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Existence and fractional inequalities for hybrid p-Caputo fractional
integro-differential equations with non-local conditions

Manal Menchih**, Khalid Hilal*, Ahmed Kajouni®

Laboratory of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, Beni Mellal, Morocco

Abstract. This paper focuses on investigating the existence of solutions and fractional inequalities for a
hybrid p-Caputo fractional differential equation accompanied by a non-local condition. By leveraging the
Dhage fixed point theorem, we establish specific criteria that guarantee the existence of solutions for our

problem. Furthermore, through the application of the p-Caputo derivative techniques, we illustrate various
fractional inequalities.

1. Introduction

The theory of fractional differential equations plays a significant role in modeling systems across a
wide range of disciplines, including biology, physics, rheology, electrodynamics, chemistry, and signal and
image processing, among others (see references [6, 7,9, 10, 13, 15]). As a result of their diverse applications,
fractional differential equations have garnered extensive research attention, yielding noteworthy theoretical,
solution-oriented, and applicative outcomes (see references [2, 11, 12]). In this context, Almeida introduced
the p-Caputo derivative as a generalization of approaches like Caputo and Caputo-Hadamard derivatives
[14]. For further insights and recent advancements in problems involving the p-Caputo derivative, we
refer readers to [1, 4, 5]. Hybrid differential equations find their relevance in modeling several non-
homogeneous physical processes, encompassing various dynamical systems as specific cases. This area has
seen substantial interest due to its broad applications, with recent attention in works such as [3, 8, 11].

In 2010, Dhage and Lakschmikantham extended the concept of hybrid differential equations to the
integer domain with the following equation[3]:

%(h(sv,i)s()s))) = g(S, U(S)), S € [0/ T]I
v(0) = vo.

Under mixed Lipschitz and Carathéodory conditions, they established existence results and differential

inequalities. In 2015, Hilal and Kajouni extended this problem to the fractional domain [8]. They provided
sufficient conditions for the existence of solutions to the following problem:

{ D () = 965,06, s €[0,T]
av(0) + bv(T) =c.
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where €D” denotes the Caputo fractional derivative, f and g are appropriately defined functions. In 2020,
Hannabou and Kajouni utilized Dhage’s fixed point theorem to investigate a hybrid fractional integro-
differential equation [11]. This equation, given by

m ﬁ’
{ CD)/[M] g(s,v(t), se]=1[0,TI,

00 v

An0,00) =¢

WTo(T) —

expanded the scope of study in this area.

Building upon these works, this paper extends the results obtained in [11] to the p-Caputo fractional
setting. Specifically, our focus lies on the hybrid p-Caputo fractional integro-differential boundary value
problem:

1)

h(t,u(t))
()

o(T)
A70,00)

+ by =

CD%P[—”(”‘% 1’5"”9’“’"“»] =g(tv(t), te]=[0,T,0<p<1,
=c.

where €D represents the p-Caputo fractional derivative of order y, 9; are appropriately defined functions,
and a, b, and c are real constants witha + b # 0.

The rest of this paper is structured as follows: In Section 2, we furnish fundamental insights into
fractional calculus and fixed-point theorems that hold pertinence to our investigation. Building upon
Dhage’s fixed-point theorem, Section 3 is dedicated to establishing the existence of solutions for the hybrid
p-Caputo fractional integro-differential boundary value problem. Section 4 delves into the fractional
inequalities that are associated with our derived solution. Concluding our study, the final section succinctly
summarizes the outcomes and contributions of this work.

2. Preliminaries

In this section, we lay the groundwork by introducing fundamental definitions and key findings that
will be utilized subsequently.

Consider X = C(J,R), which represents a Banach space consisting of continuous functions mapping
from J = [0, T] to R. The norm in this space is defined as:

Iy ll=sup | y(t) .

te]

Moreover, we define multiplication in X as:

(xy)(t) = x(t)y(t)

Evidently, X functions as a Banach algebra in accordance with the aforementioned supremum norm and
multiplication operation. We denote by C(J X R, R) the collection of functions y : ] X R — R satisfying the
following conditions:

(i) For each x € R, the mapping s — g(s, x) is measurable.
ii) For each t € |, the mapping x — g(s, x) is continuous.

The set C(J X R, R) is referred to as the Caratheodory class of functions defined on J X IR. These functions
possess the property of being Lebesgue integrable when they are bounded by another Lebesgue integrable
function defined on the interval .

The space of real-valued Lebesgue functions on the interval | is denoted as L!(J,R). This space is

equipped with a norm || - [|;: defined as:
T
v llp= f | v(s) | ds.
0
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Definition 2.1. [14](p-Riemann-Liouiville fractional integral) Consider p > 0, where f belongs to the space L}([], R),
and p € CY([a, b]) is an increasing function with the property that p’(s) # 0 for all s € [a,b]. The p-Riemann-Liouville
fractional integral of order p acting on the function f is defined as follows:

(e = f (p(t) = p(s))' ™' p/ (5)f(5)ds. @

1
I
It’s evident that when p(t) = t, the expression given in (2) corresponds to the classical Riemann-Liouville
fractional integral.

Definition 2.2. [14](p-Caputo fractional derivative) Assume that n —1 < p < n, and f belongs to the function
space C"'([a, b]), while p is an increasing function in the space C"([a, b]), satisfying the condition that p’(s) # O for all
s € [a, b]. The p-Caputo fractional derivative of order y acting on the function f is defined as follows:

(D2 f)(s) = ("7 f)(s)

1 i _ n—-y-1 .7 [n]
r(n—wfo(f)‘s’ P’ @) f o),

where f"(u) := (’ﬁ %)n f(u) defined over the interval [a, b].

By virtue of this definition, it becomes evident that when y = n € IN, the expression (D”* f)(s) simplifies to
fI6s).
Remark 2.3. [14] In particular, when y € (0, 1), we have

1
I'(y)

Lemma 2.4. [4] Let y > 0, if f € C""([a, b]), then we have

€DV f)(s) = j; (p(s) — p(w))’ ™" f' (u)du. (4)

n-1 [k] 0
PACDA) = £ 20 - o0y ®)
In particular, when y € (0,1), then
[P (CD"Pf(s)) = f(s) — f(0) (6)
Lemma 2.5. [4] Let y > 0 and f € C!([a, b], we have

DIPITf(s) = f(5)

Lemma 2.6. [11](Dhage fixed point theorem)
Consider a Banach algebra X and let S be a non-empty, closed, convex, and bounded subset of X. Within this
context, three operators A, G: X — X, and B: S — X are introduced and satisfy the following conditions:

(a) The operators A and G possess Lipschitz properties with Lipschitz constants 6 and @, respectively.
(b) The operator B is both compact and continuous.

(c) Foranyx € S, ifv = AvBx + Gv, then v belongs to the set S.

(d) The constants 6 and ¢ are chosen such that SM + ¢ < 1, where M =|| B(S) ||.

Under these conditions, the equation v = AvBv + Gv possesses at least one solution.
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3. Existence results

Prior to delving into the existence result, we establish a crucial auxiliary lemma. This lemma assumes a
pivotal role in the process of converting the presented problem into a fixed-point formulation.

Lemma 3.1. Given 0 < y < 1and real constants a, b, and c witha + b # 0, consider an x € LY(J,R). The p-Caputo
fractional integro-differential boundary value problem, denoted as:

o) ’ 7)
W0 o) _
Aoy T Oucomy =€

{CD)/p[M] x(), tE]:[O,T],0<)/<1

can be equivalently expressed as the integral equation

p(t) = p(s) . .
v(t) =h(t, v(t))[f —)p "(8)x(s) ds— f (p( )r(p)( s)) o O)s)ds
bzwwsqvqn @)
j=1 m
ey LIS e

Proof. Let’s consider an xy € L'(J,R). We want to demonstrate the equivalence between the p-Caputo
fractional integro-differential boundary value problem given in (7) and the integral equation (8).

e First Direction: From Problem to Equation Let v be a solution of the problem stated in (7). Applying
the y-Riemann-Liouville fractional integral operator I’* to both sides of the first equation in (7), we

arrive at
v(t) v v(0) Y PP §,(t, v(t))
o) L Ot 000y T T G v0) ®)
Consequently,
v(0) v(T) v(0) b Y P8 y(T, v(T))

50, 00)) VT, o(T)

=D+ @+ D o) W(T, v(T))

Utilizing the nonlocal condition, we can deduce that

bzﬁmsquq»

¢ = b x(T) - ik ) )

10, v(0))  a+b

U(O) 1 (

v(0)

70, (0)) into (8), we obtain

Substituting the value of ————

-1

oy (T (P(t) - P(S))) ) 1 T (o(T) - p(s))’ !,

ht, () _1: o) P e a+Abi:-——f@;———pwans
b YL P8 (T, v(T)) Y 1B 9(t, v(t))

ot ey T o)

This implies that v(t) satisfies the integral equation (8).
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e Second Direction: From Equation to Problem

7555

Now, let v(t) be a solution of the integral equation (8). Upon applying the p-Caputo fractional

derivative D?* to both sides of equation (8), we obtain the first equation of (7).
Substituting t = 0 and ¢ = T into (8), we obtain:

b Y. PP 94T, o(T
"0 B Y. 90 9,(T, o(T)

=Lt jq(a»—<»%1%><>d— ML )
mo,00) a+b\I(y) J, PV TP pPEXSEsTC (T, o(T))
Y. 1P 3;(0, v(0))
=i

RO, y0)
and
JEL'TFEQEQKEU<M——— [ 6= o) "reneon
WM ~Jo T Ty P =35 J, (D p(S)c(s)ds
b Y IBPS(T,0(T) ¥ IS8T, u(T))
j=1

P
e ey ) R o)

Through straightforward calculations, we find that

v(0) o)
0,00 T T o)

Thus, the proof is complete.
|

We present our main result regarding the existence of solutions for problem (1). To proceed, we introduce

the following assumptions:

(H1) TThe function i : [ X R - R\ 0and 9; : ] x R — R, where 3;(0,v(0)) = 0 for j = 1,2,..,

m, are

continuous. Additionally, there exist two positive functions p and ¢; for j = 1,2,..,,m, with bounds

llpll and [l ;ll, such that:
Ii(t, v1(£)) = h(t, v2()] < P(D)v1(E) — v2(D)],
and
19)(t, v1(8)) = (¢, V2] < PN = vaB), j=1,2, ..y
hold for all t € [ and vy, v, € R.
(H2) A function 6 € L(J,R) exists such that:
lgt, vt < O(F) aete]
forallv e R.
(H3) There exists a number ¢ > 1 such that:
Y721 @o,i(p(T) = p(0))P
Ii+1)

1 £ lipil(p() - p)
~ llplA - 5D

HyA +

c =

(10)

(11)

(12)

(13)
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Where:

m ﬁj

b Y lljli{p(T) = p(0)

(1+ 2 (e O =pOYy, I | = #ille(D - p(0)
la + bl Lt T(y+1) la + bl T(B; + D(T,u(T)) |’

Hy = SUP,¢; |h(t,0)| and Op,; = SUP¢; [9;(t,0), j=1,2,...m

Theorem 3.2. Under the assumptions (H1)-(H3), If the inequality:

|b| (p(T) — p(0))? lc|
”‘P“[(lﬂﬁm)(”@"ﬂ Y ) P

b Yy 1P 8(T, v(T))
W, v(T))

L llpI(p(1) - )
L

I(gj+1)

|

(14)

<1

holds, then the hybrid p-Caputo fractional integro-differential boundary value problem (1) possesses at least one
solution on the interval .

Proof. We consider the following set
S=eX lvl<cl,

where ¢ satisfies the inequality (13).
It’s evident that S constitutes a nonempty, closed, convex, and bounded subset of the space X. In order
to establish our result, we introduce the operators A, G : X — X, and B: S — X as defined below:

Av(t) = h(t,v); te],

1 ! y-1
Bu(t) = j; (o) = p)) P’ (9)9(s, v(s))ds
1, b (T a4 b LI, 1P 8(T, v(T))
(g, (0 —00) o ogts v e e m ) e

)—p()
u(t) = Z B9 (¢, v(t))—Z f 5 p(s)Sj(s,v(s))ds; te]

Now, we will demonstrate that A, B, and G meet the conditions of Lemma 2.6. To achieve this, we will
break down the proof into several steps.

(i) Aand G are Lipschitzian on X.
Let vy, v; € X. According to assumption (H1), we have:

|Avy(t) = Ava (B = IR, v1(8)) = h(t, v2(D)]
< 1pOlly1(t) = y2(b)]
< li@llllvr = vall,
which, upon taking the norm for ¢ € ], leads to:

AV — Avsll < I@llllvr — val, for all vy, v € X.

Consequently, A is Lipschitz continuous on X with a Lipschitz constant of ||¢H
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Continuing in a similar manner, consider v; and v, in X. We observe:

I@M—@MI—ZW%WM ZWWtw»

ﬁ/l

(e -p)" ]
_le Gy )| PO ~ v
Il f
< 1Hm+1%()—pwﬁﬂm—vﬂ,
which implies:
2 Jigy (p(T) - p(0)
IGor - Guall < Y ”?w~+; P oo
j=1 /

lipsll(p(D) - p(©)”
I;+1)

Hence, we conclude that G is Lipschitz continuous with a Lipschitz constant of Z
j=1
(ii) The operator B continuous on X.
We first show that G is continuous. Let v, be a sequence in S converging to v € S. Due to the
continuity of g, it’s easy to see that g(s, v,(s)) = g(s, v(s)) as n — +oco. By using (H2), we can conclude
that the expression

“mn—p@Y”

o) p'(s)g(s, va(s))| < AB(s), s €,

-1
p(H) = ps))
where A = ssli}a %p’(s)‘.

Then, by the Lebesgue dominated convergence theorem, we have:

-1 )/—1
t(p(t) = p(s)) £ (p() - pls)
Jim j{; (T))P'(S)g(srvn(s))ds= fo %P'(S)Q(S,v(s))d&

and similarly:

T u(pm-pe) T b(p(T) - p(s))
ggjo——Twr—ﬂnwmw@m=j:——7@r——

Thus, we conclude that: lirf} Bv, = Bv. which implies the continuity of 8. Next, let’s prove that
n— o0
B(S) is uniformly bounded on X. Take v € S:

1Bu(®)l

_ItM/()( (s))d
=\, o) p’(s)g(s, v(s))ds

P’ (8)g(s, v(s))ds.

1 b (T - b YL P 94(T, v(T))
—;:ﬂf@yﬁ (P - p©)) " S)gls, visds = ¢ + SR ﬂ
(oM -p©@) o [PLf ST (D)

Iry+1) ( la + bl) la + bl (a + b)h(T,v(T))

<16l

7
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forallte ]
Let’s define:

(o(D - p(0)’

Jo b Y, PP T, v(T))
I'y+1) la + bl

f(T,v(T)

7

M=(1+ |UMMHu

which ensures that ||Bv|| < M for v € S. This shows that B(S) is uniformly bounded. Now, we show
that B(S) is equicontinuous on X.
Consider 71, 72 €  with 71 < 72 and v € S. We can analyze the difference:

| Bu(tz) — Bo(ty)|

o (pt) - ps) w (pte) - p)
= fo TP(S)!J(S,U(S))dS— L TP (s)g(s, v(s))ds

(o) = p@) ™ = (o) - p))
I'(y)

ds

T
< 161l
0

T2
melf
0

(pe-pen)
CASRIEDE

p'(s)

(p(e2) - ps))

) p'(s)ds|,

<16l

As this is independent of v € S and since 11 approaches 75, the right-hand side tends to zero. This
result, coupled with the Arzela-Ascoli theorem, confirms that S is completely continuous on S.

(iii) The hypothesis (c) of lemma 2.6 is satisfied.
Assume v € X and x € S are such that v = AvBx + Gv. Then, we have:

ot -pe)
| fo P (9)9(s, X(s))ds

@l < Ik, (D) 0)

T
f; (p(T) - P(S))y_lp’(S)g(S, x(s))ds + c)]

b b<W) + ;1’37"38,-(]", o(T))|.

Since
Ih(t, v(O)] < |h(t, v(t) = h(t, 0)] + |h(t, )],
and
|9;(t, v()| < |9, v() = 8;t,0)| + |9t 0)|.

Thus,

() - p(0))'
ol < (el + H[(1 + L)l b . +p1)) )+

b):?illﬁvpsxT,v(T)) m ((T)—p(s))ﬁ"
H(T, u(T)) 21 Mo+ o)1y )

Referring to (13), it’s clear that [|[v]| < ¢. Hence, v € S, and hypothesis (c) is satisfied.



M. Menchih et al. / Filomat 38:21 (2024), 7551-7562 7559

(iv) OM + p < 1. We have

(p(D - p(©)"

Ib| ll |6 PP (T, u(T))
B < (1+ 7100 Ty +1) T e FC RGa)
So
b (P =p©) | o |PEIPPS(Tu(T))
Bl < (1+ la + 0] )t TG +1) )+ la + 0] 1T, o(T))

(oD - p(@)

Using the condition (14), it's possible to deduce that 6M + p < 1, where p = 17, Wll(p ill
j

and 6 = [|¢|l.
With all these assumptions satisfied, the conditions of Dhage’s fixed point theorem are met. Therefore,
by the conclusion of Dhage’s fixed point theorem, there exists a point v € S such that v = AvBv + Gv,
which corresponds to a solution of problem (1) on J. This concludes the proof.

0

4. Fractional hybrid integro-differential inequalities

This section is dedicated to examining a crucial outcome related to strict inequalities within the frame-
work of our fractional hybrid integro-differential problem. Subsequently, we initiate our discussion with
the following definition:

Definition 4.1. [5] We define a function r : [0, T] — R to be an element of the set C,([0, T], R) if it is continuous
and adheres to the condition s"r(s) € C([0, T], R).

Functions in the class C,([0, T], R) exhibit the property described in the following lemma.

Lemma 4.2. [5] Consider r € C,([0, T],R) and suppose that for any s; € (0, +o0), the conditions r(s;) = 0 and
r(s) < 0 forany s € (0,s1) hold. Then, we have

CDYPr(s1) > 0.

In what follows, we will require the following assumption.

(C1) The mapping x is almost everywhere increasing in IR for € [0, T].

X
h(s, x)
Z;ﬁ:l Sj(sl x)

h(s, x)

Now, we present our initial outcome regarding fractional inequalities for the problem (1).

Theorem 4.3. Given that the conditions (C1)-(C2) are satisfied, and there exist functions k1 and k3 from C,([0, T], R)

such that: .
K1(8) = Lty IPP8(s, 11 (s))

(C2) The mapping x +— is almost everywhere decreasing in R for € [0, T].

() D] o) | <g6sa6) seT=10,1],
(s) = Xty PP (s, xa(s))
(ii) CDV'P[KZ ° hf(sl e )] i |2 g5, 1209) s€T=10,T].

With one of the inequality being strict. Additionally, x0 < «3 implies that
K1(s) < x2(s), forall s € [0, T],

where K? = 5"%(5)]s=0, i = 1,2.
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Proof. Assuming the conclusion is false and the inequality (ii) is strict, let’s explore this situation further.
Since %7 and x; belong to C,([0, T], R) and K(l) < Kg, there exists a point s; within the interval [0, T] where the
following conditions hold:

x1(51) — k2(51) = 0 and «1(s) — x2(s) < 0, Vs € [0, s1].

Consider the functions:
(o) = Ki(s) = Lty PP 9(s, xi(s)) 1o
= (s, 11(9)) S
These functions satisfy Zi(s1) = Z»(s1) and due to conditions (C1)-(C2) , we have Zi(s) < Z,(s) for any
s € [0,s1). Now, let’s define r(s) = Z1(s) — Zx(s) for s € [0, s1]. This function satisfies r(s;) = 0 and r(s) < 0 for
all s € [0, 51), and it also belongs to C,([0, T], R). By applying lemma 4.2, we can deduce that CD”Pr(s) > 0.
Consequently, we have:

g(s1,x1(51)) = DVPZ4(31) = D'PZx(s1) > g(s1, k2 (1))
This contradicts the assumption that x1(s1) = x(s1). Therefore, the conclusion is true. [

Theorem 4.4. Given the conditions (C1)-(C2) and taking into consideration the real numbers a, b, and c such that
a+b # 0, let’s assume the existence of functions x1 and 1w, belonging to C,([0, T],R) satisfying the following

conditions: .
K1(s) — Z]’:l Iﬁi’psj(sl K1(s))

() D[ o) | <96 @) seT=10,T],
K2(8) = T P36, )
(i) D[] 2 95 re) s€ ] = [0.T]

With one of the inequality being strict. Moreover, ifa > 0, b < 0, and x1(T) < x2(T), then the inequality:

1(0) 1 (T) 2(0) o(T)
10, 110) AT, ()~ "h(0,%2(0)) (T, x2(T))

implies that
K1(s) < x2(s), forany s € [0, T].

Proof. Starting from the inequality:

x1(0) x1(T) x2(0) x2(T)
10, 110) T I(T, k(D)) " "h(0, k2(0)) (T, ka(D))’

we derive

N1(0,12(0)) ~ 10, 20

x1(0) x2(0) x2(T) x1(T)
( 5) < Wt amy) ~ W)

T
Since b < 0 and x1(T) < x2(T), in accordance with the condition (C1), we deduce that: (_h(;fii ()T)) -
, K2

T
%) > 0. This leads to the conclusion that x1(0) < x2(0), supported by the fact that 2 > 0 and the
s 1

condition (C). Subsequently, by applying Theorem 4.4, we attain the desired result. [

Theorem 4.5. Assuming that the conditions of Theorem 4.4 are met and there exists a positive constant A satisfying:

A (M(S) = L PP 8y(s,u(s))

<
1+ (p(s) — p(0))r+! h(s, u(s))
o) - YL Iﬁi/PSi(s,v(s))) bese]—[0] (15)

h(s, v(s))

g(s,u) — g(s,v)
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Forall u,v € R such that u > v. If the following inequality holds:

x1(0) x1(T) x2(0) x2(T)
0,00 T M) < R0, %20) AT, ka(D)

provided that A < T(1 + )/)(p(s) - p(O))zy,then it follows that:
K1(s) < x2(s) for any s € [0, T].
Proof. Let us consider a small positive value € > 0 and define:

K2e(8)  _ _ xals) N
h(s, 12,6(s))  h(s, x2(s))

Additionally, let’s introduce:

e(1+ (p(s) - p(O))"*1)

K2,€(s) - Z;nzl [ﬁj/PSj(s, Kz,e(s))
h(s, k2,(s))

we can infer that x;(s) > x»(s). By employing inequality (15) along with the

ZZ,E(S) =

K2,.(5) K2(8)
5,K2,¢(5)) h(sx2(s))

Because T

condition: .
K2(s) = Lijmy 1P (s, K2(s))

h(s, x1(s))

we can derive the following sequence of inequalities:

|2 96, 12(5) s €] =10,T],

DI Zoes) = D2a(5) +eT(1 +)pts) - p(©)
1+ (p(s) — p(O)))/+1 (ZZ,e(S) - ZZ(S)) +el'(1+ )/)(p(s) - p(0)

> g(s, xa(s)) + €(T(1 +7)(p(s) = p(0)) - A)
> g(s, k2(s)).

> g, K2(5)) - )

Furthermore, since we have «;¢(0) > %2(0) > x1(0), we can apply theorem 4.4 to conclude that «; ¢(s) > x1(s)
for any s € [0, T]. Taking the limit as € approaches 0, we deduce that x»(s) > «x1(s) for all s € [0, T], which
completes the proof. 0O

5. conclusion

This study not only advances our comprehension of hybrid p-Caputo fractional integro-differential
equations but also lays the groundwork for future investigations and applications in diverse areas of
mathematics and its applications.
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