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Abstract. In this paper, we introduce a new class of convex functions called n-fractional polynomial
p-convex functions. We discuss some properties and present Hermite-Hadamard type inequalities for
this generalization. Also when p = —1, our results establish a new definition and Hermite-Hadamard
inequalities for n-fractional polynomial harmonically convex functions.

1. Introduction and preliminaries

The idea of convexity is not a new one even it occured in some other form in Archimedes’ treatment of
orbit length. Nowadays, the application of several works on convexity can be directly or indirectly seen in
various subjects like real analysis, functional analysis, linear algebra and geometry. Convexity theory has
appears as a powerful technique to study a wide class of unrelated problems in pure and applied science.
Many articles have been written by many mathematicians on convex functions and inequalities for different

classes. It is well known in mathematical analysis that a function f : I CR — R, I #  is said to be convex
on [ if the inequality

fltx+ (1 =ty <tf()+ A -Hf(y)
holds for all x, y € [ and ¢ € [0, 1]. A number of inequalities have been written for convex functions, one of

the most famous is the Hermite-Hadamard inequality which is stated as follows (see, e.g., [7]):

If f:[a,b] = R is a convex function, then the following inequality is known as Hermite-Hadamard
inequality:

b b
S e

Definition 1.1. [9] The interval 1 is said to be a p-convex set if (tu” + (1 — t)vp)% €l forallu,vel,p>0and
te[0,1].
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Definition 1.2. [9] A function ¢ : I — R is said to be p-convex if the inequality
PlE? + (1= 09)P] < p(u) + (1 = H(0) @
holds for all u,v € I = [c,d] and t € [0, 1] where p > 0.

It can be easily seen that, for p = 1, p-convexity is reduced to the classical convexity of functions defined on
I C (0, 00).

Remark 1.3. [9] An interval I is said to be p-convex set if (tu? + (1 — t)vp)% €lforallt,uelandt € [0,1], where
p=2k+lorp=m/n,n=2r+1, m=2t+1landk,r,t € N.

Remark 1.4. IfI C (0, o) be a real interval and p € R — {0}, then (tu” + (1 - t)v?’)% €lforallt,uelandte[0,1]

According to Remark 1.4, in [5] Iscan gives a different version of the definition of p-convex function as
follow:

Definition 1.5. Let I C (0, o) be a real interval and p € R — {0}. A function ¢ : I — R is said to be a p-convex
function, if

Pt + (@ - 7)) < Hp(u) + (1 - (o) 3)
forall t,u € Land t € [0,1]. If the inequality in (3) is reversed, then 1 is said to be p-concave.

Example 1.6. Let 1 : (0,00) = R, p(u) = u”, p # 0and ¢ : (0,00) = R, Y(v) = ¢, ¢ € R then ¢ and ¢ are both
p-convex and p-concave functions.

Definition 1.7. [3] Let I € R\ {0} be an interval. Then a real-valued function 1 : I — R is said to be harmonically
convex if

uo

v (tu +(1 -t
holds for all u,v € 1 = [c,d] and t € [0, 1].

) < tp(v) + (1 = t)ip(u) (4)

Definition 1.8. [2] Let n € IN. A non-negative function 1 : I € R — R is called n-fractional polynomial convex
function if the ineqaulity

Plu+ (-0 < Y )+ Y (1 -01) )
i=1 i=1

holds for all u,v € I and t € [0, 1]. That v belongs to the class FPC(I).

We note that every nonnegative convex function is also n-fractional polynomial convex function[2].

Now we give basic definition for n-fractional polynomial p-convex functions and it’s properties. Also
in special case our definition establish n-fractional polynomial harmonically convex functions. After that
we establish Hermite-Hadamard type inequalities for this type convex functions.

2. Main Results

Definition 2.1. Let p € R\ {0}. A non-negative function ¢ : I C (0,00) — R is called n-fractional polynomial
p-convex function if the ineqaulity

1 1 - 1 1 - 1
P(i?+ -2 <~ Zl g+ ;a - 0'() ®)

holds for all u,v € I and t € [0, 1].
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Remark 2.2. Ifi : I € (0, 00) — Risa n-fractional polynomial p-convex function then 1 is a non-negative function.
Indeed, since 1 is a n-fractional polynomial p-convex function we can write,

v = (It + (-]} <-th +Z(1—t) l

forall x € [ and t € [0,1]. Therefore, we have

Iv .1 1y 1
E;‘tz+zl;(1—t)z—l}¢(x)20 )

forall x € I and t € [0,1]. But, since 1 Y7, th > tand 1 LY - B! >1—tforallt €[0,1]. In inequality (7),
[% Yt + LY (-7 - 1] > 0. Thus, we get Y(x) > 0 forall x € 1.
Remark 2.3. For p = 1 in Definition 2.1, the Definition 2.1 deduces to Definition 1.8.

Remark 2.4. For p = 1 and n = 1 in Definition 2.1, the Definition 2.1 deduces to the definition of classical convex
functions.

Remark 2.5. If we take p = —1 in Definition 2.1, then we get

w(m 1_m) Zt ¢<u>+Z<1—t . ®)

We will call this type functions as n-fractional harmonically convex functions.

Remark 2.6. For n = 1 in Definition 2.1, the definition deduces to Definition 3. So we can say every p-convex
function is also a 1-fractional polynomial p-convex function.

The following proposition shows the sum of two n-fractional polynomial p-convex functions is also n-
fractional polynomial p-convex function.

Proposition 2.7. Let n € N, p € R\ {0} and 1,¢ : I C (0,00) — R be two n-fractional polynomial p-convex
function and where forn € N, u,v € I, p > 0 and t € [0, 1], then ¢ + ¢ is also an n-fractional polynomial p-convex
function.

Proof. Let 1 and ¢ be two n-fractional polynomial p-convex functions, then for all u,v € I and t € [0,1] we have;

(@ + o) (It + (1 = Ho*]?) [ (1t + @ - 1)) + [([? + (1 = £0r )]

< [% 21 ) + %;a R0
+ [% Z:‘ Heow) + % ;u - t>?<z><v>l

1y, Iy :
- Z} F@+g)u) +~ ;a -0+ P)@)

which shows that Y + ¢ is a n-fractional polynomial p-convex function. [

Now we show the n-fractional polynomial p-convexity of the multiplication on an n-fractional function
p-convex function with a scalar.

Proposition 2.8. Letn € N,p € R\ {0}and ¢ : I C (0, o0) — R be a nonnegative n-fractional polynomial p-convex
function and A > 0. Then Ay is also a n-fractional polynomial p-convex function.
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Proof. Let 1 be an n-fractional polynomial p-convex functions, then for all u,v € I and t € [0, 1] we have;

(A) ([tw? + (1 = b¥]?) Aot + @ - ]|

IA

1y 1 1 v L
Ma tew s 3 a-0'ow

1y 1 1 v 1
- ;;t«wxw;;a—twwxw

which shows that Ay is a n-fractional polynomial p-convex function. [J

Proposition 2.9. Let Let n € IN, p € R\ {0} and ¢ : I C (0,00) — R be a nonnegative n-fractional polynomial
p-convex function and then

Y =Supy;,i=1,2,3,..,n

is also an n-fractional polynomial p-convex function.

Proof. Take any u,v € Iand t € [0,1]. Denote ¢ = Supy;,i =1,2,3,....,n then we get,

Yl + A= 00)) = Supy; ([’ + (1= Ho']),i=1,2,3,..,m

IA

1v o 1 v 1
- ; HSupyi(u) + = ;(1 — 1) Supyi(o)

1v o 1 v 1
= G Lt )0 -016)

So, i = Sup;,i=1,2,3, ..., nis also a n-fractional polynomial p-convex function. [J

Proposition 2.10. Let I C (0, 00) be a real interval, p € R\ {0} and ¢ : [ — R is a function. Then;

1.

Proof.

Ifp < 1and v is n-fractional polynomial convex and nondecreasing function, then 1 is n-fractional polynomial
p-convex.

. Ifp > land ) is n-fractional polynomial p-convex and nondecreasing function, then 1\ is n-fractional polynomial

conovex.

Ifp > 1 and v is n-fractional polynomial convex and nonincreasing function, then 1\ is n-fractional polynomial
p-convex.

Ifp < 1and 1 is n-fractional polynomial p-convex and nonincreasing function, then \ is n-fractional polynomial
convex.

1. Ifp < 1then,
[tuf + (1 - t)v”]% <tu+(1-t)w.
Also if 1 is nondecreasing function and n-fractional polynomial convex function we have,

P ([ + (1= Hor]y)

IA

W (tu + (1= 1))
1y o 1 v 1
< E;t’w(u)+;;(1—t)t¢(v).

So 1 is a n-fractional polynomial p-convex function.
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2. If p > 1 then,
[t + (1 - 017 > tu+ (1 - Ho.
Also if 1 is nondecreasing function and n-fractional polynomial p-convex function we have,

Y(tu+(1-to) < yb([tu”+(1—t)v’”]%)
1 v 1 1 v 1
;;tfwu)v;(l—t)fww).

So 1 is a n-fractional polynomial convex function.

IA

The proof of other enumerated items can be done in a similar way. [

Theorem 2.11. Let 0 < a < b, ¢ : [a,b] — R be an n-fractional polynomial p-convex functions. If \ € L[a,b],
where p € R\ {0}, then the following Hermite-Hadamard type inequalities hold:

< L 9)
i bP — a? 1=p +1
2 Z;]:l % a a X 1

np ([a”;_rb”]?’) p b Y(x)dx - Y(a) + () Zn" i
; - n i=1

Proof. Fixa,b e R, p > 0andt € [0,1]. Then, for every i € 1, by the definition of n-fractional polynomial p-convex
function of \, we have;

lp[[a!’;b!’]ﬁ] - ’taP+(1—t)bp;r(1—t)ap+tbp},,) N
(1o + (1 =001 )" (10 =007 + 117 %
1 n 1% ) 1 n 1% l
< n —~ 2 ¢([t11”+(1 —t)bP]P)"‘ - L (1— E) ¢([tb’7+(1—t),1p]p)'
Integration in the last inequality with respect to t over [0, 1], we have
aF’+bP% 111 )
¢([ 2 ] ] - E;E fo g (It + (= Dp) )t
Iw1r (1 )
" E;‘E j(; ¢([tbp+(1—t)a’”]n)dt
1 n 1% 1 . " l
— —~ 2 [j(; 1/’([W+(l—t)bP]v)alt+fo I/J([tb”-i—(l—t)ap]p)dt].
So we get;
n aP+bP %
¢[2]1)< o .
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On the other hand we have;

1
bF’—aP fl(xp) - f0¢([tbp+(1—t)a7”];)dt (12
1 1 n \ 1 n 1
fo[E;txw(awE;(l—f)’lP(b)}df
_ Y@ (o PO N (T
- o ;fotdu ¢ ;foa D't

Y@+ yd) i
B n Z4z’+1'

So we get the desired result. [

Remark 2.12. Imposing some conditions of Theorem2.11, we get different two versions of Hermite-Hadamard type
inequality.

1. Forn =1and p = 1, we obtain Hermite-Hadamard type inequality (1) for classical convex functions [7].

2. For p =1, we obtain Hermite-Hadamard type inequality for n-fractional polynomial convex functions proved

in[2].

Corollary 2.13. For p = =1 in Theorem 2.11 we get Hermite-Hadamard type inequality for n-fractional polynomial
harmonically convex functions;

(3) v ("o ¢<a)+¢<b>z

= 2
11~ b-a X
22112 g

i+1 (13)

Remark 2.14. For n = 1 in Corollary 2.13, the inequality (13) deduces to Hermite-Hadamard type inequality for
harmonically convex functions proved in [3] .

In [8] the following lemma is given, which will be helpful for generating refinements of Hermite-
Hadamard type inequality.

Lemma 2.15. Let 0 <a <band ¢ : I = [a,b] C R — R be a differentiable function on I°. If Y’ € L[a, b], then
Y@+ y®)  p [T

2 b —av J, xli’

— )y (kP + (1 - D). (14)

Theorem 2.16. Let 1/) : 1 € (0,00) — R be a differentiable function on I°, a,b € I° with a < b and assume that
[4’| € Lla, b]. If Y is an n-fractional polynomial p-convex function on the interval [a, b], then the following inequality
holds for t € [0, 1]:

V@Y p [y ‘<

2 b —avr J, xlp

Z [0/ @14, + v/ B, )] a5)
where

Ap(i) = fol 11— 2t |ta? + (1 — P |7 it
and

1
B, (i) = f 11— 241 = £) |ta? + (1 — ObPP ' dt
0
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Proof. Using the definition of n-fractional polynomial p-convexity and LemmaZ2.15 we get;
+y(b b
‘zp(a) : p) __p ) dx’

P —ab J, x1-P

b —at (! 14 1
< 2 f|1—2t||ta7’+(l—t)bp|p Y’ (ta” + (1 — £)bP)|7 dt
0
B — ab fl 11y s 1v 1
< 1-2Hta” + A== Y Hl @l +=Y (1-b)7|dt
27 o ”Z‘ v ”Zf
Ct e [ -2t + (- Y
= a - a - y i
2np 0 —
b — ab 1 R .
+ | ’blf [1—2¢t|ta” + (1 — D)bP|? 1—-t)idt
|0 (-1 Z;‘( ) ]
W—a’ o, N ,
= S LW @IA0 + 1y B,0)]. (16)

i=1
|

Remark 2.17. Imposing some conditions of Theorem 2.16, we get two different versions of our inequality.
1. Forn =1and p = 1, we obtain the inequality for classical convex functions [2].

2. For p =1, we obtain the inequality for n-fractional polynomial convex functions proved in [2].

Corollary 2.18. For p = —1 in Theorem2.16 we get following inequality for n-fractional polynomial harmonically
convex functions:

B oa [ b—ajab )+ o' (0BG
‘wa);w()_ba_ | {fj)dx‘g( S0 " g/ @A) + 1y O)IBO)] 7)

i=1

where
1 1
A(l) = f 1 — 2tt7 |t + (1 — t)a|~%dt
0
and
1 1
B(i) = f [T —2t(1 = £)7|th + (1 — t)a|%dt.
0
Theorem 2.19. Let ¢ : I € (0,00) — R be a differentiable function on I°, a,b € I° witha < b, q > 1, % + % =1

and assume that ¢’ € Lla, b]. If [Y’|7 is an n-fractional polynomial p-convex function on the interval [a, b], then the
following inequality holds for t € [0, 1]:

b b N (ol Y @l + 1 (B
‘wa);w()_ p w<x>dx‘<bv av(cplk)k[gz i ](It,b(a)l +|z,v<>|) as)

b —ar J, x| T 2p ni+l 2

where

1 k
1-2¢
Coi = f -2
0 |(ta + (1 — £)bP) 7|k
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Proof. Using Lemma 2.15, the definition of n-fractional polynomial p-convexity and Holder inequality we get;
‘kb(a) ) p (MY

bp—ab J, x1-v

‘—f 11— 2tlita? + (1 — OV 9/ (ta? + (1 — £)bP)r dt

bP —a? 11— 2t ¥ ( L )3}
d P 1= 4
v (fo I(ta + (1 — H)bP) 7 [k t] % fo [’ (ta” + (1 = ")) dt
v-a b @l |¢'(b)|q nooel , :
7 (o) [ Zf - ;‘j;(l—t)zdt]

o, a2 i ) (Y @F o
L) B o (e ey @

IN

IA

O

Remark 2.20. Imposing some conditions of Theorem 2.19, we get two different versions of our inequality.

1. Forn =1and p = 1, we obtain the inequality for classical convex functions[2].
2. For p =1, we obtain the inequality for n-fractional polynomial convex functions proved in [2].

Corollary 2.21. For p = —1 in Theorem 2.19 we get following inequality for n-fractional polynomial harmonically
convex functions:

‘W)w(b)_b—a 'Y ‘_ — ayab (c,a( ) i ]q(|¢'<a>w+|¢'<b>w)q 0)

ab J, 2 —i+1 2

1 11— 2

=, @+ - parr

Theorem 2.22. Let i : I C (0,00) — R be a differentiable function on I°, a,b € I° witha < b, ¢ > 1, and assume
that Y" € Lla,bl. If [’V is an n-fractional polynomial p-convex function on the interval [a,b], then the following
inequality holds for t € [0, 1]:

‘wa)w(b)_ Py, ‘_bp—ap )" (W(a)wD Llor

b —ar J, x-r 2p n P n Epi @1)

where

c _fl 11— 2¢ i
S e

n 1 1
1 —2t|ti
Dp,i = Zf | | 11 dt
iz1 YO |(ta? + (1 = t)bF)| "7

1 - 26(1 - £)}
E,i= Z; j(; dt.

I(ta? + (1 — H)br)[

and
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Proof. Using the definition of n-fractional polynomial p-convexity and Lemma 2.15 we get;
‘w(m +y)  p I,b(x) i

b —ar J, xl-p

f 1= 26lta? + (L= D~ ([t + (1 = D7) dit
-
B bP—aP[f 11 -2t 1dt]
20 \Jo |(tar + (1 - )¥)[" 7
U‘l 1-2¢
0 |(tar + (1 — t)bP)[' "
- - @l (v fl 1 - 26! ]
—_— " (c dt
2p (©) [ n [Zf 0 |(tar + (1 — )"
’ n 1 1 %
, o [Z f 1-20-ni dt]]
oS ot + (1 - D)

W —a? 1 "(a)|1 (b)) %
= 2pa (Cp)l ! (|¢ ;(/Za)l Dp,i + Ilp 1(/1 )l Ep,i) . (22)

1

(it + (1 - t)b”]:’)'q]q dt

X

IA

O

Remark 2.23. Imposing some conditions of Theorem 2.22, we get two different versions of our inequality.

1. Forn =1and p = 1, we obtain the inequality for classical convex functions [2].
2. For p =1, we obtain the inequality for n-fractional polynomial convex functions [2].

Corollary 2.24. For p = —1 in Theorem 2.22 we get following inequality for n-fractional polynomial harmonically
convex functions:

Y@+ b _(b-aab [Py ‘ < e )1_( 1 -2 dt) ﬂ
2 2 ) e o 1+ (1- )
W @) '@\
(4’”“ D+ I’bn Ep,i) (23)

where

|1 —2¢
f RN El

1
‘_ I1-24
Pi= ) b+ d-na >2|Zt i
and

|1 2f|
f @+ (1 Dap] Z(l Hlat.

Remark 2.25. For n = 1 in Corollary 2.24, the inequality deduces to inequality for harmonically convex functions
proved in [3] .
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3. Conclusion

In this article we introduce a new class of convex functions called n-fractional polynomial p-convex
functions. And we derive some basic results and propositions related to our new generalization. Also
in Definition2.1 setting p = —1 we get a new class of convex functions called n-fractional polynomial
harmonically convex functions. We obtain Hermite-Hadamard type inequalities by using these definitions.
Researchers also can derive new inequalities or generalizations for these definitions.
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