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On the families of numbers with respect to Orlicz functions

Kieu Phuong Chi?

?Department of Mathematics and Applications, Saigon University, Ho Chi Minh City, Vietnam

Abstract. Summable families of numbers were defined by E. H. Moore ([11, 12]), who also showed that
an infinite series of real or complex numbers converges unconditionally if and only if it is summable.
In this paper, we introduce an extension of power series methods in the sense of summable families. As
applications, we construct the spaces of families of numbers with respect to Orlicz functions and study some
expansions of P-strongly convergent and P-statistically convergent series with respect to Orlicz functions.

Our results are natural extensions of the sequence spaces defined by Orlicz, which are introduced in [13]
and [14, 15].

1. Introduction

A family of numbers (x;)i is a set of real or complex numbers, x;, which correspond in a unique
way to the elements i of an index set I. The great advantage of the previous concept is that it can also be
applied to uncountable families. In this paper, we study some natural extensions of sequence spaces in the
context of families of numbers. Our results are followed by the same vein of the works [1, 2, 7, 8, 13, 15]
and the references given therein. More precisely, in Section 3, we introduce an extension of power series
methods in the context of summable families. As applications, we have obtained extensions of the P-
strongly convergent and P-statistically convergent concepts. They are studied in more detail in Section
6. We note that power series methods play an important role in the theory of summable sequences (see
[4-6]). In Section 4, in view of the results in [13], we study some properties of number families with
respect to Orlicz functions and examine their linear structure and paranorms. In Section 5, we construct
the p-Banach structure for spaces of number families. In particular, we obtain some interesting conclusions
about degenerate Orlicz functions. In Section 6, as previously mentioned, we improve the result published
by Sahin B. N. in [15] by using power series methods in the context of summable families.

2. Preliminaries

Let I be a nonempty set. A family of numbers (x;)ie; (in short (x;)) is a set of real or complex numbers
x; that correspond in a unique way to the elements i of an index set I. Clearly, if I is countable, then (x;);e

2020 Mathematics Subject Classification. Secondary 40C15, 40F05, 40A35

Keywords. summable families, power series of method, Orlicz function, sequence space
Received: 08 November 2023; Accepted: 16 February 2024

Communicated by Eberhard Malkowsky

This work is dedicated Professor Dinh Huy Hoang on his 70’s birthday

Email address: kieuphuongchi@sgu.edu.vn (Kieu Phuong Chi)



K. P. Chi / Filomat 38:20 (2024), 6995-7020 6996

is a sequence. If we denote the collection of all finite subsets I of by ¥ (I), then for each family of numbers
(x7), the finite partial sums

o= Y xi with ] € 7 (D). (1)
i€]

form a directed system, where set-theoretic inclusion J; < ], is used as the > relation. The system (07)je7 1)
is called convergent to o if for every ¢ > 0, there exists Jy € ¥ (I) such that

‘in—0‘<e (2)

i€]
for every | € #(I) with Jy < J. By these means, we denote
limoj = 0.
In this paper, we denote that |]| is the number of elements of | € F(I)..

Definition 2.1. ([12]) Let {xi}ier be a family of numbers. The family {x;}ie; is said to be summable if the system
{o7}jer ) converges to o, and we write
o= Z Xi.

Definition 2.2. ([12]) Let {x;}ier be a family of numbers.
1) The family {x;}ier is said to be convergent to O if for every € > 0, there exists Jo € F (I) such that

x| < e ©)

foreveryiel\ Jo.
2) The family {x;}ie is said to be convergent to L € K if for every & > 0, there exists [y € F (I) such that

Ixi =Ll < e 4)
foreveryiel\ Jo.

Definition 2.3. ([12]) Let {x;}ic1 be a family of numbers. The family {x;}ics is said to be bounded if there exists M > 0
such that

lxi| <M (5)
foreveryiel

Definition 2.4. 1) The family (o ]) C IR is said to be increasing if

JeF ()

op =0j,

forevery J1,], € F(I) and |, < J».
2) The family (o ,)]Eﬂl) C IR is said to be decreasing if

oy, 2 0y,
forevery J1,Jo € F () and J; < J,.

The following fact may be non-original:
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Lemma 2.5. 1) If the family (o]) C Ris increasing and C = sup;zq, 0] < +00, then

JeF ()
limo; =C.
2) If the family (o])]eﬂl) C R is decreasing and C = infjeq) 07 > —00, then
lim oy = C.
Proof. Let € > 0 be arbitrary. Since C = sup,z;, 07 < +00, we can find Jo € ¥ (I) such that
C-e<op<C
It follows from the increasing property of (o]) that
C-e<op<or<C

for every | > Jo. This yields that
limo; = C.

This proves 1). By the same argument, we obtain 2). [J

Lemma 2.6. Suppose that x = (x;)ier is a summable family of numbers. Then, x = (x;) converges to 0.

Proof. Since x = (x;)ier is summable, we have that S; = ) jer(n Xi converges to S € K. Let € > 0; then, there
exists Jp € ¥ (I) such that

&
S/-SI<3 ©)

forall | > Jo. Foreachi eI\ Jo, weset J; = Jo U {i}, which implies that J; € #(I) and J; > Jo. It follows from
(6) that

i3
S5 =Sl <5 @
Combining (6) and (7), we arrive at
Ixi| =155, = Sjl =1S;, =S+ 5= 5

& &
— 4+ =

SISy = SI+IS =Sl < 5 + 5

=¢
foralli € I\ Jy. This proves that x = (x;) converges to 0. [J
Throughout the paper, we let
lo(D) = {x = (¥i)ies € K : (x;) is bounded };
Co(D) = {x = (x;)ier C K : (x;) converges to O};
C{) = {x = (x)ieg CK: (xy) is convergent},

and

() = {x = (xi)ier CK: Z lxilP < +oo}
i€l

with p > 0. We have the following inclusions:

L,(D) € Co(I) € C(I) C Lo (D).
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I (1) is a Banach space with respect to the operations
(xi)ier + (Yi)ier = (xi + Yi)ier and A(x;)ier = (AX;)ier

with the norm

llxll = sup |x|
iel

for all x € I(I). Moreover, it is not difficult to check that C(I), Cy(I) are closed subspaces of l.(I). If p > 1,
then [,(I) is a Banach space with respect to the norm

Il = () b)’
i€l
for all x = (x;) € [,(I). In particular, if p = 2, then I5(I) is a Hilbert space with respect to the scalar product
(cly) = ) xi7,
i€l
forall x = (x)), y = (v;) € L(D).

Definition 2.7. ([7]) An Orlicz function M is a continuous nondecreasing and convex function defined for t > 0
such that M(0) = 0 and tlim M(t) = +o0. If M(t) = O for some t > 0, M is said to be a degenerate Orlicz function.
—+00

M@t)

Definition 2.8. ([7]) An Orlicz function M is said to satisfy the Ar-condition at zero if ltirr01 sup M) < +00

Remark 2.9. 1) It is easily checked that the A,-condition at 0 implies that, for every positive number g > 0,

imsup 315

2) It is easy to check that an Orlicz function M satisfies the Ay-condition at zero if there exists a constant
K > 0 such that

< 400 (this condition is sometimes called the A;-condition).

M(2t) < KM(t)
for all t > 0. This condition is equivalent to the condition

M(qt) < KM(t)
forallt>0and g >1.

Definition 2.10. ([3]) Let 0 < p < 1. A p—norm on a vector space E over K is a mapping ||.|| from E to [0, +o0)
satisfying

(i) ||lx|l = 0 if and only if x = 0;

(ii) ||Ax|| = |AP|lx]l, for every A € K and x € E;

(iii) |lx + yll < |IxIl + llyll for every x,y € E.

Then, (E, ||.|l) is said to be a p-normed space.

It is easy to see that the 1-normed space is a normed space. A p-normed space E is called to be a p-Banach
space if it is complete according to the metric

d(x,y) = lx = yli
forall x,y € E.
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Example 2.11. It is easy to check that l«(1) is a p-Banach space with p—norm
llxll = sup |xil”
iel
forall x = (x;) € lo(I), where 0 < p < 1. Moreover, C(I) and Co(I) are closed subspaces of 1.(I).

The following definition is due from [10].

Definition 2.12. Two p-norms ||.|ly and ||.||2 on a K- vector space E are said to be equivalent if there are C1,C, > 0
such that
Cillxll2 < llxlly < Callxll2

for every x € E.

It is easy to see that this is equivalent to requiring that the identity map idg : (E,|l.|li) — (E, |Il2) is an
isomorphism.

Definition 2.13. ([9]) Let X be a linear space over field K and g be a function from X to the set R of real numbers.
Then, the pair (X, g) is called a paranormed space and g is a paranorm for X, if the following axioms are satisfied for
all elements x,y € X

a) g(0) = 0 if x = O where O is the zero element of X;

b) g(x) = 0;

c) g(—x) = g(x);

d) g(x + y) < g(x) + g(y) (triangle inequality);

e) If (ay) is a sequence of scalars with a, — a as n — oo and (x,) is a sequence in X with g(x, —x) — 0 as
n — oo then g(a,x, — ax) — 0as n — oo (continuity of multiplication by scalars).

A paranorm g is said to be total, if g(x) = 0 implies x = 6.

3. An extension of power series methods

Let w(l) be the set of families of complex numbers. Let p = (p;)icr be any family of nonnegative real
numbers and the map ¢ : I — [0, o0). We define the corresponding power sum of (p;) and ¢

p({)(t) = Z pitfp(i)
i€l
for t € R. We say that p,(t) is convergent at t, if the family (p,-tﬁ(i))id is summable, that is,
Y i < +oo.
i€l

If p,(t) is not convergent at fo, then it is said to be divergent at .
It is easy to see that p,(t) becomes a normal power series when I = N and ¢(n) = n for all n € IN. We
have the following facts about p,(t):

Proposition 3.1. 1) If p,(t) is convergent at ty > 0, then it is convergent at 0 < t < to.
2) If p,(t) is divergent at to > 0, then it is divergent at t > t.

Proof. 1) Since p,(t) is convergent at o > 0, we have

0< Zpitg’(i) =K < +0o0.

iel
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Moreover,

Sy:= Zpitw(i) < Zp,‘tg(i) <K< 400
i€] ic]
for every 0 < t <ty and | € F(I). Since p; is nonnegative and t > 0, we can conclude that (Sj)jer () is
increasing. In view of Lemma 2.5, we infer that (Sj) is convergent and so

Zpit"’(i) < +o00.
iel
2) Since p,(t) is divergent at ty > 0, we have

Y pitf" = 4o
i€l

Hence, for each n € IN, there exist J,, € ¥ (I) such that

S, = ZPit(P(i) > Z pitgv(i) >n
i€]n €]y

for every t > to. This implies that sup ;. S; = +co. We obtain
Y pit =
iel

The proof is complete. [J

Now, we set

R = sup{tg € [0, +o0) : p,(t) is convergent at to}. (8)

By the previous proposition, we can conclude that R exists and that p,(t) is convergent on [0,R) and
divergent on (R, +c0). We said that R is the radius of convergence of p,(t). It is easy to see that R is the
radius of convergence of the power series when I = N and ¢(n) = n for all n € IN.

Next, we assume that p,, has the radius of convergence R > 0. Let

Cp, ={f: (-R,R) > R: lim f (’?) exists). )

Py
and
CpW = {x =(x): p’; = Z pit("(i)xi has the radius of convergence > R and p’(; € pr}. (10)
iel

The functional P, —lim : Cp, — R defined by

Z p,t"’(l)x, (11)

iel

(Py — lim)(x) = ol i_)R ’ (t)

is called a power-summable family method, and the family x = (x;) is said to be P,—convergent.

Now, by means of the summable family method and following the ideas of Unver and Orhan ([16]),
we introduce the concepts of strong summability and statistical convergence with respect to the power-
summable family method. We set the following notations:

— . P(i) —
Wo(Py, I) = {x € w(l) : lim P(t)szt | = (12)

iel

and
W(Py,I) = {x € w(I) : x — Le € Wo(P,), for some L}, (13)

where e = (¢;),¢; = 1 for every i € I. When x € W(P,, I), we say that x is P,,-strongly convergent to L.
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Definition 3.2. A power-summable family method is called reqular if
(Py — lim)x = lim x
for every x € C(I).
The following proposition is derived from Boos’s result.
Proposition 3.3. A power-summable family method is called regular if only if

40(0)
im i =
0<t>R- p(t)

(14)

foralliel

pit(f’(i)

Proof. Suppose that the summable family method is called regular. Clearly, if p; = 0, then . ltm}z PO =
<t—R-

Hence, we can reduce to p; > 0 for all i € I. Since the summable family method is called regular, we infer
that the family of numbers (L Y pit‘P(i)xi)

p(®)
in [12] that (;% Yiel pit‘P(i)xi), ; contains at most countably many nonvanishing terms. This yields that the
1€

family (xi)v ! contains at most countably many nonvanishing terms. Hence, applying Theorem 3.6.6 in [4],
1€
we can conclude that

. is summable for each t < R. It follows from Proposition 1.1.5
1

pit‘/)(i)
lim =
0<t—>R- p(t)

foralliel. O

Definition 3.4. The family x = (x;) is said to be P-statistical convergent to L if Xk(x-Le,e) is contained in Wo(Py)
for every € > 0, where x k) is the characteristic function of the set

K(x,e)={iel:|x] > ¢}

By st(P,, I), we denote the space of all P,,-statistically convergent families.
Next, we introduce the concept of an Py-uniformly integrable family, which is a natural extension of the
concept of the P-uniformly integrable sequence introduced by Unver and Orhan [16].

Definition 3.5. Let Py, be a power-summable family method and x = (x;) be a family of numbers. Then, x is called
Py-uniformly integrable if there exists 0 < ty < R such that

lim sup —-—= Z pit? x| = 0. "
€% te[to,R] pW(t) i€l |x;|>c

It is easy to see that every bounded family is Py-uniformly integrable. In [16], the authors proved that
a sequence x is P—strongly convergent if and only if it is P— statistically convergent and P-uniformly
integrable. In the same vein, we have obtained the following fact:

Theorem 3.6. Let P, be a power-summable family method. A family x = (x;) is P,—strongly convergent if and only
if it is P,— statistically convergent and P,-uniformly integrable.
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4. Families of numbers with respect to Orlicz functions

Let w(I) be the set of all families of complex numbers. Let p = (p;)ier be any family of positive real
numbers and M be an Orlicz function. According to the idea from [13], we define the following spaces:

Im(p,I) = x cw(l): Z Mlﬁ < oo, for some p > 0}; (16)
i€l p
hv(p, 1) = x € w(l): Z Ml% < oo, forevery p > 0}; (17)
i€l
|l \P
Wo(p, M, T) = {x caw(l):y; = Z M— — 0, forsome p >0, ] € T(I)}; (18)
17l = p
W(p, M, 1) = {x cew(l):yy = T Z MmPi= Ll) — 0, forsome p>0 andLeC, | € T(I)} (19)
i€]
Weo(p, M, 1) = {x € w(l): sup — Z le ' < oo for some p> O} (20)
JeF (D) Il ie]

When p; = 1 for all i € I, then ly(p,I) becomes Ip(I). When M(x) = x, then the above sets of num-
ber families are denoted by I(p,I), h(p,I),[C 1,p,1],IC 1,p,I]o and [C,1,p,I]e, respectively. We denote
W(p, M, 1), Wo(p, M, I) and We(p, M, I) as W(M, I), Wo(M, I) and W (M, I) when p; = 1 for all i.

Next, we always assume that (p;) is bounded and set H := sup,, p;.

Theorem 4.1. Iy(p,I) is a linear subspace of 1.(I)

Proof. We first show that Iy(p, ) C l(I). Suppose that Iy(p,I) S l(I). Then, we can seek x = (x;) € Iu(p,I)
such that x = (x;) is unbounded. Hence, for each n = 1,2, ... there exists x;, € {x; : i € I} such that |x; | > n.
Since x € Ip(p, I), we can find p > 0 such that

il )pi
M(— .
Y (M) <oo
By Lemma 2.6, we can deduce that the family
0G| e
p i€l

converges to 0.
Since M(t) is nondecreasing and lim;_,., M(t) = oo, we can seek t; € [0, o0) such that M(ty) > 1. It follows

from lim |x;,| = oo that there is 1y satisfyin . Hence,
n—oo

MY () =1
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This implies that

n—oo

lim M(| p”‘l) £0.

We have obtained a contradiction to (21). Therefore, Iy(p,I) C (D).
Now, we claim that Iy (p, I) is a linear subspace of I (I). Let x, y € Iym(p,I) and a, f € K. Therefore, there

exists p1, p2 such that
Y (M) =1 < oo

i€l P1
and
Y (L)) =L < e
Hence,
0< ¥ (M) <L,
ie]
and
0< ¥ (L) <
i€
for every | € F(I).

If o # 0 and B # 0, then we set p3 = max{2|alp1, 2|f|p2}. Since M is nondecreasing and convex,

¥ 0Py < 3 L Py

ie] ie]
|0€xz I,Byz il 1Byil\\pi
—; )) —;(M(z—pﬁz—m))
Ix I Iﬁyz I o e N
<c Y (M=) +c Y (m( 'yl P < Oy + L) < +o0
i€] ie]

for every | € ¥ (I), where C = max{1,2/~!}. Applying Lemma 2.5, we can deduce that
ax; + pYil\\pi
T ML) < v
i€l P3

This proves that ax + fy € Iy(p, I).
By the same argument, we can claim that ax, fy €€ Iu(p,I) for all @, p € K. Hence, Ip(p,I) is a linear
subspace of I (I).
|

Theorem 4.2. Iy(p, 1) is the total paranormed space with
9(x) = inf{p'ﬁ >0: (ZM(@)”")H <lic 1} 22)
iel p - /

where H = max{1, sup,, pi}.
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Proof. The rest of the proof closely follows the lines from [13] with minor differences based on the technical
details related to summable families. We only repeat a different statement for the reader’s convenience. It
is easy to see that g(x) = g(—x). By using Theorem 4.1 for a = = 1, we infer that g(x + y) < g(x) + g(y) for
every x, y € Ipy(p, I). Moreover, g(x) = 0 if and only if x = 0.

Next, we need to claim that scalar multiplication is continuous. Since

g(Ax) = inf{pi" >0: (ZM(&;I)’“’)H <1,ie 1},

iel

we have that
Pi

g(Ax) = inf{()\r)” >0: (ZM(?)!])H <lie 1},

iel

where r = ; It follows from |AJ" < max{1, |A|"} that

T~

A% < (max{1,1A[1})".
Hence,

0 < g(Ax) < (max{l,lMH})% inf {(/\r)g >0: (ZM(@)M)H <1, ie 1}
i€l

= (max{L, IA1")" g(x).

This implies that g(Ax) converges to zero as g(x) converges to zero. Now assume that (Ax)en converges to
0 and x € Ij1(p, I). For each sufficiently small ¢ > 0, we can seek Jy € ¥ (I) such that

lxil\ipi €

M(— —

T M <
for some p > 0. Hence,

(X ) <5

i€l\Jo

Moreover, since M is continuous on [0, o), we infer that
|t
f = 2 M%)
i€fo p
is right continuous at 0. Hence, there exists 0 < 6 < 1 such that

£el < 5

for 0 < t < 6. Since lim A, = 0, we can find kg € IN such that

Akl <6
for every k > ko.

faw = Y m(HE) < 2 @3)

i€fo
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for every k > kg. On the other hand, using the convexity of M, we can deduce that

2. [M(%)]p <y [M(%)]pi

icJo i€y " ; (24)
Xi|\1Pi &
Sé[M(j)] <(3)-

for every k > k. Hence,

» [M(%)]pi)é <3 25)

i€l\Jo

for every k > kg. Combining (23) and (25), we can deduce that

1

oo = (S <

iel
for k > ko. This implies that g(Axx) converges to 0 as k — co. The theorem is proved. [
The following result is similar to that in sequence spaces (see [13]). We omit their proofs.

Theorem 4.3. Letp = (p;)ier be a bounded family of positive numbers. Then, Wy(p, M, I), W(p, M, I) and Wo.(p, M, I)
are linear spaces.

Theorem 4.4. Let p = (pi)ier be a bounded family of positive numbers. Then, Wo(p, M, I) is a linear topological space
paranormed by g’ and defined as

. nrl i|\Piql/H

g (x) = 1nf{pH [m Z (M%)p] <1, Je 7’(1)}, (26)
i€]

where H = sup,, pi.

Theorem 4.5. Let M be an Orlicz function that satisfies the A,-condition. Then, W(I) € W(M,I), Wo(I) € Wo(M, I)
and We(I) € Weo (M, I).

Proof. Let x € W(I); then, the family (S;)jer ) converges to 0, where
1
S =11 Y i1l
ie]
for some !l € K. Let ¢ > 0; then, we can seek [y € F (I) such that
0<Sr<e (27)

for every | > Jo. Now, choose 6 with 0 < 6 < 1 such that M(f) < ¢ for every 0 < t < 6. Write y; = |x; — I] and
consider

1 1
i 2} M(y) = m(y;M(y,-) + Y M(yy). (28)

yi>0

It is easy to see that

1 1
m ;éM(w) < Ze; £<e. (29)
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If y; > 6, theny; <1+ % Since M is nondecreasing and convex, we obtain that

Yi

M(y:) < M(1 + 3) < %M(Z) + %M(Z—y)

0
Since M satisfies A, conditions, we can find K > 0 such that
M(2t) < KM(t)
for all t > 0. Hence,
K M K
M(y) < EM(2) + %yiM(Z) < EM(Z)%'
Therefore,
1 K
— ¥ M(y)) £ —=M((2 i
0 Z‘g () < 5M@ )y
Yi> ic]
Combined with (27), we can deduce that
1 KM(2)
— M(yi) < € 30
T M) < = (30)

Yi>0

for all | > Jy. It follows from (27), (28), (29) and (30) that
1 1 KM(2),
i ;M(yi) = ;M(m ~1)<(1+ T)&

for every | > Jo. This proves that x € W(M, I).
By the same arguments, we have that Wy(I) € Wy(M, I) and We(I) € Weo(M,I). O

Due to [13], we also obtain the following statements:
Theorem 4.6. 1) If 0 < infie;p; < p; < 1foralli eI, then
W(p,M,I) c W(M, I).
2)If1 <piforalliel, then WM, I) c W(p, M, I).
Proof. Let x = (x;) € W(p, M, I). Then, there are | € K and p > 0 such that the family

=1
5= X, (M=) 61

ieJeF (I)

converges to 0. Let 0 < ¢ < 1; then, there exists Jy € ¥ (I) such that

for every | > Jo. This implies that

M

forallie J > Jy. Since 0 < infie; p; < p; < 1 foralli € I, we infer that
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for all i € J. Hence,

STt s

i€]
for all | > Jo. It follows from (31) that the family

7 ::|1ﬁ Z M(|xip—l|)

ieJeF (I)

converges to 0. Therefore, x € W(M, I).
2) Suppose that 1 < p; < sup,.,pi < +oo for all i € I. Let x € W(M, I). Then, for each 0 < ¢ < 1, we can

find Jo € F(I) such that
1 |X,‘ - l|
— M( ) <e<l1
IJl ;‘ p
for every | > Jo, with some | € K and p > 0. This implies that
1 lxi I\ _ 1 |xi — 1]
Y ME) = S Y M <
]l ;‘( P ) IJl ;‘ p

for all | > Jo. This means that the family

5= L, ()

ieJeF (I)

converges to 0. Hence, x € W(p, M, I). The theorem is proved. [
Theorem 4.7. Let p = (pi)ier and q = (qi)ier be families of positive real numbers. Assume that 0 < p; < g; foralli € I
and (&) , is bounded. Then,

Pi 1€

Wi(g, M, I) c W(p, M, I).
Proof. Let x = (x;) € W(g, M, I). Then, there are [ € K and p > 0 such that the family

1 i = 1)
= ie,;m(M( p )) o

converges to 0. Write

and A; = @ Take 0 < A < A;. Define

1

t, ift;>1
u; =
' 0, otherwise,

and

0, ift;>1
=
! t;, otherwise.

Hence, t; = v; + u; for each i € I. Moreover,
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for every i € I. It follows that

u?" <u; <tjand v?" < v?.

Therefore,
A

mZ s L (Gé”i)
P (mz)

for all | € # (). It follows from (32) that the family

I]IZt |]|Z( (m ))

ic]

converges to 0. This means that x = (x;) € W(p, M, I). The proof is complete. [

5. p-Banach structure

In this section, we construct the p-Banach structure of Iy(g,I). We also give some properties of
a subspace hpi(g,I) of Iy(g,I). In particular, we have obtained some of their descriptions when M is a
degenerate Orlicz function. As in the previous section, we always assume that g = (g;)es is a bounded
family of positive real numbers and that H = sup,, g;.

p
Theorem 5.1. Suppose that P :=inf{g;:ie€l} > landp := — Then Im(g, 1) is a p-normed space with the p-norm

x| = inf{pfz >0: (ZM(%')P)H < 1}. (33)

iel
Proof. Clearly
P Xi|\P %
llxl] = inf{pH >0: (ZM(u) ) < 1} >0
iel p
for each x € Iy(g,I). We claim that x = 0 if only if ||x|| = 0. Indeed, if x = 0, then x; = 0 for every i € I. Hence,

X 0
(|—l) = (E) = 0 for every p > 0. This implies that

llx|l = inf{p# > 0} = 0.

If x # 0, we need to show that ||x|| # 0. Suppose that x # 0 and ||x|| = 0. Since x = (x;) # 0, we can seek
ip € I such that x;, # 0. Therefore, |x;,| > 0. It follows from tlim M(t) = oo that there exists ty > 0 such that

M(tp) > 1. Since
. x| P);, }
inf{pf >0: M(—) | <1t=0,
{P (Z ()

iel
we can find

po € {pff >0: (ZM(?)P); < 1}

iel
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|, |
such that —~ > to. Therefore,

Po
P

)) > (M(to))P > 1.

|, |
M(—
Po

This yields that
1

(Zw%fil

We arrive at a contradiction to )
P |xi| P\
poe{pH>0:( M—) Sl}.
LM
Hence, x # 0 implies ||x]| # 0.
Now, we claim that ||[Ax|| = [APP||x]| for every x € Iy(g,]) and A € K. If A = 0 or x = 0, then our claim is
obvious. If A # 0 and x # 0 then

IAx]| = inf{fﬁ >0 (ZM(@)P)H < 1}

) )

=inf{w‘§ > 0:(ZM(| !

iel [A]

P

|r~1| =

>

T
Setp = T We have

el = inf i (T (M('%"'))P);I <1
s G

P
= A lx]l.

Next, we need to claim that

||
M <1. 34

iel

for every x # 0. Indeed, for every ¢ > 0, there exists p’ = pg > 0 such that ||| < p’ < [|x]| + € and

(Zwﬂﬂll

iel

We have
|xi < |

(Rl + )% — p'
for all i € I. Since M is nondecreasing, we obtain
1

(S} < (Zouy) <

H H
icl (Ilxll + €)» iel p'r
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Letting ¢ — 0, we arrive at

1

|xi] P)H
M(—— <1.
(ZI‘( Gar)) =
Now, for each x, y € Ip(q,I), we set
= |lx|| = inf{pZ : (Z(M(%))P)H < 1}
iel

and

nynmf{pf’:(;w(%))”)é 1}

(we may assume that x, y # 0). This implies that

(Z (M[%])P)H <1and (Z (M[ﬂ])P)H <1.

= = (ks

Suppose that t,s € R satisfy s > u and ¢ > v. We obtain

el (|| ®

and

H
i€l i€l Hy“P
On the other hand, we have
bl +lyd 57l t7
(t+s)% S P S s
for every i € I. Hence,
i+ v\ il + 1yl | \?
(s+t)? (s+1)7
5% |xi] th il
< M(==) + M(=
s¥ + 17 <s%) sP +t7 (t?)

(SO <(Z oo ) <

() (o))

7010

for every i € I. It is easy to see that (2 + b)* < a* + b* for all x € [0, 1]. Using both induction and this fact, we

obtain that

(L) <(Sat) + (£)

k=1 k=1

el
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Supposing that | € F(I), we have

P % H H . p %
AN () )]
(s+t)r sP+tr  \sP /) sP+tP  \tP

ie] i€]
s7 x| P17 tr [yl P
1 1
| T (=) | D)
] S? +1t7 s ] ST +t7 tP
H i H "
SP SP
S(H H) +(H H)
SP + 1P SP +tP
<ty
s+t s+t

for every s > ||x|| > 0 and t > [|y|| > 0. This yields that
s+te {p5 :ZM(M)S 1}.
i€l ‘0

and

||x+]/||=inf{p§:ZM('xi;yi|)sl}55+t. (35)

iel

Since (35) holds for every s > ||x|| and ¢ > [|y||, we can deduce that

e+ ] < 1t + [l

and /y(q,I) is a p-normed space.
0

Lemma 5.2. Let (x*) C Iyi(q, I) be a sequence. Suppose that (x*) converges to 0 in Ipi(q, I). Then, I}l_)rg xk =0 €K for

everyi € 1.

Proof. Suppose otherwise. Then, there exists iy € I such that (xﬁ]) does not converge to 0 € K. This means

that there is a sequence of positive integers (k;) and r > 0 such that |xf0]| >r. Foreachj=1,2,.., wehave

"\
[) =
iel P

ki
]| = int | >o;(ZM(@

Therefore,

. P 1
1>(ZM i )H > M| — (36)
B ne ) ) 1°

i€l

’
forevery k;. Lettingk; — coand combining it with |lxki|| — 0, we arrive at M (m) — o0. Thisis contradictory
XK

to (36). The lemma is proved. O
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We have the following fact:
Theorem 5.3. [ji(q,I) is a p-Banach space.

Proof. According to Theorem 5.1, we have that Ij(g, I) is a p-normed space with the p-norm

Il = inf{pfr >0: (Z(M('x—;))l))l < 1}. (37)

iel
Suppose that (x*) C Iy(g, I) is a Cauchy sequence. We claim that (x*) converges to x € ly1(g, I). We have
Xk — Pyt
Il = /|| = inf {p7 - (Z(M(%)) )" <1-0 (38)
iel
as k,| = oco. By Lemma 5.2, we obtain that
k=l -0

as k,| — oo for each i € I. Hence, for each i € I, (xf) C K is a Cauchy sequence i € I. Since K is complete, we
infer that lim x;‘ :=x; € K. Set x = (x;)ic;. Let € > 0. It follows from (38) that there exists kg € IN

k—o0

Il = || = inf {p - (Z (M(M))p)H <1f<e (39)
i€l P -
for every k,I > ko. In the above inequality, if we fix k > ky and let | — oo, then

I - x| = inf {p : (Z(M('xf;x"'))P)H <1)<e. (40)

iel

We have obtained ||x — || < ¢ for every k > ky. This means that xk converges to x.
Next, we show that x € Ij(g, I). It follows from (40) that

X (v 'p‘ ) < Y (v 'p‘ ) <1<

i€ iel

Hence, x* —x € I;(I). This implies that x = x%0 — (x¥ —x) € I)4(g, I). We can conclude that Iys(g, I) is a p-Banach
space. [

We recall that
hav(g, 1) = {x =(x)cK: Z (M(%))q1 < oo for every p > O}.

i€l
We have the following fact:
Proposition 5.4. hy(g,1) is a closed subspace of Iy(q, I).
Proof. First, we claim that h(g, I) is a linear subspace of Iy(g,I). Suppose that x, y € hy(g,I) and a € K. If
a =0, then ax = 0 € hy(g, I).

ql
Xi
If @ #0, then } ;¢ (M(%)) < oo for every p > 0. Hence, for every p’ > 0and p = p—, we have

|a|
Y () = X () <o

iel iel

’




K. P. Chi / Filomat 38:20 (2024), 6995-7020 7013

2x; qi
This yields that ax € hy(q,I), which implies that 2x,2y € hy(g,I). We obtain ), (M(%)) < oo and

2y;
Yiel (M( %)) < oo for every p > 0. Since M is a convex function, we have that

lxi + yil
M(—=)

il + |yl
5 < M( )

- p

112x] 112yl

e 1)
2p 2p
|2x;|

1 1 12yl
SzM(T)sz ( P =)

I
=

Therefore,

iel iel

)l

Z(M<|xz+yz (%Z; I2x, 22 I2yz)
=12

where C = max {1,25upqi‘1}. This proves that x + y € hu(g, I).

Finally, we show that h(q, I) is a closed subset of [(q, I). Let (x) be a sequence in (g, I). Suppose that

k converges to x in I(g, I). For each ¢ > 0, there exists kg € IN such that

X

I = x| < e (41)

for every k > ky. We claim that o —xe ha(g, I). Assume that xko

that

—x ¢ hy (D). Then, we can find pg > 0 such

I -

iel

Since M is nondecreasing, we have that

B -

iel
for every 0 < p < min{e, po}. This implies that

ko

inf{p >0:)" (M(lx" p_xil) < 1})%} > e

iel

We arrive at |[x* — x|| > ¢ and contraction to (41). Hence, there exists ky € IN such that ¥ — x € hm(g, D).
Therefore,
x=x0 - -x) e ha(g, D).

|
If M is degenerate, then we obtain a description of Iy(g, I) and hp(g, I)

Theorem 5.5. Suppose that M is a degenerate Orlicz function. Then,
1) (g, 1) is isomorphic to l(1);
2) ha(qg, 1) is isomorphic to Co(I).
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Proof. 1) Suppose that M is a degenerate Orlicz function. There exists fo > 0 such that M(fp) = 0. From the
continuity of M and tlim M(t) = oo, we can find Ty such that M(Ty) = 0 and M(t) > O for every t > Ty. For

each x = (x;) € Io(I) and x # 0, we set

k= sup |x;l’ = [|Ix]loo < 00,
iel

p
where p = T If we choose p = T then
0

il _ Tolxil _ To
2k T 2
This implies that
|xi] To\
0< M(?) gM(T) =0

qi
for every i € I. We obtain ) ;; (M(%)) = 0 so that x = (x;) € Im(g,1). Hence, l(I) = Im(g, I).
Next, we claim that the p-norms of Ij1(g,I) and l(I) are equivalent. We recall that

[IXllo = sup |x;l”
i€l

is the p-norm on I (I). It follows from the previous argument that

Y (M('%'))p =0<1

iel

with p = T Hence,
0

[|x|] = inf{pfl >0: (Z(M(M—pll))P)H < 1} L ;_](:: 2||’13—‘C(|)|oo

iel

This implies that
To
[Felloo > Il (42)
for every x € Iy(q,I). It follows from

Ix]] = inf{pﬂ >0: (Z (M(%))P)é < 1}

i€l

that

TG (i) =

=i N =
for every x € Ip(g,I) and x # 0. Since M is continuous M(0) = 0 and tlim M(t) = oo, we can seek T; > 0 such
||

1
[Ix[[7

that M(T7) = 1 and M(t) > 1 for all t > T;. Because M( ) < 1 for every i, we can deduce that

.
g

1
llxll”
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for every i. This yields

lIxlleo = sup |xil” < Talx]| (43)

i€l
for every x # 0. It is easy to see that the above inequality holds with x = 0. Combining (42) and (43), we can
conclude that the p-norms of /,(I) and Iy(g, I) are equivalent. This proves that Iy(g, I) is isomorphic to [.(I).

2) It is easy to check that Cy(I) is a closed subspace of I(I). Because hui(g,1) is a closed subspace of
Ipm(g, I) and according to 1), we only need to claim that hp(g, I) = Co(I).

Let x = (x;) € hp(p, I). We have
qi
Z (M(M)) < 00
iel p
for every p > 0. If x ¢ Co(I), then the family (|x]);er does not converges to 0. We can find the infinite subset |
of I and r > 0 such that |x;| > r for every j € ]. Now, we fix p > 0 such that

|x;l
LS
p

>T

Rl

x:
forall j € J. It follows from % > T for every j € | that

(M(%))q > (M(T)" >0

for every j € J. Since ] is infinite, we can deduce that

Y (u) =

jel

qi
. 1\\7i
Hence, Y, (M('%’)) = co. We arrive at a contradiction to }; (M('%")) < 400 for every p > 0. This implies

that (g, I) € Co(I).
Next, assume that x = (x;) € Co(I). We show that x € hy(g,I). For each p > 0, since the family (|x;])

. be]
converges to 0, we can find Jy € F(I) such that |x;| < pTo for every i € I\ Jo. This implies that ?l < Ty for

Xi
every i €1\ Jo. Hence, M(%) =0foreveryiel\ Jo. We obtain

Y (M) = 3 (m) <o

iel i€]p
for each p > 0. This proves that x = (x;) € hy(qg, I). Therefore, Co(I) C hp(g, I), so Co(I) = hm(g, I).. O

We recall that a nondegenerate Orlicz function M is called, and it satisfies the A;-condition at 0 if

M(qt
ltirrol % < oo for some q > 0. A function M satisfies the A;-condition at 0 for every q > 0 if and only if M
satisfies the Ay-condition at 0 (see [7]).

The following theorem states that h(p, I) = Im(p, I) under the A, condition:

Theorem 5.6. Let M be a nondegenerate Orlicz function. If M satisfies the Ay-condition at 0, then Iy(p, I) = ha(p, I).
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Proof. Since M satisfies the Ay-condition at 0, we can deduce that M satisfies the A;-condition for each g > 0.
Let x € Ip(p, I). There exists pg > 0 such that

Y () <o

iel

Therefore, the family ((M(m)pi) o0

P
converges to 0. It follows that ((M(x—’l)) ) converges to 0, where
i€l i€l

P = infp; > 0. Since M is nondegenerate and continuous at 0, we can conclude that the family (‘x’ )el

|l .
converges to 0. Hence, there exists Jy € ¥ (I) such that p_ <1lforeveryiel\ Jo.
0

For each p > 0, invoking the A;-condition at 0 with g = %, we can find K > 0 and 0 < 6 < 1 such that

M(%Ot) < KM(t)

for every 0 < t < 6. We have
(M<U>) (M(@U)) (M(%'))”"

forevery i € I\ Jo, where H = sup{p; : i € I}. We obtain

L) =R (G L5

iel i€y i€l\Jo
<Y (B - () <
icfo i€l\Jo

This proves that }; (M(lpT')) < oo for every p > 0. Therefore, x € hp(g,I). Hence, Iym(p,I) C hu(p, I), and

thus, lv(p,I) = hu(p,I). O

6. P-strong convergence of families with respect to Orlicz functions

Let w(!) be the set of all complex families. Let p = (p;)ic; be any family of nonnegative real numbers
and the map ¢ : I — [0, c0). Suppose that P, is a regular power series method with a radius of convergence
of R > 0. Let M be an Orlicz function. We introduce the following family spaces:

_ .1 () -
Wo(Py, M, 1) = {x € w(l) : tgm "G ; pit? P M(x;l) = 0} (44)
and
W(P,,M,I) = {x € w(l) : x — Le € Wy(P, M, 1) for some L} (45)

If x € W(Py, M, I), we say that the family x is P,-strongly convergent to L with respect to an Orlicz
function M.

Proposition 6.1. Let M be an Orlicz function satisfying the A-condition at 0. Then, we have the following
inclusions:
Wo(Py, I) € Wo(Py,, M, I) and W(P,,I) C W(Py, M,I).
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Proof. Tt is sufficient to claim Wy(Py, I) € Wo(Py, M, I). Let x = (x;) € Wo(P,,, I) and M be an Orlicz function
satisfying the Ay-condition. According to the continuity of M at 0, for a given € > 0, there exists 0 < 6 < 1
such that M(s) < ¢ for every 0 < s < 6. Then, we have that

ol - FOM(]) + —— O (s
o — 5 Y Pt OM(x) () . P OME)+ = ) pit M)

iel iel; [x|<6 iel; x>0

(46)
et — pit?OM(xi).
P‘P( ) zel%x)
Since 0 < 6 < 1, we have that
lx;| < 1|x'| <1+ il
1 6 1 6 7
for every i € I. It follows from the A-condition of M that
M(lx;] < M(1 + M) < 5M@) + (2|§1|)
(47)
M 2 Xi 1+ K)M(2
< P2 ke < eI UL

for every i € I, where K is a positive constant satisfying M(2u) < KM(u) for every u > 0. Combining (46)
and (47), we arrive at

Zpltﬁu(z)M |x; |) <e+ (1 +K) (2) 1t) Z tgﬁ(z Ix;].

Pqﬂ) 5

Since x = (x;) € Wo(Py, I), we infer that

190
oJim, p(p(t) 2 ptl =

iel

This implies that
— Y pit?OM(xi).

lim
0<t—R~ PfP (t) Py

The proof is finished. [
Lemma 6.2. If M is an Orlicz function satisfying the Ay~ condition, then Wo(Py, M, I) N loo(1) is an ideal of lo(I).

Proof. Given x € Wo(P,, M,I) and y € l(I), we show that xy € Wo(Py, M, I). Since y € I (I), there exists
K7 > 1 such that
Iyl = sup lyil < K.
i€l
Hence,
M(Ixiyil) < M(Kilxil) < K(1 + Kq)M(|xil),

for every i € I. Therefore,

Y pt M) < KL+ K Y pitOM(xi). (48)
P(p t) i€l t) i€l
It follows from x € Wy(Py, M, I) that
lim P OM(|xi]) = 49
0<t—R- p(p(t) ;P (k) = (49)
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Combining (48) and (49), we can conclude that

Y pit?OM(xiy) = 0.

lim
0<t—R- pq,() —

This proves that xy € Wo(P,, M,I). O
The following lemma is similar to Lemma 2.2 in [14]. We omit the proof.

Lemma 6.3. Let E be an ideal of 1.o(I) and x € I(I). Then, x belongs to the closure of E in l«(l) if and only if
XK(xe) € E forall e > 0.

The following lemma is analogous to Lemma 2.3 in [14]. The author states that the idea was first pub-
lished by Freedman and Sember in [5] and omits the proof. We provide proof for the reader’s convenience.

Lemma 6.4. If P, is regular, then Wo(Py, I) N L is a closed ideal of Io(I).

Proof. By the same argument as that in the proof of Lemma 6.2, we can deduce that Wy(Py,I) N I is
an ideal of l(I). Now, we claim that Wo(Py,I) Nl is a closed subset of [(I). Let (x*) be a sequence in
Wo(Py,I) Nl. Suppose that xF converges to x € I(I). It is sufficient to prove that x € Wo(Py, I). Since
x* = (xF) € Wo(Py, I) N I, we infer that

Y. it M) = (50)

iel

O<t—>R Pe (t)

foreachk =1,2,.... We set
gk(t) = (i’) Zplt@(l)Mﬂxkl)

iel

foreachk=1,2,... Foreach0 <t <R, given ¢ > 0, there is a Jy € ¥ (I) such that

lg6(H) = Sk < ¢ (51)

for every | € F(I) with | > Jo, where

Y M.
ic]

Since
[l — x|l = sup |xf — x;| = 0
iel

as k — oo, we have that hm xk = x;. Using the continuity of M, we can conclude that

—)00

k
msio= .5

Z pit?OM(lx)) := S(¢) (52)

iel

for every | € F(I). For each | > ]y, there exists kg = ko(J) € N such that
ISj(H) = S(1)] < ¢ (53)
for every k > k. It follows from (51) and (53) that

lg(t) = Sy(t)| < 2¢
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forevery | > Jp and k > k¢. Letting t — R~, and combining it with (50), we arrive at
0<lt1£r}{7 Sy(t) < 2¢

for all | > Jo. This yields that

)Pt OM() = (54)

O<t—>R Pe (i’ =

The lemma is proved. [

Theorem 6.5. Let M be an Orlicz function satisfying the Ap-condition and P, be a regular power-summable family
method. Then,
W(Py, M, T) N lo(I) = W(Py, I) N I (I).

Proof. It is sufficient to prove that

Wo(Py, M, 1) N 1(I) = Wo(Py, I) N Lo (D).
By Proposition 6.1, we have that

Wo(Py, M, 1) N 1(I) € Wo(Py, I) N Lo (D).

We need to prove the opposite inclusion. To do so, we first see that

o t)Zsz") )M()(K(“)(z)) M(1) (t)Zp,-t(”(i)xK(x;g)(i). (55)
¢ =7

Let x = (x;) € Wo(Py, M, I) Nlo(I) and & > 0. Consider a family y = (y;) defined by
—, if x| > ¢

Yi=xi
0, otherwise.

It is easy to observe that xy = xk(xe) and xke) € Wo(Py, M, I) N I (I). This yields that

1 .
im —— 90 i) =
0<11}£>r112- Po(t) ;plt M(XK(X,S)(I)) 0

It follows from (55) that
Z P:t(P( )XK (x; é)(l) =

iel

0<HR Po (t)
Considering Lemma 6.3 and Lemma 6.4, we can deduce that
x € Wo(Py, I) N Lo (D).
The theorem is proved. [

Theorem 6.6. Let M be an Orlicz function satisfying the Ap-condition and P, be a regular power-summable family
method. Then,

1) WPy, M, 1) N l(I) = W(Py,I) N leo(I) = st(Py, I) N Lo (I).

2) W(Py,I) € W(Py, M, I) C st(Py,I).
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Proof. 1) Note that every bounded family is P, uniformly bounded. Combining this fact with Theorem 3.6
and Theorem 6.5, we can deduce that

W(Py, M, T) N lo(I) = W(Py, I) N loo(I) = st(Py, I) N Lo (I).
2) It follows from Proposition 6.1 that
W(P,, 1) C W(Py, M, I).

We continuously prove the inclusion W(P,, M, I) C st(P,, I). Let ¢ > 0 and x € Wy(P,,, M, I). We consider a
family y = (y;) to be defined by

_ )= if x>
Yi=qXi
0, otherwise.

Clearly, y is a bounded family and
XY = XK(xe) € Wo(Py, M, I) N I (D).

From Theorem 6.5, we infer that
XK(xe) € Wo(qu, I) N lm(l)

Applying Theorem 3.6, we can conclude that x € st(Py) N [(I). O
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