Then, from (10) and (18), we obtain
y Zomes (T (g 42ib) 605 [T (w_p +(2i+1)b) 60n-+3
6m-+4 Z}i63m+7 T (w_p+2ib) 60n=i+1) [T, (wp-+2ib) om-d+d )7
X [™ (wo+(2i+1)b) 6m-i)+1
=0\ (wr+ i1y s0n-0+2 (24)
v = 248 ([ (gt 2ib) emisy
6m+5 — ZiF6m+7 =0\ (w_, +2ib)F6tm-i+1)
X I" (wo+2ib) 60n=+5 (w_y +(2i+1)b) 6lm=i)+3
=0\ (w_p+(2i+1)b) 60m-0+4 (1w +(2i+1)b) 6m-i+2 |7
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s s

z z
—4 — -3 —_
T W= o and wy =

S
)

where w_, = P

Theorem 2.2. Consider equation (4) where the initial conditions z_g, q = 0,4 and the parameters a, b are non-zero
real numbers . Then, the following statements hold:

(@) Ifn=23m,me Ny, anda # 1, then the solution of equation (4) is given by (19).
(b) Ifn =3m, m € Ny, and a = 1, then the solution of equation (4) is given by (22).
() Ifn=3m+1,me Ny, and a # 1, then the solution of equation (4) is given by (20).
(d) Ifn=3m+1,me Ny, and a =1, then the solution of equation (4) is given by (23).
(e) Ifn=3m+2,m>-1,and a + 1, then the solution of equation (4) is given by (21).

(f) If n=3m+2,m>-1,and a =1, then the solution of equation (4) is given by (24).

3. The solutions of a general difference equation defined by a one to one continuous function

In this section, we solve in explicit form the following general difference equation

(h(zn-2))" h (zn-3) h (z0-4)

zy=h! S
h(zn-1) [a (h (zn-5))" + bh (z4-3) b (zn-4)]

), s,n €N, (25)
where i : B — R is one to one continuous function on B C R, the initial values Zy, Y= 0,_4 are non-zero
real numbers in B and the parameters a, b are non-zero real numbers.
Definition 3.1. A solution {z,},>_4 of equation (25) is said to be well-defined if

h(zp-1) [a (h(zy=5))° + bh (z4—3) h (z4-4)] 0, n € N,

and

(h (Zn—Z))s h (Zn—3) h (Zn—4)
h(zn-1) [a (h (24-5))" + bh (24-3) h (zn-4)]

Theorem 3.2. Let {z,},>_4 be a well-defined solution of equation (25). Then, the system is solvable in closed form.

€ Ah—l .

Proof. Since h is one to one continuous function, then, from equation (25), we obtain

(h(zn-2))" h (zn-3) h (z0-4)
h(zu-1) [a (h (z5-5))" + bh (z4-3) B (z4-4)]

By using following the change of variable,

h(z,) = ,s,neN. (26)

Zy=h(z,),n=-4,-3,.. (27)
it follows that equation (25) can be transformed to the following equation
ZZ zzn—?;zn—4

Zy = - ,s,ne€N, (28)
Zu1 (aZ3_5 +DZn-3Z04)

which is in the form of equation (4). By using the following transform,

Wy=—22  pn=-2-1,.. (29)
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from equation (28), we get
@n = LIZ’Enfg, +b, neN.
By using (6), we have for all m € Ny, j € {-2, 1,0}, the solution of equation (30) is
— amw] b“ *1, ifa#1,
W3m+j =  —~ .
wj + bm, ifa=1.

Moreover, using (27), (29) and (31), for all m € Ny, we have

a" (h(z—y))’ a"—1 .
= 3 —h(ZZ)h(Z3)+bﬂl, ifa+1,
M G L, ifa=1
h(z-2)h(z-3) ’ -

a"(h(z_3))’ a"—1 .
= 3 —h(zl)h(zz)+bﬂl, ifa+1,
A I CC=)) S ifa=1
h(z-1)h(z-2) 4 ’

(h( )’ e
h(ZO‘)Zh(ZZ 5+ bm, ifa=1.
By using (27), we obtain

zy =h Y (Z,),n=-4,-3,...

In addition, by using (16)-(18), (27) and (35), we get

’"(h(z 2))° a"-1 :

—Fem-ip+1 Tym—1 =Fem-i-1 m—1 =Fem-i-3
F X
(h (z_g)) oms2 [T =0 Wy0-1 Lliz0° Waniy1y—0 I1

1 i=0 *3(2i+1)
Zem =h me N
bm (h(z 3))F6m+3 Hm ZfaFe(m D2 T a}Fe(m ) Hm—l ~Fom-i)-2 / 0s
- i=0 *3(2i)-2 i=0 *3(2i) =0 "3(2i+1)-1
AF(, (m=iv+3 ZFe6m-ipe1 \ 1 73 6tm-i-1

h z_ F6m+4 m 2i)—2 w. 2 w 2i+1)=1
I (h(z-3)) H Y3002 W32i) H TN

F —~F, —~F, —~Fem—i)—

h 7 SEem+3 6(m—i)+2 6(m—i) 1 6(m—i)-2

(h(z-4)) i=0 \ W30y)_1 Wapi11y-2 ) =0 \ W3(oi41)

m  =Fem-i+3 Tym =Fem-i+1 m=1 =Fem-i-1
Hl =W i=0 W H

(h (za)) o

_ 3(2i)-1 3(2i+1)-2 3(2i+1
Zems2 =h" - el ) ,m € No,
(h (2_3))F6m+5 H{n u’fé(m—i)#l Hm Z’EFG(W;‘M H(rl —~Fo(m-i)
i=0 W3p)—n 1li=0 W50 i=0 W30i41)-1
=Fou-iy+5 =Fon-iy+3 =Fom-i+1
Fe m
) i (h (z_3))" ome 1—[ Waoi-2 W30 W3ir1)-1 meN
6m+3 = (h(z 4))SF6m+5 | a’FFb(nt—i)+4a’7F6(m—i)+2 —~Fen-i ’ 0
- i=0 3(20)-1 “3(2i+1)-2"3(2i+1)
—Ferp_s —Fep s —Fey_:
ya m 6(m—i)+5 H’l 6(m—i)+3 m 6(m—i)+1
| (B (zog))ome ITio 32i)-1 11i=0 W3i41)2 I1 3(2i+1)
Zom+4 =h ,mz _1/

For 1 AF /\F m  —Fem-i+2
h 7 6m+7 m+ 6(m— z+1) m 6(m—i)+4 ! 6(m—i)
(h(z-3)) [Tz W32y 1% Wi i) [T W30ir1)-1

"Fb(nxfz+1)+1 m a’fé(mﬂ)ﬁ ’\Fﬁ(mfx‘)+3

F, m+1
, i (h (z_3)) om® 1—[ W30iy—2 H 32)  Y30i+1)-1 > —1
m+5 = (h (Z 4))5F6m+7 —~Femu-ir1) ~Fom-ipra —Fem-ir2 ||” T :

i=0 32i)-1 /) =0 3(2i+1)-2 % 3(2i+1)

7206

(30)

(31)

(32)

(33)

(34)

(35)

(36)

As a consequence, by using (32)-(34) and (36), the solution of equation (25) can be obtained if a # 1, or

if a = 1. The proof of theorem is finished. [

4. Conclusion

In this study, we have solved a non-linear difference equation of fifth-order in closed form. In addition,
we have obtained the solutions of a more general difference equation defined by a one to one continuous
function. In both of these difference equations, the solutions are presented by using a generalized Fibonacci

sequence.
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