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Impact of quasi-constant curvature in f (R, G) and f (R, 7)-gravity
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Abstract. In this article it is illustrated that a spacetime of quasi-constant curvature is a static spacetime as
well as generalized Robertson-Walker spacetime under certain restrictions on the associated scalars. As a
consequence, we prove that such a spacetime becomes a Robertson-Walker spacetime and belongs to Petrov
classification I, D or O. We investigate this spacetime as a solution of f (R, G)-gravity and f (R, 7")-gravity
theories and describe the physical explanation of the Friedmann-Robertson-Walker metric. With the models

f(R,G) =2R + AG (A is constant) and f (R, 7) = R+ 27, several energy conditions in terms of associated
scalars are explored.

1. Introduction

A spacetime is nothing but a Lorentzian manifold M* with the signature (—, +, +, +) for the Lorentzian
metric g, admitting a globally time-oriented vector. Numerous scholars, including ([4], [17], [18]]), have
explored spacetimes in different ways.

According to [2], [9], [10], a generalised Robertson-Walker (GRW) spacetime is a Lorentzian manifold
M" (n > 4), whose metric can be written as

2
ds* = — (dxl) + gy, ,,dx" dx™ (1)
in which non-constant g = g (xl) being a function dependent on x! and g, ,, = gj,,, (x*) are only funftions
of x% (vy,vp,v3 =2,3,...,n) .*The equation also be constructed as the warped product —7 X» M, the

interval 7 in R is open and M indicates (1 — 1)-dimensional Riemannian manifold. The GRW spacetime

becomes a Robertson-Walker (RW) spacetime if dim. of the Riemannian manifold M is 3 with constant
curvature.

M* is described as a perfect fluid spacetime (PFS) if the Ricci tensor Ry, satisfies

R = c19u + diugu,

(2)
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in which cj, d; are scalars and the flow vector u; is a unit time-like vector. IN general relativity (GR), the
matter field is described by 7, called the energy-momentum tensor (EMT) and since, heat conduction term
is absent, the fluid is named perfect [20]. In a PFS, the EMT [25] is of the form

T = (P + }1) gy + P, 3)

where p and p stand for energy density and isotropic pressure. According to the Einstein’s field equations
(EFE),

1
Ry — 3 guR = «T, (4)

where « denotes gravitational constant, R = g¥'Ry; stands for the Ricci scalar.
The conformal curvature tensor ngk for M* is described by

1 R
Cf’jk = Rl’jk ) {%J’Ri - 9ikR; + R - 5;Rik} s {55%'1' - 5;.‘71’k} (5)

1

in which Rf,jk denotes the curvature tensor.

Chen and Yano [11]] obtain the resulting expression of the curvature tensor in order to examine a conformally
flat hypersurface of Euclidean space

Riijk = a {gzkgij - gljgik} +p {glkuiuj — Gl + gijlilg — gikuluj} , (6)

where 1y, is a unit vector, often known as the generator, and «, § are scalars. A manifold with quasi-constant
curvature, abbreviated by (QC),, is an n-dimensional conformally flat manifold obeying (6).

However, it is easily proved that a manifold of quasi-constant curvature becomes conformally flat.
Therefore, conformally flatness is not necessary according to the definition. Instead of considering a
conformally flat manifold, Vranceanu [30] defined the idea of almost constant curvature using the same
equation as (). Afterwards Mocanu [24] demonstrates that the manifold proposed by Chen and Yano [11]
are manifolds of the same type as those Vranceanu introduced. Many authors have studied a manifold
with quasi-constant curvature, including ([5], [11], [15], [31]) and many others. If Rj;j obeys (@), then M*
is called a spacetime of quasi-constant curvature. Here, we suppose that 1 is a unit time-like vector, that
is, e = =1, u* = gMuj. If B = 0, then it becomes spacetime of constant curvature. Throughout the
paper we adopt that  # 0 and the term “(QC),-spacetime” refers to a 4-dimensional spacetime with quasi-
constant curvature. The 4-dimensional Lorentzian manifolds of quasi-constant curvature are conformally
flat solutions of EFE for perfect fluid matter [28], and are referred to as infinitesimally spatially isotropic in
physical literature.

The scientific world as a whole accepts the idea that our Cosmos is currently going through an accelerated
phase. Standard GR cannot describe accelerated expansion without the addition of new concepts or
elements, collectively referred to as dark energy. According to GR theory, it is commonly accepted that
energy conditions (ECs) are essential resources for studying black holes and worm holes in various modified
gravities ([3]], [6], [14], [19], [21]). The Raychaudhuri equations [26], which methodically produce the ECs,
express the intriguing nature of gravity through the positivity condition Ryu'u* > 0, u' is a null vector. In
GR theory on matter, through the EFE, this geometric criterion is the same as the null EC (NEC) Tuuluk > 0.
Certainly, the weak EC (WEC) reflects that Tuuluk > 0, for every time-like vector u' and preserves a
positive local energy density. Several modifications and in-depth research have been done on EFE in
[7].The “ f (R, G)-gravity theory”[14] was one of these modified theories. It was developed by changing the
previous Ricci scalar R by a function of R and G, the Gauss-Bonnet (GB) invariant. The “f (R, 7)-gravity
theory, ” discovered by Harko et al. [19], was another modified theory. This is an extension of f (R)-gravity
(31, [6]) in which the trace 7~ of the EMT is directly linked to any arbitrary function of R. In this article, we
consider two new models, for instance, f (R, G) = 2R + AG (A is constant) and f (R, 7") = R+ 27 to explain
different ECs.
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In [12], it is illustrated that a (QC),-spacetime is a RW spacetime and a Ricci symmetric (V,Rj = 0)
(QC),-spacetime belongs to Petrov classification I, D or O. Also, they characterize (QC),-spacetime in

f (R)-gravity.

In this article, we illustrate that a (QC),-spacetime with some restrictions on the associated scalars
becomes a GRW spacetime as well as static spacetime and finally we prove that such a spacetime reduces
to a RW spacetime. Also, it is shown that a (QC),-spacetime belongs to Petrov classification I, D or O
without assuming Ricci symmetric (V,Rjx = 0). Then we study (QC),-spacetime solutions in f (R, G) and
f (R, T)-gravity, respectively.

After introduction in Section 2, the analysis of (QC),-spacetime is presented. Finally, we provide
(QC),-spacetime solutions in f (R, G) and f (R, 7")-gravity in the last two Sections.

2. Spacetime of quasi-constant curvature

Definition 2.1. [32] A vector v, on M* is called torse-forming if
Viok = @gi + Qo

being Q) a non-vanishing one-form and ¢ is a scalar function.

If vy is unit time-like, the aforementioned equation has the form

Vﬂ)k =@ {ZJﬂik + glk} .

Theorem A. [23] A M* is a GRW spacetime iff it permits a unit time-like torse-forming vector vy: Vjvx =
@ {vor + gi} and vy is an eigen vector of Ry.

Multiplying (6) with g/, we get

Rk = Ba = B) g + 2pugii, (7)
which is a form of PFS.
Again, multiplying (7) with g, we have

R=6Q2a-p). 8)

If a spacetime is of quasi-constant curvature, then the spacetime becomes conformally flat. Then we have

Cﬁjk =0 )
and

Vil -ViLy =0, (10)
where

R R

Ly = —% + 15 Tk (11)

Using (7) and (§) in (II), we get
a
Ly =~ {E i+ ﬁuzuk} . (12)

Substituting ([12) in (10), we obtain

% {qigie — augie} + {Bis — Pruiture + B lus (Viug) — ui (Viug)}
+ BA{(Viu) = (Viui)h ug = 0, (13)
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where a; = Via and f; = Vip.
Multiplying with g and u¥, respectively, we have

3&1' _

- Bi — Bruiu’ — Pu; (Vzul) — Bu' (Viuy) = 0

and

% {aiuy — aqui} + {Brui — B} + B{(Viui) — (Viug)} = 0.
Again, multiplying (I5) with 1/, we get
1alului + ﬁlului + ﬁul (Viu;) = 0.

Adding equations (T4) and (T6), we have

1
a; = {ﬁ (V;ul) + Ealul} Uj.
If & # constant, then (I7) becomes
a; = pu;,

1
where 1 = 5(Vlul) + zalul.
From (15) and (T8), it follows that

{Brui = iy + P (Vi) = (Viun)} = 0.
Using (19) in (13), we obtain

1

5 laigi = cugic) + B {wy (Vi) = i (Vi) = 0.
Equations (16) and (I8) together imply

Bi = —Buut‘ui — pu' (Viuy) .
If B; = —Biu'u;, then becomes

ﬁu’ (Vﬂ/l,') =0.
Multiplying (20) with 1!, we get

1

3 {Oéiuk - azulgik} -p {(Vz’uk) + u! (Vl”k)} =0.
Using (22) in (23), we have

1

B(Viug) = 5 {Ofiuk - alulgik}-

From (18) and (@4), it follows that

Viuy = i {9 + wiug},

26

7460

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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that is, u; is a unit torse-forming vector.
Multiplying (7) with u!, we have
leu’ =3 (0( - ﬂ) Uy, (26)

that is, u; is an eigen vector of Ry.
If @ = constant, then we have from (24),

Vi =0, since by assumption 8 # 0. (27)

A spacetime is said to be stationary if uy is Killing and static ([27], [29], p. 283) for irrotational vector uy. A
static spacetime is the outcome of R X S if it has the metric

gt )] =gs[yl - B(y)dr,

gs stands for a Riemannian metric on S.
We define the Lie derivative denoted by £, in a smooth vector v as

£vgkl = VkUl + Vﬂ]k.

Since Vjuy = 0, hence £,gy = 0, which entails that u; is Killing. Further V;u; = 0 infers 1 is irrotational.
Therefore, the spacetime is static. Thus, we conclude:

Theorem 2.2. A (QC),-spacetime with B; = —pju'u; represents a GRW spacetime for a # constant and static
spacetime for a = constant.

Itis commonly circulated that every static spacetime belongs to Petrov classification I, D or O. Consequently,
under consideration a (QC),-spacetime is of Petrov classification I, D or O ([13]], Section 10.7). Consequently,
we state:

Corollary 2.3. A (QC),-spacetime with p; = —fju'u; and a = constant belongs to Petrov classification I, D or O.

From equation (7), we infer that the (QC),-spacetime represents a PFS. If « is constant, then from (17), we
have V! = 0, that is, the velocity vector is divergence-free. Therefore, the acceleration vector and the
expansion scalar both vanish. Hence, we provide:

Corollary 2.4. A (QC),-spacetime with a = constant is expansion scalar-free and acceleration vector-free.
The local components Fi.j of the Levi-Civita connection on warped product (1)) are [16]

_

dxt’

The local components of the conformal curvature tensor which in general does not vanish identically, are

(28)

I e IS B S R D
1"11—1"%1—1"%1—0, rij_rij' r1i—§’75ir r}j__iqquijlq

*
1(R *

Cnii = 5 {5 g — Rli} (29)
and .

_ gl 1% o 5% . 5% R /s & % %

Cijk = €7 { Ruij = 5 (Rijgzk — Rig); + Rugj; — legik) s (glkgij - gljgik) . (30)
Since a spacetime of quasi-constant curvature is conformally flat, =7 X M is conformally flat. Then from
[29), we find

*
xR
R = 3 8 (31)

In light of (30), substituting into Cjijx = 0, we get
*

* R (s« » * %
Riijre = 3 {gijglk - gikglj} ’ (32)
*
that is, M is a spacetime of constant curvature. Thus, we write:

Theorem 2.5. A (QC),-spacetime with §; = —ﬁlului and a # constant becomes a RW spacetime.
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3. f (R, G)-gravity

7462

Here, our attention is directed towards a particular class of modified gravity models, f(R,G) and the

gravitational action term is

1
S= o f V=9f (R,G)d*x + Siat,
Smat 1s the matter action and GB invariant G is represented as
G= RZ + Rli]‘leijk - 4lele.
The action term equation yields the gravitational field equations of f (R, G)-gravity by
R
Rix — 5 Ik = KT ik + Lk,

where

T = ViVifr + 2RV Vi fo — guOfr — 2guROfc — ARV Vi fa
+ 4R1kDfG - 4R;(V,Vlfc + 4glkRi7ViijG + 4RlijkVinfG

+(1 - fr) (ﬂlk - gglk) - % (Gfc +Rfr = f) -

of

d
Here, fr = 3R’ fc = % and O indicates the d”Alembert operator.

(33)

(34)

(35)

(36)

In the framework of f (R, G) modified gravity, the ECs are derived using the modified gravitational field

equations, with the following outcomes

NEC = u+p >0,

WECe pu>0 and p+p=20,
DECe&= u>0 and p+p=>0,
SEC= u+3p20 and p+p=0,

in which DEC and SEC denote the dominant EC and strong EC, respectively.
Equation (7) infers that

R* = (3a — B) g™ + 2pu'ui*.
Equations (7) and together imply
RuR* = 360% — 36ap + 126
From (), it follows that
Rlifk — a{glkgij _ gljgik} +ﬁ{glkuiuj — ik + gt _gikuluj}‘
Multiplying (6) and @3), one infers
RiijRIE = 2407 — 24ap + 1282
Equations (8), (34), and (43) together give the GB invariant as
G =24a(a - p).

(37)
(38)
(39)
(40)

(41)

(42)

(43)

(44)

(45)
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Consider a flat Friedmann Robertson Walker (FRW) metric
ds? = a® (1) {dx® + dy? + d22) - dP?, (46)

in which a (t) indicates the scale factor of the Universe. Given a perfect fluid equation of state for ordinary
matter in the FRW background, the field equations for f (R, G)-gravity are as follows:

2H fr + 8HH fo = H fr + 4H° fo — fr — 4H2 fG, (47)

247‘{3fc + 67'{2fqg = fRR - 67’{f7{ - f (R,G) + GfG, (48)

- . . . a. ..
where the overdot represents a derivative with respect to the time coordinate t and H = - indicates the

Hubble parameter. Moreover, we acquire

R =6 (2H* + H) (49)
and

G = 24H* (H? + H). (50)
From (8), (5), and (50), we acquire

H +2H? = 2a - B (51)
and

H? (H + H?) = a(a—p). (52)
Solving (51) and (52), we obtain either

H>=a-p and H=p (53)
or,

H? =« and H = -p. (54)
In a cosmological framework, the deceleration, jerk, and snap parameters can be described as:
Since H = g , with the help of (53) we get

gza, %=d+a7-( and %=&+20¥7—(+a2. (56)
From (53), and (56), it follows that

s=q2+2(j+q)+L2. (57)

(a—p)

Also, from H = Z and equation (54) we find

g:a—ﬁ, %:o'z—ﬁ+(a—‘8)‘l-(and%:(‘)Z—B+2(0'z—ﬁ)(H+(oc—ﬁ)2. (58)
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Equations (54), (55) and (58) reflect that

i

s=q2+2(j+q)+ (59)

a?
Thus, in a (QC),-spacetime obeying f (R, G)-gravity, the deceleration, jerk, and snap parameters are linked

by 67) or, €.
The following subsection deals with the ECs for a f (R, G)-gravity model.

A.f(R G) = 2R + AG
For this model, the equation (36) becomes
1
Lk = 5 R = Rk (60)
Using in (85), we infer

2R — R = T . (61)

Here, we consider (QC),-spacetime solutions in f (R, G)-gravity equation assuming the EMT is of the shape

(). Then equations @), (7), (8) and (61) reflect that
{kp + 6a — 4B} g1 + {1<p + Ky — 4ﬁ} wuy = 0. (62)

Multiplying with u'u*, we have

p=—. (63)

K
Again, multiplying (62) with ¢’ and using (63), we arrive

48 -6
p= P a‘ (64)

K

The ECs for this setup can now be discussed using (63) and (64).

43 43
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Fig. 1: Development of y with respecttoa@  Fig. 2: Development of u + p with respect to
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B+ 3p

Fig. 3: Development of y — p with respect to « Fig. 4: Development of u + 3p with respect to a
and f8 and

It is seen from Fig. 1 and Fig. 2, the energy density and y + p can not be negative for the parameters
a,p € [1,1.2] and for higher values of @ and §, it is high. NEC and WEC are satisfied because NEC is a part
of WEC. Fig. 3 shows the u — p profile which has a positive range. Utilizing Fig. 1, 2 and 3, we conclude
that DEC is satisfied whereas Fig. 4 indicate that SEC is not verified, and this result infers the late-time
acceleration of the Cosmos[22]. Moreover, every outcomes compatible with the ACDM model [1].

4. f (R, 7)-gravity

Now, we study the PFS of quasi-constant curvature obeying f (R, 7)-gravity. Our hypothesis states that
the action term for the modified theories of gravity has the subsequent shape:

_ FRI)
S—f\/ g{Lm+ Tor d*x (65)
in which L,, is the matter Lagrangian density. The EMT of the matter is described as
2 OLn+-
T = ——Tg . (66)
Vo

The field equations of f (R, 7 )-gravity are
{Ric = ViV + g} fe (R, T) + {T + Oul} fr (R,T)

1
~ 5 fRT) gy~ 81Ty =0 (67)
) d
in which fg = %, fr = Wf and
i 0°L
= Lng — 2T 5 — 27—,
O g — 2T — 29 PYCERT (68)

Using equation (3), we acquire the variation of stress energy as
O = pgi — 2T i (69)
In conducting our research, we consider the model outlined below:

FRT)=R+2T. (70)
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Equations (67) and (70) together produce
1
R +{2 - 81} Ty — 5 (R+27) ik + 20y = 0. (71)

When Harko et al. [19] derived the field equations, they did not consider the conservation of the EMT.
However, the EMT’s conservation was assumed by the author of [§]. In the (QC),-spacetime solutions to
the f (R, T)-gravity equation, we assume that the EMT is conserved.

Making use of (@), (8), and provide us

{87p +3a — 2B+ T} gi + {(8n +2) (p + y) - 2/5} u = 0. (72)
Multiplying (72) with ¢ and u'u*, respectively, we have

4{8rp+3a -2+ T} —(8n+2)(p+p)+28=0 (73)
and

—{8mp+3a—28+T )+ (8n+2)(p+p)-28=0. (74)
Multiplying (2?) with g, we obtain

T =3p—p. (75)
Using (75), from (73) and (74) it follows that

_ 28(8m+3)—3a (87 +2)

(81 +2) (87 + 4) (76)

and

3 3a(8m+2)+28

B BreD@red) @n

Using (76) and (77), the ECs for this configuration can now be discussed.

Fig. 5: Development of y with respecttoa and f  Fig. 6: Development of u — p with respect to a« and
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p+3p

Fig. 7: Development of u + 3p with respect to & and j

2
Figs. 5 indicates that y is positive for the parameters «, § € [1,1.2] and consequently p +p = ﬁ has a

positive range. From Figs. 6 and 7, we conclude that DEC is verified for the parameters a, § € [1,1.2] but
the SEC is not valid. Furthermore, both WEC and NEC are met for this construction.

5. Discussion

Exploring (QC),-spacetime solutions in relation to f (R, G)-gravity and f (R, 7 )-gravity has been the
primary focus of this paper. The deceleration, jerk, and snap parameters in the quasi-constant curvature
spacetime obeying f (R, G)-gravity have been demonstrated. Our findings have been assessed both analyti-
cally and graphically in this instance. Our formulation was constructed using the analytical technique, and
two cosmological models, such as f (R, G) = 2R+ AG and f (R, 7) = R + 27, were evaluated for stability.
The EC profiles for the first model are displayed in Figs. 1, 2, 3, and 4. The evolution of y for the parameters
a,p € [1,1.2] has been found to be non negative. NEC, WEC, and DEC were satisfied, but SEC violated the
terms of the agreement. These results, however, agree with the ACDM model. Figs. 5, 6, and 7 display each
energy condition for the second model, just like they did for the first. Our findings for the second model
agree with the first model’s results.
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