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Singular fractional double-phase problems with variable exponent via
Morse’s theory
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Abstract. In this manuscript, we deal with a class of fractional non-local problems involving a singular
term and vanishing potential of the form:

oy (x, w(x)) ) .
LW = gw(x)s'(x) FVOIWIwe) in U,
w >0 in U,
w =0 in RM\YU,

where L;l(/xsf),q(xp) is a (p(x,.),q(x,.)) — fractional double-phase operator with si,s, € (0,1), g, and V are

functions that satisfy some conditions. The strategy of the proof for these results is to approach the problem

proximatively and calculate the critical groups. Moreover, using Morse’s theory to prove our problem has
infinitely many solutions.

1. Introduction

Marston Morse, a mathematician, created Morse’s hypothesis in the 1920s. He was a member of the
university at the Institute for Advanced Study, and Princeton University released Topological Methods in
the Theory of Functions of a Complex Variable in 1947 as part of the Annals of Mathematics Studies series.
A well-known publication by theoretical physicist Edward Witten that connects Morse’s theory to quantum
field theory has garnered a lot of attention for this idea during the past two decades. Morse’s theory and
computation of critical groups are useful tools for studying the multiplicity and existence of solutions to
nonlinear problems. As far as we know, this method is rarely used in the study of problems of differential
equations. For this, we’ll provide a brief overview of the technique.

Let W be a real Banach space, ¢ € C'(W, R) satisfies the Palais-Smale condition, and ¢ € R. We consider the
following sets:

¢ =fueW: ) <c,
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and
Ko =fueW:¢'w=0.

The critical groups of ¢ at u are defined by

Ci(¢,u) = Hi(¢" N U ¢ N U\(w),

where k € IN, U is a neighbourhood of u such that K, N U = {u}, and H; is the singular relative homology
with coefficient in an Abelian group G, see [32] for more details. Moreover, the authors in [8] introduced
the critical groups of ¢ at infinity by

Ci(¢, ©0) = Hi(W, ¢7),

where 4 is less than all critical values and k € IN. Concerning the connection between critical groups and
critical points of ¢. Wellem et al. in [34] proved the following statement:

1) If Ci(¢p, 00) 2 0 for some k € IN, then ¢ has critical point u and satisfies Ci(¢, u) % 0.
2) Let 0 € W be an isolated critical point of ¢. If Ci(¢, 00) 2 Ci(¢, 0) for some k € IN, then ¢ must have a
non-zero critical point.

Readers may refer to [8, 19, 29, 33, 34] and the references therein for further insights and details on algebraic
topology, Morse’s theory, and critical groups.

In recent years, double-phase differential operators have garnered significant interest among researchers,
owing to their versatile applications across various scientific domains, with a particular focus on their
relevance in physical processes. To illustrate, Zhikov [37] proved in the context of elasticity theory that the
modulation coefficient u(.) plays a pivotal role in shaping the geometry of composites composed of two
distinct materials characterized by different curing exponents, namely p and 4.

To set the stage for our motivation, we first provide a brief overview of prior research. In his work,
Zhikov [36] introduced and examined functionals characterized by integrands that exhibit varying ellipticity
depending on the location, thus offering models for strongly anisotropic materials. As an illustrative
example, he employed the following function as a prototype:

W f (VWP + pu(x)|Vw]|7) dx. (1)
U

Following this, multiple research endeavours were undertaken in this particular direction, with notable
mentions including the influential contributions of Baroni et al. in [6, 7]. For further findings, readers are
encouraged to consult the references provided in [3, 15, 24, 31].

The primary focus of our present paper is to investigate the non-local version of double phase function type
(1), for variable exponents p(x, ) and g(x, ) and fractional constant orders 0 < s1,s, < 1, of the form:

515 y lw(x) = w(y)PO=2 [w(x) — w(y)|10¥)=2
Ly W) = 2 lim — yIN+sip(cy) — o N+saqt0y)
o0 Jopns.oo L X =yl ¥ Ix -yl y

(W) = wi(y)dy, (2)

where B, (x) is the ball of U of radius ¢ and center x. By studying the following class of variable-order
fractional of double-phase problems driven by (p(x, .), 4(x, .))— fractional Laplacian with variable exponents
involving a singular term and vanishing potential:

L5 wx) = g(X, w(x)) + (V(X)|W(X)|6(X)_2W(X) in U,
p(x,.),4(x,.) W(X)g(x) (3)
w >0 in U,
w =0 in RN\U.

Here U c RN an open bounded set, we start by fixing 51,5, € (0,1), p,g: UXU — (1,00), 0 : U — (1, ),
and & : U — (0,1] are continuous functions that satisfy the following conditions:

p(x—zy-2z)=pxy), forall (x,y,x) e U xUX U, 4)
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p(x,y) = ply,x), forall (x,y) € U XU, (5)
1<o <" <qg <q"<p <p'<+oo, 6)
with 07 = minyeq 0(x), 07 = maxxes 0(X), - = min yeuxu (X, y), 47 = maxyeuxu (X, y),

p~ = mingyeuxu P Y), pT = maxyyeuxu p(x,y), V vanishing potential satisfies the following assump-
tions:

(V) V:RN = Ris a continuous function, there exist 0; > 0, and 0 < m < 1such that
V> 01> 0and [ VIO i < miwly,
]RN

for all x € RN, and w € Y; with Y] is the fractional Sobolev space see section 2.2 for more details.

g : UXR — Ris a Carathéodory function that satisfies the following condition:
(H1) There exist B € L*(U), and a continuous function r : U — (1, +00) such that

Np(x, x)

L9 <P = =Sty

and

g(x,y) < B(x) (1 + Iyl’(x)*l), ae x€UyeR,
L;‘(’Xsf),q(x/_) is the double-phase operator defined by (2). Using Morse’s theory, local linking arguments, and
variational analysis, more precisely, by computing the critical groups of the energy functional associated
with the approximated equations by using some variational method combined with Morse’s theory, we
prove the existence of infinitely many solutions to problem(3).

For the p(x, .) Laplacian operator, the approaches for ensuring the existence of solutions were addressed in
greater depth, we quote, the relevant work of Bahrouni and Radulescu [5] who developed some qualitative
properties on the fractional Sobolev space WX+?*Y)(1f) for s € (0,1) and U being a bounded domain in
R" with a Lipschitz boundary. Moreover, they studied the existence of solutions to the following problem:

Lwx) + W) Tw(x) = Aw)®w(x) in U, -
w =0 in o0U, @

where .
- p(X,y)— _

Lw(x) =2 lim f W) = P2 (w9 —wiy))

e—0* U\B.(x) JU Ix — y|n+sp(x,y)

A>0,and 1 < r(x) < p~ = ming y)euxu p(X, y)-
More recently, authors in [11] studied the double phase version of problem(7) with non-linearity logarithmic

L2 oy W) = AW u() + p@)w ™2 In(w()l) in U.
Readers may refer to [1, 4, 5, 12, 20, 23] and the references therein for more ideas and techniques developed
to guarantee the existence of weak solutions for a class of nonlocal fractional problems with variable
exponents.

The novelty of our work is to study the existence of infinitely many solutions to a class double phase
problems driven by ‘E;:(lj,z.),q(x,.) double-phase operator involving a singular nonlinearity and vanishing
potential with variable exponent, by computing the critical groups of the energy functional associated to
the approximated equations by using some variational method combining with Morse’s theory.

The structure of this article is as follows. In section 2, we briefly introduce certain homology theory
concepts. We also give definitions and basic properties for Lebesgue spaces and fractional Sobolev spaces
with variable exponent. In section 3.1, we suggest the approximated problem (8), and use the homological
theory to compute critical groups of the energy functional associated with the approximated problem (8).
In paragraph 3.2, we will use Morse’s relation to show that the approximated problem (8) admits infinitely
non-trivial solutions. In the last section, we will prove our fundamental Theorem 4.1.



A. Ouaziz, A. Aberqi / Filomat 38:21 (2024), 7579-7595 7582

2. Mathematical background

2.1. Generalized Lebesgue space

We consider the set:
CHU) = {m : U - R* : mis a continuous function and 1 < m~ < m(y) <m* < +oo},

where m~ = minm(y), m* = max m(y).
yeUu yeu
Definition 2.1. (see [20]) Let m € C* (). We define the generalized Lebesgue space L™Y)(U) as usual:
L"(U) = {u : U — Ris a measurable function : IA >0 : f IQV”(WI}( < oo}.
u

We equip this space with the so-called Luxemburg norm defined as follows:
— 3 . ZU(y) m(y)
|w|Lm<y>(71) = inf E>0: |—| dy <1;.
u <

Lemma 2.2. (see [20]) For every w € L™W(RN), the following properties hold:
D) I ol < 1, then [l]), e < P @) < 01 -

i) If olpmoey > 1, then [l}ly, gy < P (@) < [0l -
iii) |wlpo@yy <1,=1,>1 ifonly if puew)<1,=1,>1,

where pyy) : L"(RN) — R is the mapping defined as follows

pm(y)(w) = LN |w(y)|m(y)dy-

Proposition 2.3. (see [20]) For every w and w, € L"Y(RN), the following statements are equivalent:

l) nl_i}l}-loo |wn - w|Lm(y)(]RN) = O,
ii) im pp)(w, —w) =0,
n—+o0
iii ) wy, — w in measure on RN and 1im_py()(wy) — pmgyw) = 0.
n—+00

Lemma 2.4. (Holder’s inequality, see [20]) For every m € C*(RY), the following inequality holds:

1 1
|jl;N U(y)w(y)dyl S (F + F) |U|L"’(.‘/)(]RN)|w|Lm'(y)(]RN)/
/ 1 1
for all (v,w) € L"W(RN) x L™ W(RN), where +——=1.

m(y)  m'(y)
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2.2. Generalized fractional Sobolev space

We start by fixing the fractional exponent s € (0,1). Let U be an open bounded set of RN, m; € C*(U),
and p : U X U — (1,00) is a continuous function that satisfies the conditions (4)- (6). We introduce the

generalized fractional Sobolev space W™ ®)? (%) (@) as follows

w(x) — w(y)

ﬁ|x — y|s+ pixy)

WPy (qf) = {w e L") : € LPY(U x U) for some § > O} .

. W) — w(y)l"™? . .
Let [w]**®¥) = inf{>0: dxdy <1} be the corresponding variable exponent
UxU ﬁﬂ(xry)|x — y|N+5P(XfY)

Gagliardo seminorm. We equip the space W™ ®70¥)(q{) with the norm
Wllyysmeptnan = [WI? CN) - (W )

where (L™®™(), |l (%) is the generalized Lebesgue space.

Lemma 2.5. (see [5]) Let U ¢ RN bea Lipschitz-bounded domain, fﬂ U XU — (1, +00) be a continuous function
that satisfies conditions (4)-(6), and my € C*(U). Then W™ OP¥)(Y) is a separable, and reflexive Banach space.

Theorem 2.6. (see[2, 12, 27]) Let U c RN be a Lipschitz-bounded domain, p : U X U — (1, +00) be a continuous
function that satisfies conditions (4)-(6) my € C*(U), and

sp(x,y) < N, p(x,x) < my(x), forall (x,y) € U?

and £: U — (1, +o0) is a continuous variable exponent such that

NPOOY) o py > £ = min £x) > 1.

P = N spt0 %) i

Then the space W™ ®P0¥ () is continuously embedded in L'Y)(U). That is, there exists a positive constant
C = C(N,s,p,m1, U) such that
Wl < ClIWllyemmnqy, for all  w € WO (),
Moreover, this embedding is compact.
2.3. Homology theory
We now present the fundamental tool that will be used to work with, namely the homology theory.

Definition 2.7. ( see [33]) Given Y is a Banach space, € C(Y,R), and 0 is an isolated critical point of y such that
P(0) = 0. Let m,n € IN. We say that 1\ has a local (m, n)— linking near the origin if there exist a neighbourhood U of
0 and non-empty sets Fo, F C U,and D C Y such that 0 ¢ Fo CE, FND =0 and

D ¢|F =0< ¢|UOD\|0} ’
2) 0is the only critical point of P in Y° N U, where Y° = {w € Y : P(w) = 0},
3) Dimim (i*) — Dimim (j*) > n, where

i Hyq (FO) - Hm—l(Y\D) and ]-* tHy (FO) - Hm—l(F)
are the homomorphisms induced by the inclusion mapsi: Fg — Y\Dand j: Fy — F.

Lemma 2.8. (Morse’s relation) (see [32]) If Y is a Banach space, ¥ € C1(Y,R),a,b € R\i ({Kw),a <b,¥v7((a,b))
contains a finite number of critical points {w;}_, and 1 satisfies the Palais-Smale condition, then
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1) for all k € No, we have Y., rank Cx (¢, u;) > rank Hy (ll)b, z,b”);
2) if the Morse-type numbers Y., rank Cy (¢, u;) are finite for all k € N and vanish for all large k € Ny, then so
do the Betti numbers rank Hy (1/)b, gb”) and we have

Z Zn: rank Cy (¢, u;) t* = Z rank Hy <lpb, 1/)“) t+ (1 +6)Q(t) forall t € R,

k>0 i=1 k>0

where Q(t) is a polynomial in t € R with non-negative integer coefficients.

Theorem 2.9. (see [30] Let i € C*(Y, R) satisfy the Palais-Smale condition, and let a be a reqular value of Y. Then,
H. (Y, ¢") # 0, implies that Ky N y* # 0.

3. The Approximated Problem

We suggest an approximate problem sequence as

le(,sZ) w,(x) = M + V(X)W (x) + 1|o(x)—2 (Wn(X) + 1) in U,
Pp(x,).4q(x,.) (Wn () + 1)) n n o
w, >0 in U,
w, =0 in RM\YU,

because the energy functional linked to our problem is not differentiable due to the inclusion of a singular

)

term. g,(x,t)) = min(n, g(x, t)), Gu(x, t) = 5+ D )ds, and g, : U X R — R is a sequence of functions
o (s+ p X

that verifies the following conditions.
(H,) There exist 6 > p* and r > 0 such that fora.e x € U and |x| > 7,

tgn(x, t)

0 < 6Gy(x, t) < W

(H3) It holds

(X 1) .
lim o I uniformly for a.ex € U,

t—>+o00

(Hs) There exist 7 > ¢~ and a3 > 0 such that
9, )t = NGu(x, t) > —as|tf”
forallx e U and t € R.

Example 3.1. Set g,(t) = I(t + %)2, p(x,y) =p~ =2, and &(x) = 1. A trivial verification shows that (Hy) — (Hy) are
satisfied under a suitable condition on 1, az, and 0.

Remark 3.2. If the function g satisfies condition (Hy). Then, the sequence of function g, also verifies condition (H;).

3.1. Computation of critical group

For the sake of simplicity, we note Y; := Wsm®MPcy)(Qf) and Y, := Wezm0a6y)(qy).,
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Definition 3.3. We say that {w,},en to be a weak solution of (8) if

f 1400 = Wy 2wn0) ~ Wi YNPC) = @) 1
UxU

|X _ y|N+s1p(x,y)

. f Wi (x) = Wa(@IY 2 (Wi(x) = wa(y)(@(X) = @(y))
UxU

|X _ y|N+szq(x,y)

- fu [—(9”("””("” F VOO0 + 2 (w00 + )

wy(X) + ! )Q(X)

n

dxdy

p(x)dx,

forall ¢ € Y7, where Y7 is the dual space of Y1.

Consider the energy functional ¢ : Y1 — R defined by

1P("Vn) = 11b1(Wn) - lzbZ(Wn) - ¢3(Wn)/

where

T (wu(x) = wi(y)Po 1 [Wa(x) — wi(y)i®)
Y1 (wy) = f N + N
uxu | POGY)  Ix = y[NFsipboy qi,y)  Ix = yNrsaty)
V()
u 0(x)

o ey n(X,8)
primitive of D

3 (wy) =

Lemma 3.4. If g satisfies (Hy) condition and the potential V satisfies (V). Then 1, + 3 € C'(Y1,R) and

(Wi () + D)

(g v = [ [M VOO0 + 2 (w00 + %)] w00,

forall wy,, v, € Y1.

Proof. (i) 1, is Gateaux differentiable in Y7.
Letw,, v, € Y;,and 0 <t < 1, we have

W, +1vy, Wy
%(Gn (X, Wy + i) = Gul(X, W) = 1[ Mds _ 1[ (%(Ads
0 0

1
s + ;)50‘)

t (s + 1)e t

1 Wy, +tv, gn (X/ S)
T L
Wi (S + ﬁ)

By the mean value theorem, there exists 0 < 6 < 1 such that

In(x, Wy, + 0tvy,)

1
;(Gn(X, wy + tvy) = Gu(x, wy)) =

Combining (H) with Young's inequality, we have

In(X, Wy, + 0tvy,) < g(x, wy, + 0tvy,)
< BVl + Wy + 6tv, [ ®v,])

< B2 (1 + W™ + v, [").

1 o(X — — '
W (X) + ;| Ndx, Py(w,) = L Gn(x, Wp(x))dx, and G,(x,t) = fo (—

Vi
(W + Otv, + 1)e0)

7585

ds is the
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Since r(x) € (1,p;,(x)), we have wy, v, € L"*(U). Thanks to the Lebesgue’s dominated converge Theorem,
we get

In(X, Wy, + Otvy,)

n

1
Lim = (G, (x, w,, + tv;,) — G, (x, wy)) = limf T
=0 f =0 Jayg (Wy, + 0tvy, + )50

n /4 n + ét n
= [ g 2 ©)
u (Wy + Otvy, + 1)ex)

_ f In (X, Wﬂ)
= ———v,dx.
U (W + 1)

, T '7[13(Wn +tvy,) — '1[13(Wn)
<¢3(Wn)/ Vi) = ltl_r};)l P

% 1 1
=lim f v (Iwn b 7 =y + EI"(”)dx.

=0 Jqq to(X)

Considering the function defined by L : [0,1] — R as L(z) =
value Theorem, there exists 0 < ¢ < 1 such that

L'(z)(¢) = L(1) — L(0). (1)

(10)

(V(X)

soo (Wi + zvit + 5 11909 According to the mean

Combining (10) with (11), it follows that (5 (w), v,,) = f(u VX)W (x) + 7002 (wn(x) + %) v(X)dx. O

(ii) The continuity of Gateaux-derivatives. Let {w, i }reny C Y7 such that w,  — w, strongly in Y; ask — +oo.
We use Holder’s inequality and condition (H;), we have that

| Gn(X, Wy k)

I’/(X)dx < f |7, (x, w ,k)Ir,(X)dx
U (Wi + 1)E0) u I !

< f 190wl el

<25 gt f w0

< Ol ) [ i
Uu
< CllIBlloo, MWl 7 N P
LT (U) | P a
In(X, W k) Gn(X, Wy) |r(x)

So, the sequence {| Jkew is uniformly bounded and equi-integrable in LYU).
(Wi + %)‘f‘x) (W + 5)5

Thanks to Vitali converge theorem 1mphes

| In(X, Wn,li) _ gn(x, W) I'®gx =0,
k—>+oo u (Wnk + 1)9(X) (Wn + %)é(x)
where g ) (1 ) = 1. Thus, by Theorem 2.6 and Holder’s inequality, we have
19 (Wik) = WyWally: = sup IK@p(Wink) = Pn(wi), Vidlly,
vi€Y1
< Ko (W) = Py (W), V)|
gn(xz W‘rl,k) _ gn(xr Wn)

< "l o IVl — 0ask — +oo
(Wi + )50 (wy, + )00 D ,



A. Ouaziz, A. Aberqi / Filomat 38:21 (2024), 7579-7595 7587

where Y] is the dual space of Y1. Similarly, we prove that ; continuous in Y;. From the Lemma 3.4 and
Lemma 4.1 in [12], we have that ) € CY(Y1,R), and

<¢,(Wn,k), Vn> _ f |Wn,k(x) - Wn,k(Y)|p(X’y)_2(Wn,k(X) - Wn,k(Y))(Vn(X) —Va (Y))

UxU x — y[N+sipeey)
. f Wik (X) = Wik (PITED2 (W, (%) = Wi k() (Vi (X) = V() dxdy
UxU

|X _ y|N+52q(x,y)

axdy

- f(u {M + V)W (x) + %P(X)—Z (w,,(x) + %)} Vau(X)dx,

(W () + 1)
forallv, € Y7.
Theorem 3.5. The functional y satisfies the Palais-Smale condition at level ¢ € R.

Proof. Let {w, r}ken C Y1 be a Palais-Smale sequence of 1) at level c. Then, we have
Y (Wyi) = c+0(1), and " (wyx) = 0(1). (12)

Claim 1: The sequence {w x}keN is uniformly bounded in Y,
By using the contradiction approach, we prove Claim 1. We assume the claim 1 does not hold, that is up
Wik
lwolly,”
Clearly {vyk}ken is bounded in Y;. Since Y7 is a reflexive Banach space, up to a subsequence still denoted
by {vyk}ken such that:

to a subsequence still denoted by {w, i }xen such that [[wy, illy, = +0ask — +ooinY7. Letus v, :=

Ve — vy, weakly in Y7 as k — oo,
Vik — Vy strongly k — +oo in L*O(T) for all 1 < a(x) < p;, (), (13)
Vuk = Vyaein U ask — oo.

Combining (12) with —L— = o(1), we have

ool
il w2 Il N Iwelly, 1
p7 1 =+ 1q7 2 - ”Wﬂ,kHY’f L Gn(X, Wn,k)dx - Tl LV(X)lwiq(X) + ElG(X)dX (14)
=o(1),
and
* q7-p q" Nd Gn (X W) o -pt )
Nl Wil 7 IVl = il [ 2 0 = waidls [ VOO () + ="M
1 1 2 v Ju 1,$(¥) 1 n
Wik +5) u
=0(1).
(15)
We use (15) and (14), we have
- -t + -t 1
(p1 - 1) Vdll, + (ql - 1) Il sl = (25 = 1) Il fu VOO (9 + =[x
(16)

In (X/ Wn,k)

bl [ [Gn(x, W)~ an,k(x)] dx = o(1).
Wik + P
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We use (H,), we can write

- t—p” + - (X, Wiy k)
(1_ - 1) ”Vn,k”F;/l = (1 - %) ”Wn,kH;]/l y ||Vn,k||?(2 + T7||Wn,k||yf f Gu(X, W) = g—nt(x)wn,k(x)dx
p q U + Ly
n o 1,0
1= = liwuily, VX)W (x) + El dx +o(1)
u

A Sl 1ox
S@—%WwaWMI(Lé”WMI”LWMM@H#”W

+ agllwilly, " vall,

) +0(1)
=o(1).

(17)

as k — oo. This is a contradiction as [[v,|ly, = 1, and hence Claim 1 follows. Consequently, there exists
w,, € Y7 such that up to a subsequence

Wy — Wy, weakly in Y7 as k — oo,
Wik — Wy strongly in L®(TU) as k — +oo for all 1 < a(x) < pt, (x), (18)
Wy — Wypaein U ask — co.

From (H;), and (V), we get

[ s [ by 09
+ Wi k +wy,
f@ﬁwWW=f@wwW+m» (20)
Uu Uu
1 1
f VX)W i + =" Wdx = f VX)W, + =°¥dx + o(1). (21)
U n U n

We have also {w, t}xen is bounded in Y5. Since w, x — w, a.e. in U as k = +o0, we have that

Wi k(%) = Wk ()P 2 (Wi k(%) = Wik(y) _, wal9 - Wi(y)POY 2 (W (x) = wia(y))

x -yl (g HsD(pley)=1) X — y|(ﬁ+51)(p(x,y)fl)

a.e (x,y) € UXx U as k — +oo. Since {w, r}ren is bounded in Y7, there exist ¢ > 0 such that

|Wn,k(x) - Wy k(y>|p(x'y)_2(wn K(x) —wy, k(y» xy) :
[ux'ul +s1)(p(xy)-1) 4 o dxdy < C.

Ix — y| px; y)
So, we have that

(Wi k(X) = Wi i(y)l (X’Y)_Z(Wn K00 = Wik(y))  IWa(x) = wa(y)PY (W (x) = wa(y))
) (P0oy)1) +5)(p0ey)-)

ask — oo

Ix — y| p(XV) [x — yﬁ%

weakly in L? () (U x U), where 7o)

1 _ . .
Xy) + ey = 1. Let w, € Y;, it is follows that

wi(X) — wy, (Y)

+5s1

wy(X) —wy (Y)

+S

€ LP9Y(U x U), and € L1Y(U x U).

[x — y|r'(XV) [x — y|t7(><y)



A. Ouaziz, A. Aberqi / Filomat 38:21 (2024), 7579-7595 7589

Finally, we get that

Jﬁ [Wik(3) = Wie()POY 2 (Wia(X) = Wik(y)
N dxdy
UXU Ix — y|(m+s1)p(x,y)

-, W00 = Wiy )P 2w () = wly))
UxU Ix — yl(% )

dxdy as k — oo

and

f |Wn,k(x) - Wn,k(Y)lq(X'Y)_z (Wn,k(x) - Wn,k(y» dXdy
UxU +s2)q(xy)

jx =yl

R f W (%) = Wa(Y)IT 2 (W (x) = Wi(y))
UxU

dxdy as k — oo.
+52)4(x,y)

jx =yl
Claim 2: wy, — wy, strongly in Yy as k — oo.

Considering the sequence defined as v,y = wy, x —w,. Since w,, y = w, a.ein U and {w,, x}reN is uniformly
bounded in Y7 and Y5. Thanks to Brezis-Lieb Lemma in [22], we have that

f Wik (X) = Wik (Y)PEY 2 (W, 1(X) = Wi k(y)) ;
N Xdy
UxU Ix — y|(p<Ty)+Sl)P(X,Y)
- pxy)-2 _
_ f [V, (X) = Vi (¥)l : (Vi x(X) = Vi (¥)) dxdy .
UxU x — yl(m+s1)l’(xr)’)

) f W (X) — Wn(y)|r7(x,y)—2(wn(x) - wyu(y)) dxdy + o(1),
UxU

Sy HSDP(XY)

=yl
ie ||wn,k||§’(l = IIWT,III;/1 + ||Vn,k||’;/1 + o(1). Similarly, we get ||Wn,k||z/2 = ||w,,||[§/2 + ||Vn,k||Z(2 + 0(1). So, we have that
b 1 o1 o1 o1 . c J
-+ (1) = Ywne) < el + eIl + Scwally, + il = | G waop
) 23)
- f V) Wi + =" Wdx.
U n
On the other hand, using 1// (Wnx) = 0 as k — +oo, we have that

Gn(X, W)

+ + + + 1
: 14 qT _ _ o 9 _ Z o)
gmmmﬁmm,f‘ v (9 = Wl = liwl] LWMM+de (24)

U (wy + %)
We combine (24) with {(w,) = 0, we obtain that
: p 7 _
i (el + vagll], = 0.
Since ||Vn,k||§1 and ||Vn,k||l;7(2 are bounded sequence, we can write klim ||Vn,k||§)/1 =g and klim ||Vn,k||?(2 = b. Since
—+00 —+0o
a,b>0anda+b =0, we get thata = b = 0. Finally w,,; — w,, strongly in Y; ask — +co. [

Now, we will use the notion of the local (1, n) linking for computing dim Cy (1, 0).

Theorem 3.6. The functional { has a local (1,1)— linking at the origin.
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Proof. According to (H3) and a direct computation, we have
né®j

2p(x,y)

WGP ! < Gulx, Wi () (25)

We define V = RR. Clearly V is a one dimensional vector space subspace of Y;. We choose r € (0,1) such that
Ky N B,(0) = {0}, where B,(0) = {w, € Y1 : [Wylly, <r}and Ky = {w,, € Y7 : 1# (w,) = 0}. We consider the set

E=Vn B,(O) for small enough r € (0,1). Recall that on a finite-dimensional normed space, all norms are
equivalent. So, by taking r € (0, 1) even Smaler as necessary, we obtain that

Willy, <r=|wy| <6 forall w,eV=R

Then for any w, € V N B,(0), we have

_ p(xy) — q(xy)
D(w) = f 1 [wa(x) —wy (Y)l dxdy + f 1 [wn(x) —wy (Y)l dxdy
U Uu

xu POGY)  [x =y [N ey) xu 406 y)  Ix =yt

V(x) 1 ot
| Gt [ 8w, 0+ 1
— p(x.y) _ q(xy)
< if [wi(x) —w (Y)l dxdy + lf [Wy(x) Wn(Y)l dXdy
uxu X — yll\”sl”(X ) ‘1 wuxu X — yNte2a00y)

Further, we consider the set

_ Lo, ey w1
D = {wn € Y71 : min( +,p+)|| ally, >||ﬁ||ooc((uf7’,N)||Wn||ylE"'G—Jrfhﬂwnﬂy1 ,

where ! : U — (1, o) is the continuous function such that I(x) < pi(x), and C(U, r, N) is the positive constant.
Using condition (H;), (V), and Theorem 2.6, we have that for any w, € D,

_ p(xy) — q(xy)
D(w) = f 1 [wa(x) —wy (Y)l dxdy + f 1 wn(x) —wy (Y)l dxdy
Uu U

c POGY) = y ) c 105Y) byt

—f Gn(X,wn(x))dx—f (( ))| n(X)+%|U(X)dX

1 I
Zp w0 + ped A Al = 21|Blleelwll ) - +m||wn||yl>o.

Let U = B,(0), Eg = VN dB,(0), E = VN B,(0), and D as above, we have that 0 ¢ E; c E c U = B,(0) and
Eo N D = . Therefore, we arrive the following

IP\E <0< lileﬁm'

Let Y be the topological complement of V. We have that Y, = V @ Y. So, every w, € Y7 can be written in
unique way as
Wy =V, +y, with v, eVy, €Y.

We consider the map & : [0,1] X Y1\D — Y1\D defined by

h(t,wy) = (1 —Hw, + tr” i
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We have (0, w,) = w, and h(1,w,) = r——
Y1\D. Hence

|| ” € VN dB,(0) = Ey. It follows that Ej is a deformation retract of
Vl

i" : Ho(Eo) — Ho(Y1)

i an isomorphism. Note that Ey = {a, —a} for some a # 0. Therefore, from dim Hy(Eo) = 2, since Hy(Ep) =
REP R. Thus dim im(i') = 2

The set E = V N B,(0) is contractible (it is an interval ). By Theorem 11.5 in [19], we have that Hy(E, Eg) = 0
Thanks to Remark 6.1.26 in [19], we get dim im(j*) = 1. So, finally

dimim(*) — dimim(j*) =2 -1=1.
Thus the hypothesis of Definition 2.7 are satisfied. Hence ¢ has a local (1,1)- linking at 0. [
Remark 3.7. Forall k € N, Ci(1,0) # 0

Proof. Since ¢ has a local (1,1) linking at the origin. By proposition 2.1 in [28], we get that dim Ci(y,0) >
1. O

Now, we will compute the group critical of i at infinitely.
Theorem 3.8. Suppose that the condition (Hs) is satisfied. Then, there exists k € IN such that Ci (1, 00) =0

Proof. Firstly, we prove that there exists a positive constant A such that ¢* is homotopic to exists a constant
A > 0 such that ¢ is homotopic to S* = {w,, € Y7 : |[w,lly, = 1}, for all 2 < —A. From the condition (#3), it
follows that

p(xy) - p(xy) a,y) _ q(x,y)
W(tw) = f w0 o) =Wl W f ) w00 ()
wau POGY) X = yl o) wxu 400 y)  Ix — y[Na0y)

(V( )

o(x)

+

o *x,y) Qltg
< — 4+ qxy P dx — - U(X)d
< q,|| Wally, 2+,SA[w(x) 1 dx flw () + | X,

where p* = max P, (x). Since pl* > p* > q* > 0", we have that ¢(tw,) — —c0 ast — +c0. Let A € R there
X€!

dxdy

— 210w, (%) + = IU(X)dx— f Gou(x, tw,(x))dx

exists t € R such that [[tw,|ly, > B, we have that i(tw,) < A. Since w,, € S!' we have that

P — P(X/Y) " t n
iw(th):f )1 (Wi (X) — Wi (y)l dxdy—f ) Fn(X, tW, (X)) "
dt UxU |X — y|N+51P(XrY) (th(X) + = 1 )S(X)

q(x; y)
+f tq(x y)-1 |Wn(X) Wn( )l dy _ f (V(X)to(x)—1|wn(x) + _|a(x)—1dx
UxU u n

|X y|N+szq X,y)

+ + X ,tw - 1 _
<0t ) - [ w0 2D g [ e, 01+ L ax
T w00+ D u n

+ [ + ¢ B
<P las+ f G, twn(x))dx — = f b () Lo W OD ) o f V)W (x) + L1
t ] u t U (th(X) + %)é(x) u n
ol (X, tWy,
<P las (1 _ %)f twn(x)g(x—ng))dx
E10 0T ) Ju Y w0 + 10
P 1 1) _ o f 1 o1
< ; _A +C; (6 = )] t W(V(x)lw,,(x) + nl dx
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By the implicit function Theorem, there exists an unique T € C(S', R) such that for any w, € S,

Y(T(wp)wy,) = A.

For any w, # 0, set t(w,) = mT(“x"”). Then 7 € C(Y1\0,R) and for all w,, € Y1, P(w,t(w,)) = A.

Moreover, if ip(w,,) = A, then t(w,,) = 1. We define a function 7; : Y1 — R as

o tw), i (w2 A,
Tl(w”)"{lf if Y(w,) < A.

Since P(w,) = A implies that t(w,) = 1, we conclude that 7; € C(Y1\0, R). Finally, we set H : [0,1] X Y7\0 —
Y1\0 as
H(t,w,) = (1 — tywy, + tt1(wWy)wy.

We have H(0, wy,) = w,, H(1,wy) = T11(W,,)w, € tpA, and H(t, )y = idy for all t € [0, 1]. It follows that
Y4 is a strong deformation retract of Y;\0. (26)

We consider the radial retraction r : Y7 — R defined by

Wi
(Wl

for allw, € Y.

r(wy) =

This map is continuous and s = idjs1. Therefore, S is a retract of Y1\0. Considering the map defined by
h(t,wy) = (1 — HHw,, + tr(wy,) for all (t,w,) € [0,1] X Y1\0.
Then, h(0, w,) = Wy, h(1, wy,) = r(wy,) € S', and (1, )1 = idjs:. Hence, we refer that
S!is a deformation retract of Y;\0. (27)

Finally, by 26 and 27 it follow that " and S! are homotopie equivalent. We already know that the space
Y1 is an infinite dimensional Banach space. From Remark 6.1.13 in [32], it follows that the sphere unit S! is
contractible. So, we have that

Hi(Y1,¢") = Hi(Y1,S") = 0 for all ,k € N.
Finally, we obtain that
Cu(ip, 00) = H(Y1,¢) = Hi(Y1,5") = 0, forallk € N. (28)
O

Theorem 3.9. Suppose that conditions (V), and (Hy) — (Hy) are satisfied. Then, the problem (8) has nontrivial weak
solution in Y7.

Proof. Since 1 has a local (1, 1)— linking near the origin, then dim C;(1,0) > 1, i,e Ci(1,0) # 0 for some
k € IN. Thanks to Theorem 6.2.42 in [32], there exists w, € Ky. [J

Theorem 3.10. Suppose that condition (V), and (H1) — (Ha) are satisfied. Then, the problem (8) has at least
non-trivial weak solution in Y7.

Proof. Thanks to Theorem 3.5 1) satisfies the Palais-Smale condition and is bounded from below and the
trivial solution w,, = 0is homological nontrivial and is it a minimizer. The conclusion follows from Theorem
21in[28]. O
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3.2. Existence of infinitely non-trivial solutions

Theorem 3.11. Suppose that conditions (V), and (Hy) — (Hy) are satisfied. Then, the problem (8) has infinitely
non-trivial weak solutions in Y.

Proof. We suppose that our problem admits three non-trivial solutions Y;. That is Ky, = {0, w;;, v,}. From
Morse’s relation, it follows that

3 R, k= m(O),
Cu(¥,0) = { 0, otherwise,

where m(0) is a Morse index of 0. We use Morse’s relation, we get that

Z rank Ci(¢, 00)XF + (1 + X)Q(X) = Z rank Ci(1, 0)X* + Z rank Ci (¢, w) Xk + 2 rank Ci (¢, Vi) XK

k>0 k>0 k>0 k>0
=X"0 +2)" gx*.

k=0
From (28), it follows that

(1+X)Q(X) = X" +2 )" g,
k>0

where f; nonnegative integer and Q is a polynomial with nonnegative integer coefficient. In particular, for

X =1wehave2a =1+2 Z Br. Since B € IN, we have that Z Br = +oo leads to a contradiction. Thus, there

= k>0
exist infinitely solutions to the problem (8). [

4. Fundamental Theorem

Theorem 4.1. Suppose that conditions (V), and (Hy) — (Hy) are satisfied. Then, problem (3) admits an infinitely
weak solutions in Y.

Proof. Let {w,},en C Y1 be the sequence of solutions to problem (8). So, we have that

. W09 = WalPP 200 = wilY) @0 = ),
UxU [x — y|N+51P(X,y) xay

ﬂ[ 409 = wiPF 2w, () ~ W™ = @)y 29)
UxU

|X _ y|N+szq(x,y)

_ Fn(X, Wy (X)) f 1 o(x)-2 1 "
= L —(w,,(x) N %)é(x)(p(x)dx + (H‘V(x)lwn(x) + nl (W (x) + n)(p(x)dx, forall p € Y7.

We take ¢ = wy, in (29), we have that

- pocy) - 90x,y)
f W (X) x'n(y)l dxdy + f W, (%) :Ivn ) iy
axu [x = yNFTEpe) X — yNFa00y)

_ Fn(X, Wy(X)) 1 oo 1
_men(x)dx+ L‘V(x)lwn(x) + ﬁ' 0=2(w,(x) + E)Wn(x)dx

< f I Wb+ f (V(x)|wn(x)+%|“(x)dx.
Uu

u (Wi(X) + )5
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Combining (H;) with (V), it follows that

_ p(x.y) — q(xy)
f [W(X) :]Vn (Y)| dxdy + f [wy(X) ;\]Nn (Y)l dxdy
uxy  [x =yt uxu  [x = y[Nra0y)

Gn(X, Wi (x)) o(x
SLW )dx+f‘V(x |wn(x)+—|()dx

sfﬂmMmmwwwm+wwm
U

sjkwaﬂmeWWMMWMw+mmmr
Uu

Since r(x) — 1 < r(x) — &(x) for all x € U, we get that
< ”ﬁ”ooc(r(x)/ P(Xr Y)/ q1 (X)/ E(X)/ 51, 7/{)

Iwaly, < =

7594

Hence, the sequence {w,},en is bounded in Y;. Since Y; is a reflexive Banach space, up to a subsequence,
still denoted by {w,} such that w, — w weakly in Y7, w, — w strongly in L*O(U) for 1 < a(x) < ps,(x), and

w, — w a.e in Y. A similar discussion as in Theorem 3.5 gives that

. Wy (x) — Wn(Y)lp(Xy) 2(Wn(X) wi(y))(p(x) — (P(Y))
hm[[ux’u |X y|N+51p(xy)

n—oo

N f Wi (%) = Wa (@I 2 (Wi (X) = wa(y))(@(X) = e 1
UxU

|X y|N+szq(x ,y)

:j‘|mw—wwWW%mw—mwmwwmwum
UxU

|X _ y|N+51p(x,y)

+j'|mw—MWWW%mw—mwmm%¢mym
UxU

|X _ y|N+szq(x,y)

Since wy(x) > 0, we get that
gn (Xr WVZ (X))@(X)
(5 + W ()50

From the dominated converge theorem, it follows that

| < lg(x, w(x))p()l.

fim gn(x, Wn(X))fP(X) x g(x, w(x))p(x)
=t Jgp (24w (x))5 u (W))W

Similarly, we prove that

Finally, passing to the limit in (29), we deduce that
f [W(x) = w(y)P*V2(w(x) - w(y)(@(x) — @(y) ixd
UXU

|X _ y|N+51p(x,y)

[W(x) = w(y)IY2(w(x) = w(y))(@(x) = p(y))
+ LXW |X y|N+szq(x ,y) dxd

f 9(’;;:\(7)(:)())23 dx + f V)W 2w(x)p((x)dx, forall ¢ € Y3,

namely w is a weak solution to (3). O

dx.

lim (V(x)lw + = |G<X> 2wy, + )(p(x)dx— f V) W7 2w (x)p(x)dx.
Uu

(30)

(31)

(32)
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