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Global well-posedness for the 3D rotating fractional Boussinesq
equations in Fourier-Besov-Morrey spaces with variable exponent

Ahmed El Idrissi**, Brahim El Boukari?, Jalila El Ghordaf?*

?Laboratory LMACS, Faculty of Science and Technology, Sultan Moulay Slimane University, Beni Mellal, 23000, Morocco

Abstract. This paper considers the Cauchy problem of the 3D rotating fractional Boussinesq equations
in Fourier-Besov-Morrey spaces with variable exponent. By using the contraction mapping method,
Littlewood-Paley theory and the Fourier localization argument, we get, with small initial data in the

. 4-28- 3
critical Fourier-Besov-Morrey spaces with variable exponent ?Nr(») f(_) ;1"’ , the global well-posedness result.

1. Introduction and main result
In this article, we would like to study the 3D rotating fractional Boussinesq equations given by

vr +v(=A)Po+ (v-V)o+ Qes xv+ VP = gbes  for (x,t) € R® X (0, ),

0 + k(=A)PO + (v- V)0 =0 for (x,t) € R3x (0, ), (L.1)
V-v=0 for (x,t) € R®x (0, 0), '
v(x,0) = vo(x), O(x,0) = Op(x) for x € R?,

Here, % <B <1, v(x,t) = (v1(x, 1), v2(x, ), v3(x, t)) represents the fluid’s velocity field, while 6(x, t) signifies
the fluctuation, the operator (—A)? is the Fourier Transform defined by (—A)f := F ! (Ié 2 T), and P denotes
the pressure. The thermal diffusivity, the kinetic viscosity, and the gravity are respectively denoted by the
positive constants x, v and g. O € R represents the Coriolis parameter, signifying twice the rotational speed
around the vertical unit vector e3 = (0,0,1). The expression g0ez symbolizes the buoyancy force in accor-
dance with the Boussinesq approximation, a method that involves disregarding the density dependency in
all terms except the gravitational one. As the specific values of v and x do not hold particular significance
in our analysis, we simplify by assigning v = x = 1 for convenience in our discussion.

when f = 1 and Q = 0, Equation (1.1) corresponds to to the classical Boussinesq equations, which are
a set of simplified fluid dynamics equations used to study buoyancy-induced flows in stratified fluids [7].
These equations describe the effect of temperature variations on fluid motion, making them fundamental
for modeling natural convection phenomena in oceans, atmospheres, and other geophysical systems (see,
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e.g. [21, 24]). The global well-posedness of these equations has been studied by many researchers in various
spaces, see [1, 7-9, 11, 14, 16, 26] and the references therein.

when =1, 6 =0and Q =0, Equation (1.1) leads to the following classical Navier-Stokes equations:

v+ v(=A)o+@-VYo+VP=0 for (x,t) € R3x(0,00),
V-o=0 for (x,t) € R? X (0, ), (1.2)
o(x, 0) = vg(x) for x € R3.

There are many studies on well-posedness results of Equation (1.2), which can be consulted in [15, 17, 19,
20, 22] and related references cited therein.

when 0 = 0, but Q # 0, Equation (1.1) corresponds to fractional Navier-Stokes equations with Coriolis
force. We have global well-posedness results for these equations with small initial data in various critical
Fourier transform-based functional spaces. For the case where f = 1, that is, the classical Navier-Stokes

equations with Coriolis force, we have them for example, in the Sobolev space H 2(R% [13], in 7:/\/(51(1[23)
which can be identified with the Fourier-Besov space 73‘1 (]R3) [12], in TBE;,% (R3) with 1 < 7 < 00 [18], in
TBI%(IRS) [15], in the Fourier-Besov-Morrey spaces FNZ

oo (]R3) [4]. Furthermore, we have ill-posedness

in 7’8,00 (R®) with 1 < r < oo [15]. For the general case 5 < f < 1, Wang and Wu established global
well-posedness in the Lei-Lin-type spaces X'~% (]R3) with 3 < B < 1, and in the Fourier-Besov spaces

TB4_2ﬁ _%(IR3) with 2 <B< 5 -1, 2<r<owand1<h<o,in[29] and [30], respectively. El Barakal and

Toumlilin [10] demonstrate the global well-posedness in the Fourier-Besov-Morrey spaces ¥ N ’8 (1R3)
with0<A<3, 1 <B<3-34 1<r<oand1<h<2.

In general, variable exponent function spaces have garnered significant attention from researchers in
recent times. This interest extends beyond theoretical aspects, encompassing their pivotal role in various
applications, such as resolving specific equations. However, there are many challenges in addressing the
well-posedness of equations in these spaces. In our case, certain classical theories, like the multiplier theo-
rem and Young's inequality, are inapplicable within Fourier-Besov-Morrey spaces with variable exponents,
unlike classical Fourier-Besov-Morrey spaces. To overcome these challenges, the present paper primarily
relies on the properties described in Section 2 to look at the global well-posedness result. Moreover, variable
exponent function spaces have different structures from each other. In particular, an analysis of the structure
of a variable exponent Fourier-Besov-Morrey space reveals its notable distinctions from a variable exponent
Besov space. In contrast to the latter, this specific space is better suited for studying the boundedness of
semigroup operators and for estimating nonlinear terms. For an in-depth exploration of these variable
exponent function spaces, we direct the reader to [2, 3, 5, 23, 25, 28] and the associated references therein.

Very recently, Ru & Abidin [25] and Abidin & Chen [2] demonstrated the global well-posedness to

3
Equation (1 1) with 0 = 0and Q = 0, for small initial data in the variable exponent function spaces 772"34_%_@
and ?N ’() with2 < ¢(-) < oo, respectively, with1 << 1,2 <r(-) < sopand1 <h < 2/; 7. Sun, Wu and
Xu [28] proved the global well-posedness to Equatlon (1.1) with g = 1, for small initial data in the critical

variable exponent Fourier-Besov spaces ¥ 8 ()’;1) with2 <7(-) <6and 1 < h < co. Inspired by These works,

we aim to establish the global existence of solutlons to Equatlon (1.1), for small initial data in the critical

N ’“w1th 3<p<1,2<r() <

variable exponent Fourier-Besov-Morrey space N O

1<h< oo
Throughout this paper, E < F denotes the existence of a constant C > 0 such that E < CF and E ~ F

denotes the existence of constants C1, C; > 0 such that C;F < E < CoF. We define, for a Banach space Y and
v, w € Y, the norm of vector (v, w) as

54ﬁ’ 2 <g() < c0oand

I, w)lly = llolly +llwlly,
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for v € S(R?), the Fourier transform as

Fo(é) =v(é) = (273)”,2 f T p(x)dx,

and its inverse Fourier transform as

1 X
- fR (e,

Now we state our main theorem. Please see Section 2 for the definitions of variable exponent function
spaces.

Theorem 1.1. Let 5 1<B<1,Q€eR, r(),q() € Po(RY) N Ciog(RY) such that 2 < r(-) < r() <g() < coand

5 4[5/

let1 < h, p < oo. Then there exists a sufficiently small € > 0 such that for any vy, 6y € TN() ();1“ satisfy V-vp =0

and

[[ool| ,47257% +1160l| _4—2;37% <E€,
()0 h ()4C)

Equation (1.1) has a unique global solution (v, 0) € Y, where

28
Y AT, 00 TN, @, O)ly < é},

2,q().h

{(v 0)/ v,GeLP(OOOTNOq()h)ﬂL(OOOTN 2400V

with

@, Oy = [I(v, O)I_

2p
TP Ay, ();<>)mLP(OooTN22()‘f , )an(OOOTNZ 2’;)

and Cy is a constant depending on 6. Moreover, let ro(-) € Po(R?) N Ciog(RY), s0(-) € Ciog(RY) with sp(-) =

4-28 + % if there exists ¢ > O such that 2 < ro(-) < ¢ < r(-), we then also get that v, 0 € Ji (0 00; FNHO) )

T’ r0()qC)h

Remark 1.2. 1. This theorem extends the corresponding result of [28], where the authors considered Equation
(1.1) with B = 1, in variable exponent Fourier-Besov spaces.

2. We will use in this paper, to prove the global solution, a different method compared to [23], where the authors
studied the primitive equations, which have a considerable difference with the rotating fractional Boussinesq
equations (1.1) (see [27]).

. 4-2p- 3
Remark 1.3. The variable exponent Fourier-Besov-Morrey F N qu) W) is critical for Equation (1.1). In fact, if
(v(x, 1), O(x, 1)) is the solution of Equation (1.1), then

(A, 1), Oa(x, ) = (AP To(Ax, A%1), A1 0(Ax, A%P1))
is also a solution of the same equation and

lI(@(-,0), 6, 0))I S @A (-, 0), O, DI a3, -

()40 LUOXIO%

The remainder of this article is structured as follows: In Section 2, we present some basic background
information on the Littlewood-Paley theory and some different laws on products in variable exponent
Fourier-Besov-Morrey spaces. In Section 3, we introduce the semigroup Sq 4(-) and then prove its estimates.
In Section 4, we establish the main theorem.
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2. Preliminaries

This section presents some definitions of different variable exponent function spaces, basic knowledge
of Littlewood-Paley theory and some propositions that are pertinent to our purposes.

Definition 2.1. [5] For the measurable function r(-), let
Po(RY) := {r(') :R? - (0,0); 0 < r_ = essinf r(x), esssup r(x) =14 < oo}.
xeR4 xeR¢

The Lebesgue space with variable exponent is defined by
L0 (]Rd) = {u : R? — R is measurable, f [u(x)[@dx < oo}.
R4

with norm

(2]l 10 ::inf{/\ >0 ony(u/A) < 1}

r(x)
=inf{/1>0:f(@) dxsl}.
IRYI

We use the following notation to separate variable exponents from constant exponents: r(-) for variable
exponents,  for constant exponents. Also (L'") (le) ,|lull;0) is a Banach space.

L") doesn’t have the same features as L. Therefore, to assure the boundedness of the maximal Hardy-
Littlewood operator M on L'O(R?), the following standard conditions are assumed:

1. (Locally log-Holder’s continuous)[5] There exists a constant Cjog(r) such that

Clog(r)
e+lx -y

[7(x) = r(y)l < Tog ( ,forallx,y e R, x # y.

2. (Globally log-Holder’s continuous)[5] There exist two constants Ciog(r) and 7« such that

Clog(r)

for all x € R".
loge + )’ O ANXE

[7(x) — 70| <

Clog(]Rd) denotes the set of all functions r(-) : RY — R that satisfy 1 and 2.

Definition 2.2. [3] Let r(-),q(-) € Po(RY) with 0 < r— < r(-) < q(-) < oo, the variable exponent Morrey space

Mf(()) = M{Z(()) (R?) is defined as the set of all measurable functions on R? such that

d d
Ul g0 ;= su Ri& ™0y
ol P

<
) x0€R4,R>0 LO(B(xo,R))

From the definition of L'-norm, the quasinorm || - || A0 18 also expressed as follows:
0
4 _d U
||M||Mq(-) = sup inf {/\ >0: Or() (Rq‘x’ ) _XB(xU,R)) < 1} .
0 xeRY,R>0 A
Here we give an important lemma.

Lemma 2.3. [3] Let 7(-) € Po(IRY), then
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1. If q(-) € Po(RY) satisfies r(-) < q(-). Then for any measurable function u, we have

. d _d U
||M||Mq(-> :=inf{A>0: sup  Or() (Rq(x) () XXB(XO,R)) <14,
i x€R?,R>0

2. For any measurable function u

sup 0 (B ) = 0r) (1),
x0€RY,R>0

and [[ull o0 = [lullpo.
M
¢

We now recall the Littlewood-Paley decomposition (see [6] for more details). Let ¢ € S(IR?) be a smooth
radial function such that

0<p<1,
a3 §}
supp(pc{éelR .4§|cf|§3 ,
Z(p(Z‘jE)=1, forall £ #0,

j€Z

and we denote ¢;(&) = p(27/&). Then for every u € S'(IR?), we define the frequency localization operators
for all j € Z, as follows

A]'u = 7:_1(P]' *U and S]'Ll = Z Agu, (2.1)
k<j-1

Here, we observe that A; is a frequency to {|&] ~ 2/} and S; is a frequency to {|¢| < 27}, and we denote
also that the almost orthogonality property of the Littlewood-Paley decomposition is satisfied, i.e. for any

u,v € S'(RY)/P,
Adju=0 if |i-jl>2 and A(SjquAp)=0 if |i-jl>5, 2.2)

where P is the set of all polynomials on R?.
Throughout this paper, the following Bony paraproduct decomposition will be used:

uo = T,v + Tyu + R(u, v), (2.3)

T,0= Z Sj1ulAj, R(u,v) = Z Z Ajulo.
j

Jolj-st

with

Definition 2.4. [3] Let #(-),q(-), h() € Po(RY) with 1(-) < q(-), the mixed Morrey-sequence space {’h(')(Mz((_')) ) is the

set of all sequences {aj}jel of measurable functions on R? such that

o}, lovovey = inf{A >0 Qf’f<-><Mffj;>({”f/ Mep) < 1}'

where

ez e

[R#® ™70 N

qx) @ a'XB(x R)

= E i : = A
@f”(')(MfEf;)({af}jez) = Y inf {v >0: jﬂ;n - dx<1;.

Notice that if hy < oo and r(-) < h(-), then

)

L) (B(xo,R))

i a4 \'®

aoomey (o) = 2, sup
jez. xo€RY,R>0
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Definition 2.5. [3] Let s(-) € Ciog(RY) and r(-), 4(-), h(-) € Po(R?) N Ciog(R?) with 0 < r— < #(-) < q(-) < oo. The

variable exponent homogeneous Besov-Morrey space N S(()) Y is defined by

s(0) — ' (RE
Nr(-),q(-),h(~) = {u eD (IR ) IIuIIN:;;q()h) < oo},

with norm

Ul s {Zfs(')A-u”}‘
” ||N() )h() || ] j€Z [h()(M,r](()))l

and O’ (]Rd) represents the dual space of
D(RY) = {u e S(RY) : (DPu) (0) = 0, Vp}.

Definition 2.6. [2] Let s(-) € Clog(le) and 1(-),q(-), h(-) € Po(R?) N Ck,g(]Rd) with0 < r- <r(-) < q(-) < oo. The

variable exponent homogeneous Fourier-Besov-Morrey space FN° 50 is defined by

r(),9(),h(-)
s(+) ’ d
FAE o {u € D' (RY): g0 < oo},

with norm
||{2j5(<)@}

Il 5

. 7
A0 JEZU oML

and D’ (]Rd) represents the dual space of
D(RY) = {u e S(RY) : (DPu) (0) = 0, Vp}.

Definition 2.7. [2] Let T > 0, s(-) € Ciog(IRY), 7(-),4(-) € Po(R?) N Ciog(R?) with 0 < r- < () < g() <
oo, and 1 < h,p < oco. The variable exponent Chemin-Lerner type homogeneous Fourier-Besov-Morrey space

T (o A ()h())is defined by

s() ’ d
(0 L TNrw()h()) {“ e D (RY): b0 8t ) < °°}’

with norm
1

25 )A U

|i% ”z;»(oTTN )n(~)): []EZZ‘

h
o0, TM”")] !

where 1l o 7,0 ( Fwenie dt) :

Mo
Proposition 2.8. The following inclusions hold for variable exponent Morrey spaces.

1. (Hdlder’s iﬂequﬂlity)[ﬂ Let 7() r1(),72(),9(), q1(:), 92() € Po(le) Sﬂfisfying r() < g0), ri() < qi()i =
1,2), % = %() + 72() and ) = qll(_) + ﬁ Then for all u € MLZ: and v € qu((;, there is a constant C
depending only on r_ and r,. such that

lluol] Ml < C el (24)

o [0l 20
M?} oMy
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2. [2] Let (), r2(), 91(-), 42(-) € Po(R?), 0 < h < o0 and $1(-), 52(-) € L® N Ciog(RY) with 51(-) > s5(-). If + and
d d
s1() — — =35() — —
1() : 2(°) "0)

()

are locally log-Holder continuous, then

Cr51() Cr52(7)
Neoaono = Naoaomo: (2.5)

3. [3] Let 1(-),q(-) € Po(RY) N Ciog(RY) and ¢ € L'(RY), suppose D(y) = SUP¢50,4) |<p(x)| is integrable. Then

forall u e M)

) there is a constant C depending only on d such that

[+ ‘prM?fii < Cllull g 1Pl

where ¢ = H¢(e).

Proposition 2.9. [2] Let T > 0, s > 0, r1(-),72(-),4(:), q1(-), 92(") € Po(R?) N Clog(]Rd) and 1 < 1,h,p,p1,p2 <
satisfying 1 = r]L() + %(.), % = ﬁ + q21(~) and % = % + piz Then there holds

[luoll- ' Sllull- . Il -
L (O'TfN iq(-)»z) Lo (O'T;TN HOM (-),h) Lr2 (QT}TN 92<-),qz(-),h)
+ vl . [l |- < .
TPt (O,T;TN;l o (_)/h) [ (O,T;‘FN,OZ(_)/L]Z (_)/h)

3. Main estimates

In this part, we first give a brief presentation of the generalized Stokes-Coriolis semigroup S 4(*), that is
closely related to the rotating fractional Boussinesq equations. For 6 = 0, Equation (1.1) corresponds to the
fractional Navier-Stokes equations in the rotational framework. Indeed, we have to consider the following
generalized linear problem

v+ (Ao + Qesxv+VP =0 for (x,t)€R3x(0,),
V.o=0 for (x,f) € R? X (0, 0), @3.1)
v(x,0) = vp(x) for x € R

The solution of (3.1) can be obtained by the generalized Stokes-Coriolis semigroup Sqg(-), which is given
explicitly by
Sapt)o = F1 [cos (Q%t)l + sin(%t) R(cf)] % 1Ay

for t > 0, and divergence-free vector fields v € S(R%). Where I is the identity matrix in R3, ¢ :=
Fl (e—flélzﬁ F ) , and R(¢) is the skew symmetric matrix defined by

1 0 & =&
RE)=—=| -& 0 & |, EeR®\ {0}
<] & =& 0

For the derivation of explicit form of S 4(-), please see [13, 29].
Next, we establish the estimates of the semigroup S Q,/;(-).
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Lemma3.1. Let 1 <p <1, so() € Clog(IRd) (), 70(), 4(:) € Po(R?) N Ciog(IR?) such that 2 < ro() < ¢ < 7(-) <
q(-) < oo and so(: ) 4-28 +2_ T’ and let 1 < h, p < co. Then there holds

IISQ,ﬁu)foIIIP(O,W;W;S;_-;M_M) 1Al (32)

)()q()h

< A-2p—
forall QeR, foeF N Y . Moreover, we have

ISas®fl_ sy <UA s (33)
[ 7:24()11 ) r()a()h
and
15008 i) Wl o

Proof. Set7.(-) = CC ok According to Proposition and with ry(-) < ¢ < r(-), we obtain

1

h
A0
LP(O,OO,MVO(_)))

”Sﬂ,ﬁ(t)fo”’EP(O’OO;TMO((';«)1) : Z (Hz]lso(‘)(Pje_tlélz{; fo
0O

j€eZ

A

e s a
L[ Z bl
j€Z \k=0,1 ‘

_3 i(3,%_ 3 6k
||R 7e(?) 2](f + p 10 )(Pj+ke—t2 B(j+

1
h\n
)
LP(O,oo;L%('))

N

N
5L il
k=0,£1

jezZ
Sl
N aon
where we have utilized the following estimate

2422 _26(+K)

||R n<)2]( .))(Pj+ke

P2 yoop(ivk
S ||2] re t B(j+k)
LP(O,OO;L’E(‘))

3 i1
“R‘m 275G

LP([O,oo)) LP(O,OO;L%('))

< || R 7027 %76
el re(x .
S Pj+k 70

R 762 %%

. re(x ro(x) (P+k

SinfdA>0: - -
R3 A

7e(x)

dx <1

()

27%dx < 1

__3

ch(x) .
< inf /\>0:f ﬂ
IRS

R 7@y
< inf /\>0:f A 2
RS

Thus the inequality (3.2) is obtained. Similarly for the other inequalities. We just need to replace both ¢ and
ro(-) with 2 ( since 2 < #(-)), and replace them again with r(-) in the above proof for the inequalities (3.3) and
(3.4), respectively. Then we get the results. And this completes the proof of Lemma 3.1. O
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Lemma32 Let 1 < B <1,s() € Clog(le), (), 70(),4(-) € Po(RY) N Ciog(RY) such that ro(-) < () < g() <

o0, () < 5= 4ﬁ ands()—4 2/3+——— and let 1 < h, p < co. Then there holds
Hf sgﬁ(t—f)deL oS AL gy (3.5)
5 P
D (000 A0 ) L[ N 10 ]
27
forall Q e R, feLP 0, o0; N
4;s+1 a6\
Proof. Set7y(-) = 6(56r+fg;m() < B < 1 with Proposition 2.8, and Proposition 2.9 give us
£ o
H f Sost—1) deL LS f 2500 e~ =D £ )
LP(OooTNrO()q()h) 0 (OooMz (>) o
o jaapr oy -2 eph
[ e g sl o
70
0 L' 4ﬁ+1 Lr([0,00)) o
o
S f DG+ D=0 ||R 705 rﬁ()(P] 750 ”Aff“M”('L at
0 w1 loe(o,co)||
j(E+3-2p) || A . || 2jg=t2%)
< ||l 2 ||A]f||wl 20 )
1 {ILe ([0,00)) o
< 2f<%*+%—zm||A.f||
oty
w1 )l

< AL -
! LP[Orf’O:N e J

T A0

O

4. Proof of main result

In this part we establish global well-posedness for Equation (1.1) by applying the contraction mapping
argument. Due to Duhamel’s principle, the solution of Equation (1.1) can be written as

F=&m@maﬂ%mhﬂmvvwwwwwﬁmﬁ—mw%ﬂ“=@Wﬁ' (1)

6 = Vg — [ VNPV - (0.8 O)ldt = (0, 6),

where Sq4(-) is the generalized Stokes-Coriolis semigroup presented previously and IP = I — VA™!Vis the
Leray-Hopf projector. We define the map

: (0,0) = ($1(0,0), $2(0,6)), (42)
in the following metric space, for 6 > 0 which will be chosen later:

5_ 2
Y = {(v 0)/ v,0 € L7(0, 00, F N, Y A\ TP(0, 00 TN, ﬁ“’ ) N L™(0, co; TN;q(Z)ﬁh) (o, O)lly < 5},
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a3 (3)=[5=3),

(@, O)lly = llvlly +116lly,

equipped with the distance

Where

and

lIolly = [loll_ 3

—~ 2B+ *
LP(0,00; 7'"N a0 ,'ﬁ )NLP(0,00; ?N;q( W’ )me(o o0 Tszq() h)

We will prove that W : (Y,d) — (Y,d) is a contraction mapping. First we estimate Sq 4(t)vp and eI g,

3
From Lemma 3.1, we have for vy € TN(M()Z),
||SQ;S(t)UO||_. 4 26— i) < ”00” .472/#%
( Nraon ) TN aon
IS, ﬁ(t>volL oy S Mool oy s
A 7 ﬁ+
[O Zq()h ) 7:/Vr( )71()
SQﬁ(f)Uo 50 Sllooll o 2;5—— .
” ”Z ( 24(?2) FN
Then
[Sas®oolly < llooll 4o a 4.3)
PR aon
3
And similarly for 6p € FN ') q()z) and Q = 0. From Lemma 3.1 again, one has
—H=A)
e 2 64|, < ||90||TN4_%_% . (4.4)

r()4()h

Next, we estimate the remaining terms. According to Lemma 3.2 and Proposition 2.9, since 1 < <1,
one has

t
f SQ,,g(f —1)P[V - (v1 ® vy)]dT
0

. < vl joped
LP(OOO‘FNYUO O Lp[ #00; %%,q(-),h)
< ol o [[o2]
LP[O N ] L°°[OooN wh]
Zﬁ—l’ /
+ o2l NERYE- ||Ul||_ <0
0 .
7, [0, Ny o ) [o c; z;;%rwrh]
Shol sl e
LP[O,OO,NM(M ] (0 00} Zq()h)
+[lo2ll 52 0111 5y
L"[O fy <)i+ ) LN(O'“; fq(-»h)
S lloally llozlly -
Then, we obtain
t
Hf Sapt =PV - (v®0v)dt|| <lollyllolly. 4.5)
0 Y
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Similarly, we can obtain

< llelly ey, (4.6)

t
f e EIENPIY L (0 @ 6)|dT
0 Y

and

t
Hf Sap(t — 1)Pg0esdr|| < ||Olly - (4.7)
0 Y

therefore, (4.3), (4.4), (4.5), (4.6) and (4.7) give us that there exist C > 0 such that

W@, 0)lly = ||p1(0, O)|, + [[d2(2, 0)]),

< Clvoll smp-a +1160ll -3 |+ Cllolly lo0lly + ClI6lly + Cllolly 161y -

NI 7
oy a0k

Put

6=2C (HUOH a2 + 1160l ,425%) <2Ce.

LOXIO% LUOXIO%

If ¢ is sufficiently small, then one has

O O
W (o, O)lly < 7t5= 0.

Similarly, we obtain

d(¥(v,6), Y(w,9)) < %d(( 0 )( S )).

Finally, by applying Banach’s contraction mapping principle, we get a unique fixed point (v, 0) € Y of V¥,
which is the global solution of Equation (1.1).

On the other hand, let
v b rs0() = A2
Y= {(v, 0)/ 0,0 € If (o, oo; FAL (_)/q(,)rh) N0, 00 F AL )
) o RN A Teo () o A/ _
AL, 00, 7Ny ) 0T (0,00, 7RG % ) 0, Ol < 0

If we follow a procedure similar to the one described above, we get

¥ (@, O)lly < C(Ilvoll iz 1160l “M%] + Cllolly llolly + Cliélly + Clioliz 1ol -

e 040
Analogously to the case of the space Y, one can demonstrate that Equation (1.1) admits a unique global
solution (v, 0) € Y, for a sufficiently small € and |[voll , 5 3 +00ll .o 3 <€ And this completes the

)
04N 04N
proof of Theorem 1.1, as desired.
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