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On geometry of Lorentzian immersions with non-null hyperelastic
curves

Tunahan Turhan?®

Stileyman Demirel University, Tiirkiye

Abstract. We characterize Lorentzian submanifolds by using non-null hyperelastic curves along a
Lorentzian immersion defined between suitable two Lorentzian manifolds. We introduce a Lorentzian
hyperelastic immersion as a map that carries a hyperelastic curve in the submanifold to a hyperelastic
curve in the ambient manifold by the isometric immersion theory. Then, we investigate the characteriza-

tion of submanifolds by using hyperelastic curves along Lorentzian immersions. Also, we exemplify the
findings.

1. Introduction

The geometry of submanifolds is a fascinating and complex field that deals with the study of manifolds
embedded in higher dimensions. A particularly important problem within this area of mathematics is
the study of izometric immersions between two Riemannian manifolds. An isometric immersion is the
imbedding of a manifold, defined as a total manifold into another manifold called the ambient, locally
and conserving distance. On the other hand, the geometry of manifolds with certain curves were first
studied on Riemannian manifolds in [7]. They presented the idea of a circle and expressed some important
characterization about submanifold. Then, Ikawa gave the concept of a helix in a Riemannian manifold
and he studied the behavior of helices immersions defined between two Riemannian manifolds, [5].

Lorentzian immersions are particularly important in space-time theory because a function defined in
a differentiable way at any point in space-time can provide information about the motion of space-time.
Lorentzian immersions are mathematical tools used in modeling the dynamics of space-time. In [2], Graves
has studied isometric immersions defined between two Lorentzian space. The main goal of the author
in that study is to make classification, up to a proper motion of ambient Lorentzian manifold, of all such
immersions.Then, special classes of parallel submanifolds in Lorentzian space R]' and Euclidean space
of signature (2, m — 2) R} have investigated. Magid has classified all umbilical submanifolds as well as
isometric immersions R" — RT”‘, R} — R’l”2 and R} — R’;*z with paralel second fundamental forms, [3].
Also, in [14], Ikawa surveyed curves in an indefinite-Riemannian manifold. The author studied circle and

helix with respect to causel character of tangent vectors of curves and gave characterization related with
Lorentzian submanifold.
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Besides these studies, the concept of elastic curves and hyperelastic curves has been used recently in
the characterization of submanifolds. In [12], the authors presented the role of hyperelastic curves which
are general type of classical elastic curves on the theory of immersions on Riemannian manifolds. Also,
they gave relations between hyperelastic curves and umbilical submanifolds. Then, in [13], Riemannian
maps were studied with the help of hyperelastic curves. Such maps are very important tools for study and
comparing the geometry of two manifolds. Recently, biharmonic curves and triharmonic curves have also
been studied along Riemannian submersions and Riemannian transformations, [15-17].

In this work, we first give some geometric materials related with Lorentzian immersion and the main
problem of the paper. Then, we establish isometric Lorentzian immersions which transport non-null
hyperelastic curves in section 3. Given that an arbitrary non-null curve taken from the submanifold carry to
a non-null hyperelastic curve in the ambient manifold, we give to the isotropic condition of the Lorentzian
submanifold. Also, we define the notation of Lorentzian hyperelastic immersion. By using Lorentzian
hyperelastic immersions, we give some characterizations of the Lorentzian submanifolds with respect to
mean curvature vector field of the manifold, curvature and torsion of the non-null hyperelastic curve in the
submanifold. At last, we obtain some results for constant sectional curvature Lorentzian manifolds. Then,
we give an example for our findings.

2. Materials and method

In this section, some geometric concepts of Lorentzian submanifolds and some formulas which are
subsequently useful are given.
Let R} indicate the pseudo-Riemannian n—space with the canonical metric of index s defined by

g = —Zsldxf + Zn: dsz.,
i=1

j=s+1

where (x,, ..., x,) is the coordinate system of R}. Let M be an m— dimensional C* manifold endowed with
a metric g. If the signature of the metric g is s, then M is known an indefinite-Riemannian manifold of
signature s. If s = 1, then M is known a Lorentzian manifold. Also, if g is positive definite, then M is
called a Riemannian manifold. A vector w in IR] is called spacelike (timelike or lightlike, respectively) if
(w,w) >0 (w,w) < 0,{w,w) =0 and u # 0, respectively). A curve a in R? is known spacelike (timelike
or lightlike, respectively) if its velocity vector &’ is spacelike (timelike or lightlike, respectively) at each
point. Let f : M — M be an isometric immersion of an n—dimensional Lorentzian manifold M into an
(n + p)-dimensional Lorentzian manifold M. With V (V respectively), we denote the connection of M (M
respectively). So, we can give following the Gauss and Weingarten which are important formulas for
submanifolds theory.

Assume that & and A stand for the second fundamental form and the shape operator of M, respectively.
For X, Y € x(M) and V € x(M)*, Gauss and Weingarten formulas are

VxY =VxY +h(X,Y), 1)
and

VxV = -AyX + DyV, (2)
where D is the connection in the normal bundle. Also, we have the following relation

<Ay (X),Y>=<h(X,Y),V >. 3)
On the other hand, from the Gauss and Weingarten formulas, we obtain

RX,Y)Z=RX,Y)Z~ Az X + Ay Y + (Vxh) (4 2) = (V) (X, 2) (4)
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where R and R are the Riemannian curvature tensor fields of M and M, respectively and Vxh is a symmetric
J(M)—bilinear function (M) X x(M) — x(M)* (see, [9]). Also, for the covariant derivative of &, we have

(Vxh) (¥, 2) = Dxh (Y, 2) = h (VxY, Z) = h (Y, VxZ) (5)
and covariant derivative of shape operator A is

(VxA)y Y = Vx (AvY) — Ap,vY — Ay VxY. (6)
In addition, we have the following equality for i and A,

< (Vxh)(%,2),V >=< Vx(A), Y, Z > . 7)
If h (X, Y) satisfies

h(XY)=<X,Y >H, 8)

then M is known a totally umbilical submanifold and H is the mean curvature vector field. If the second
fundamental form & zeros identically on M, then M is called totally geodesic, [5, 8].

Definition 2.1. Let R"* be the (n + d)-dimensional pseudo-Euclidean space and N be the connected pseudo-
Riemannian manifold. An isometric immersion ¢ : NI — R is called pseudo-isotropic at p € NI if

< h(u,u),h(u,u) >= A(p) € R

does not depen on the choice of the unit tangent vector u € T,N and ¢ is said to be pseudo-isotropic if ¢ is pseudo-
isotropic at each point of NI. Also, if A is a constant function, the immersion is called constant pseudo-isotropic,
[8, 18]

Definition 2.2. Hyperelastic curves are known as crucial points of the functional ¥, = f (k" + A)ds for a natural
number r > 2. Also, these curves are called as free hyperelastic curves if A = 0, [1].

Critical points of the bending energy functional ¥, are characterized by the Euler-Lagrange equation
V2 (1721 T) +x"2R(V, T, T)T + £0£1V(AT)=0, 9)

for some constant b € R and

_2r-1
Ty

A

K +Db (10)

[10].
Let y be a unit speed non-null curve in a Lorentzian manifold M. Then, the Frenet apparatus of y are
established as

VrN; = —€i-1%iNj-1 + €ikisiNir,  0<i<n-1

where k1 = k¥ > 0, k2, k3, K4, ..., Kn—1 are curvatures of y and N, = T the unit tangent vector field, N; = N
the unit normal vector field and N, = B the unit binormal vector field. Also, xgN_1 = x,N,, = 0 and
& =< Ni,Ni >= $1, [6]
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3. Geometry of the Lorentzian Submanifold by Non-null Hyperelastic Curves

In this section, firstly, some important equations and relations will be obtained for use in the rest of the
work.

Consider two Lorentzian manifolds, denoted as M and M. Let i be an isometric immersion where y
represents a non-null curve on M and y(s) = i o y (s) denotes corresponding non-null curve with curvature

¥ in M. Additionally, we assume that ¥ (s) is a non-null hyperelastic curve in M. By applying (9), it follows
that

v, (% 2VrT) +% *R(V1T, )T + €01 Vr(AT)=0, 11)

for some constant b € R and

2r—1_,
= K
’

A

+D. (12)
For the first component of (11), from (1) and (2), we find

=2/, o=
Vi (®72ViT) = V2 (EVST) + h(T, V1 (EV1T) - Agr,n T
+DT5h (T, VTT) - VT (Aéh(T,T) T) —h (Aéh(T,T) T, T) (13)
_ADTé;h(T,T)T + D%Eh (T, T) ,

where & = (k% + ||k (T, T)||2)% and « is the curvature of y in M. For the second component of (11), if (4) and
(1) are used and the necessary calculations are made, we obtain

TR (ViT,T)T = ER(VT, T) T — EAprny VT + EAnw,1n) T

. . 14
+& (Vy,7h) (T, T) = & (V2h) (V1 T, T). (49
If we use (13) and (14) in (11), we get
V2 (EVLT) + 1 (T, V1 (EV1T)) + Dr&h (T, VrT) = Vi (AgurnT)
~&h(Aurn T, T) = AprnrnT + D3 (T, T) + ER(VT,T) T (15)
—EAyrn)VTT + & (VVTTh) (T, T)-¢ (vTh) (VrT,T)
+&0e1Vr (AT) + 8081/\1’1 (T, T) =0,
where
A= er— L@ + Ih(T, TID)S + b,
On the other hand, the tangent part of (15) is
V2 (EVrT) = Vi (AguanT) = Apranan T + ER (VoT, T) T (16)
_CEAh(T,T)VTT + €0£1VT (/\T) =0.
Making use of (6) and (5), we have
Vr (Aéh(T,T) T) =Vr (A)Sh(T,T) T+ ADTéh(T,T)T + Aéh(T,T)VTT (17)

and

&(V1h)(T,T) = EDrh (T, T) - 2£h (V1T, T), (18)
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respectively. Using (17) and (18) into (16), we obtain

V2 (EVLT) = VA nT = 2ApronrnT — 28A @y T

19
_4£Ah(VTT,T)T - ZEAh(T,T)VTT + &R (VTT, T) T+ o1V (AT) =0. ( )

Substituting Frenet equations of y in (19), we get

£0€1 (As —3&KkKs — ZKZES) T + (e1&xKss — €0K3E + 2e1K:Es + €1E5sk — E2KT2E + €9AK)N
+ (2e1%5TE + €162KTE + 2€160kTEs) B — 4Ex Ay T — 2ExApr )N (20)
= 2Ap,emrn T + 28AwyanT + VrAaanT - &R (N, T)T.

Then, the inner product of (20) with T and using (18), we have

81(A5 — 351(1{5 - 21{255) — 651{ <h (T, N) ,”l (T, T) >=2< A(Dréh)(T,T)Tr T >
—4xé < Ah(T,N)T/ T>+< VTAéh(T,T)T/ T>.

With aid of (3), (18) and (7), we can write
e1(As — 3&xKs — 2k°E) =2 < (T, T), D& (T, T) > + < EW(T, T), Drh (T, T) >
= 2DrIH(T, TP + 3Dl (T, 1) I el
= &((r = 2)(* + I (T, T) IP) "Ik (T, T) I + ;)DT”h (T, DI
Also, take into consideration the normal part of (15), we have

1(T, Vi (EV1T)) + Dr&h (T, V1T) = & (A T, T) + D2&h (T, T)
+& (Vy,rh) (T, T) = & (Vrh) (VrT, T) + e0e1Ah (T, T) = 0. (22)
From (5), we obtain
ED3 (T, T) = &(V3h) (T, T) + 4EDrh (T, V1 T) - 2&h (V1 T, V1T)
— 2£h(T, VAT). (23)
Combining (23) with (22) and using (5), we find

1 (T, &V 1T) + 4&h (T, VAT) + 5(Dr&I(T, V1 T) + 4& (Vrh) (T, V1 T)
+3&h (V1T,V1T) - &h (Ayrn T, T) + (DRI, T) + 2ADr&)(Vrh)(T, T)
+& (V%h) (T,T) + & (th) (T, T) — eoes AL (T, T) = 0.

If we use the Frenet equations, we get
e1(k&s + &K + 5(DrE))(T, N) + de162Exth (T, B) + 4e1x (V) (T, N)
+3&1% (N, N) + 2(Dré)(Vrh)(T, T) + e1&x (Vh) (T, T) = eger (4Ex* — DI (T, T)
+&h (AurT, T) = e0e1 A (T, T) = (V&) (T, T) . (24)
If we change B with —B in (24) and from (24), we find
h(T,B) = 0. (25)

Thus we have proved the following proposition.
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Proposition 3.1. Assuming i is an isometric Lorentzian immersion from one Lorentzian manifold M to Lorentzian
manifold M and y represents a non-null curve with curvature x on M such that y(s) = i o y(s) is a non-null
hyperelastic curve with & in M. If any of the given statements hold true, then it can be concluded that M is actually
an isotropic Lorentzian submanifold.

(i) r =2, namely y(s) is an non-null elastic curve,
(ii) « is a constant when < # 0.

Proof. Lety = y(s) be a non-null hyperelastic curve and y(s) be a non-null curve with curvatures x and x, respectively.
(1) If r = 2, so, we have from (21)

Drllh (T, T)|* = 0. (26)

This means that ||l (T, T)|| is constant. So, M is an isotropic Lorentzian submanifold.
(i) Now, let the curvature x be a constant. We have following equation from (21),

&((r=2)(* + I (T, T) IP) Mk (T, D IP + $)Drlih (T, T) IP = 0.
Also, because of k # 0 and r > 2, then we obtain (26). [
By the Proposition 3.1, we can give following corollary without proof.

Corollary 3.2. Assume that y(s) = i o y (s) with curvature X is a non-null hyperelastic curve in M. M is totally
umbilic Lorentzian submanifold, if M is isotropic.

Besides, we present the notion of Lorentzian hyperelastic immersion.

Definition 3.3. A Lorentzian hyperelastic immersion is a type of isometric immersion from one Lorentzian manifold
to another, such that every non-null hyperelastic curve on the submanifold is mapped to a non-null hyperelastic curve
on Lorentzian manifold.

Now, we give following theorem for Lorentzian hyperelastic immersions.

Theorem 3.4. Ifiisa Lorentzian hyperelastic immersion between Lorentzian manifolds M and M and y is a non-null
hyperelastic curve with constant curvature x in M, then M is a totally umbilical and the following condition is satisfied

D7H = CH, (27)

where H is the mean curvature vector field, C = eo(e1x? + IHI? - 81%) = const. and T is the tangent vector field
of y. Conversely if the isometric immersion between two Lorentzian manifolds is totally geodesic, then it is also a
Lorentzian hyperelastic immersion.

Proof. Assuming i is a non-null hyperelastic immersion between two Lorentzian manifolds M and M, and
¥ (s) is a non-null hyperelastic curve in M with a constant curvature k and the tangent vector field T,the
curve y satisfies (9) and (10). Therefore, by Proposition 3.1, we can see that M is an isotropic Lorentzian
submanifold. Additionally, as 7 is a non-null hyperelastic curve in M, we have (11) and (12). Using
Corollary 3.2, we can conclude that M is a totally umbilical. As a result, equation from (24) can be written
as:

4eiEx (VTh) (T,N) + 3&x2h (N, N) + 1Ex (th) (T, T) = 4ege1 Ex2h (T, T)

— eoe1Eh (AT, T) + AR (T, T) = & (V2h) (T, T) . (28)

Changing N into —N in (28), we get

48k (vTh) (T,N) + &x (th) (T,T) = 0. (29)
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If we use (29) into (28), we have
—e1&k?H = & < AygnT, T > H — ey AH — & (V2h) (T, T).
Hence, by means of (3) and (23), we obtain
—e1&x?H = E|HIP H - e1AH — eoED2H.

So, we have
2 (o2 2 A
D7H = go(e1x” + [[H]| —élg)H-

On the contrary, if we assume that an isotropic immersion between two Lorentzian manifolds is totally
geodesic and y is a non-null hypereastic curve with «, then i o y satisfies the equation (11) and (12). O

Furthermore, the subsequent result can be presented.

Corollary 3.5. Assuming i denotes a hyperelastic immersion and y represents a non-null hyperelastic curve with
constant curvature in M, it follows that the torsion of y remains constant.

Proof. If i is a non-null hyperelastic immersion and y is a non-null hyperelastic curve with the constant
curvature x in M, then from (20), we can write

(—801{2 — 82’1'2 + 80/—;)1\] + €1€2TSB = 4Ah(N,T)T + 2A}1(T,T)N. (30)

Also, the inner product of equation (30) with the unit normal vector field N yields

1 A
IHIE = 5 (—K2 — eger® 4 E)' (31)
From by assumption |[i(T, T)|| = const. = ||H|| and (31), the torsion 7 of non-null hyperelastic curve y is a
constant, too. [

A non-null curve y in a Lorentzian manifold M is called a non-null elastic curve (or elastica) if it satisfies
(9) with (10) for r = 2 [10]. A characterization of Lorentzian submanifolds that are totally umbilical can be
obtained by analyzing the behavior of non-null elastic curves in relation to a Lorentzian immersion, as per
the theorem presented.

Theorem 3.6. Consider an immersion i : M — M between two Lorentzian manifolds M and M , such that it maps
every non-null elastic curve with its tangent vector T, curvature x and torsion T to another non-null elastic curve on
M. Under these conditions, it follows that M is totally umbilical and the mean curvature vector field H satisfies

1
D%H =5 (80(261 —1))K? — 1% — g9(2e1 — 1A + 81%)111, [|H|| = const.. (32)

Conversely, if the Lorentzian submanifold M is totally umbilical, and its mean curvature vector field H satisfies the
equation given in (32) and Dy, rH = 0, then any non-null elastic curve on M is mapped to another non-null elastic
curve on M by the immersion i : M — M.

Proof. Assuming that y (s) is a non-null elastic curve in the Lorentzian submanifold M, with unit tangent
vector field T, we can derive the following equation

(Vi)> T+ R(V7T, T) T + eoe1Vr (AT) = 0
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with aid of (10) for r = 2. Because of  is a non-null elastic curve with curvature « in M, we obtain (11) with
(12) for r = 2. From Proposition 3.1 and Corollary 3.2, M is totally umbilical Lorentzian submanifold. For
r = 2, if we use (30) and taking inner product with N, we obtain

1
||H||2 == (8081& - 6082’[2 +A- Kz). (33)
2 K
Also, in case of r = 2, by straightforward calculation, the normal part is
D3H = g9 (—e1A + e16* + |HIP) H, (34)

Using (33) in (34), we get (32).
Now, we suppose that M is totally umbilical and H satisfies (32). Also, we have

=3
ViT = V3T — eoVr(IHIP T) — e1(x* + |HIP)H + eoD2H. (35)
To continue calculations, if we add R(V1T, T)T + eoe1 V(AT) both sides of (35) and using (1), (4), (27), we get

—3 — — —
VT (T) +R(VTT, T)T+VT(AT) = V‘;’.(T) + 60€1VT((A — 261||H||2)T) (36)
+R (VTT, T) T - ¢ (DVTT) H.
Because of y is a non-null elastic curve in M, the tangent part of (36) is given as
(V1) T+R(VrT, T) T + &1V (AT) = 0,
where
3 2 PR
A= S+ b, (37)

for b = b + 2&1||H|]?. Also normal part of (36) is found zero if D, ,H =0. O

4. On Constant Sectional Curvature Lorentzian Manifolds

In this section, some characterizations will be given for Lorentzian manifolds with constant sectional
curvature by utilizing the theorems and results obtained in the previous section. Since the proofs were
given in detail earlier, the results obtained here are presented without proof. Assume that M is a Lorentzian
manifold with constant sectional curvature C. So, we have

RX,Y)Z=C(<ZX>Y-<ZY >X).

So, from (9), a unit speed non-null curve y = y(s) parametrized by arc length s is a non-null hyperelastic
curve if it satisfies

V2 (k" 2VrT) +Ci’ 2V T + £9e1 V(AT)=0 (38)

with (10), ([10]).
On the other hand, let M be a Lorentzian submanifold of Lorentzian manifold M with sign ¢ and dim M > 2.
If M is totally umbilic and M has constant sectional curvature C, then the norm of mean curtavure [|H|| is

constant and M has constant sectional curvature C + ¢||H|[%, [9]. Then, we have the following corollary as a
result of Theorem 3.4 and Corollary 3.2 .

Corollary 4.1. If an immersion i satisfies the conditions of being a Lorentzian hyperelastic immersion between a

submanifold M (dim M > 2) and a Lorentzian manifold M with constant sectional curvature C, then M can be
characterized as an isotropic Lorentzian submanifold of M. Additionally, M has a constant sectional curvature

C=C+ e||H|[?, where H represents the mean curvature vector field.
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In additionally, we give some well know results for non-null elastic curves on the Lorentzian plane
and a pseudo-hyperbolic space Hj. A non-null elastic curve on Lorentzian plane satisfies the following
differential equation

o 1lg 1
K —EK—E/\K—O, (39)

[4]. The equilibrium equation of the spacelike elastic curve on the pseudo-hyperbolic space is given as
follows

7 l
2 453 = (5,7 + )% =0, (40)

where o is the tension parameter, x, is the geodesic curvature and r is the radius of the pseudo-hyperbolic
space, [11].
Now, we present an example of Lorentzian elastic immersion.

Example 4.2. Assume that x and y be coordinate functions of R3. Then, the immersion i is given as
i: RI — Hj cR3
(w,v) — (**+y?2xy,0)
where (x* — y*)? = 1. On the other hand, suppose that « is a curve defined as follows

a: ICR - RR?
t — (cosht,sinht)

Since the curvature k of o is equal to 1, from (39), we can say that o is an spacelike elastic curveand (i o a)(t) = (cosh 2t,sinh 2t,0) .
By straightforward calculation and using (40), we can see that this curve is an elastica on Hy. So, the immersion i is
a Lorentzian elastic immersion.

Lastly, we get the following result from Theorem 3.6.

Corollary 4.3. Suppose we have a Lorentzian manifold M and a Lorentzian manifold M(C) with constant curvature,
and let i : M — M(C) be a Lorentzian hyperelastic immersion between these two manifolds. Let y be a non-null
elastic curve with curvature x, torsion T, and unit vector field T. Under these conditions, M is totally umbilical, and
the mean curvature vector field H satisfies the following condition

D2H = (% - 6162’[2)1—1, \[H|| = const.. 1)

On the other hand, if M is a Lorentzian submanifold of a Lorentzian manifold M with constant sectional curvature
C, and it is totally umbilical such that the mean curvature vector field satisfies the condition given in (41), then the
corresponding image of a non-null elastic curve y in M is also a non-null elastic curve in M.
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