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New discrete operators from generalized Baskakov operators
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Abstract.In this paper, we propose three new operators, which are obtained from composition of gener-
alized Baskakov-Szdsz operators with Szdsz, Lupas and operators based on Laguerre polynomials. It is
observed here that the new operators are expressed in the discrete form. We also provide their moment
generating functions, which may be useful in finding several other convergence results in different settings.

1. Introduction
For a > 0, Mihesan in [9] considered the following operators
- v
W* — a e
Wi = Yt S(37)

_ax p,(ma v
where w?, (x) = e" T plmd) _x

T s, po(ma) = T (Nm); @ and (m); = TTyZo(m + 1), (m)o = 1. Tt was
obtained by the generating function

—m at _
(1-p™™e" = kE=O pr(m, a)k—!.

(1)

)
Particularly, if 2 = 0, then the operators (1) becomes Baskakov operators.
The generalized Baskakov-Szdsz operator (see [3]) is defined by
—q bl o0
V. Hx)=m Z wfnlv(x)f s,(mt) f(t)dt, 3)
v=0 0

where s,(r) = eV /v! is Szdsz-Basis function.

In the present article, we introduce three new discretely defined operators by composition of (3) with
three operators namely Szdsz, Lupas and the operators based on Laguerre polynomials. We consider differ-

ent parameters m and n, in case m = n we get immediately the approximation operator. We obtain moments
and basic convergence theorems. The lot of work may be done on such new operators.

Throughout the paper, we denote exp ,(f) = e’ and Bc[0, ) denotes the class of bounded continuous
functions on positive real axis.
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2. Composition with Szasz operators

We can take a composition of an with the Szdsz-Mirakyan operators S, to obtain a new approximation
operator Cj, , as follows:

(Cuh) = (V0 5uf)(x).
For m = n, we get the approximation operator Cj , = Cj.

Theorem 2.1. A concise form of Cy, ,, can be given by

(Clrzn,nf) (x) = Z Ck,m,n (x)f (5) ,

k=0
where
. _ meTiw k+v)a amx '
@ = A (m+n)k+1zo( ) -(<m+n><1+x>) Hon Lt v

U(a, b, z) is the Tricomi's confluent hypergeometric series. In particular if a approaches to zero, then

k
20 mn mx
- F ket my, —"%
Comn () = (m+n) (14 1( i ’(m+n)(1+x))

Proof. We have

Conf) ) = m;wfn,v(x) j; msv(mt)g‘sk(nt)f(g)dt
= Y

k=0
where
mnt > (kv m o\
Cemn () Gty Z(;( v )wm,v(x) (m - n)
3 m i (k + v) o Pu(m,a) ( nx )v
1+ (m+ n)k+1 o v \m+n)1+x)
me” T - a’ amx Y
= At 0" (m+ n)kﬂ VZ( ) o ((m +—n)(1 +x)) Um,1+m+v,a).
|

Remark 2.2. For non-negative constant a > 0, we have

—m

(Wi, exp 4)(x) = e%(E%_l) (1 +x- xe%)
Also, for Szidsz—Mirakyan operators [6, Eq. (8)], we have
(Sn epr) (x) = exp (nx (eA/” - 1)) .

Proposition 2.3. For the operators I_/fn, there hold

m(m — A)"!

(anepr)(x) = = A= Ax)" exp((

axA
1+x)(m—-A))"
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Proof. Simple computation after applying (2) leads us to

el 0 o=ttt (111 £)V
m Z Wy (%) [) #e““dt
v=0 ’

m w1 i po(m,a)  x¥ m’
e l+x
m—A (1 + x)m ~ vl (1 +x)y (m—-A)yY

(V,, exp,)(x)

3 m w1 xm - axm

B VARG [1 G +x)(m—A)] eXp(a Y —A))
m(m — A)"1 axA

(1 — A — Ax)n eXlD((1 +x)(m—A))'

O

Proposition 2.4. For the operator Cj, ,,, there holds

n,ms

m(m + n — ned/myn-1 ) ( axn(e/™ — 1) )

m+n(1 + x)(1 — eAlmyym (1 + x)(m + n — neAln)

(Chnexpy)(x) = ( (

Proof. By applying Remark 2.2, we have

(Chaexp)®) = (V0 Sexp,)@)
= (VZ1 eXPyparn_1)) ().
The result immediately follows by applying Proposition 2.3. [

Theorem 2.5. If m is a natural number then for f € Bc[0, o0), we have
Iim (G5, A0 = (S,

lim (Cf,nf (%)) (mx) (Prf)(x),

n—oo

where S, and P, are respectively Szdsz-Mirakyan and Post-Widder operators given by

1

- - —rt/xyr=1
T0) s e ML f(H)dt.

k) k
S =Y B fim, @ =

k=0
Proof. By Proposition 2.4 and by [1, Th. 1.1], we have
lim (C;,, exp)(x) = exp((=1+¢€*")nx) = (S,e*)(),
leads us to
lim(CL, A0 = (Si)H).
Finally
31_%10 (Cf,n exp;, /m) (mx) = 1" (r—isx)”" = (Prexp,)(x),

thus we get

tim (Co,f () om0 = @0

n—o0

O
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3. Composition with Lupas operators

A. Lupas [7] introduced the following important operator, which is defined by

(o)

L@ =Y 0 g ( ) 20,

k=0

Later Agratini [2] studied these operators in details.

We can take a composition of VZ with the Lupas operators L, to obtain another new approximation
operator Dy, ,, as follows:

m nf)(x) = (Vo Lﬂf)(x)
The approximation operator can be obtained in above m = n.

Theorem 3.1. A concise form of Dy, ,, is given by

(D3 )3) = de,,,n wr(k),

where

o v+1

1 W, (X)m S i)
— v _1 —1 i -,
B () K12k VZ:;d vi(m + nlog2)r+! ;( ), (m + nlog?2)

In particular if m = n, then

) LS w0 L, i+
B (X) = klzkzv;(l.;_logz)wl Z(_ ’1(1+log2)"'

Proof. Thus using (u); = Zlf_o(—l)k‘isk i.u', where sy ; is Stirling number of first kind, we can write

(D5, ) = mzwmv(x) f Sv(mt)z_m %)kk f( )

i dZ,n,n (x)f(g) 7

k=0

where

(o)

_ < (mt)’
dZnn (x) = @ Zow[rzn,v(x)f(; e Tz " (ﬂt)kdt
= klzkzwm"(x f —mt— ntlogZ(mt) Z( 1)k lskz nt) di’

m, v( k— Ti’lv+1 (l + V)'
= 1)is i .
ki2k Z Z( ) (m +nlog2)i+v+1

O
Proposition 3.2. The operator DY, , satisfies

m(m + nlog(2 — et/m))ym-1 —axnlog(2 — e'™)
[(m + n(1+ ) log(2 — eAmy]™ <P\ (1 + x)(m + nlog(2 — eAm)) )"

(D nexpy)x) =
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Proof. Using kZO %zk = ﬁ, |z] <1, and (2), we can write

. a . —nt . (nt)k k/n
mz_;wmlv(x)ﬁ sy(mt)2 kz_;‘_klz"EA dt

. ~ —m mt)” ny—n
= mzéwfn,v(x)fo e t%(Z—eA/) tdt

(Dfn,n eXpA)(x)

B m 1 [1 ~ xm }m
m + nlog(2 — eAm) (1 + x)™ (1 + x)(m + nlog(2 — eA/m))
axm ax
P ((1 + x)(m + nlog(2 — eA/m)) 1+ x)

_ m(m+nlog(2 —et/")"! —axnlog(2 — e'™)
T [+ n(1+x)log(2 — eAlmypr ((1 T x)(m + nlog(2 — eA/n)))'

O

Theorem 3.3. For f € Bc[0, o0), we have

lim (D5, () = ),
lim (3,N@ = (LA,
lim (s, (5 o) = eHw,

where L, and P, are respectively Lupas and Post-Widder operators.

Proof. By Proposition 3.2, and by [1], we have

lim (D7, , exp;)(x) = e,

implying
lim (D4, f)() = f(x).

Next

is/n)fnx

Tim (D), exp )@ = (2= ") = (L, exp (),

leads us to

lim (D, )0 = (La)).

m—o0

Finally

lim (D‘j/m exp; /n) (nx) = 1 (r—isx)”" = (Prexp;)(x),

n—oo
thus we get

tim (D5, () o) = PP

n—o0o

where L,, and P, are respectively Szasz-Mirakyan and Post-Widder operators [
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4. Composition with operators based on Laguerre polynomials

Sucu et al [10] introduced by means of the Laguerre polynomials, the following operators defined for
x€[0,00),>—-1andn € N as

@ne = emma Y o (FH)4K) @

n
k=0

where Lf (—x) are the modified Laguerre polynomials defined in terms of confluent hypergeometric series

by
(ﬁ )

Lf(~x) = Fi(=k B+ 1;-x), a> -1,

(B+k)!

alternatively Iy . (—x) in the equivalent form is expressed as Yr, (ISR

We can take a composition of I_/Z with the Lupas operators Gﬁm, to obtain another new approximation
operator E n as follows:

—a
Einf®) = (V,0GLH@.
If m = n in above we get approximation operator.
Theorem 4.1. A concise form of Em . is given by

(b)) = Z kmn(x)f( )

k=0

where

0B 3 - me” 1w B+ k)
€k,m,n (X) - Z (1 + x)m2ﬁ+k ( )Z (k — S)'(ﬁ + s)'(Zm + n)s+1

= (s + v\aht (2m)¥
VZ;S( N ) U(m, 1+m+va)[(2m+n)(1+x)]"'

where U(a, b, z) is Tricomi’s confluent hypergeometric function. In particular if a = 0, then

e (8 + ke
€ () = Z a +x)m2/5+k ( )2 (k = s)(B + 9)!(2m + n)*1

2m
,F; (m,1+s;1;m)‘

Proof. We can write

Ev @) = mgw L) f sv(mt>22ﬁ+k+1 ( )-ﬂf/sz ( . )dt
- St
where

a3 m . (.B + k)!ns . a m" * —(m+ﬂ)t s+v
Cnn @ = S5 ; k—9)(B +5)512 ;wm'v(x)ﬁfo el
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~ (B +k)n® b Ds+v+l |
- 2ﬁ+k+1 Z (k = 5)!(B + 5)!s12° Z, Wh, (X ) _(2m T n)s+v+1( s+v)!
_ me™ Tx i (ﬁ + k)!?’lS
C L+ x)m2Bt (k= 5)!(B + 5)!(2m + n)*H
i s +v\ py(m,a) (2m)”
=\ v v [@m+n)1+x)]Y
_ me‘% i (‘B + k)!ns
T (14 x)m2B+k e (k= 5)!(B +s)!(2m + n)+]
s+ v\a"t (2m)¥
VZ::}( ” ) U(m, 1+m+va)[(2m+n)(1+x)]"'
O
Proposition 4.2. For the operators Em s One can see that
a m xm
(Eﬂfn epr)(x) = Aln [1 TXx- Aln J
(2 —eAmpet [(m +3)- 202—eA) [(m +4)- o)
[+ 5) - ]
Proof. Using the generating function
—p-1 xz o 2\ p(—x
_z = Z — 5
(1 2) eXp(z(z—z)) 2(2) Lk( ) ©

we can write

(Entn exp4)(x)

m

2 [ e £ (2 2

k=0

(mt) (4 e\ ntel"
- 2,3+1Zwmv()f ( )t( ) eXp(z(z—eA/n))

_ m PRV
= (2 _eA/n)ﬁ+1 ;wm,v(x) o L‘ t exp[z(z _ eA/n)

m

nteAn

(e )

(2 — eA/m)p1 [(m + g) -

m

2= et [(m+ 4) -

ax

m

mV
_nedln Z wm V(x) n neAln
2(27e1“/” v=0 (m + E) = 20-eAmy
-m
[1 +x— A ]
neA/n n neA/n
pTPRID) [(m + E) T 20—

{[[()

2(2—eAlm)

neA/n



V. Gupta / Filomat 38:21 (2024), 7493-7501 7500

In particular, if m = n then

-n

)
a by ax 1
(Exhexp)(x) = : )EA/” ]eXP{ [[ A ]_1]]-

(2 — eAln)B+1 [% — o

3 _ e
2 T 202—eAl")

Theorem 4.3. For f € Bc[0, o), we have
ImELH@ = fQ),
lim (B0, ) = (GhHw),

im(EL (D)) = Pun,

where Gl is operator based on Laguerre polynomial and P, is Post-Widder operator.

Proof. By Proposition 4.2, and by [1], we have
lim (EZﬁ exp)(x) = €,
implying

ImELHD = f@).

Next

i Efep)0) = o ep( ) - e,
leads us to

lim (5,00 = (GLAW.
Finally

rh—>r£1<> (Efnﬁ 1 XD, /r) (rx) = m"(m—isx)™" = (Pyexp,)(x),

thus we get
tim (ELf(5)) 09 = Pup.
where GQ is defined in (4) and P,, is the Post-Widder operators. [

Remark 4.4. For instance if we consider composition of operators namely Baskakov, Szdsz-Mirakyan and Szdsz-
Mirakyan operators in following way

(W) 0 S0 f)(x),
then the moment generating function after simple computation will be given by
(W) o Syexp,)(x) = (1+x— xe@" =Dy,

thus the moments of the composition operator satisfy

Y as(W5 0 Se)(x)

520
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,  x(x+2) 55X+ 6x% + 6nx® + 2x° + 3nx3
= do+mx+ap|x +——|+az|x + > +
n

Further, in this way we can write
(Wy 05,08, f)(x),

and the moment generating function after simple computation will be given by
(WS o Sn o Sn eXpA)(x) = (1 + X — xe(g(‘ﬁ/nfl)—l))_n,

the moments of the composition operator satisfy

Y B(W) 0 S, 0 Se)()
s>0
2 2 3 3
= bo+b1x+b2(x2+ @)Hﬂg(r’w 12x + 9 +97:; *2x + 3nx )+ ......

There may be some other new operators by composition of Baskakov type Pélya-Durrmeyer operators [5] with Beta
operators of second kind [4] and of q Szdsz-Kantorovich operators (see [8]) with other q operators. The analysis is
different we will discuss them elsewhere.
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