Filomat 38:20 (2024), 7041-7050
https://doi.org/10.2298/FIL2420041D

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

e/ A
) @

i &

gy as’

5
TIprpor®

Logarithmic coefficients for starlike functions associated with
generalized telephone numbers
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Abstract. The objective of the present paper is to study the logarithmic coefficients of the class S(u) of
starlike functions which is related with generalized telephone numbers, by using bounds on some coefficient
functional for the family of functions with positive real part. We give a special result of main theorem.

1. Introduction

Let Abe the class of functions f which are analytic in the open unit disc ¢ = {z : |z| < 1} and normalized
by the conditions f (0) = " (0) — 1 = 0. Let us denote by S the subclass of A containing functions which are
univalent in U. An analytic function f is subordinate to an analytic function g (written as f < g) if there
exists an analytic function w with w (0) = 0 and |w (z)| < 1 for z € U such that f (z) = g(w (z)) . In particular,
if g is univalent in U, then f (0) = g(0) and f (U) C g(U). For arbitrary fixed numbers A and B satisfying
-1 < B < A <1, denote by P[A, B] the class of analytic functions p such that p (0) = 1 and satisfy the
subordination p (z) < (1 + Az)./ (1 + Bz) (z € U) . Note thatfor 0 < g < 1, P[1 — 28, —1] is the class of analytic
functions p with p (0) = 1 satisfying Rp (z) > p in U. We call the functions in = P[1, —1] as Carathéodory
functions. The class S*[A, B] consists of functions f € A such that zf" (z) / f (z) € P[A,B] for z € U. The
functions in the class S*[A, B] are called the Janowski starlike functions, introduced by Janowski [18]. For
0<B<1,8M1-28,-1] := §*(B) is the usual class of starlike functions of order . Note that S* = §*(0) is the
classical class of starlike functions. Moreover the classes S*[1-p, 0] := S; ={feA:zf (z)/f(2)-1] < 1-B}

and S*[B, Bl :=8*B) = {f e A: Izf () / f (z) — 1| < Blzf’ (z) / f (z) + 1]} has been studied in [1, 3]. In terms
of subordination, the class of starlike functions is given by zf’(z)/ f(z) < (1 + z)./(1 — z). Ma and Minda
[24] gave a unified presentation of various subclasses of starlike and convex functions by replacing the
subordinate function (1 + z)./(1 — z) by a more general analytic function ¢ with positive real part and
normalized by the conditions ¢(0) = 1, ¢’(0) > 0 and ¢ maps U onto univalently a region starlike with
respect to 1 and symmetric with respect to the real axis. They introduced the following general class that
envelopes several well-known classes as special cases: S*[¢] ={f € A: zf' (z) /f (z) < p(z)}. In literature,
the functions belonging to this class is called Ma-Minda starlike function.
The logarithmic coefficients A, of f € S are defined with the aid of the following series expansion:
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log @ = 22 2", ze. )
n=1

This coefficients play a important role for various estimates in the theory of univalent functions. In
particular, the Koebe function k(z) = z(1 — z)2 has logarithmic coefficients A, = % It is clear that [A4] < 1
for each f(z) € S. The problem of the best upper bounds for |A,] is still open. In fact even the proper order
of magnitude is still not known, however, for the starlike functions that the best bounds is |A,| < % and
that this is not true in general [13]; [14]; [2] and [15]. In the paper [11] it is pointed out that the inequality
Al < An~tlogn (A is an absolute constant) which holds for circularly symmetric functions. In a recent
paper [16], it is presented that the inequality |1,| < 1 holds also for close-to-convex functions. However, it
is pointed out in [29] that there are some errors in the proof and, hence, the result is not substantiated. It is
proved in [17] that there exist a close-to-convex function such that |, | > % Furthermore, it is proved in [35]
that the inequality |A,| < An~!logn holds for close-to-convex functions, where A is an absolute constant.

During the 1960’s, Kayumov [19] solved Brennan'’s conjecture for conformal mappings with the help of
studying the logarithmic coefficients. The significance of the logarithmic coefficients follows from Lebedev-
Milin inequalities [25-27], where estimates of the logarithmic coefficients were applied to obtain bounds on
the coefficients of f. Milin [25] conjectured in the inequality

J

Zi(ﬂlw—%)so (j=1,23,.)

i=1 n=1

that implies Robertson’s conjecture [33] and hence Bieberbach’s conjecture [6], which is the well-known
coefficient problem in univalent function theory. De Branges [7] proved the Bieberbach’s conjecture by
establishing Milin’s conjecture.

Recall that we can rewrite 1 in the series form as follows:

oo
1 1
22 AZ" = a0z + a32® + a2t + ... — z[azz +azt +ad + P+ g[azz +m2 +a 2+ P+, zeU,

n=1

and considering the coefficients of 2" for n = 1, 2, 3... it follows that

2A1 =ay,

2A; =a3 — %a%,

2A3 =a4 — aras + %ag, @)
2A4 =as — aray + a%ag - %aé - }Iag.

The geometry of analytic functions related with some familiar sequences of numbers has been explored
by some researchers working in the theory. Especially, H. M. Srivastava and his co-authors have investigated
the coefficient problem for some special generating functions. For example, Kumar et al. [22], Shafiq et
al. [34] and Deniz [12] have studied the coefficient problem for certain classes related with Bell numbers,
Fibonacci numbers and generalized Telephone numbers, respectively. The generating function for Van Der
Pol numbers was recently used to introduce a subclass of starlike functions (see [31]), while the generating
function for Bernoulli numbers is considered in [8] to investigate a subclass of S*[¢]. Recently, Kazimoglu
et al. [20] have studied starlike functions related with Gregory numbers.

In the present paper, our main focus on finding the upper bounds of logarithmic coefficients for starlike
functions associted with generalized telephone numbers defined by 3.
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Motivated by the above-cited works, we consider the function ¢ for which ¢(U) is starlike with respect
to 1 and whose coefficients is the general telephone numbers. The classical telephone numbers, also known
as involution numbers, are given by the recurrence relation T(n) = T(n — 1) + (n — 1)T(n — 2) for n > 2 with
initial conditions T(0) = T(1) = 1. Relationships of these numbers with symmetric groups were observed for
the first time in 1800 by Heinrich August Rothe, who pointed out that T(#) is the number of involutions (self-
inverse permutations) in the symmetric group (see, for example, [10, 21]). Because involutions correspond
to standard Young tableaux it is clear that the n'" involution number is also the number of Young tableaux
on the set {1,2,---,n} (for details see [4]). According to John Riordan, above recurrence relation, in fact,
produces the number of connection patterns in a telephone system with n subscribers (see [32]). In 2017,
Wrtoch and Wolowiec-Musiat [36] introduced generalized telephone numbers T(u, 1) defined for integers
n > 0and p > 1 by the following recursion; T(u, n) = uT(u,n — 1) + (n — 1)T(u, n — 2) with initial conditions
T(1,0) =1, T(u,1) = y, and studied some properties. In 2019, Bednarz and Wotowiec-Musiat [5] introduced
anew generalization of telephone numbers by T,,(n) = T,(n — 1) + u(n — 1)T,(n — 2) with initial conditions
Tu(0) = Ty(1) = 1 for integers n > 2 and p > 1. They gave the generating function, direct formula, and
matrix generators for these numbers. Moreover, they obtained interpretations and proved some properties
of these numbers connected with congruences. In their paper, authors derived the exponential generating
function and the summation formula for generalized telephone numbers T (1) as follows:

) =Y S iz, ®)
n=0

As we can observe, if u = 1, then we obtain classical telephone numbers T(n). Clearly, T, (1) for some
valuesofnas Ty(0) = Ty(1) =1, Ty(2) = 1+, Tu(3) = 143u, Ty(4) =1 +6u+3u?, Tu(5) = 1+10u+15u2 and

2
T

Tu(6) = 1+15u +45u2+15u°. We now consider the function W(z) := e with its domain of definition as the
open unit disk Z. Very recently, Deniz [12] has defined the class S7.(u) := {f : f € Sand zf'(z)/f(z) < ¥(2)}
and obtained some coefficient estimates for this class. In this study, authors obtained upper bounds for
logarithmic coefficients A, (n = 1,2, 3, 4) of functions belonging to the class S"T(y). In special case of 1 =1,
we write S} = S7(1).

We give following the lemmas that use in the next sections.

Lemma 1.1. [23] Ifp(z) = 1 + p1z + paz® + p3z° + -+ € P (p1 > 0), then
pi +x(4 - p) @)
Py + 24— prpix — pi(d — p)x* + 24 - p}) (1 - 1), 5)

for some x, y € C with |x| < 1 and |y| <L

2p2
4]?3

Lemma 1.2. [28] Let U = {z:|z| < 1}. Also, for any real numbers a, b and c, let the quantity Y(a,b,c) =
max_.; {|a +bz+c?|+1- |z|2} Ifac > 0, then
lal + 16| + || bl = 2(1 — |cl)
Y /b/ = 2 .
@09 { L+ af + 4(1li|c|) bl < 2(1 = |cl)

Furthermore, if ac < 0, then

1-lal+ 355 (~4ac(c?-1) <0 |bl <2(1 - [c])

4(1—cl)
Y(@,b,0) =1 1+lal+ g b? < min {41 + |el)?, —dac(c2 - 1)}
R(a,b,c) (otherwise)

where

lal + 1b] = Ic| (Il (Ip] + 4 |al) < |ab]))
R, b,c)={ ~lal+Wbl+lcl  (abl < |l (] - 41aD)

(la] + lel) 1 - & (otherwise)
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Lemma 1.3. If p(z) = 1 + p1z + poz> + p3z° + -+ € P (p1 > 0), then
pn <2 (6)
and if Q € [0,1] and Q 2Q — 1) <R < Q, then
lps - 2Qp1p2 + Rp3| < 2. )
also

lpusk = Opupi| < 2max{1,126 - 1] } 8)

’ 1, for0<6<1,
26 — 1|,  otherwise

The inequalities (6), (7) and (8) are taken from [9, 23] and [30], respectively.

2. Logarithmic Coefficient Estimates

Our main result as follows.

Theorem 2.1. Let f(z) € S;(u) and log @ =2 f Anz". Then
n=1

1
|A1| < E/
u+1
Ao < B
1. 5
|A |< 6’ I< t < 3
3= 3u+l 5 < ’
% 3=H
3u2+30u+25
wt? I<p<ps
A4l < R pa Sp<us ,
3ut+42u—11
2/ t> ps

where, 1y ~ 1.76208 and us ~ 9.54606 are positive roots of 3u° + 12u? — 35u + 8 and 3u* — 30u + 13, respectively.

Proof. Since f € S7(u), there exists an analytic function w with w(0) = 0 and [w(z)| < 1 in U such that

2f'(2) _ _ (o
@ - W(w(z)) = e( ) (zelU). 9)
Define the functions p by
p(z) = 1t323 =1l+piz+pzi+-- (zeU)

or equivalently,

1 2 3
w(z) = P Py 1 [p P1]Zz + 1(;73 —pipa + %)f (10)

P +1 2727 2 2
2 4
P2 P pl]ZA
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in U. Then p is analytic in U with p(0) = 1 and has positive real part in U. By using (10) together with

(w(z)+ m wzz(z)
e

), it is evident that

1z
3

1
+E ((1 = 3ups + 12(-1 + pwpipa + 24p3)z3 +

1 (146 +3u2) pt+24(1 - Bu)pips ”
384 | +96(~1+ p)p1ps +48 (=1 + w)p3 + 4ps)
(=19 + 10p — 45A2) p5 +40 (1 + 631 + 31%) pp — 240(—1 + 3p)p2ps
—~240p1 (1 + 3u)p3 — 4(=1 + p)ps) + 960 (=1 + w)paps + 2ps)

W(wz) = 1 + % (<1 + wp? +4p) 2 (11)

3840 z
Since
zf'(z
j:(i )=1 +apz + (—u% + 2u3) 22+ (ag —3ara3 + 3a4) z2 (12)
+ (—a‘é + 4a§a3 - Zag —4ayay + 4a5) 2
+ (ag — 511;113 + 5a2a§ + 511%114 — 5azay — baras + 5116) A P
it follows by (9), (11) and (12) that
w o= 5 (13)
1 2
a = e ((1 +up; + 4p2),
1 3
G o= e (B = p} + 1201 + 2u)p1p2 + 48p3),
(2 — 6+ 9y2) pi+ 24(u — Dpipa +48(1 + 3p)p1ps + 72ups + 288p,
= 2304 '
By using 13 in 2, we can obtain
A= %,
1 2
o= & ((H —Dpy + 4P2)
1 3
N = (1= 3wp} + 12(u — Vprpa +24ps)
(1 + 6+ 3422) pi + 24(1 = 3p)p2ps + 96(ut — 1prps — 48 (—4pa + (1 — w)p?)
M= 3072 '

Using |pn| < 2, we can obtain

1 +1
i< and |A2|s“8 .

We now investigate upper bounds of |A3| and |A4].
By using Lemma 1.1 and supposing that s = p; € [0, 2], A3 can be rewriten as follows:

4o |Gut s WD Sy -y = He).

M= e T 2 2
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We now investigate upper bound of the |H(s)| according to s.
Taking s = 0 and s = 2, respectively, we have

IH(s)| < (14)

N~

and

3u+1
HE) = ——- (15)

We now assume that s € (0,2). Then, we can write
4 — g2
24
4 — g2
24

@Gu+1s®  (u+ 1)Sx S

HEI < RE—9 T 2 2

+1- |x|2]

[|a + bx + cx2| +1- |x|2] ,
where

_GBu+Ds®  (u+ls s

“Tha- T 2 T

In the next process of the proof, we use Lemma 1.2. Considering s € (0,2) and u > 1, it is obvious that
4

ac = —% < 0. Therefore, we use the second part of the Lemma 1.2.
Case I After some calculations, we see that the conditions —4ac(c? — 1) < b*> and |b| — 2(1 —|c]) < 0 hold

true for all s € (O, ﬁ) Not that, the inequality ﬁ < 2 true for y > 1. Therefore, we conclude that

IA

_ g2 2
ol < 45 - | (16)

1 [@u2+1)s®  (u+3)(u—1)s?
! [ 2% 4 ¥ 4]
= H()(S).

Since all the coefficients of powers of s are positive, Hy takes maximum value at ﬁ. Thus, we have

3ud + 24> + 451 + 28
maxHo(s):Ho( 4 )— H a a

p+3 - 9(u + 3)3 = Io(u). (17)

For all s € (0, 2) the inequality b*> < min {4(1 +|cl)?, —4ac(c™? - 1)} doesn’t satisfied.

Let [}%3, 2) . On the other hand, from some calculations we see that

labl — el (1b] + 4 lal) = —32 +2u = 3)s? + 24 (u+1)] <0

SZ
24(4 — 52) I

24(u+1
] 2(!‘ ) nd 4
ur=2u+3 u+3

holds true for s € (sp, 2), where sy = <59 <2 for u > 3. Therefore, we have

4-g2 1 3
HE)I < =7 llal + bl = lel] = 522 [ - 3u)s® + 24ps] = Hy(s).
The positive root of the equation H;(s) = 5z [3 (1-3u)s*+ 24y] =0iss = %. We now consider the

situations s) —s1 > 0and sp —s1 < 0.
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Let 3 < u < po = 3.85866, where i is the root of the 32pi(fl2:41+)3 - 3E—’il Then we have sy —s; > 0 and
. 24(u+1)
H; takes maximum value at 322013 Hence we conclude that
max Hi(s) = Hi(so) (18)
p+1 24(u+1)

(1-3p)

+ 244 =Ii(u).

12(3u% —2u +3) 3u?-2u+3

Similarly, let p1g < p. Thus sp — 51 < 0 and H; takes maximum value at s;. Hence, we get

maxHi(s) = H;i(s1) 19)

_ p _ 8u
T 36(Gu-1) [(1 34) \3u-1 "2

We can easily see that

:= L(p).

2

b~ 1e b1 = 41a) = 77—

3% +22p +11) 5 = 24 (u + 1) <0

4 [ 24(u1)
holds true for s € [E,SZ), where s, = LT and s; < sg for u > 1. Therefore, we have

HE)| < %[— jal + ] + Icl]
s [s2(=9u — 13) + 24(u + 2)
= [ i 4 H ] = Hz(S).
8u+16

The positive root of the function H; is s3 =

T3 Simple calculations show that s3 —s, > 0 for y > u; =

2.31227, where y is positive root of 3u® + u? — 11y — 17. Therefore, we have

max Hj(s)

max {Hz (H - 3),H2 <s2>} = Ha (s2) (20)

6(u+1 Bu+13)(u+1
_ 32@—) pro - BEEDWAD)
us+22u +11 3us +22u+11

On the other hand, the inequality s3 — s, < 0 is true for u < uj. Therefore, we obtain

max Hy(s) = Hs(s3)

_AV2(u+2) | p+2
- 35 \ouriz MW

for u < py.
Finally, let s € (s, 50) . From Lemma 1.2 we have
4-5? b2
HOI < [(|a| +1e /1 @]
1 2 2
= ————(Bu—5)"+24) (=32 —1)s> + 12 (u + 1)’ := Hy(s).

2882 (31 + 1)
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3ud-2u2-7u—6

The smallest positive root of the function H} is s4 = 2 V2 AR v

p = uz = 2.16823.
Since p1 < p < o, we obtain sy € (s3,50) . Then, H3 takes maximum value at s4 and we get

maxHs(s) = Hs(ss)

1 3[.13+7‘L12—7‘Ll—3(3“3+7“2_71u_3)
18\ 26y - 5)1 + 3p) 1+ 312

= Is().

If 1 < pu < ppand u > po, where s is positive root of 9u® — 15> + 3 — 5, then we have
maxHs(s) = Hs(s0)
B (#—1)(3#2—2!1—1) 32 +4u+1
 (Gur-2u+3) I8+ 6 V3 —2u+3 " felp)
If u3 < p < wy,where s is positive root of 3u® — 2u* — 7u — 6, then we have
maxHs(s) = H;s(s2)
(3+H)<3#2+10#+3) Bu2+4p+1

(Gu2 +22u +11) B + 6 |32 +22u+11 "

Consequently, from (14), (15) and Ip(u) — I(u) we obtain bound of |A3].
Finally, we investigate the upper bound of |A4].

().

7048

for 1 < u < pp =~ 1.66667 and

(21)

Let 1.76208 ~ pg < p < ps ~ 9.54606, where s and 5 are positive roots of the 3u® + 12u2 — 35u + 8 and

3u? — 30u + 13, respectively.
After some calculations for A4 we have

-1 3u—1 1+ 6u+3u 4py + (u - 1) p?
a = E- D pS_(u )p1p2+( )p? Lt -1y
32 4(u-1) 96 (1 — 1) 64
and thus
(u-p Bu-1) (1+6u+3u2) | [4ps+ (u—-1)p2
[A4] < - et — 7 Pt T |
32 4(u-1) 96 (1 —1) 64
If we take
3u—-1
= 8-
and
Bk +6u+1
T % 1)

in (7), from (6) we obtain

3u—-1
< —
Ml < =

On the other hand if we rearrenge the A4, we can write

Ay

_webp [ Gu=n ] (Lot s (-1
I ST 3072 /1 64 '

(22)
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For1 < pu <3and p > 3in (8) and from (6) we have
3u? +30u + 25

A4l < T2 (23)
and
3u2 +42u — 11
Il < =, (24)

respectively. Consequently, from (22), (23) and (24) we obtain the result for [A4]. O
For u = 1 in Theorem 2.1 we obtained the following result.

Corollary 2.2. Let f(z) € S;(1). Then

1

29
sl < 52

9_ .
References

[1] RM. Ali, R. Chandrashekar, V. Ravichandran, Janowski starlikeness for a class of analytic functions, Appl. Math. Lett., 24 (2011)
501-505.
[2] J. Anderson, K. Barth, D. Brannan, Research problems in complex analysis, Bull. Lond. Math. Soc., 9 (1977) 129-162.
[3] R.M. Alj, V.Ravichandran, N. Seenivasagan, Sufficient conditions for Janowski starlikeness, Int. J. Math. Math. Sci., 2007 (2007) Article
ID 62925, 7 pages.
[4] ].S. Beissinger, Similar constructions for Young tableaux and involutions, and their applications to shiftable tableaux, Discrete Math., 67
(1987) 149-163.
[5] U.Bednarz, and M. Wolowiec-Musiat, On a new generalization of telephone numbers, Turkish J. Math., 43 (2019) 1595-1603.
[6] L.Bieberbach, Uber die Koeffizienten derjenigen Potenzreihen, welche eine schlichte Abbildung des Einheitkreises vermitteln, S.-B. Preuss.
Akad. Wiss., (1916) 940-955.
[7]1 L.De Branges, A proof of the Bieberbach conjecture, Acta Math., 154 (1985) 137-152.
[8] M. Caglar, H. Orhan, H.M. Srivastava, Coefficient bounds for g-starlike functions associated with g-Bernoulli numbers, ]. Appl. Anal.
Comput., 13 (2023) 2354-2364.
[9] C. Caratheodory, Uber den variabilitotsbereich der Fourier’schen konstanten von positiven harmonischen funktionen, §Rend. Circ. Mat.
Palermo, 32 (1911) 193-217.
[10] S. Chowla, I.N. Herstein, W.K. Moore, On recursions connected with symmetric groups 1, Canad. J. Math., 3 (1951) 328-334.
[11] Q. Deng, On circularly symmetric functions, Appl. Math. Lett., 23 (2010) 1483-1488.
[12] E. Deniz, Sharp coefficients bounds for starlike functions associated with generalized telephone numbers, Bull. Malays. Math. Sci. Soc., 44
(2021) 1525-1542.
[13] P.L Duren, Univalent Functions, Springer-Verlag, New York, 1983.
[14] P.L. Duren, Coefficients of univalent functions, Bull. Amer. Math. Soc., 83 (1977) 891-911.
[15] PL. Duren, Y. Leung, Logarithmic coefficients of univalent functions, J. Anal. Math., 36 (1979) 36-43.
[16] M.M. Elhosh, On the logarithmic coefficients of close-to-convex functions,]. Aust. Math. Soc. Series A, 60 (1996) 1-6.
[17] D. Girela, Logarithmic coefficients of univalent functions, Ann. Acad. Sci. Fenn. Math., 25 (2000) 337-350.
[18] W. Janowski, Some extremal problems for certain families of analytic functions I, Ann. Polon. Math., 28 (1973) 297-326.
[19] LR. Kayumov, On Brennan's conjecture for a special class of functions, Math. Notes, 78 (2005) 498-502.
[20] S. Kazimoglu, E. Deniz, H.M. Srivastava, Sharp coefficients bounds for starlike functions associated with Gregory coefficients, Complex
Anal. Oper. Theory, 18 (2024) Article: 6.
[21] D.E. Knuth, The Art of Computer Programming, Vol. 3. Boston, MA, USA: Addison-Wesley, 1973.
[22] V. Kumar, N. Cho, V. Ravichandran, H.M. Srivastava, Sharp coefficient bounds for starlike functions associated with the Bell numbers,
Math. Slovaca, 69 (2019) 1053-1064.
[23] RJ. Libera, EJ. Zlotkiewicz, Coefficient bounds for the inverse of a function with derivatives in P, Proc. Amer. Math. Soc., 87 (1983)
251-257.
[24] W.C.Ma, D. Minda, A unified treatment of some special classes of univalent functions, In: Proceedings of the Conference on Complex
Analysis (Z. Li, F. Ren, L. Yang, S. Zhang, eds.), Tianjin, China, 1992, Conference Proceedings and Lecture Notes in Analysis, Vol.
I, International Press, Cambridge, Massachusetts, (1994) 157-169.
[25] LM. Milin, Univalent functions and orthonormal systems, AMS Transl. Math. Monogr., 49, Proovidence, RI, 1977.
[26] IM. Milin, On a property of the logarithmic coefficients of univalent functions, In: Metric Questions in the Theory of Functions,
Naukova Dumka, Kiev, Russian (1980) 86-90.



E. Deniz et al. / Filomat 38:20 (2024), 7041-7050 7050

[27] IM. Milin, A conjecture regarding the logarithmic coefficients of univalent functions, J. Soviet Math., 26 (1984) 2391-2397.

[28] R. Ohno, T. Sugawa, Coefficient estimates of analytic endomorphisms of the unit disk fixing a point with applications to concave functions,
Kyoto J. Math., 58 (2018) 227-241.

[29] K. Pearce, Review of [16]. Math. Reviews, info review no. 96j:30013, 1996.

[30] C. Pommerenke, Univalent Function, Math, Lehrbucher, vandenhoeck and Ruprecht, Gottingen, 1975.

[31] M. Raza, H.M. Srivastava, Q. Xin, F. Tchier, S.N. Malik, M. Arif, Starlikeness associated with the Van Der Pol numbers, Mathematics,
11(2023) 2231.

[32] J. Riordan, Introduction to Combinatorial Analysis, Mineola, NY, USA: Dover, 2002.

[33] M.S. Robertson, A remark on the odd-schlicht functions, Bull. Amer. Math. Soc., 42 (1936) 366-370.

[34] M. Shafiq, H.M. Srivastava, N. Khan, Q.Z. Ahmad, M. Darus, S. Kiran, An upper bound of the third Hankel determinant for a subclass
of g-starlike functions Associated with k-Fibonacci Numbers, Symmetry, 12 (2020) 1043.

[35] Z.Ye, The logarithmic coefficients of close-to-convex functions, Bull. Inst. Math. Acad. Sin. New Series, 3 (2008) 445-452.

[36] A. Wioch, M. Wotowiec-Musial, On generalized telephone number, their interpretations and matrix generators, Util. Math., 105 (2017)
31-39.



