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Property (R) and hypercyclicity for bounded linear operators
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Abstract. Let H be a complex infinite dimensional separable Hilbert space and let B(#H) denote the algebra
of bounded linear operators acting on H. In this paper, we mainly characterize these bounded linear
operators T on H and their function calculus that satisfy property (R) by the new spectrum originated from
the single-valued extension property. Meanwhile, the relationship between property (R) and hypercyclic
property is also explored.

1. Introduction and preliminaries

Throughout this paper, C and IN denote the set of all complex numbers and the set of all non-negative
integers, respectively. Let H be a complex infinite dimensional separable Hilbert space and B(H) denote
the algebra of all bounded linear operators on . The unit closed disk on the complex plane C is denoted
by D. For T € B(H), T, N(T) and R(T) stand for the adjoint, the kernel and the range of T, respectively.
If R(T) is closed and n(T) < oo, then we call T is an upper semi-Fredholm operator, while T is said to be
lower semi-Fredholm if d(T) < oo, where n(T) and d(T) denote the dimension of N(T) and the codimension
of R(T), respectively. T € B(H) is a semi-Fredholm operator if T is either an upper semi-Fredholm operator
or a lower semi-Fredholm operator, while T € B(H) is a Fredholm operator if T is both an upper semi-
Fredholm operator and a lower semi-Fredholm operator. If T is semi-Fredholm, the index of T is defined
as ind(T) = n(T) — d(T). In particular, we call T € B(H) is a bounded below operator if T is upper semi-
Fredholm with n(T) = 0. If T is semi-Fredholm with ind(T) = 0, then T is said to be a Weyl operator.
The ascent and descent of T are defined respectively by asc(T) = inf{n € N : N(T") = N(T"*!)} and
des(T) = inf{n € N : R(T") = R(T"*!)}. If the infimum does not exist, then we write asc(T) = oo (resp.
des(T) = o). T is called a Browder operator if it is Fredholm of finite ascent and descent, equivalently, T
is semi-Fredholm and T — Al is invertible for sufficiently small A # 0in C. T is called an upper semi-Weyl
operator if it is upper semi-Fredholm with ind(T) < 0, while T is called an upper semi-Browder operator
if it is upper semi-Fredholm of finite ascent. The spectrum o(T), the approximate point spectrum o,(T),
the upper semi-Fredholm spectrum ogr, (T), the semi-Fredholm spectrum osr(T), the essential approximate
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point spectrum o,,(T), the Browder essential approximate point spectrum o,(T), the Weyl spectrum o,(T)
and the Browder spectrum o,(T) of T are defined respectively by

o(T) ={A € C: T — Alis not an invertible operator},

04(T) ={A € C: T — Al is not a bounded below operator},
osr,(T) = {A € C: T — Alis not an upper semi-Fredholm operator},
0e(T) = {A € C: T — Al is not an upper semi-Weyl operator},
oap(T) = {A € C: T — Al is not an upper semi-Browder operator},
0w(T) ={A € C: T — Al is not a Weyl operator},
0p(T) ={A € C: T — Al is not a Browder operator},
ose(T) = {A € C: T — Al'is not a semi-Fredholm operator}.

Let p(T) = €\ o(T), pu(T) = €\ 64(T), pulT) = €\ 0u(T), pse.(T) = €\ ase.(T), pse(T) = € \ osx(T),
Par(T) = C\ 04(T) and pyp(T) = C \ 0(T). 0o(T) is denoted by the set of all normal eigenvalues of T, that is
0o(T) = o(T) \ 0(T). For a set E C C, we write JE, intE, isoE and accE as the set of boundary points, interior
point, isolated points and accumulation points of E.

For a Cauchy domain ([1]) €2, if all the curves of JQ) are regular analytic Jordan curves, we say that Q
is an analytic Cauchy domain. For T € B(H), if o is a clopen subset of o(T), then there exists an analytic
Cauchy domain Q such that 0 € Q and [o(T) \ 6] N Q = 0, where Q is the closure of Q. We denote by E(o; T)
the Riesz idempotent of corresponding to o, i.e.,

E(o;T) = 2%1 f (AT -T)7tdA,
T

where I' = JQ is positively oriented with respect to Q in the sense of complex variable theory. In this
case, we have H(o; T) = R(E(0; T)). Clearly, if A € isoo(T), then {A} is a clopen subset of o(T). We write
H(o; T) = R(E(o; T)). We write H(A; T) instead of H({A}; T); if in addition, dimH(A; T) < oo, then A € go(T).

The single-valued property (SVEP) plays an important role for bounded operators on complex Hilbert
spaces. T € B(H) is said to have the single-valued extension property at Ay € C (SVEP at A for short)
if for any open disc ID,, centered at Ao, the only analytic function f : D), — X satisfying the equation
(T=AD)f(A) =0forall A € Dy, is the function f = 0 ([2]). Moreover, T € B(H) is said to have SVEP if T has
SVEP at every point A € C.

It is evident that T € B(H) has SVEP at every point of the resolvent p(T) and T has SVEP at every
point of the bounded do(T) of the spectrum o(T) according to the identity theorem for analytic functions.
Especially, T has SVEP at every isolated point of the spectrum o(T). Besides, if asc(T) < oo, then T has SVEP
at 0 and n(T) < d(T) ([3]).

The variants of Weyl’s theorem have been explored in lots of papers [5-6] since Weyl’s theorem was
discovered by Weyl ([4]) in 1909. Property (R) is one of these variants that has been introduced by Aiena,P.
in 2011, and was discussed by many authors ([8, 9]). T € B(H) is said to satisfy property (R) ([7, Definition
2.3)), if

0a(T)\0ap(T) = 1100(T),

where 1190(T) = {A € is00(T) : 0 < n(T — Al) < oo}. In the following, we will define a new spectrum stemmed
from the single-valued extension property to continue to study the property R.
The new spectrum set is defined as follows. Let

p1(T) = {A € C: n(T — Al) < oo, there exists € > 0 such that T and T*

both have SVEP at uif 0 < |u— Al <¢€},
and let 01(T) = C \ p1(T). Obviously, 01(T) € 0p(T) € o(T).
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Remark 1.1. (i) 01(T) may be an emptyset.
For instance, let T € B({*) be defined by

X2 X3
2737 )
Then T is a quasinilpotent operator with n(T) = 0 and o(T) = o(T*) = {0}. Thus T and T* both have SVEP at every
A € B%(0), where B°(0) is a deleted neighbourhood of 0. Hence o1(T) = 0 by the definition of p1(T).

(ii) 01(T) is a clopen set.

(a) If into(T) = 0 and n(T — A¢l) < oo for some Ay € o(T) Nacc{A € C : n(T — Al) = oo}, then 01(T) is not a
closed set.

For example, let A, B € B(£?) be defined by

T(xlr X2,X3," " ) = (0/ 0/

Xy X X3 X
A(x1/x2/x3/"') = (lell 32/ ?/"')/B(x1/x2/x3/”') = (O/xlror §/0/§/"')
A 0 0
0 B+I 0
and T € B(C*> & (*) be definedby T=| o0 0 B+ L , then 0 € o(T), n(T) =0 < coand 0 € acc{A € C :

n(T — Al) = oo} C acco1(T), but 0 & o1(T). Therefore 01(T) is not a closed set.

(b) 01(T) is a closed set when n(T — AI) < o0 or d(T — AI) < co for any A € into(T).

Suppose that n(T — Al) < oo for any A € into(T), then we claim that 01(T) is a closed set. In fact, if not, then there
exists a point Ag € do1(T) N p1(T). We can get there exists a deleted neighbourhood B°(Ag) of Ag such that T and T*
have SVEP at every A € B%(Ag) by the definition of p1(T). Take A1 € B%(Ag) No1(T), then there exists a neighbourhood
B(A1) € B%(Ao) of Ay such that B(A1) C 01(T). That is to say that Ay € into1(T) C into(T). Then n(T — A1l) < oo
and T and T* both have SVEP at every A € B%(A1) € B°(Ag), hence Ay € p1(T), which is a contradiction.

Assume that d(T— Al) < oo for any A € inta(T). Similar to the proof of the above, we can take A1 € B%(Ag)No1(T),
then we know Ay € intoy(T) C inta(T). Thus d(T — A1I) < co. So then, T — Al is Browder ([10, Lemma 3.4])
according to T and T* both have SVEP at A1, which is a contradiction to A € into(T).

2. Property (R) for bounded linear operators and their operator functions

In this section, we will give some characterizations for bounded linear operators and their function
calculus that satisfy property (R) by way of the new spectrum set 01(T). Let 04(T) = {A € C : R(T — Al) is not
closed }. Then we have the following inclusions.

Theorem 2.1. Let T € B(H), then the following statements are equivalent:
(1) T satisfies the property (R);
(2) op(T) = [01(T) Na(T)] U [acco(T) Nog(T)] U A € o(T) : n(T — Al) =

Proof. (1) = (2). The inclusion “ 2 ” is obvious. For the opposite inclusion, take arbitrarily Ay ¢ [01(T) N
oa(T)] U [acca(T) N o4(T)] U{A € o(T) : n(T — Al) = 0}, without loss of generality, suppose that A € o(T),
then n(T — Apl) > 0.

Casel Suppose that Ag ¢ 01(T), then 0 < n(T — Apl) < co and there exists €; > 0 such that T and T*
both have SVEP at every A € B%(A, €1), where B°(A¢, €1) is a deleted neighbourhood of Ag. If Ay ¢ acca(T),
then Ay € moy(T). Since T satisfies property (R), we can get Ag ¢ op(T). If Ay ¢ 04(T), then T — Aol is
an upper semi-Fredholm operator. By the punctured neighborhood theorem of semi-Fredholm operators,

there exists € < €1 such that T— Al is upper semi-Fredholm and N(T - AI) C ﬂ RUT-ADM]if0 < |A—Ag| <e.
Noting that T and T* both have SVEP at A, we know T — Al is a Browder operator ([10, Lemma 3.4]). From
N(T — AI) C ﬂ R[(T — A)")], we see T — Al is invertible. Namely, Ay € isoc(T). Therefore Ay ¢ o(T)

n=1
combining with the fact that T — Ayl is an upper semi-Fredholm operator.
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Case2 Suppose that Ay ¢ 04(T), then Ay € 0,(T) \ 0,(T). Since T satisfies property (R), we can get
Ao & ap(T).

(2) = (1). It is obvious that {[0,(T)\oa(T)] U 1to0(T)} N [01(T) N 0ap(T)] = 0, {[0a(T)\0w(T)] U 100(T)} N
[acca(T)Na4(T)] = 0, and {[o,(T)\ 0w (T)]UTteo(T)}N{A € o(T) : n(T—AI) = 0} = 0. Accordingly, [0,(T)\oa(T)]U
7100(T) = ao(T). It follows that T € (R). O

Remark 2.2. In Theorem 2.1, suppose T € B(H)) satisfies property (R), then each part of the decomposition of op(T)
can not be deleted.
(a) Let T € B(£?) be defined by
T(xlrx21 X3, ) = (O/ X2,X3,° " )r

then we have 0,(T) = {0, 1}, 0,4(T) = {1} and 1190(T) = {0}. So T € (R). But 0,(T) # [acca(T) No4(T)]U{A € o(T) :
n(T — Al) = 0}. That is 1(T) N 0,4(T) can not deleted.
(b) Let A, B € B({?) be defined by

A = (aij), aij = {
0
B

and put T € B{(* @ (*) be T = 0 ), then we have o,(T) = 045(T) = [-2,2] and 7too(T) = 0. Clearly, T € (R).

However, 6,(T) # [01(T) No,(T)]U{A € o(T) : n(T — AI) = 0}. So acco(T) N 04(T) can not deleted.
(c) Let T € B(L?) be defined by

li—jl=1
I

l_]l +1 ,B(x1,x2,x3,---) = (0/0/31_1”')/

1,
0,

T(xll X2,X3," " ) = (0/ X1,X2,X3,°** )/

then 0,(T) = 0(T) = ID and 1oo(T) = 0. It follows that T € (R). But 0p(T) # [01(T) Noap(T)] U lacco(T) N o4(T)],
we know {A € o(T) : n(T — AI) = 0} can not deleted.

Corollary 2.3. Let T € B(H), then the following statements are equivalent:
(DT e (R);
(2) op(T) = [01(T) Nasr, (T)] Uacco,(T) U{A € o(T) : n(T — AI) = 0);
(3) 0p(T) = do1(T) U [inta1(T) N o, (T)] U acca,(T) U{A € o(T) : n(T — AI) = 0};
(4) 64(T) = do1(T) U [acca(T) N a5 (T)] U{A € o(T) : n(T — AI) = 0}.

Proof. (1) = (2) By Theorem 2.1 we know that 04(T) = [01(T) Noap(T)] U [acco(T) Nog(T)]U{A € o(T) : n(T -
Al) = 0}.Since [01(T)Noar(T)] = [01(T)N0ap(T)Nase, (T)1V[01(T)Now(T)Npsk, (T)] € [o1(T)Nasp+(T)]Vacco,(T),
and acco(T)No4(T) = [acco(T) Noy(T) Nacco,(T)]Ulacco(T) No4(T) Nisoo,(T)] € acco(T)U[o1(T) Nosk, (T)],
we can get 0p(T) C [01(T) N osr, (T)] U acco,(T) U{A € o(T) : n(T — AI) = 0}. The opposite inclusion is clear,
then we have 0y(T) = [01(T) N sk, (T)] U acca,(T) U {A € o(T) : n(T — AI) = 0}.

(2) = (1) We only need to prove that 0;(T) = [01(T) Noa(T)]U[acco(T) Nog(T)]U{A € o(T) : n(T — Al) = 0}
by Theorem 2.1. The “ 2 ” is clear. Next we prove the opposite inclusion. acco,(T) = [acco,(T) N oy(T)] U
[accao,(T) N pa(T)] € [acco(T) Nog(T)]U[o1(T) Noaw(T)], thus op(T) € [01(T) Now(T)]U [acco(T) Noa(T)]U{A €
o(T) : n(T — Al) = 0}. It follows that T € (R) by Theorem 2.1.

(2) = (3) Noting that g1(T)Nogr, (T) = [o1(T)Nask, (T)NJo1(T)]U[into1(T)Nosr, (T)] € do1(T)U[into1(T)N
osr, (T)], then 0,(T) € do1(T) U [into1(T) Nasr, (T)] U acco,(T) U {A € o(T) : n(T — Al) = 0}. Also, the opposite
inclusion is obvious. Hence 0,(T) = do1(T) U [into1(T) N osg, (T)] U acco,(T) U {A € o(T) : n(T — AI) = 0}.

(3) = (2) Since do1(T) = [do1(T) N g1(T)] U [do1(T) N p1(T)] € [01(T) N ose, (T)] U acco,(T) and into1(T) N
ose, (T)] € 01(T) N ose, (T), 0p(T) C [01(T) N ose, (T)] U acco,(T) U {A € o(T) : n(T — AI) = 0}, we have
op(T) = [01(T) Noge, (T)] U acco,(T) U{A € o(T) : n(T — Al) = 0}.

(1) = (4) By Theorem 2.1 we have 64(T) = [01(T)Now(T)]U [acca(T)Nog(T)JU{A € o(T) : n(T—-AI) = 0}. Itis
evident thatacco(T)No4(T) C acca(T)No4,(T). Moreover, [01(T)No4(T)] = [01(T)Nou(T)Ndo1(T)]U[into1(T)N
oa(T)] € do1(T) U [acca(T) N 0,44(T)], thus 0,(T) = do1(T) U [acca(T) N agp(T)] U {A € o(T) : n(T — AI) = 0}.

(4) = (1) Observing that do1(T) = [do1(T) N o1(T)] U [do1(T) N p1(T)], [do1(T) N o1(T)] = [do1(T) N o1 (T) N
0ap(T)] U [da1(T) N 01(T) N pap(T)] € 01(T) N aap(T), and do1(T) N p1(T) = [do1(T) N p1(T) N oa(T)] U [do1(T) N
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p1(T) N pa(T)] C [acca(T) N 64(T)], we can acquire do1(T) € [01(T) N o(T)] U [acco(T) N o4(T)]. Besides,
acca(T) Nagy(T) = [acca(T) N aa(T) N og(T)] U [acco(T) Naap(T) N pa(T)] < [acco(T) Naa(T)I U [01(T) Noap(T)],
then do1(T) U [acco(T) N o(T)] C [01(T) N op(T)] U [acco(T) N 04(T)]. Combining with the fact that the
opposite inclusion is clear, we know that 03 (T) = [01(T) N0 (T)]V [acco(T)Noa(T)]U{A € o(T) : n(T—AI) = 0}.
Therefore T € (R) according to Theorem 2.1. [J

It is easy to see that if 0,(T)\ow(T) € pw(T) = o(T)\0w(T) and me(T) € pw(T), then T satisfies property
(R). Therefore the property (R) is closely related to 0,,(T), then we get the following inclusions.

Corollary 2.4. Let T € B(H), then the following statements are equivalent:
(1) T € (R);
(2) 04(T) = [01(T) Nosg, (T)] U {A € accon(T) : n(T = Al) # d(T — AI)} U {A € o(T) : n(T — AI) = 0}.

Proof. (1) = (2) The“ 2 ”is evident. By Corollary 2.3 we know that 6;,(T) = [01(T)Nosr, (T)]Uacco,(T)U{A €
o(T) : n(T — AI) = 0}. According to o(T) C 04(T), we have 0(T) C [01(T) N osr, (T)] U acco,(T) U {A € o(T) :
n(T — Al) = 0} = [01(T) Nose, (T)] U{A € accon(T) : n(T — Al) # d(T — A} U {A € acco(T) : (T — Al) =
d(T - AD}U{A € o(T) : n(T — AI) = 0} C [01(T) Noge, (T)] U {A € accon(T) : n(T — Al) # d(T — AD} U {A €
acco,(T) :n(T—Al) =d(T—-Al) = oo} U{A e C: (T = Al) = d(T — Al) < o} U{A € o(T) : n(T — Al) = 0}, and
{A €acco,(T) : n(T—Al) = d(T—Al) = oo} € 61(T) N sk, (T). Hence 04,(T) € [01(T) Nose, (T)]U{A € acco,(T) :
n(T — Al) # d(T — A} U {A € o(T) : n(T — AI) = 0}. It follows that 04, (T) = [01(T) N osr, (T)] U {A € acco,(T) :
(T — Al #d(T - AD}U{A € o(T) : n(T — AI) = 0}.

(2) = (1) Noting that 04(T) = 04,(T)U[04(T) N pu(T)] € [01(T) Nosr, (T)]Vacco,(T)U{A € o(T) : n(T-Al) =
0} U [0p(T) N pu(T)], and 0p(T) N pu(T) C accoq(T), we see that o,(T) € [01(T) N osr, (T)] U acco,(T) U {A €
o(T) : n(T — AL) = 0}. Also, 0p(T) 2 [01(T) Nosr, (T)] U acca,(T) U {A € o(T) : n(T — AI) = 0} is evident. Thus
T € (R) by Corollary 2.3. O

Similarly, in Corollary 2.4, we can also get each part of the decomposition of ¢,(T) can not be deleted
when T € B(H) satisfies property (R) and we can get the following fact from Corollary 2.3.

Corollary 2.5. Let T € B(H), then the following statements are equivalent:
(1) T € (R);
(2) 04(T) = do1(T) U [into1(T) Nose, (T)] U{A € accaq(T) : n(T — AL) # d(T — A)} U{A € o(T) : n(T — AI) = 0};
(3) 01(T) = do1(T) U [acca(T) Nase, (T)]UAA € acco (T) : n(T — Al) # d(T — A} U{A € o(T) : n(T — Al) = 0}.

For T € B(H), Hol(o(T)) denotes the set of all functions which are analytic on a neighborhood of ¢(T)
and are not constant on any component of o(T). Given f € Hol(o(T)), we let f(T) denote the Riesz-Dounford
functional calculus of T with respect to f ([12]). Before giving the results that f(T) € (R) forall f € Hol(o(T)),
we pay attention to the following fact firstly.

Remark 2.6. (i) T € B(H) satisfies property (R) does not imply f(T) satisfies property (R) for all f € Hol(o(T)).
Let A, B € B(£?) be defined by

Ax1,x2,x3,++) = (0,x1,x2,x3,-++), B(x1,x2,x3,---) = (0, %2, %3, +),

mwmuTz(AJIBgl)mmogﬂz{AeC:M—H=1MM—RUMD=%AECJA—H=Ham
mio0(T) = {=1}. So T € (R). Set fi(z) = (z + 1)(z = 1), then 0 € a,(fi(T))\oa(f1(T)), but 0 & moo(f1(T)). That is

1(T) ¢ (R).
he (z'z') I/(Ve)can not get T € (R) if there exists some f € Hol(o(T)) such that f(T) satisfies property (R).
Let A € B({?) be defined by (1) and let B € B(£?) be defined by B(x1,x2,x3,--+) = (0,0, %, x—;,---), and put
T=(A+I 0
0 B-1
T? € (R). However, 6,(T) = oa(T) = {A € C: |A = 1| = 1} U {~1} and moo(T) = {—1}. It follows that T ¢ (R).

), then 0,(T?) = 0ap(T?) = {re' : r = 2(1 + cos0), =% < 6 < Z} U {1} and rpo(T?) = 0. Hence
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From the above Remark, T and f(T) satisfy property (R) are not directly connected. In the following, we
will give the sufficient and necessary conditions such that f(T) € (R) for all f € Hol(c(T)) by means of o1(T).

Theorem 2.7. Let T € B(H), then f(T) € (R) for all f € Hol(o(T)) if and only if the following conditions hold:
(1T e (R),
(2) if oo(T) # 0, then 04(T) = [01(T) N 04(T)] U [acca(T) N o4(T)].

Proof. “ = ” (1) holds evidently.

For (2), “ 2 ” is clear. For the converse, we take A1 € 0o(T) when 0o(T) # 0. Then we firstly claim that
0(T) = 04(T) and isoo(T) € 0,(T), where 0,(T) = {A € C : n(T — AI) > 0}. In fact, take A2 € p,(T) and put
f(z) = (z = A1)z — A2), then 0 € a,(f(T)) \ ou(f(T)). Since f(T) € (R), we have f(T) is Browder and so is
T — Apl. Accordingly, T — A, is invertible. So o(T) = 0,(T).

Next, we prove isoo(T) € 0,(T). Take A3 € isoo(T) with n(T — AI) = 0 and set 01 = {11}, 02 = {A3} and

T, 0 O H(oy; T)
o3 = 0(T)\{A1, A3}. Then T can be represented as T = [ 0 T, O H(o2;T) Dby [11, Theorem 2.10],
0 0 Ts; ) H(osT),
[ f(T) 0 0 H(oy; T)
where o(T;) = 04,1 =1,2,3. Let f(z) = (z — A1)(z = A3), then f(T) = 0 f(T2) 0 H(oy;T) . We
0 0 f(Ts) ) H(os 1)

see that 0 € isoo(f(T)) and 0 < n(f(T)) < co. So, 0 € moo(f(T)). It follows that f(T) is Browder and so is T — A3l
according to f(T) € (R). Then we get T — A3l is invertible which is a contradiction. Hence isoo(T) € 0,(T).
We can obtain o;(T) = [01(T) N 04(T)] U [acco(T) N og(T)] U {A € o(T) : n(T — AI) = 0} by Theorem 2.1.
What’s more, {A € o(T) : n(T — AI) = 0} € acco(T) N 04(T) according to o(T) = 0,(T) and isoo(T) C o(T).
Consequently, 04(T) = [01(T) N 0(T)] U [acco(T) N o4(T)].

“ & " Take uo € 0,(f(T))\oap(f(T)) and assume that

f(T) = pol = (T = D)™ (T = AD)™ - (T = Ad)"g(T),  (x)

where A; # A; if i # j and g(T) is invertible. Since 0,(T) satisfies the spectral mapping theorem, then
we have A; € p,(T) U [04(T) \ 0,4(T)] and there must exist some j(1 < j < t) such that A; € g,(T) \ oa(T).
Combining (1) we have A; € 0o(T), hence oo(T) # 0. From (2), noting that {A € isoo(T) : n(T — AI) =
0} N {[o1(T) N 0(T)] U [acca(T) N ag(T)]} = 0 and p,(T) N {[01(T) N 04(T)] U [acca(T) N o4(T)]} = 0, thus
isoo(T) € 0,(T) and 0,(T) = o(T). Then T — A;I is Browder and so is f(T). Hence pg € moo(f(T)). For the
converse, take arbitrarily gy € mo0(f(T)) and supposed that f(T) — pol has the same decomposition as above
(#). Then A; € isoo(T) U p(T) and n(T — A;l) < oo for 1 < i < t and there must exist some j(1 < j < t) such
that A; € isoo(T) with n(T — A;I) > 0. Combining (1) we have A; € 0o(T), hence o(T) # 0. Then we can
get A; € moo(T) according to isoo(T) € o,(T). Due to T € (R), then A; € 6o(T). Accordingly, A; & o,(T) for
1 <i < t. It follows that f(T) — uol is Browder. It suggests that 7o (f(T)) € 04(f(T)) \ 0ap(f(T)). Therefore,
f(Me®). O

Corollary 2.8. Let T € B(H). Then f(T) € (R) for all f € Hol(o(T)) if and only if one of the following conditions
hold:

(1) 6(T) = [01(T) N 64(T)] U [acca(T) N o4(T)] U{A € o(T) : n(T — AI) = 0};

(2) 0p(T) = [01(T) N oap(T)] U [acca(T) N aa(T)]-

Proof. We firstly prove the sufficiency. If (1) holds, then o¢(T) = 0 from 0o(T) N {[01(T) N 04(T)] U [acca(T) N
04(T)U{A € o(T) : n(T — AI) = 0}} = 0. Hence we have 0,(T) = [01(T) N 0,4(T)] U [acca(T) N ox(T)] U {A €
o(T) : n(T — AI) = 0}. Then T € (R) by Theorem 2.1. Also, 6,(T) = 04,(T) and mp(T) = @ due to the fact
that 0o(T) = 0. In this case, 0,(f(T)) = f(0.(T)) = f(0a(T)) = 0a(f(T)) due to both ,(T) and o,,(T) satisfy
the spectral mapping theorem. It is easy see that 7o(f(T)) S f(moo(T)). Ultimately, f(T) € (R) for all
f € Hol(o(T)).

If (2) holds, then T € (R) is clear by Theorem 2.1. Suppose that oo(T) = 0, we have f(T) € (R) combining
with the fact that T € (R). Furthermore, we can get f(T) € (R) for all f € Hol(6(T)) by Theorem 2.7 when
oo(T) # 0.
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Next, we will prove the necessity. We know T € (R) is evident, so o,(T) = [01(T) N 0a(T)] U [acco(T) N
04(T)] U {A € o(T) : n(T — AI) = 0} by Theorem 2.1;

Case 1 We can conclude o(T) = [01(T) N 0,(T)] U [acca(T) No4(T)] U {A € o(T) : n(T — AI) = 0} under the
condition 0o(T) = 0. Namely, (1) holds.

Case 2 Under the condition oy(T) # 0, we can get (2) holds by Theorem 2.7. [

From Corollary 2.3 and Corollary 2.4 we can describe the property (R) for operator functions through
ow(T).

Corollary 2.9. Let T € B(H), then f(T) € (R) for all f € Hol(o(T)) if and only if one of the following conditions
hold:

(1) o(T) = [01(T) N s, (T)] VU acco,(T) U{A € o(T) : n(T — AI) = 0};

(2) 65(T) = [01(T) N oge, (T)] U A € acca,(T) : n(T — Al) # d(T — AD)}.

3. Property (R) and Hypercyclic Operators

For an operator T € B(H) and a vector x € H, the orbit of x under T is the set of images of x under
successive iterates of T:
Orb(T, x) = {x, Tx, T?x, Tx, - - .

A vector x € H is said to be hypercyclic if the set Orb(T, x) is norm dense in the whole space H. An

operator T € B(H) is called hypercyclic if it has a hypercyclic vector. HC(H) denotes the norm-closure of all

hypercyclic operators in B(H) and T € B(H) is said to have hypercyclic property if T € HC(H). Hypercyclic
property was proposed by Hilden and Wallen ([14]) in 1974. Kitai has studied many fundamental results
regarding the theory of hypercyclic property in her thesis [15]. Also, the relationship between hypercyclic
property and Weyl type theorem was explored by Cao ([16]). Then we will continue the work. The following
lemma gives the simple description of hypercyclic property due to Herrero ([17]).

Lemma 3.1. Let T € B(H), then T € HC(H) if and only if the following statements hold:
(1) 04,(T) U JID is connected;
(2) 0o(T) = o(T)\ay(T) = 0;
(3) VA € psp(T), ind(T — AI) > 0.

To begin with, we give examples which indicate that there is no direct relationship between property
(R) and hypercyclic property for T € B(H) firstly.

Example 3.2. For instance: (i) Let A € B({?) be defined by

X2 X3

A(xll X2, X3, ) = (0/ 0/ ?/ g/ :

..)/

and put T = A+ 1, then T € HC(H) by Lemma 3.1. But since 0,(T) = 04(T) = moo(T) = {1}, we know T ¢ (R).

Therefore T € HC(H) = T € (R).
(ii) Let T € B(€?) be defined by

T(xll X2,X3,° " ) = (O/ X1,X2,X3,°** )/
then T € (R). However, since YA € psp(T), ind(T — AI) < 0, we have T ¢ HC(H). Therefore T € (R) = T € HC(H).
(iii) Let T € B(L?) be defined by A, B € B((?) :

A(xlr X2,X3,*" ) = (Orxll X2, X3, )IB(xll X2, X3, ) = (0/ X2,X3,X4," " )/
A 0

0 B ) then we have ¢,(T) = dD U {0}, 0,(T) = dD and moo(T) = 0.
Also, YA € psp(T), ind(T — AI) <0. So T ¢ (R) and T ¢ HC(H). Thus there exists T € B(H) such that T ¢ (R) and
T ¢ HC(H).

and let T € B(¢> & €°) be defined by T = (
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(iv) Let T € B(L?) be defined by
T(xlrx2/ X3, ) = (x2/ X3, )r

then it is easy to see that T € HC(H) by Lemma 3.1 and T € (R). It follows that there exists T € B(H) such that
T e R)and T € HC(H).

In the following, we will give the conditions such that T € (R) and T € HC(H).

Theorem 3.3. Let T € B(H). Suppose that o(T) = [01(T) N {A € C: n(T — Al) = d(T — AI)}] U [acca(T) N a4(T)]
and o (T) U dID is connected, then T € HC(H) and T € (R).

Proof. We can acquire 0o(T) = 0 from oo(T) N {[o1(T) N{A € C : n(T — Al) > d(T — AI)}] U [acco(T) Noy(T)] = 0.
Also, {A € psp(T) : ind(T — AI) > 0} N {[o1(T) N {A € C : n(T — AI) > d(T — AI)}] U [acca(T) N oa(T)] = 0, so
VYA € pse(T), ind(T — AI) > 0. Therefore T € HC(H) combining the fact that 0,,(T) U JD is connected by
Lemma 3.1.

Next, we will prove T € (R). It follows from (2) and (3) of Lemma 3.1 that o(T) = 0,(T) = 0,(T) = 05(T)
. Observing that 01(T) N {A € C : n(T — Al) > d(T — A} € 01(T) = 01(T) N o(T) = 01(T) N ox(T), thus
0p(T) € [01(T) Now(T)] U [acca(T) Noy(T)] € [01(T) N aap(T)] U [acco(T) N oa(T)]U{A € o(T) : n(T — Al) = 0}.
Moreover, [01(T) N o(T)] U [acco(T) N ox(T)] U {A € o(T) : n(T — Al) = 0} € 0p(T) is evident. Hence
op(T) = [01(T) N oap(T)] U [acco(T) Nog(T)] UA{A € o(T) : n(T — AI) = 0}. It follows that T € (R) by Theorem
21. O

Remark 3.4. If T € (R) and T € HC(H), we can not get o(T) = [01(T)N{A € C: n(T — AI) > d(T — AD)}J U
lacco(T) N o4(T)].
For example: Let A € B(L?) be defined by
X2 X3

A(x1/x2/x3/ o ) = (lell ?/ 31 e )/
and put T = A +1, it is easy to see that T € HC(H) and T € (R). But since 6(T) = {1},01(T) N{A € C: (T — AI) >
d(T — AD} = acca(T)Noy(T) =0, o(T) # [o1(T)N{A € C: n(T — AI) > d(T — AD)}] U [acca(T) N a4(T)]. Then we

will give the necessary and sufficient conditions for which T € HC(H) and T € (R).

Corollary 3.5. Let T € B(H), then T € HC(H) and T € (R) if and only if 6(T) = [o1(T) N{A € C: n(T — Al) =
d(T — AD} U [acco(T) N oy(T)] U{A € 04(T) : n(T — AI) = 0} and 6,(T) U dID is connected.

Proof. “ = " We only need to prove o(T) = [01(T) N {A € C : n(T — Al) > d(T — AI)}] U [acco(T) Noa(T)] U {A €
04(T) : n(T — Al) = 0} by Lemma 3.1. The inclusion “ 2 ” is clear. For the opposite inclusion, we know that
0p(T) = [01(T) N ox(T] VU [acco(T) N og(T)] U {A € o(T) : n(T — Al) = 0} by Theorem 2.1. It follows from
T € HC(H) that o(T) = 01(T) U [acca(T) N a4(T)]U{A € 0,(T) : (T — AI) =0} = [o1(T) N{A € C: n(T — Al) >
A(T-ADNU[o1(T)N{A € C: n(T—Al) < d(T—-AD)}]U[acca(T)Noa(T)]U{A € 0,(T) : n(T— Al) = 0}. Meanwhile,
noting that 01(T) N{A € C : n(T — Al) < d(T — Al)} C acco(T) N oy4(T), thus o(T) = [o1(T) N{A € C: n(T - Al) 2
d(T — AD}] U [acca(T) N ag(T)] U {A € 6,(T) : n(T — AI) = 0}.

“

& ” Using the same way from the proof of Theorem 3.1, we can conclude that T € HC(H) and
Te(R). O

Remark 3.6. In Corollary 3.5, each part of the decomposition of oy(T) can not be deleted when T € (R) and
T € HC(H).
(1) “01(T) N{A € C: n(T — AI) > d(T — AI)}” can not deleted.
Let T € B(¢?) be defined by
T(x1,x2,%3,-+) = (X2, X3, +),

then T € HC(H) and T € (R) by Lemma 3.1. But since 6(T) = ID and acco(T) N c4(T) = {A € 0,(T) : n(T — Al) =
0} = JID, we have o(T) # [acca(T) N az(T)] U {A € 0,(T) : n(T — AI) = 0}.
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(ii) “acco(T) N a4(T)"” cannot deleted.
Let A, B € B((?) be defined by

— @) a =] Lli—i=1 =002 % .
A= (al])/al] - { 0’ |l_ ]l *1 /B(x1/x2/x3/ ) - (O/O/ 2’ 3 ’ )/
andset T = ( 13 103 ) ThenT € HC(H) by 3.1and T € (R). But since o(T) = [-2,2], o1(T)N{A € C : n(T - AI) >

A(T = A} =0, and {A € 0,(T) : n(T — AI) = 0} = [-2,0) U (0,2], we have o(T) # [01(T)N{A € C: n(T — Al) >
A(T — AD} UA{A € 0,(T) : n(T — AI) = 0}.

(iii) “{A € 0,(T) : n(T — AI) = 0}” can not deleted.

Let A € B(£?) be defined by
X2 X3
5 ’ 3 AR )/
andletT = A+1. Then T € HC(H) by Lemma 3.1and T € (R). But since o(T) = {1} and 61(T)N{A € C : n(T—AI) >
d(T — AD} = acco(T) N o4(T) = 0, we have o(T) # [01(T) N{A € C: n(T — Al) > d(T — AD}] U [acca(T) N o4(T)].

A(x1/x2/ X3, ) = (0/ X1,

From Corollary 2.3, we can acquire the following results.

Corollary 3.7. Let T € B(H), then the following statements are equivalent:

(1) T e (R)and T € HC(H);

(2) o(T) = do1(T)Ulacca(T)N{A € C : n(T — Al) = d(T — A} U [acco(T) Nog(T)]U{A € 0,(T) : n(T — Al) = 0}
and 04,(T) U JID is connected;

(3) o(T) = do1(T) U [acca(T) N osr, (T)] U {A € acca,(T) : n(T — AI) # d(T — A} U {A € 0,(T) : n(T — AI) = 0}
and 0, (T) U JID is connected.

In the following, suppose that T € HC(H), then the condition of equivalence that T € (R) will change.
We get the following results.

Theorem 3.8. Let T € B(H). Suppose that T € HC(H), then T € (R) if and only if o(T) = 01(T) U [acca(T) N
04(T)]U{A € o(T) : n(T — AI) = 0}.

Proof. “ = ” We have 0,(T) = [01(T) N o(T)] U [acco(T) N o4(T)] U {A € o(T) : n(T — AI) = 0} according
to T € (R) by Theorem 2.1. So, from T € HC(H), we conclude that 01(T) N o,(T) = 61(T) N o(T) = o1(T).
Therefore 6(T) = 01(T) U [acca(T) No4(T)] U{A € o(T) : n(T — Al) = 0}.

“ & ” we only need prove that mpo(T) = @ based on 0,(T) = 04(T). Observing that roo(T) N {o1(T) U
[acca(T) N o4(T)] U {A € o(T) : n(T — Al) = 0}} = 0 and 710o(T) € o(T). Thus mpo(T) = 0. O

Corollary 3.9. Let T € B(H). Suppose that T € HC(H), then the following statements are equivalent:
(1) T € (R);
(2) o(T) = do1(T) U acca(T) U {A € o(T) : n(T — Al) = 0};
(3) 0(T) = [01(T) N Gea(T)] U [acca(T) N aa(T)] U {A € o(T) : n(T = Al) = O,
(4) f(T) € (R).

According to Corollary 2.3 and Corollary 3.7, we can get the following corollary.

Corollary 3.10. Let T € B(H). Suppose that T € (R), then the following statements are equivalent:

(1) T € HC(H);

(2) o(T) = [01(T)N{A € C: (T — Al) = d(T — AD}] U [acco(T) N o4(T)] U {A € 6,(T) : n(T — AI) = 0} and
0(T) U dD is connected;

(3) o(T) = do1(T)Ulacca(T)N{A € C : n(T — Al) = d(T — A} U [acca(T) N o 4(T)]U{A € 0,(T) : n(T — AI) = 0}
and 0,(T) U JID is connected;

(4) o(T) = do1(T) U [acco(T) N osr, (T)] U {A € accon(T) : n(T — Al) # d(T — A} U {A € 0,(T) : n(T — AI) = 0}
and 0,(T) U dD is connected.
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Let T € B(H) be defined by
A(x1, X2, %3, +) = (0,1, %2, X3, -+ ), B(x1, X2, X3, - +) = (x2, %3, ),
A 0
0 B
0,(T) : n(T — AI) = 0} and 04, (T) U dID is connected. The results are true in above conclusions.

andletT = ( ) Then o1(T) =D, o(T) = [o1(T)N{A € C : n(T—AI) > d(T - A} U[acca(T)Naz(T)]U{A €
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