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Multiplicity of weak solutions for the Steklov systems involving the
p(x)-Laplacian operator

A. Khaleghi®**, F. Safari®

*Department of Pure Mathematics, Faculty of Science, Imam Khomeini International University, Postal code 3414896818, Qazvin, Iran

Abstract. The existence of multiple weak solutions for a Steklov system involving the p(x)-Laplacian
operator is studied. Our approach is based on variational methods.

1. Introduction

Elliptic problems including p(x)-Laplacian are nonlinear problem which classical methods are not ap-
plicable for the existence of solutions under different boundary conditions (see [6, 12, 16, 17, 20-22, 24-26]
and references therein).

The Steklov problem is an eigenvalue problem with the spectral parameter in the boundary conditions,
which has various applications. Its spectrum coincides with that of the Dirichlet-to-Neumann operator.
Over the past years, there has been a growing interest in the Steklov problem from the viewpoint of spectral
geometry. While this problem shares some common properties with its more familiar Dirichlet and Neu-
mann cousins, its eigenvalues and eigenfunctions have a number of distinctive geometric features, which
makes the subject especially appealing.

Steklov conditions are considered a more realistic description of the interactions at the boundary of a phys-
ical system. For example, the heat flow through the surface of a body generally depends on the value of the
temperature at the surface itself (see [2, 4, 9] and the references therein for some kinds of Steklov problems).

The existence of multiple solutions to the following Steklov problem involving p(x)-Laplacian operator
have been verified [1]

—Apt = a(@)uP®?u  in Q,
IVulp®22% = A f(x,u) ondQ,

where Q ¢ RN,N > 2 is a bounded smooth domain, A is a positive parameter, f : JQ X R — R is a
Carathéodory function with a growth condition and a € L*((). Also, the existence of at least one positive

radial solution belongs to the space W;’p (x)(B) N LZ(X)(B) n Lz(x)(B) for the problem

—Apytt + REOUPO2u = a()|ul™=2y — b(x)lul ™2y x € B,
u>0 X €B,
u=0 X € B,
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has been proved [18], where B is the unit ball centered at the origin in RN, N > 3, p,q,r € Ci(B), Ris a
positive radial function that satisfies the suitable conditions and

a(x) = 6(lx) and  b(x) = E(x]),

in which 6, & € L*(0,1) such that 0 is a positive non-constant radially non-decreasing function and £ is a
non-negative radially non-increasing function.
The existence and multiplicity of weak solutions to the following Steklov p(x)-Laplacian problem

—Apytt + c@ulP®2u = f(x,u) inQ,
VP48 = g(x, u) on 90,

has been proved [15], where Q C RN, N > 2, is a bounded smooth domain, for p € C(ﬁ), ¢ € L*(Q) with

infq c(x) > 0. f,g: QxR — R are the Carathéodory functions with the suitable conditions.
Here, motivated by their works, we are interested in finding enough conditions for the multiplicity of weak
solutions to the following Steklov p(x)-Laplacian system

—Apytti = a ()2, in Q, o
IVM{|P(X)—2‘ZLT‘; = Fui (x, Uy, -, Mn) on aQ,

fori = 1,---,n, where Q is a bounded domain in RN(N > 2) with smooth boundary and A,wu :=

div(|[VulP®=2Vy) denotes the p(x)-Laplace operator for p € C(ﬁ) with N < p~ < p* < +00. We assume
that the nonnegative function a belongs to L*(Q) with infga(x) > 0, A is a positive parameter and the
function

F:OXR" >R

is a measurable function with respect to x € Q for each (t;,---,t,) € R” and is C! with respect to
(t1,--- ,ts) € R" for a.e. x € Q); F,,, denotes the partial derivative of F with respect to u;.

We mean by a weak solution to the problem (1) is as follows:

Definition 1.1. We say that u = (uy,--- ,u,) € X is a weak solution of the problem (1) if, foreach 1 <i < n,

n n
Z f [V, POV Vodx + Z f a(x) PO 2y,
=1 VO i1 JQ
n
_AZI Fui(x/ul/"’,l/ln)vidxzo
i=1 0Q

forevery v = (v1,--+ ,v,) € X.

The structure of this paper is the following: In Section 2, we present preliminaries and some basic facts.
We also introduce a suitable function space for the solution and we prove some remarks which we need for
the last section. In Section 3, the existence of multiple weak solutions for Problem (1) is prove by variational
methods and three critical points result.

2. Preliminaries

During the note, Q is abounded domain in RN(N > 2) with smooth boundary. We suppose thatp € C(Q),
satisfy the following condition

N<p := in(gp(x) <p(x) <p*i=supp(x) < +oo. ()
xe xeQ
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Define the variable exponent Lebesgue space LF™(Q), by

PY(Q) := {u: Q — R : uis measurable and f lu(x)PPdx < oo
Q

We define a norm, the so-called Luxemburg norm, on this space by the formula
. u(x) )
|ulpy := inf{A >0 : | —=|""dx < 1}.
o A
Also, for u € [P™(9Q), we put

|u|p(x),¢9 = f |u|;7(x)do-.
2Q

For each u € [F®(Q) and v € LF'®(Q), where LF'™(Q) is the conjugate space of LP™¥(Q), the Holder type
inequality

1 1
| f uodx] < (— + —)lulyo ol
o p p p()1C1p’ (x)

holds true. Following the authors of [18], for any x > 0, we put

.
‘K? L < K< 1,
T ok x>1
and
P < K< 1,
K = "
K x>1

forre{u;:i=1,---,n}. Then the well-known Proposition 2.7 of [14] will be rewritten as follows:

Proposition 2.1. For each u € LP*(Q), we have

p(x) p
fglu(x)l dxslulp(x).

|u|p(X)

We denote the variable exponent Sobolev space W#®(Q) by
WYO(Q) = {u € LF(Q) : |Vu| € LF(Q))},

endowed with the norm
ellpey == ulpe) + Vitlpe).-

As pointed out in [8, 13], W*®(Q) is continuously embedded in W'#" (Q) and since p~ > N, W' (Q)
is compactly embedded in C°(Q). Thus, W'”®(Q) is compactly embedded in (Co(ﬁ), Il - HCO@))' So, in
particular, there exists a positive constant L > 0 such that

“ullco(ﬁ) < LHu“p(x) (3)

for each u € W?®(Q). In what follows, we set

X = H W (@),
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endowed with the norm

n n
lall =) Ml = Y (V ity + il o)
i=1 1

foru = (uy,--- ,u,) € X. According to the above matters, we conclude that the embedding
X — Q) x---x Q)

is compact. Now, we introduce the functional @ : X — IR as follows

- 1 :
D1, -+ Un) = Zf —(|VMi|p(x) + ﬂ(x)Wilp(l))dx
= Jao p()

®is sequentially weakly lower semicontinuous and it is known that @ is continuously Gateaux differentiable
functional whose derivative given by

n

q)/(ull'” /ui’l)(vll' o /Un) = Zf

n
|Vui|P(x)Vuinidx+ Zfa(x)|ui|p(x)_2ui
=1 V0 i=1 VO
for each (v, -+ ,v,) € X.

Remark 2.2. For every u; € Wil’p(x)(Q), i=1,2,---,n, there exist k, K > 0 such that
k””i”Z(x) < f(|vui|p(x) +a(x)u P )dx < K””i”Z(x)'
0

Proof. Since infga > 0, so there exists 0 < 6 < 1 such that 6 < a(x) a.e. x € Q. Using Proposition 2.1 and
hypothesisa € L*(Q) fori=1,2,--- ,n, we gain

P ) (x) 4P
oty < [ a@huCoP Vs <l

and

P 1P ()P P
6|Vu,|p(x) < IVullp(x) < L [V (x)Pdx < |Vu,|p(x).

Bearing in mind the following elementary inequality due to J. A. Clarkson: for all g > 0, there exists C; > 0
such that

la + bl < Cy(lal” + |b]7)

foralla,b € R. Thenfori=1,2,---,n, we imply

0 I 5
My |p(x) () 1P
@wMﬁgﬁwm + (@) )dx < (1 + llalleo) il

It is enough to put k = C%,K =1+|ldallw. O
Remark 2.3. Due to Remark 2.2 @ is coercive.

< n such that

Proof. Let u = (u1,--- ,u,) € X and |[u|| — oo. By definition of || - ||, there exists 1 < i
[Vitjy|py — o0. Then Remark 2.2 result in ®(u) — oco. [J
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Now, imagine that the function
F:QxR"—R

is a measurable function with respect to x € JQ for each (4, -+ ,t,) € R" and is C! with respect to
(t1,--- ,t,) € R" for a.e. x € d0Q; and, F,, denotes the partial derivative of F with respect to #;. We define
¥ : R" - R with

Wy, -, uy) = f F(x,uq, -+, uy)dx.
90

The functional W is well defined, continuously Géateaux differentiable with compact derivative, whose
Gateaux derivative at point u = (11, -+, u,) € X is as follows

W, o0 = Y[ FuG ), oo
=1

for every (vq,- -+ ,vy) € X. Define
Iy(u) = P(u) — AW (1)

foreach u = (uy, -+, uy); if I' (u) = 0, we have

n n n
Zf [V, POVu;Vodx + Z f a(x)lu,-l”(")_zui -A Zf Fu(x,u1, -+, uy)vidx =0,
i-1 V@ i-1 Y@ i=1 YO

then, the critical points of I, are exactly the weak solutions of the problem (1). We set
O(x) :=sup{6 > 0:B(x,0) € Q},
and we define
R = supreqd(x). (4)
Obviously, there exists x* = (xJ, -+, x%) € Q such that
B(x,R) C Q.
In the next theorem, we bring our main tool proved in [5] :

Theorem 2.4. Let X be a reflexive real Banach space, @ : X — R be a coercive, continuously Gateaux differentiable
and sequentially weakly lower semi-continuous functional whose Giteaux derivative admits a continuous inverse on
X*. Let W : X — R be a continuously Gateaux differentiable functional whose Gateaux derivative is compact such
that

inf @ = d(0) = W(0) = 0.
xeX

Assume that there exist r > 0 and X € X, with r < O(%), such that
SUPP(x)<r V(x) - W(x)
r D(x)’

(ii) For each

(i)

D(x) r
W(%) supow< V)|’

the functional 1) = ® — AW is coercive.

AEA, =

Then, for each A € A,, the functional Iy = ® — AWV has at least three distinct critical points in X.
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3. Main result
We formulate our main result as follows:

Theorem 3.1. Assume that F : Q x R" — R satisfies the following conditions

(F1) F(x,0,---,0)=0, forae. x € Q;

(F2) There exist n € L'(9Q) and positive continuous function y, with y(x) < p(x) a.e in Q such that
n

0 < F(x, uy, ...n) < n(x)(1 + Z ;) ®);

i=1

(F3) Thereexistr > 0,0 > 0and 1 < i, < n such that

1,26, R
(N N _ (NN
(R MR -Gy >,

where m := %’;é) is the measure of unit ball of RN and T is the Gamma function.
Such that

G, < Hs, (5)
where

Ge o= W21 4 L7

and
He = Z?:l infxeﬁp(xr 6/ e /6)
5 = .
K(2)P-1(2N = 1)oP
Then, for each
1 1
AeEN s :=(—,=),
5 (H5 Gr)

the problem (1) admits at least three distinct weak solutions in X.

Proof. According to previous section, the space X and the functionals ®, ¥ : X — R defined as above satisfy
the regularity assumptions of Theorem 2.4. By condition (F1) and definition of @, \, it is clear that

in}g D(x) = ©(0) = W(0) = 0.

X€E

Fix 0 > 0 and R defined as in (4). By w, we consider the function of the space X, defined by
0 x € Q\ B, R),

wi) =1 5 xe B, §),
%Q_D(R - |xi - x?l) X € B(XO,R) \ B(x(),% ’

where x = (x1,--- ,xn) € Q. Then by Remark 2.2, for 1 < i, < n, one has

L 25y v Ry
SRR =)

<(D(w/"'/w)

< KNCGOYm(RY - (5)Y),
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then by assumption (F3), we gain ®(w, - -- ,w) > r. On the other hand, we have

‘I/(w,m,w)ZZf Fix,w,--- ,w)dx
i=1

B(x,%)

n
R
> Y inf, 5F (0, o),
i=1

N
where m = rl(\ﬁii) is the hypervolume of the (N — 1)-dimensional unit sphere (see [28]); and so,

Y, ,w) Yiyinf 5F(x, 8-+, 0)m(Z)N-1
O(w, - ,w) KN(%Q—é)ﬁm(RN _ (%)N)

_ Z?:l infxgﬁp(xr 6/ ttty 6)

K(2)-1(2N = 1)oP = flo ©

Now, let u = (uq,- -+, u,) € ®~}(—00,7), from Remark 2.2, we have

CD(ulr Tty un))%

Jull < (p* =27 <& @)

ok
Then for every u = (u1,--- ,u,) € X, from condition (F2), Holder inequality and (3), we gain
f F(x,u1, -+, up)dx < f supueqyl(,w,y)l-“(x, Ui, uy)dx
9Q 9Q
n
< f e+ Yl )
o i=1
n A
<o+ ) il
i=1
n A
<Inha(t+L7 ) IVl ).
i=1

We know that YL [Vu; Z(x) < (L1 Vitilpe)” < llull”; Thus,

f F(x,un, -+, un)dx < Inlyo(1+ L7 [jull”).
Q
Therefore,

1 1
_Supued)*(—oo,r)\y(”) = _Supued)*l(—w,r) f F(xr Uy, ~--un)dx
r r 90

|T]|1,a
r

IA

(1 + L7||ull”) = G, (8)

From assumption (5), relations (6) and (8), one has

1 WY(w,---,w)
;Supu€®’1(—oo,r)\y(ui) < D, W)
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Therefore, the assumption (i) of Theorem 2.4 is satisfied. Now, we prove that the functional I, forall A > 0
is coercive.

With the same arguments as used before, we have
W(u) = f F(x,un, -+, un)dx < Inlyo(L + L7 jull”).
9Q
The last inequality and Remark 2.2 lead to

1 5 S
I(u) 2 FW”AZW = Alnlya(1 + L7jull”)

[Vitjy|p) — 0. Since y(x) < p(x) a.e. in Q, so 1, is coercive. Then condition (i) holds. So for each

for each i = 1,--- ,n. Now, suppose that u € X and |[u|| — oco. So, there exists 1 < iy < n such that

D(w, - ,w) r )

1 1
Ngy = -, =) ¢ s
or (ng Gr) (\I’(w,--- W) SUP e (—oo,n) P (1)

Theorem 2.4 ensures that for each A € A, the functional I} admits at least three critical points in X that are
weak solutions of the problem (1). [

Remark 3.2. An interesting problem is to probe the existence and multiplicity of solutions of this system in the
Heisenberg Sobolev spaces and Orlicz Sobolev spaces. Interested reader can see details of these spaces in [10, 12, 17,
19, 23, 27, 29-31] and references therein.
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