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Chlodowsky variant of generalised Jain-Appell operators

Mehmet Ali Ozarslan®’, Merve Cil?

®Department of Mathematics, Eastern Mediterranean University, Famagusta, via Mersin-10, Turkey

Abstract. In this paper we consider a Chlodowsky variant of Jain-Appell operators which includes
many known and new defined operators such as Chlodowsky variant of generalised Jakimovski-Leviatan,
Jain-Appell, Appell-Baskakov and Appell-Lupas operators. These operators are constructed in terms of
the function ¢ and their weighted approximation to the identity operator is given in the weighted space
with weight ¢ = 1 + ¢* by using the Korovkin set {1, g, 0*}. We investigate a quantitative error estimate
of the operators by using Holhos” weighted modulus of continuity and obtain the local approximation
properties in terms of the first and the second modulus of continuities and Lipschitz class maximal function.
Furthermore, the Voronovskaja type asymptotic formula is also obtained.

1. Introduction

The task of finding approximation of functions by simpler functions such as polynomials is what approx-
imation theory is all about. Bernstein [13] was the first to build a sequence of positive linear operators
to prove the Weierstrass approximation theorem. Several linear positive operators have been constructed
since then to examine approximation properties in various spaces such as Szasz, Baskakov, Lupas, Meyer
Konig and Zeller, Bleimann-Butzer-Hann operators. Especially in the last two decades, there has been an
increasing interest in the investigation of certain linear positive operators ([1], [23], [24], [35], [42]).

In approximating a continuous function on the unbounded interval [0, o), one of the famous operators is
the Szasz-Mirakjan operators given by

o k
Su(f;x) == e‘""kz(; (nki')f(%)

where n € N, x € [0, 00) and f is a sufficiently nice function that ensures convergence of the above sum and
belongs to a subspace of C[0, o), the space of continuous functions defined on [0, ). Recently, several new

results on various modifications or generalizations of Szasz-Mirakjan operators have been published. We
list some of them as follows :

The Jain-Pethe [31] operators are defined by
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k A (k—a)
(@) r
Su(fix) = 1+na)(x/“)2f( )(1+na) kt 7
where
0 = x(x+a)x+2a)--(x+ (k-1)a), (keN:=1,2,--)
O~ = 1,

These operators are the gamma transform of the Szasz-Mirakjan operators.
Generalized Szasz-Mirakyan operators [9] are defined by

- k
Sh(fix) = exp(—ng(x))Z(fogfl) (%) (nQ(x))
k=0 k!
= Su(foeNoom=)f ( ( )) P k()
k=0
where

(nQ(X))k

Ponk(x) = exp(-no(x))
and the function g(x) satisfies the following conditions:

(a) ois continuously differentiable function on R* .
(b) 0(0) =1and inf,5p o' (x) > 1.

It is clear that in the case g(x) = x in the above definition, we recover the usual Szazs-Mirakyan operators.
There are other functions which satisfy properties (a) and (b) such as g,(x) = Yo, x5, x € R*. The
authors investigated the approximation properties of these operators in the space C’(:j(]RJ’) (see section 2)

for the definition where ¢ = 1 + ¢?, by using the Korovkin theorem proved in [25], which uses the test
functions 1, p and ¢*>. Here B,[0, ) = {f : [0, 00) = [0, ) []Ifllp = sup,., g’;g)) < oo} and C,[0, o) denotes
the subspace of all continuous function belonging to B,[0, o) and Ck [0, o)) denotes the subspace of all

({7((,5) = Ky, where Ky is a constant depending on f.

Jakamovski and Leviatan [32] introduced the operators

functions f € C,[0, o0) with the property lim,

Rﬁm=%%§mwvﬁyxza 0

by using Appell polynomials, where {pi(x)}i>o are the Appell polynomials which satisfy the property

pr(x) = kpr_1(x).

An equivalent definition of the Appell polynomials can be given by means of the generating function

ge™ =Y plend,
k=0
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where

0o

g =) au", g(1) %1 2)

n=0

is an analytic function in the disc |u| <7, (r > 1) .
They also have the explicit form (another equivalent definition) as

k—i

k
pk(x:Zal( T k e IN.

i=0

Operators given in equation (1) are linear and positive operators whena; > 0,(i = 0,1,2,...). Special Appell
polynomials such as Apostol-Genocchi polynomials have been recently used as a basis in the construction
of integral variant of Baskakov type operators in [43] and [21]. On the other hand different approaches
about the Jakimovski-Leviatan type operators have been proposed in the very recent papers [3] and [4]
which give rise to some interesting properties.

Given a function ¢(x) on the interval (0, ), § > 0 and linear positive operator L,(¢(y); x), the Chlodowsky’s
approach is to propose new operator C, ((p(ﬁy); ;‘;) with g := B, such that f, — oo and % — 0, then the
operator C,(¢) is investigated for some classes of function ¢(x) on the unbounded interval. When g is finite,
this approach has been used in the papers [10], [18], [39], [45], [46].

On the other hand, when ¢ is defined on the interval (0, o), Chlodowsky’s approach has been modified
by the new operator C,(¢; x) = L, ((p(by); %) with the conditions b := b,, such that b,, — oo and l% — 0. The
modified approach has been taken in to account in the papers [11], [12], [14], [20], [28], [33], [38], [40], [41].
Chlodowsky type of Jakimovski-Leviatan operators [15] are defined by

C(fi) = _xipk( (5o ©

o= 0.

piy
n

Here {b,} is a positive increasing sequence which satisfies it b, = 00 and lim, .«
Recently, Jain-Appell operators [42] have been defined by

g 1 LA
Cn(f,X)—g(l)(lma)(x/a);af(n)ﬁk (i) @

where

k—i
(a) (k—i,~a)
() = Z (k- (1 + na) *

and the cofficients a; are given in (2).

These operators are the gamma transform of the Jakimovski-Leviatan operators. It is pointed out that these
operators include the Jain-Pethe operators and many interesting new operators such as Appell-Baskakov
and Appell-Lupas operators. Therefore it has been shown that the Appell polynomials can be used to
extend the usual Baskakov operators and Lupas operators in the Jakimovski-Leviatan sense.

Inspired and motivated by the above mentioned operators, we introduce the Chlodowsky variant of the
generalized Jain-Appell operators by

Crfin) =

(1+ 2 a)(g(x)/oog Z(f °C ( )A v (Q( )’E) ©)

k=0
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where

k—i

A oo g ) Z(k—z (l+_”0c) o,

with g(x) satisfies (a) and (b) and the cofficients 4; comes from (2). We also assume that {b,} is a positive

increasing sequence which satisfies lin,_,cb, = 00 and limy,_,« % = 0. It is obvious that, the operators are
positive and linear when 4; > 0.

These operators include many known and new defined operators. We list some of them below.

e By taking o(x) = x in (5), we have the operators

@ - A (w
G (fix)= 1+ 2 a)(x/a)g(l) Zf( ) (x, bn) ©

where

We call these operators as Chlodowsky variant of Jain-Appell operators.

e Taking g(x) = 1in (5), we get the Chlodowsky variant of generalised Jain-Pethe operators defined as

SLV(f) WZU‘ @—1>( )““ (000); 5 > ?)

and further, by taking o(x) = x, we get the Chlodowsky variant of Jain-Pethe operators.

o Letting « — 0% in (5), we recover the generalised version of the Chlodowsky variant of Jakimovski-
Leviatan operators given by

o) & K
Cu(f;2) = egT Y A (%Q(x)) (foo™ (Ebn)- 8)

k=0

Note that, by taking g(x) = x, we get the Chlodowsky type Jakimovski-Leviatan operators given in
®).

e Choosing a = a,(x) = =, ) where x > 0,n € Nin (5), we get the following operators where we call
them Chlodowsky variant of generalised Appell-Baskakov operators

B () m e L Z<f° )i n+k—z—1) o) )k" o)
moME bn+0(X) o -1 by, +o(x)]
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Taking o(x) = x in the above operator, we get

BE (%) = C\)(fr) = i ( n)zk“al(“k_l_l)(ﬁ)k_i (10)

!](1) =0 =0

where we call them as Chlodowsky variant of Appell-Baskakov operators. Note that in the case
o(x) = x and g(1) = 1, we recover the Chlodowsky variant of Baskakov operators.

e Choosing a = a,(x) = 2, where x > 0 and n € IN in (5), we have

1 =P = S Z}ﬁw*% A (e 1) a)

where

M»

A (o)=Y s () o,

i=0

which can be called as Chlodowsky variant of generalised Appell-Lupas operators. Taking o(x) = x
in the above operator, we get

Yo ()2 (o) a

1 ()= ) =
9 %

where

where we call them as Chlodowsky variant of Appell-Lupas operator.

The paper is organized as follows:

In Section 2, we investigate weighted approximation properties of Chlodowsky variant of generalised
Jain-Appell polynomials. In section 3, we study a weighted quantitative type theorem for the rate of this
convergence by using Holhos’s [29] modulus of continuity. In Section 4, we obtain some local approximation
results related to Petree’s K-functional, the first and the second modulus of continuity and Lipschitz class
maximal function. In Section 5, we obtain Voronovskaya type asymptotic formula for the operators Cc( fix)
our operators.
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2. Weighted approximation properties
We start this section by showing that the operators given in (5) are the gamma transformation of the
Chodowsky type Jakimovski-Leviatan operators. We then compute the first few moments and central

moments of these operators.

Theorem 2.1. For o > 0 be fixed, the operators given in (5) can be represented as

1
I

where the function o(x) satisfies the conditions (a) and (b) and f is sufficiently nice function which guarantees the
uniform convergence of the series in (5).

Cﬁ,(a)(f; x) f e*tt(P(X)/a)*lc:l (f, at)dt
0

Proof. Under the hypothesis of the theorem, direct calculation yields

! f e OO (- at)dt
0

)
1 RPN L n k
= F(%)\f@ e ft( (x)/a)-1 g(l) Zpk (Eat)f(ﬁbn)dt
ey

00 _ ok i
1 ~t4(o)/a)-1¢ 2 (nat)kl (k )
= te — X —————f| =bu|dt
r(@)fo ‘ i <L i

) k .
_r 2' k 2‘ (nayk f e N
= =b, agi————— X e 1+, Ut)tt(g(x)/a)Jrk =174
T(—gﬁf))g(l) f(” ) — ki — i) T Jy

(i)

k=0 i=0
o L ki M tk—i
On the other hand since
T8 4k —i) (224 k—i-1)..(42)r(L2)
r(%?) r(4)
o(x)(0(x) + @)-..(o(x) + (k =i =D)a) _ (o(x))* "~

ak-i T ki

with x0~% = 1, we get the following family of linear positive operators:

@) (£, ) = ! [~ A by
Cr(f;x) = 1+ blua)(@(X)/a)g(l) kzzo‘f(nb ) ( ) )

where

k—i

‘rl
(k—i,~a)
(1 o a) o(x) ,

M»

AT@ (@(x), ) =

which is exactly (5).
|
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Lemma 2.2. For the first few moments of operators defined in (5), we have

C¥1x) = 1 (13)
b, 9'(1)
A5

0*() + ap(x) + o(x)

n> (1)

QS(x) + 3QZ(X)0( + 2@(9()0(2
b, 49(1) +39'(1)
+(0*(x) + o(x)a) (;T)
b2 g(1 8q'(1 30" (1
+@(x>(n—;~‘7‘ )+ 9g<(1>)+ 9" ( ))
L(Bg D +49"(M) + g7 ()
n? g(1)
94(36) + 603(36)0( + 11@2(x)az + 6Q(x)a3 n
(@) + 32 (Wa + 20(x)a?) (%%)
b2 149(1) + 309’ (1) + 64 (1)
n g9(1) )
b3 a(1 264’ (1 300" (1 40" (1

b4 g'(1) + 1497 (1) + 109" (1) + g*(1)
+_ .

n g(1)

C2(o(t); %) (14)

b, 9(1) +24'(1)
n g(1)

CZ (G (b); %)

(15)

/(G (1); %)

(16)

CZ (g (t); %)

+(0*(x) + o(x)a) (

(17)

Proof. Recalling the moments of the Chlodowsky variant of Jakimovski-Leviatan operators [15] :

Clep;x) = 1

e b, 9'(1)
Cn(el/x) - ; g(l)

e 2 kg +29°() by g’ (D) +g7(1)
Cle;x) = x4+ . —g(l) X+ s —g(l)

i 3, bidg()+39°(1) b7 g(1) +84'(1) +347(1)
Ciles;x) = x4+ " o + " o)

+§g/(1) +4g//(1) +g///(1)
n g9(1)

. 4, b, 10g(1) +4g'(1) b2 14g9(1) + 309’(1) + 697 (1) ,
Ciles;x) = x4+ - (0 + - o X
N by, (1) + 284'(1) + 309" (1) + 4!7"’(1)x

n® g9(1)

+ b g'(1) + 14¢”(1) + 10g"(1) + g (1)
n g(1) ‘
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the moments of Chlodowsky variant of generalised Jain-Appell operators follow by using the representation
of the operators given in Theorem (2.1). [

Lemma 2.3. The first few r-th central moments of the operators
M) = G ((oth) = o)), 7=0,1,2... (18)
are given for n € IN and x € [0, 00), by
Mao(x) = G ((at) = o))
M (x) = G ((et) = o))

1
by g’ (M)

n g(1)
O PP PPINC SN by g (D) +g"(D)
Mup(x) = G ((0(h) = 0())% %) = ap(x) + o) + —3 I

b, | 109(1) +4g'(1) b7
(302 + o=t + T;) ?(x)
{2 RIS
9(1) n
i (14g(1) +30g°(1) + 6g"(l)) by
g(1)

Ma(x) = CYY((o(t) - 0(x)); %)

n2
g(1) +22g°(1) + 149" (1)\ b3
' ( ) 3 )2
+9’(1) +149”(1) + 109" (1) + g% by
g9(1) n*’
Proof. The proof follows from the linearity of the operators and Lemma (2.3) and (2.2). [

We now proceed by obtaining the weighted approximation of the operator Cﬁ’(a)( f;x). To prove our
weighted approximation theorem, we recall some notations and definitions which are needed. By choosing
o(x) as a function that satisfies the condition (a) and the condition (b) given before, let ¢ : I C R — (0, o),
@(x) = 1+ ¢*(x) be a weight function. Then the function spaces B, [0, 00), Cy[0, ), C’;,[O, o) and Uy [0, o0) are
defined as follows [25]:

N ()
By[0,00) = {f:]R SR:fll, = 5,25% < oo},
Cpl0,00) = {f € By(R"): fis continuous},
P €
Cpl0,00) = {fe Cyp(R*) :}%W =Ky < +oo},
Uy[0,00) = { f€Cu(RY): % is uniformly continuous}.

It can be easily seen that
Cpl0,00) € Uy[0, 20) € Cy[0, 20) € By[0, ).

Lemma 2.4. [26] The linear positive operator sequence (Ly)n>1 is a sequence of transformations from C,(IR*) to
By, (R") if and only if

ILa(@)(0)] < Ko(x)

where K is a positive constant.
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Theorem A. [27] Let L, : Cy, — B, be a sequence of linear positive operators. If
lim || Lu(d) = &' l,=0, i=0,1,2 (x)
n—00
then for all f € C, we have
lim | L,f = £ ll,= 0. (19)
In the rest of the paper, we assume that
(iii) a := (a,(x)) such that 0 < Ql(i);z”(g) < ¢, withc, - 0asn — oo.
Theorem 2.5. Let o := «,(x) satisfies (iii) and (b,)n>0 be a non-negative sequence such that lim,_,.b, = co and
limy o0 2 = 0. Then for all f € CK[0, 00), we have

lim || Cf = f ll,=0 (20)

where p(x) = 1 + g*(x).

Proof. We start by showing that the operator C™) is a transformation from Cyl0, ) to B,[0,). Let
@(x) =1+ ¢*(x), then we have

IC ™ feol
sup ————————

x€(0,00) P(x)
ICZ (@)l
Il flly sup —————
¢ x€(0,00) P(x)
1)+24'(1 v g (1
" 1+ 02(3) + au(¥)o(x) + o) L7 4+ 3 T00
= su
¢ xe(O,Io)o) 1+ 0%(%)

< @+MIflly-

I CZ () llpers 2

IA

Therefore the operators Cﬁ’(a") are uniformly bounded. Moreover it is obvious that || Cﬁ’(a")(l) -11lp=0.0n
the other hand,

o) + 2 25 — o(x)

n g(1)
1€ @) ~oll, = su ;
o=l xe(OEO) 1+ @%(x)
bng'(1

ve(0,00) MG + 0%(x))

asn — oo and

() + ay(x)p(x) + p(a) 2z 227D 1y JWe" D) 2y

a n M nr g()
1CH @ = lly = su ;
vmel xe(OEO) 1+ ()
’ 2 7"
. an()o)  e@ba(g() +29°(1)) = big’ M) +g"M) |

xe0o0) \ 1+ (%) ng((A+¢*(x) g1 + 2 (x))

as n — oo. Hence, from Theorem (A), we have
lim || C*(f) = f llp=1e2= 0

forall f € C’;[O, ). O
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3. Weighted quantitative estimates

Now, we calculate the rate of convergence of the operators given in (5) by using the modulus of continuity
w,(f;0), which was proposed by Adrian Holhos in [29] as

lf(x) = fW)l

u 7
x,yg P(x) + ¢(y)
llo(x)—e(y)lI<d

wg(fr 0) =

for each f € C,(IR*) and for every 6 > 0, where o(x) satisfies (a) and (b).
We see that a is chosen to be certain function sequence while configuring the special instances. We put the
following constraint on a since we will be working in space C,—1,,2(R"). & := (a,(x)) satisfies (iii).

Theorem B. [29] Let L, : C,(Ry) — B,(IR;) be a sequence of linear operators satifying

ILad” =" llpo = ju
ILwo=ell 3 = K

I LnQ2 - 02 ”(p = Iy,
1@’ =@l 3 = m

where jy, ky, I, and my, tend to zero as n — oo . Then we have
| Lnf — f IIgagS (7 +4jn + 2)wy(f, 60)+ |l f llp jn
forall f € C,(Ry), where

6n = 24/(jn + 2Ky + L)L+ ju) + ju + 3ky + 3L, + 1y
Theorem 3.1. Forall f € C’E)(]RJf) we have

o) b, 29(1) +49’(1) 1229 (1) +29”(1)
NG ()= f ”<P% < (7 +2c, + " 7 " )

C‘)g(f/ On)

where

1 40’ (1 (1 (1) H?
o - 2\/Cn+g<>+ 7Wby GO WG e

g n gy 2
(7 +4c,)g(1) + (12 + 3c,)g9’ (1) b_n N g(1) +11g'(1) + 69" (1) %
g9(1) n 9(1) n?
g (1) +49"(1) + ¢ (1) b
g(1) nd

Proof. We first determine the sequences j,, ky, I, and m,, from (13), (14), (15) and (16) , and then use Theorem
B to get the proposed results. Direct calculations give

I C2e (1) — 1 lyo=0 = jn,

b.g'(1 L7 (1
“ Cgr(an)(p)_ Q”(pl/ZZ Sup g( ) < b g( ) _

= - kl’l/
xe(0,e0) M)A + 22T 1 g(1)



M. A. Ozarslan, M. Cil / Filomat 38:20 (2024), 7269-7288 7279

’ 2 ’7
cola 2 _ 2 an(¥)o(x)  o()ba(g(1) +29'(1))  byg'(1) +g”(1) )
ICT@ =l = sup | 20 T g+ ) T )1 + 2()
by gD +29'1)  brg (D) +g"(1) _
SCH+; g(l) +E g(l) —ln,
and

ol 3 ) BOP()atn(x) +20(x)0(x) + (P(x) + o()a, (x)) (1 L)
G (o) — o ”(p3/2 = xz(lgfo) (1+02(x))3/2

b2 g(1)+84’ (1)+3g” (1) b g (D)+4g” (1)+g" (1)
o) (? 7 W g

(1+P(x)32
by 4g(1) + 3g'<1>) ( B2 g(1) + 85/(1) + 3g"<1>)
n g9(1) n g9(1)
by g (1) +49"(1) + 9" (1) _
i (_ o) ) -

where j,, k,, I, and m,, tend to zero as n — co and @ — oo. Then we have

+

3cn+2\/§cﬁ+(1+cn)(

ICY A =Fll s S @+ 4ju+ 2)w0,(f 60+ 1L f Nl
b, 29(1) +4g'(1) B2 29'(1) + 29" (1)
< (7+2cn + - ) + E 7(1) )C‘)g(fr(sn)

for all f € Cy(R;) , where

O 23(ju + 2k + L)X + jiu) + i + 3k + 31, + my

= 2\/cn + (1) +4g'(1) b_" g’ (1) +g”(1) @

g(1) n g(1) n?
(7 + 4cn)g(1) + (12 + 3¢,)9’ (1) b,
g(1) n
g()+11g'() + 69" (1) by g'(1) +49"(1) + g7 (1) b,
9D et ) w

+6C, +2 V22 +

O

4. Local approximation properties

In this section we investigate the local approximation properties of the operators by means of Lipschitz type
maximal functions and two different types of modulus of continuity. Lets denote the bounded continuous
functions space with Cg[0, o) on [0, o0) given with the norm

Il 72 llcy10,00):= sup{lh(x)] : x € [0, o)}
and the space Cé(]R*) ={f € Cg(R*) : f, f” € Cg(R")} endowed with the norm

I f llczny=Il f llcsioeo) + I f llesioe) + 11 f7 llcsioe) -
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The first type modulus of continuity which is the classical type for h € Cg[0, o) is defined as follows
w(h; 6) = sup{lh(x + k) — h(x)| : x € [0, 00)}. (21)
[kl<o6
where 0 > 0 [6] and for function /i € Cg[0, o) the second-order modulus of smoothness is defined by

wy(h, 6) := sup {|h(x + 2k) — 2h(x + k) + h(x)| : x € [0, 00)} (22)
0<k<6

for 6 > 0 [6].
The Petree’s K-functional is defined by
K(h,0) = infyeczwey{ll B = f llcsto,e0) +0 11 f llcz ey} (23)

where 6 > 0. The Peetre’s K-functional K(#; ) and the second order modulus of smoothness w, have a
relation given by

K(h,6) < Cws(h, Vo). (24)
for h € Cg[0, o).

Proposition 4.1. For all h € Cg[0, 00) , we have

I CZ 1) lley 10,000l 1 llcso,e0) - (25)

Proof. Since C(0°(t); x) = 1, we obtain

A

22l < oo™ ey CZ9 (0% )

Il o 07" licy0,00) I 1 llcyfo,c0) -

IA

O

Theorem 4.2. Forallh € C};[O, o0) :={h € Cg[0,0) : I’ € Cp[0, >0)} , we have

CEO () ~ R < M @)(f 0 07 (o) + 2 VMo (10 07™Y'; VMia).
where M,1)(x) and M, 2)(x) are given in Lemma (2.3).

Proof. Let h € [0, o0). From Taylor’s theorem we can write

WH-h(x) = (hog™)o®) - (ho g ) o)
o(t)
(o(H) = o) (h 0 07 (0(x)) + f {(hog!y(s) = (ho ™) (0(x))} ds (26)

o(x)

for x,t € [0, 00). Using the inequality
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|t — x|

Ih(t) — h(x)| < ( ; 1)a)(h,' 5).

we can write that

(o(t) — o(x))?
5

o(t)
[ Hoogy©-te o) s

ox)

sw«ho@ﬂea{ -Hmn—mw&.

Therefore, using the above inequality (26) and then applying the operators CZ“ on both sides of the
resultant inequality we have

CoO(x) —h@)| < My (@G0 071 ()

vao (o gy;8) {220 L co@ 0 — g}
o)

Finally, using Cauchy-Schwarz inequality, we have

CH5x) = 1) < M@0 0 ¢ (o)
+w ((h o 971)’;5) {Mng(x) + \/Mn,Z(x)} :

Hence the result follows by choosing 0 := 6, : \/M2(x) and Lemma (2.3). [

In the following theorem we obtain quantitative type estimate in terms of the Petree’s K-functional.

Theorem 4.3. For all h € Cg[0, ), Chlodowsky variant of generalised Jain-Appell operators Cﬁ’(a) satisfies the
following inequality

(27)

2 4

I ;) = f(h)] < K[h; {Mm(x) + Mya(x)max({1, | ¢” ”CBIO'“’)}}]

where My, 1(x) and M, »(x) are given in Lemma (2.3).

Proof. Using the Taylor’s theorem, we have

(o(t) — o(x))?

(ko o™")(e(h) = (ko g™)(0(0) + (o(t) = 0(0))(k © 071 (0(x)) + (ko ™" (0(c)),

2!
where c € (x,t). Considering the identities
- k' (x)
koo™ (o(x)) = .
(ko ™) (e = s

k'(x) K x)e"(x)

ko —1y\r/ —
o e VD= gtor ~ ey ¢
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we get,

k) = KO o -
k() = k() = 705 et = o) +

(o(t) — o(x))? { k') k'(C)@”(C)}
2 @@©)?  (¢©@y )

Applying C2 on both sides of the above equality and taking into account that inf,»o ¢’(x) > 1, we get

IC2 (k; x) — k(x)|

IA

K(x) Myzx) { k' (c) k’(c)@"(c)}
Mo * 72 \wor @y
M1 ()1 K" Nlego,eo) + 11K Nlcgro,00) + 11k llcs[0,00))

M, 5(x)
+ (1 K" llegioe0) + 11K Ncsioell @ lcsioes) + 1Tk llcyio,eo)

2
Mn,Z (x)
2

IN

IA

M1 () 1k lleapo, ) + max {1, 1l ¢” llcyto00} 1l K llczgo.c0

M, 2(x) "
= {Mn,l(x)+ = max{Ll ¢ ||cB[o,m)}} 11k 2 0,00y -

Now for h € Cg[0, ), there exists k € C%[O, o0) such that || k — k |lcy0,000< €. Therefore using triangle
inequality, (25) and the above inequality, we have

ICY;x) - h(x)] < CO(h = kl;x) + [h(x) — k()| + |C9(k; x) — k(x)|
< 2| h=kllcyo,0)
M ; (X) /7
+{Mn,1(x) . n22 max{l,ll 0 ||cg[o,oo)}} Ik llczfo,co) -

From the Peetre’s K-functional (23) definition we get the desired result as

(28)

2 4

M, M2 (x) max {1, [l 0" llcsro,e0
IC2 (s x) — h()| < K[h;{ (0 { 0.0) .

O

The following theorem states the quantitative estimate by means of the second order modulus of smooth-
ness.

Theorem 4.4. We have the following inequality

CH(53) = ()| < Claoa(h, Vou +min(L, 8,) Il llcyto.) (29)
where h €c,o,00), the positive constant C is independent of n and

Mia@) | Mna(®) max {1, 1l ¢” licylo.))

On=—5 4

Proof. The proof follows by using relation (24) in Theorem (4.3). O
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Recall the Lipschitz class functional that was described in [25]. With the choice of the function g that satisfy
conditions given before, the set of all functions / satisfying

Ih(t) = h(x) < Mlo(t) — o', x,£20, (30)

is said to be of class Lips(o(x); 1) for n € (0,1]Jand M > 0.
Let E C [0, 00). The function € C[0, o) belongs to Lipp(o(x); 1), n € (0, 1] if the following holds true

|h(t) = h(x)| < My ulo(t) — o(x)I", x€Eandt>0, (31)
where M, , is a constant depending on & and a.

Theorem 4.5. Let E be any bounded subset of [0, 0). o be a function satisfying conditions (a) and (b). Then we
have,

|C£)l,(a)(h; x) — h(x)l < Mf],h (Mnfz(x)yzl + 2(9/(5)),]df](x, E)) ’ (32)
x€(0,00), nelN,

for any h € Lipp(o(x);n) on E and n € (0, 1] where the distance between the point x and the set E is d(x,E) =
inf{lx—y| : y € E}, M, is a constant depending on nand h, & is a part of the interval with terminal points x and x .

Proof. We use E to denote the closure of the subset E in [0, 0), than for at least one xy € E we have
d(x, E) = |lx — xol|. The hypothesis on h and using the monotonicity of CW, we get

A

ICZ W h;x) —h(x)| < CZO(h(E) = hixo)l; x) + CZV(h(t) = h(xo)]; x)
ModCZ(lo() = o(xo)I"; x) + lo(x) — 0(xo)I")
M lCZ 1ot — o()I"; %) + 2lo(x) — o(xo)").

From the Holder’s inequality with p = % and g = 2%7] and the fact [|o(x) — o(xo)ll = o’ (E)llx — x|l where &

belongs to the interval whose terminal points are x and xo, we easily conclude

IA

IA

ICZ (1 x) = h(x)|

IA

Ml [CZ(lot) — 0()P; 017 +2(0' (E)lx — xol)")
< Myul(Ma2)? +2(0'(8))d(x, E)).

O

Proposition 4.6. Let g satisfy the conditions (a) and (b). Then for any h € Lipp(o(x); 17), we have
I 050) = h)] < MM ()7 (33)
In [30] generalized Lipschitz-type maximal function of order 7 is defined as

|h(t) — h(x)l

w,(h;x) = )
! x#t,te[0,00) lo(t) — o(x)|"

(34)

Theorem 4.7. Let h € Cg(0,00) and 0 < n < 1. Then for all x € [0, o), we have

ICP(h;x) —h(0)] < w;%(h; x)(M2)?. (35)
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Proof. From the definition of i order generalized Lipschitz-type maximal function given in (34), we have
ICHP2) = h@) < @ 0 )CH " (0h) - 0()1"; %),
Applying the Holder inequality with p = 2 and g = 5%, we have

n

ICZ (h; x) — ()|

IA

w1 01CE™ (o(t) — 0(x))%x)]2
< w0 (10)(My2)?.

A

which is (35). O

5. A Voronovskaya asymptotic formula
For the C( f;x) we will give Voronovskaya type theorem in this section.

Theorem 5.1. Let h € C,(RY), x € R and with the assumption of (h o ¢™')’s first and second derivatives exist at

o(x). We also assume that b, — oo and % — 0, %ﬂm — 0, for fixed [0,00). If (ho o™')’s second derivative is
bounded on (0, 00), then we have

(X, ' 1 —1y7 1 —1\7/
fim 7 [CE 05 -] = TR0 ¢ e + (o0

for fixed x € [0, 00).
Proof. With the Taylor expansion at the point o(x) € R* of h o ¢! , there is a & between x and ¢ such that
ht) = (hog™)(e() + (oo™ (a(x))(o(t) - o(x)
+%(h o 071" (0(0))(a(h) — o(x))* + Ax(B)(o(t) — o(x))* (36)

where

(hoo™)"(0(&) = (o g7!)" (0(x))
5 .

Here, the assumption on h together with (37) guarantees |A.(t)] < M for all t and |A,(t)] —» O ast — «x.
Applying C;" to (36), we get

Ax(t) =

(37)

Cr i) ~h) = (o 0™Y (e@)C ™ ((t) ~ o(x); )
#2000 7Y (L (0l8) ~ o))
+CH (A (B(0(t) = o)) ).

Clearly
N g . n(b,g’ (1) . (9D) g
lim —CZ“ () - o(x); x) = lim — (— ) = hm( ) = )
e bn (@( ) (.0( ) ) 00 bn n g(l) n—00 g(l) g(l)
Since lim,,_, o ”“é—’n(x) = 0 for fixed x € [0, o), we have
- ) i b BD O]
,}1_{{}0 b G ((o(®) = 0(x))5x) = 1}1_{120 b, [an(x)Q(x) + 0(x) i () = 0(x).
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Now let’s estimate lim,,_,o, B L (a")( A(B)(o(t) — 0(x))%; x) term. Choose 6 > 0 and ¢ > 0 such that |A,(f)] < ¢
for |t — x| < 0. Recall that, by the condition (b),

It — x| < o' (Wt — x| = lo(t) — o(x)].
Consequently, [o(t) — o(x)| < 6, implies |A()(o(t) — o(x))*| < &(o(t) — 0(x))?, while if |o(t) — o(x)| > 6, using the
fact that [A,(t)| < M, we find

MBI ~ o)) < 35 elt) — o)

Thus , we can write that

RO (CORECIRRNE ebicﬁ'(“"‘x”«@(t) ~ o))

R (CORP )

Since "“b”(x) — 0 for fixed x € [0, o0), we have

lim —= ) (o(t) = p(x)); )

n—co b,

= llmn_>oob [(301 (x) + 14ay, (x )_

20g(1) + 8/(1)\\ b,
(0 oo S5 )5

14g(1) + 309’ (1) + 69”'(1)\ b2
+a"(x)( ) ) E
g(1) +22¢’(1) + 14¢” (1) b )
+( gD ) )
g'(1) + 14¢”(1) + 109" (1) + g¥ b}
+( () %)]

109(1) + 44'(1) bz) 200
g(1)

=0
therefore, we conclude from (38) that

lim Z-C (0, (0(0(8) = 0()%2) =

n—oo 0y

Since ¢ is arbitrary it follows that,

.1 (an (x g’ (1)
hmb—[c§< ;2 - h(v)] = 70

n—eo 0y

——(hog 'y (Q(x))+@(x) (hoo™y".
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Figure 1: Approximation of h(x) = (32 + 1)e™ on [0, 5], when n = 100.
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Figure 2: Graph of errors when h(x) = (x3/2 + 1)e™ on [0, 5], when 1 = 100.

6. Illustrative examples

Figures 1 illustrates the approximations to the function /(x) = (x*2 + 1)e~* by the Chlodowsky variant of
Jain-Appell, Chlodowsky variant of Appell-Baskakov and Chlodowsky variant of Appell-Lupas operators
with f(x) = €%, b, =n 3, forn = 100. Figure 2 illustrates the approximation error of function hi(x) = (x*/2+1)e™
by the same three operators with f(x) = e*, b, = n%, for n = 100. In both figures, the blue curve represents
the Cﬁ’(a)(h; x) operators given in (5), the yellow curve represents the Bﬁ’c (h; x) operators given in (9) and the

green curve represents the L€ (h; x) operators given in (11). It should be mentioned that, increasing n will
cause much efficient approximation to a given function.
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