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1. Introduction, Motivation and Preliminaries

Throughout this article, R (i) denotes the real part of the complex number u € C and [R ()] means the
greatest integer in R (u), and I'(z) denotes the classical (Euler’s) Gamma function defined by

* —t 4z—1
fo et dt (R >0)

I'(z) = I'(z+n)

n—1
1 +))
7=0

zeC\Z;; neN), @
( o €N

which happens to be one of the most fundamental and the most useful special functions of mathematical
analysis and applied mathematics, IN, Ny and Z; being the sets of positive, non-negative and non-positive
integers, respectively. Moreover, as usual, we denote by C and R the sets of complex and real numbers,

respectively.

Remark 1. It is regrettable to see that, in many seemingly amateurish-type publications, the so-called k-
Gamma function I'x(z) is being used to claim “generalization” of the known results which are based upon
the classical (Euler’s) Gamma function I'(z). As a matter of fact, the trivially forced-in redundant (or
superfluous) parameter k in the k-Gamma function I'x(z) appears by an obvious change of the variable ¢ of
integration in (1) (see, for details, [75, Section 3, pp. 1505-1506]; see also [79] and [80]).

The classical Mittag-Leffler function E,(z) and its two-parameter version E, g(z) are defined by (see [43],
[99] and [100])

Eu(z) = kz_; ) (zaeC R >0) )
and
Eup(2) == kZ;‘ F(T"‘ﬁ) (z, a,peC Ra) > 0), 3)

respectively. The one-parameter function E,(z) was first considered by Magnus Gustaf (Gosta) Mittag-
Leffler (1846-1927) in 1903 and its two-parameter version E, (z) was introduced by Anders Wiman (1865~
1959) in 1905 (see also [68] and [40]).

The Mittag-Leffler function E,(z) and its two-parameter version E,g(z) have gained importance and
popularity through their applications in a wide variety of problems in the mathematical, physical and
engineering sciences. For example, these functions appear as solutions of fractional differential equations
and integro-differential equations which model applied problems. They do play an important role in
various fields of applied mathematics and engineering sciences, such as chemistry, biology, statistics,
thermodynamics, mechanics, quantum physics, computer science, and signal processing (see, for details,
[19]). In addition, the Mittag-Leffler-type functions of several variables arise in solving some boundary-
value problems involving fractional-order Volterra type integro-differential equations (see [59]), initial-
boundary value problems for a generalized polynomial diffusion equation involving the time-fractional
derivatives (see [36]), fractional-order modeling of the relaxation-oscillation and diffusion equations (see
[20]), and initial-boundary value problems for time-fractional diffusion equations with positive constant
coefficients (see [34]).

Remark 2. Various claimed one-variable and multi-parameter (or multi-index) “generalizations” of the
familiar Mittag-Leffler functions E,(z) and E,(z) (see, for example, [52], [57], [58], [61], [62], [63], [75],
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[81], [95], [96] and [97]) are no more than fairly obvious special or limit cases of the substantially much
more general Fox-Wright function ,W, (p,q € Np) or pVy (p, 9 € Np). In fact, the familiar and widely-
investigated Fox-Wright function ,¥, (p,q € No) or ,W (p,q € No) happens to be the Fox-Wright
generalization of the relatively more familiar hypergeometric function ,F; (p,q € INp), with p numerator

parameters a, - - - , 4, and g denominator parameters by, - - - , b, such that
a,€C (j=1,---,p) and b;eC\Z; (j=1,---,9).

The general Fox-Wright functions ,W; (p,q € No) and ,W; (p,q € No) are indeed defined by (see, for
details, [14, p. 183] and [89, p. 21]; see also [26, p. 65], [27, p. 56] and [69])

(@1, A1), (ap, Ay );

Y s oom):
o @ (@), ,
Za (b1)p, (),
Crerfe) [ A )
T (%) (b, By) NW@W%»Z @

q 4
(‘R(A]-)>O(j:1,' ,p); RB)>0(j=1,-,9); 1+‘R(ZB] ZA]-)gO),
=1 j=1

where, and elsewhere in this article, (1), denotes the general Pochhammer symbol or the shifted factorial,
since
1), =n! (neNp:=INU{0}; N:={1,2,3,---}),

which is defined (for A,v € C and in terms of the familiar Gamma function I'(z) in the equation (1)) by

o D) _ 1 w=0;1eC\ {0} .
TM AA+D)-(A+n-1) w=neN;:1eC),

in which it is assumed conventionally that (0)y := 1 and understood tacitly that the I'-quotient exists. In
general, we suppose that

a,A;€eC (j=1,---,p) and b,BieC (j=1,---,9)

and that the equality in the convergence condition in the definition (4) holds true only for suitably-bounded
values of |z| given by

P q
AN ol
[ {11

The above-mentioned generalized hypergeoemtric function ,F; (p,q € Np), with p numerator pa-
rameters aj, - -+ ,a, and g denominator parameters by, - - - , b,, is a widely- and extensively-investigated and
potentially useful special case of the general Fox-Wright function ,W, (p,q € No) when

|z| < V=

Aj=1 (G=1,--,p and Bi=1 G=1,---,9.
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We now to turn to a series of monumental works (see, for example, [101], [102] and [103]) by Sir
Edward Maitland Wright (1906-2005). Fortunately, I had the privilege to have met and discussed with
Sir Wright researches emerging from his publications on hypergeometric and related functions during my
visit to the University of Aberdeen in the year 1976. In fact, as long ago as 1940, Sir Wright introduced
and systematically studied the asymptotic expansion of the following Taylor-Maclaurin series (see [101, p.
424]):

_ o0
(3 2) Z Tan 5 (2, € C; R(a) > 0), (6)

where ¢(t) is a function satisfying suitable conditions. In fact, it was my proud privilege to have also met
many times and discussed mathematical researches, especially on various families of higher transcendental
functions and related topics, with my Canadian colleague, Charles Fox (1897-1977) of birth and education
in England, both at McGill University and Sir George Williams University (now Concordia University) in
Montréal, mainly during the 1970s (see, for details, [69]).

The above-cited contributions by Sir Wright were motivated essentially by the earlier developments
reported for simpler cases by Magnus Gustaf (Gosta) Mittag-Leffler (1846-1927) in 1905, Anders Wiman
(1865-1959) in 1905, Ernest William Barnes (1874-1953) in 1906, Godfrey Harold Hardy (1877-1947) in
1905, George Neville Watson (1886-1965) in 1913, Charles Fox (1897-1977) in 1928, and other authors.
In particular, the aforementioned work [3] by Bishop Ernest William Barnes (1874-1953) of the Church of
England in Birmingham considered the asymptotic expansions of functions in the class which is defined
below:

n

() (e o) . z .
EX(s2) 1= ,;3 T T (a,p € C; R(a)>0) 7)

for suitably-restricted parameters x and s. Clearly, we have the following relationship:

hm {E“ﬁ(s z)} D(z,s, )

(/3)

with the classical Lerch transcendent (or the Hurwitz-Lerch zeta function) ®(z,s, ) defined by (see, for
example, [14, p. 27, Eq. 1.11 (1)]; see also [86] and [87])

D(z,s, %) := ; " inK)s 8)

(x €€\ Zg; s € Cwhen [z] < 1; R(s) > 1 when |z = 1).

The reader is referred to a series of recent works by Srivastava (see, for example, [74], [75] and [76]) for
detailed systematic study of the following interesting unification of the definitions in (6), (7), and other
earlier developments in the literature, for a suitably-restricted function ¢(7) given by

. p(n) . .
Eap(@;2,5,) = ; TR (2. € C R(a) > 0), (9)

where the parameters a, 8, s and « are appropriately constrained as above. Furthermore, in the aforemen-
tioned works, some general families of Riemann-Liouville-type operators of fractional calculus involving
the functions €, g(¢; z) and Ea g(@; z, 5, k) in their kernel were investigated (see also [78] and [80]).

An interesting multiple-series generalization of the Mittag-Leffler function E,(z) involving several vari-
ables was proposed by Luchko and Gorenflo [37], who applied an operational method to solve a boundary-
value problem for linear fractional differential equations with constant coefficients. The solution of the
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boundary-value problem was expressed by then in terms of the following Mittag-Leffler-type function in
m variables zq,- -+ ,zy:

- = k! Zlf zn
Etwranp B, 2m) = )| Y DT (10)
k=0 1,20, ,1, 20 F(ﬁ+2ajlj] "
L+ +ly =k j=1

which, in the special case when m = 2, was studied by Bin-Saad et al. [4].

Motivated essentially by some of the above-mentioned and other developments in the theory and
applications of the Mittag-Leffler-type functions in one and more variables, we propose in this article to

study the Mittag-Leffler-type functions F); FY F(3) F(g) and F(3) which are associated with the familiar three-

variable Lauricella hypergeometric functions Ff’), F S’), F (C?’) and FJ ) , respectively. We investigate and establish

several properties and characteristics of these three-variable Mlttag-Lefﬂer-type functions. The results for
the Mittag-Leffler-type functions FS), FS), F(Ce') and Fg), which we investigate in this article, include their
relationships with other extensions and generalizations of the classical Mittag-Leffler functions, their three-
dimensional convergence regions, the systems of partial differential equations which are are satisfied by
them, their Euler-type integral representations, their one- as well as three-dimensional Laplace transforms,
and their connections with the Riemann-Liouville operators of fractional calculus.

2. Multivariable Hypergeometric Functions and Associated Mittag-Leffler-Type Functions

In the year 1969, Srivastava and Daoust [82] extended the Fox-Wright function ,W,, which is defined
by (4), to two variables in the following form:

C:D:Dr XY

S{Js [@:0.0]: [ w110 1

y [(©):6,e]:[@):n];[@):n'];
A B B’
H I’(aj +m0O; + nqb]) H F(b + myl)]) H I’(b} + nx,b;.)
j=1 j=1 X"y

o 1] 3
= Z—o ]C D D’ m
= Hr(cj+m6j+ns])1_[l"(dj+mnj)HF(d;+m]})

j=1 j=1 j=1

A B B’
Er(ﬂ])gr(b])gr(b;) . [(a) Q(P] (b) 1,[/ [(b')l[l’],
—C D D’ FCDD’ [ . | XY\, (11)
t(cATTr(@NT (2 [() : 6, el [(@) :n]; [@) 1 ];
(e r@Tre)

which also includes, as a very specialized case, the general Kampé de Fériet function F2' o D D (x y) in the

modified notation introduced by Srivastava and Panda (see, for details, [92, pp. 423-424, Egs. (26) and (27)])
when we set each of the parameters 0, ¢;, 1}, w}, 0, €j,njand 1];. equal to 1.

Here, and elsewhere in this paper, we find it to be convenient to use the abbreviation (a) to represent the
array of A (real or complex) parameters a;,a,, - - , a4, with similar interpretations for (b), ('), (c), (d) and
(d"). We tacitly assume the following conditions on the coefficients and the parameters involved:

0;,¢j€R" (j=1,2,---,A); ¢,y eR (j=1,2-- B k=12, B)
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and
dje;€R* (j=1,2,---,0); n;meR" (j=1,2,-,D; k=1,2.---,D).

Each of the following two-variable Mittag-Leffler-type functions E; and E,, which were considered by
Garg et al. [17], happens to be a special or limit case of the Srivastava-Daoust function

X
SA:B;B' ( ]
C:D;D’
y

defined by (11):
. [ Y1,a1;Y2,B1; X ] i i ()/1)0”,,1 (Vz)ﬁln x™ y" (12)
O1, 2, B2; 02, 43,03, B35 Y =, [ (01 + agm + Bon) T'(62 + asm) T (63 + Pan)
(7/1,)/2, 61,02,03,x,y € C; min{ay, a2, a3, B1, P2, B3} > 0)
and
Ez[ Y a1, Puy,a X J - D aymepin (V2agm X" v (13)
01,a3,P2; 02,004, 03,3, Y mn=0 I (01 + azm + pon) T'(62 + asm) T'(63 + B3n)

(7/1,7/2, 01,02,03,x,y € C; min{as, az, as, as, f1, B2, B3} > 0)~

We refer here to two related sequels (see [23] and [24]) in which boundary-value problems involving some
time-fractional derivatives were solved in terms of E; in [23].

In the case of hypergeometric functions of three variables, we recall that a general triple hypergeometric
series FO[x, y,z], which was introduced in the year 1967 by Srivastava (see [66, p. 428]; see also [89,
pp- 44-45] and [91, pp. 69-71]) is a unification and generalization of Lauricella’s fourteen hypergeometric
functions 771, -+, F14 (see [32]) including the ten hypergeometric functions studied, in recent years, by
Shanti Saran (1928-1983) (see [60]), as well as Srivastava’s three additional functions H4, Hg and Hc (see,
for details, [65] and [67]; see also [55]).

@a) = (bp); (b)), (bg): (cc); (cp)i (ct);
£® X,z
(ee) = (96) (95 (9G.): (hm); () (h.);

— xm oyt
= Z A(m, n, P % % i?/ (14)
B ' n! p!
where
A B B B C c cr
H (uj)rrl+n+p H (bj)m+n H (b;)n+p H (b;,)p+m H (Cj)m H (C;)n H (C}I)p
_ j=1 j=1 j=1 j=1 j=1 =1 j=1
A(m,n,p) = - G : o (15)

GI GI/ H HI
H(ej)m+n+p H(!Jj)m+n H(g;’)rﬁp H(g;’,)pﬂn H(h])m H(h;)n H(h;/)p
]:1 ]:1 ]:1 ]:1 ]=1 =1 ]=1

and (a,4) abbreviates the array of the A parameters ay,- - - , a4, with similar interpretations for other abbrevi-
ations used above.. The triple hypergeometric series in (14) converges absolutely when

1+E+G+G"+H-A-B-B"-C2=0
1+E+G+G +H -A-B-B' -C'"=20 (16)

1+E+G +G"+H"-A-B' -B"-C" 20,
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in which the equalities hold true for appropriately restricted values of |x|, [y| and |z|.

As long ago as in the year 1893, in his above-mentioned work [32], Giuseppe Lauricella (1867-1913)

extended the four Appell functions to the corresponding hypergeometric functions F <"), ng)’ F and Fy " of n
variables. Furthermore, in the particular case when n = 3, Lauricella listed a set of 14 trlple hypergeometrlc
functions ¥, - - - , ¥14, for which we have

(2) _. _ i1l (2)_ 0:2;2
FP=F=F and F) =F=F%,

and

2 _. 2:0,0 (2) 1:1;1
F 1 Fy —F011 and F =F _F100

in terms of the four Appell functions F;, F», F3 and F, of two variables (see [1] and [2]).

In a sequel to their paper [82], which was also published in the year 1969, Srivastava and Daoust
introduced and studies the following general family of hypergeometric functions n variables (see, for
details, [83]; see also [89] and [91]):

A:BD;....Bm
FC:D(D;w- ;D(n)(Zl,"' ) Zn)

e [[6900%, 0 (80) g )

C:DW;....pm 21,00 s Zn
[(C) 260 ,5<n>] . [(du)) . (p(n] S ;[(dm)) . ¢(")];
- A:BD;....Bm it g™
where, for convenience,
A:BD.....Bm
Ke . pw.....pe )
A B®™
(1)
]:1_[1( )9(.1)m1+~--+6;")m,, ]_l_Il(b )lpj_)ml ]:1( j )lp(”)m,,
== T e . (18)
]=1_[1( )b(l)m +o +r‘>(” 1y ]:I—Il (d] )qb?)ml EI ( )¢(n)mn
The multiple hypergeometric series in (17) converges for
|le < 1/ rlznl < 1/
provided that (see, for details, [21] and [84])
c DO A BO
Z(S;‘qubf)—Ze“’) qu +1=0 (V€=1,--,n). (19)
j=1 j=1 j=1 j=1

Various special cases of the above-defined Srivastava-Daoust hypergeometric function of n variables,
especially when we set the parameters 6}, ¢;, ’; and 6; equal to 1, have found applications in many different
contexts in the mathematical and physical contexts (see, for example, [6] to [10], [15], [16], [25], [31], [35],
[38], [44], [45] to [48], [50], [54], [56], [70] to [73], [85], [93] and [98]). In particular, for the Lauricella functions
Ff:), Fg”), F(C”) and Fg) of n variables, we record the following correspondence with the Srivastava-Daoust
function defined by (17) with, of course, the parameters 0;, ¢;, 1; and 6; equal to 1:
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(n) _. pl:l;-;1 (n) _. _ 02,2
FA =: [T():l’_m;1 and FB =:F3=F L0 07

and (n) (1)
n) _ . 2:0;-,0 n) _. _ ol
Fo' = FO:l;---;l and Fp’ =:F; = F1:0;~--,-0'
In particular, the triple hypergeometric functions Ff), FS), P(C3) and Fg’) correspond, respectively, to the func-
tions F1, F2, F5 and Fo of the above-mentioned Lauricella’s set of 14 hypergeometric functions %7, -+ , 14
of three variables.

We conclude this section by remarking that special (or higher transcendental) functions including (for
example) the Mittag-Leffler-type functions are closely related to the operators of fractional calculus (see
[22], [27], [28], [33], [42], [49], [51], [59] and [64]), as well as to the operators of generalized fractional
calculi (see, for example, [28], [29], [30] and [94]). Many special functions can be represented as fractional-
order integrals or fractional-order derivatives of some elementary functions and such representations can
potentially lead to some alternative definitions for special functions (see, for details, [28, Chapter 4], [29]
and [30]). Many recent works on special functions and their applications in solving problems from control
theory, mechanics, physics, engineering, economics, and so on, can be found in (for example) [18], [22],
[30], [41], [53], [88] and [90].

3. The Three-Variable Mittag-Leffler-Type Functions

In the preceding section, we systematically investigated the definitions and mutual relations of various
families of generalized hypergeometric functions in one, two, three and n variables (n € IN'\ {1,2, 3}). Here,

in this section, we introduce the Mittag-Leffler-type functions ff), fg), fg) and f(Dg) in three variables, which
are motivated by (and associated with) Lauricella’s triple hypergeometric functions Ff), Fg), Fg) and FS),

respectively, as follows:

=) a,an, 1,71, b1, a5 b2, Ba; b3, yo;
FA = FA X, Y,z
C1,®3;C2, B3;C3,V3; Ca, Aa; C5, Ba; Co, Vas

00

n Z (u)a1m+ﬁ1n+y1p (bl)azm (bZ)ﬁzn (b'a’)yzp x™ yn zF
’ T'(c1+asm)T(c2 + Ban) T (cs + yap) T'(ca + asm) T (cs + Ban) T'(ce + yap)

(20)

m,n,p=0

(ﬂ, bi/ Cj/ X, Y,z € C/ [299) ,Bkr Vi € R/ min {Oék, ‘Bkr Vk} >0
(i=1{1,23), j=1{1,---,6) and k={L---,4)),
in which the triple series converges for x, y, z € C if min{A;, Ay, Az} > 0, where

AM=as+tas—ar—ay, Mp=Fz3+Ps—P1—p2 and Az =y3+ys—y1—72.

The triple series in (20) converges absolutely for |x| < p1, y| < p2and |z| < p3 if A; = Ay = Az =0, where

Pre i e = i) and e = i ) (0>

and
oy = e 0" ()"
(aape + Brv +y10)" (a2)™’
R, = VPrhpe (B 3)ﬁ3 (ﬂ4)ﬁ4

(a1 + prv +710)" (B)
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and

(73)" (ya)”*
(e + Brv +710)" (72)*

RS — 97/4+)/3—7/2

In a similar manner, we define below the other two Mittag-Leffler-type functions fg), F(c?)) and fg) in
three variables:

= a1, a1;a21;a3y1; bi, a; by, Bo; b3, o5
FB = FB XY,z
C, 3, B3,73;C1, &4;C2, Ba; €3, V4;

~ i (@1) aym @2)g 1 @3)y,p (01) gy (02) gy (b3,
m,p=0 (C)a3m+ﬁ3n+y3p
L Y 2 @1)
T (Cl + a4m) T (Cz + ﬁ4ﬂ) T (C3 + )/4]7)
(c.ai,bi,ci,%,y,2€ G B, ye €R; min {a, B, i} > 0
(Z = {11 21 3} and k = {1r e r4}))/
_ _ a,a1,B1,71;0, 2, B2, V25
Fg’) = Fg’) XY,z
C1,3;C2, B3;C3,V3;C4, (Aa; Cs, Pa; Co, Va;
_ i @asmsinyip Oagmsponsyzp X" Y 7 (22)
=L T'(c1 +asm)T (ca+ Ban) T (c3+ ysp) T(ca+aam) T (cs + Pan) T (co + yap)
(a,b,ci,x,y,2€ G arBye €R; min{ay, B, yi} > 0
(i={L-,6) and k=(L--,4))
and
| am,Br,yb,a0b0, 203,72
Fg’) = Fg) XY,z
C,a3,P3,73;C1, A4; C2, Pa; €3, Va;
_ i (a)alm+ﬁ1n+y1p (bl)azm (bZ)ﬂZn (b3)y2p x™ yn zP (23)
mnp=0 (C)a3m+ﬁ3n+y3p r (Cl + 0(4”1) r (62 + 541’1) r (C3 + )/4P)
(11, ¢, bici,x,y,z€C;, arPr,ve € R, minfak, B, v} >0
(i={1,2,3) and k={1,,4))
respectively.

It is not difficult to observe that each of the generalized Mittag-Leffler-type functions ff), fg), fg) and

fg) in three variables, which we have defined by means of the equations (20) to (23), is itself a special or limit
case of the n-variable Srivastava-Daoust hypergeometric function defined by the equation (17) with n = 3.
Several further special or limit cases of these three-variable generalized Mittag-Leffler-type functions FS),
FS), FS) and FS), including (for example) the two-variable Mittag-leffler-type functions E; and E, defined

by (12) and (13), when we first set z = 0. These fairly straightforward details are being omitted here.
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4. An Associated System of Partial Differential Equations
We begin this section by presenting Lemma 1 and Lemma 2 below.

Lemma 1. Ifc € Cand o, f,y € IN, then the following equalities hold true:

2%

T'(c+a+am+pn+yp) )
T (c+am+ pn+yp) =[1[(C—l+a(m+1)+ﬁn+yp), (24)
I'(c+p+am+pn+yp) B ,
T(c+am + pn+ 7p) =g(c—z+am+ﬁ(n+1)+yp) (25)
and
7
r(Cer+am+'8n+yp)=l_l(c—i+0¢m+ﬁn+7/(p+l)). (26)

I'(c+am+pn+yp) L

Proof. The demonstration of Lemma 1 would make use of the recurrence relation in the definition (1) of the
classical Gamma function I'(z). We choose to skip the details as an exercise for the interested reader. [

Lemma 2. Let 3 3 P
6:x§, c{):y@ and 0=z
IfceCanda,B,y € N, then the following equalities hold true:

F(c+am)l_[(c+a—i+a6)xm:F(c+a(m+1))xm, (27)
i=1

T'(y+am +ﬁn)ﬁ(7/+a —-i+a6 +ﬁ¢)xmy” = T(V +a(m+1) +ﬁ")xmyn (28)
i=1

and

T'(c+am+pn+yp) H(c+a—i+a6+ﬁ¢+yo)xmy”zp

i=1
= F(c +a(m+1)+pn+ yp)xmy”z”. (29)

Proof. The proof of Lemma 2 is based upon some Gamma-function properties and elementatary derivative
formulas followed by straightforward simplification. We, therefore, omit the details involved. [

The following result (Theorem 1) provides the system of partial differential equations which are satisfied
by the three-variable Mittag-Leffler-type function FS).

Theorem 1. Let oy, i, yx € N (k={1,---,4}) and a,b;,cj,x,y,z € C (i = {1,2,3}; j = {1,---,6}). Then the
function Ff) satisfies the following system of partial differential equations:

as a [0 73 &
H(q +a3—i+a3xa—)H(C4+a4—i+a4x8— 11
X X

i=1 i=1
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]

an
- (u+a1—1+a1xa+ﬁ1ya +ylz§)H(b1+a2—z+a2x§)
i=1

i=1

FY =0,

Pa

B3
[l_[(CZ-l-ﬁg—l+ﬁ3ya )

i=1

(C5+ﬁ4—1+ﬁ4ya )y
i=1

9 .
_H(a+,81—z+a1x +ﬁ1yay+ylz ) (b2+ﬁz—z+‘82yay)lp(3>—0

i=1

and

V3 ' 9\ L& ’ 9
[1 (C3 +73 —l+'}/3Z£)H(C6 +)/4—z+y4z£)z—1

i=1 i=1
71 72
. d d d d\|=) _
- !:1| (a +y1—i+ nx=- +[31y@ + ylzz) | | (b3 +yy—i+ yzzg—) F, =0.

7365

(30)

(31)

(32)

Analogous systems of partial differential equations are satisfied by the other three-variable Mittag-Leffler-type functions

F9, EO and F9.

Proof. For the validity of the first partial differential equation (30), we substitute the defining triple series

for the function ff) into its right-hand side, so that

- : INT - 2\ 1|70
Hc1+a3—z+a3x£ HC4+6¥4—1+0(4X5X FA

i=1

_ i i (a)a1m+ﬁ1n+y1p (bl) arm (bZ)ﬁzn (b3)y2p
=1 np=0 F(c1 +az(m—1) )F (c2 + Bsn) T (c3 + y3p)
‘ M= 1 yVl
T(C4 + oy (m — 1)) T'(cs + Ban) T (cs + yap)

zP

and

o d \ d
(a+oc1—z+a1x +[§1ya +)/1z8 )H(b1+a2—z+a2xa—) F(3)

i=1 i=1

B i (@)q, (m+1)+pin+y1p (1) ay(m+1) (bZ)ﬁzn (b3)y2p

m,1m,p=0 I'(c1 +azm) T (co + B3n) T (c3 + y3p)

X y' z
T (cs + asm) T (c5 + Pan) T(ce + yap)

(33)

(34)

Now, upon substituting (33) and (34) into the equation (30), if we replace the summation index m by m + 1,
we complete the demonstration of the first assertion (30) of Theorem 1 after some simplification and inter-

pretation.

The proofs of the validity of the second assertion (31) and the third assertion (32) are similar, so we omit

their proofs. [
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5. Euler-Type Integral Representations

The Euler-type integral representations for the three-variable Mittag-Leffler-type function ff) are pre-
sented as Theorem 2 below. One can analogously derive the corresponding Euler-type integral representa-

tions for the other three-variable Mittag-Leffler-type functions F; FY F(3) and FS).

Theorem 2. Ifa,b;,cj,x,y,z€ C (i={1,2,3}; j=1{1,---,6}),arfr, vk € R (k={1,---,4})and min {ay, B, vk} >
0 (k=1{1,---,4}), then each of the following Euler-type integral representations holds true:

= a,a1,P1, Y101, a0, b2, B2; b3, 725 oz = T (1)
A L) (u—by)

C1,®3; €2, $3;C3,V3; C4, Aa; C5, Pa; Co, Va;

1 b1~ a,a1,B1, Y15 1, a2, ba, B2; b3, yo;
f ghil (1= &~ Ffél) xE® Y, z| dé (35)
0

C1,®3;C2, B3;C3,V3; C4, Aa; C5, Pa; Co, Va;
(R(w) > R(0r) > 0),
o a,a1,P1, 71,01, a0, b2, B2; b3, 725 oz T (1)
A ’ L (B2) T (1 —b2)

C1,Q3;C2, $3;C3,3; Ca, Aa; C5, Pa; Co, V4;

1 - a, a1, B1, Y1 4, Q2; 1, B2, b3, 72
) f gbe1 (1= &)kt 1:54) X, yéﬁz,z dé (36)
0

C1,3;C2, $3;C3,3; Ca, Aa; C5, Pa; Co, V4;

(R(w) > R(b2) > 0),

- a,a1,P1,71; 01,00, b2, B2; b3, 725 oz = T (1)
[(3)T (u—b3)

C1,3;C2, B3;C3,V3;C4, Aa; C5, Pa; Co, Va;

1 _ a,a1,P1,v1;b1, a2, b2, Ba; Y, v2;
- f gt (@ - g EY) x,y,z8" | d& (37)
0

C1,3;C2, B3;C3,V3;C4, Aa; C5, Pa; Co, Va;

(R() > R(bs) > 0),

N a,a1,B1,71; 01, a2, b2, Ba; b3, Y2
70 %y,

C1,43;C2, $3;C3,Y3; C4, (a; C5, Ba; Co, V4
T (1) T (p2) T (u3)
T (b1)T (b2) T (b3) T (1 = b1) T (p2 — b2) T (us — b3)

f f f (Sbl -1 b1 b'; 1(1 5):“1 -b1-1 (1 )yz by—1 T)y3—b3—1

. a, al/‘Bll V1, H1, &2, ‘u2/ﬁ2/ Uz, Y2,
O

xé“z,ynﬁz,zﬂ’z] d& dndr (38)

C1,3;C2, B3;C3,V3;C4, (Aa; C5, Pa; Co, Va;



H. M. Srivastava, H. A. Yuldashova / Filomat 38:21 (2024), 7355-7375 7367

(R(u1) > R(br) > 0; R(w) > R(b2) > 0; R(pz) > Rbs) >0),

,B1,v1; 01, a2; b2, B2; b3, 72;
= a,a1,P1,71;,b1, 22,02, B2; b3, 72 ) B T ()
A Y= T'@)T (u—a)
C1,3;C2, B3;C3,V3; C4, Xa; C5, Pa; Co, Va; H
1 _ w1, B, 715 b1, a5 b2, Bo; b3, Yo
- f e (- EY xEM, yEP, zE7 | dg (39)
0 C1,Q3;C2, $3; €3, Y3; Ca, Aa; C5, Pa; Co, Va;
(R(w) > R(@a) > 0)
and
) [ a, a1, 1,71, b1, a2; b2, Bo; b3, 2 J 1
F X y zZl=
A 4 7
C1,®3;C2, B3;C3,V3;C4 + U1, A4; C5 + Lo, Pa; Co + U3, Va; L (u) T (u2) T (13)

1 1 1
. f f f gq—lncrl,_[cé—l (1 _ 5)‘“1_1 (1 _ n)yz—l (1 _ T)p3—1
0 0 0

_ a,a1,B1, 71,01, a5 b, Bo; b3, o
. FS) x&EX, ynﬁ“,zﬂ"‘ dé dndr (40)
€1,a3; €2, $3;C3,V3; C4, A4; C5, Pa; Co, Va;

(‘R(ul) >0; R(uz) >0; R(wa) > 0).

Proof. For proving the Euler-type integral representations (35) to (40), which are asserted by Theorem 2,

we express ff) as a triple series, justifiably invert the order of the series and the integrals involved, and
then evaluate the resulting integrals by means of the well-known integral representing the classical Beta
function B(e, p):

1
f 271 (1 - f dt (min{R(a), R(B)} > 0)
Bap)i={ (41)

T(@)I'(B) -
Taip (a,peC\ 7))

The details are being left as an exercise for the interested reader. [

6. One- and Three-Dimensional Laplace Transforms

Named after the French scholar and polymath, Pierre-Simon Laplace (1749-1827), the Laplace transform
is defined for a suitably-constrained function f by

L{f():s}:= fo e f(B)dt  (R(s)>0), (42)

provided that the integral exists. The need for simultaneous operational calculus (based upon multidimen-
sional Laplace transformation) presents itself naturally when problems dependent on several variables are
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to be treated operationally (see, for example, [5], [12] and [13]; see also [11]). The multidimensional Laplace
transform defined by

Lalf(tr, - tn) 251,75} 1=f f exp (=sity — -+ = sutn) f(b1,-- , ty) dby---dty (43)
0 0
(R >0 (G=11,---,m)),
so that, obviously, £ = £;.

Theorem 3. Let L and L3 denote the operators of the one-dimensional and the three-dimensional Laplace transforms,
respectively. Suppose also that the following obvious special case of the Fox-Wright function in (4) exists:

A& _ Y Mew i
Eumne (0 = mZ=0 T'(u+nm) I'(v+Cm)’ -

which corresponds to the limit case of the function E1(x, y) defined by (12) when y — 0. Then the following Laplace
transformations are valid:

L{EV B ) BRT (b)) BN @) )

€1,03,C4,04 €2,B3,C5,B4 €1,03,C6,)4
T'(a) ~ a,a1,P1,71;01, a0, b2, B2; b3, 725 X .
=2 g A (45)
s A sm’ ghi” g1
C1,3;C2, B3;C3,V3;C4, Aa; C5, Pa; Co, Va;

(min{R(@), R(@), R(B1), R} > 0)

and

N, a,a1,PB1,y1;01, 0,02, B2; b3, V25 ;

—_ —_ —_ /.

L3t 17 1 F) Xty yty!, ztht | 51,52, 53
C1,3;C2, $3;C3,V3; C4, A4; C5, Pa; Co, Va;

1 f@[ a,a1,PB1, Y101, 0,02, B2; b3, 72; Xy z]

e A g’ Sﬁ4 7 SW (46)

. . . . . . S
C1,Q3;C2, ﬁ?)/ C3, V3, 1/ 0/ 1/ 01 1/ O/ 1 3

( min{R(cs), R(cs), R(ce), R(as), R(Bs), R(ys)} > 0),

provided that each member of the equations (45) and (46) exists. Analogous one-dimensional and three-dimensional
Laplace transformations hold true also for the other three-variable Mittag-Leffler-type functions FS), F(g) and Fg').

Proof. The above results can easily be proved on using the definitions of £, £3 and ff) in conjunction with
the following familiar formula for the Laplace transform of a power function:

L{tH : s} _ I (R(1) > 0; R(s) > 0). (47)

%

O

Remark 3. The Eulerian integral defining the classical Laplace transform in (42) as well as its following
s-multiplied version studied by the American transmission theorist, John Renshaw Carson (1886-1940):
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L(J{f(if):s}::sf0 e f(t) dt = sFo{f(t): s}, (48)

which has one distinct advantage over the Laplace transform (42) in the fact that the Laplace-Carson
transform of a constant in (48) is the same constant (see, for details, [39]). Regrettably, many obviously
trivial and inconsequential variations have been and continue to be made in the parameter (or index) s or
in the integration variable f (or in both s and t), ridiculously giving a “new” name to each of such trivial
parametric and argument variations of the classical Laplace transform in (42) or its s-multiplied version in
(48) by forcing-in some obviously redundant (or superfluous) parameters. Some of these examples can be
found in [75, pp. 1508-1510] and in [77, Section 5, pp. 36-38] and, more recently, in [79, pp. 2341-2346]
and [80, pp. 58-60]. Yet another somehow missed-out instance of such trivialities can be exemplified by
Yang'’s attempt to produce what he called a “new” integral transform by replacing the parameter (or index)
sin (42) by 1 (see, for details, [104] and [105]). Such demonstratively trivial and obviously inconsequential
parametric and argument variations as those that we have recalled above continue to flood the literature
merely to unnecessarily repeat or translate the already-published developments using the Laplace transform
itself rather successfully.

7. Connections with the Riemann-Liouville Operators of Fractional Calculus

The Riemann-Liouville fractional integral operator XL3%, of order a (a eC; R(a) > O) is defined for a
function f as follows (see, for example, [27], [42], [49], [51] and [59]):

RL3Y f(x) = ﬁ f ) =" fHdt (x>7 R@)>0). (49)

Correspondingly, the Riemann-Liouville fractional derivative operator K-D2, of order a (a eCn-1<

Ra) <m;ne N) is defined for a function f by

wonf = () (@) (R@20 0= [R@]+1) (50)

where the function f is locally integrable, R (a) denotes the real part of the complex number u € C and
[R (a)] means the greatest integer in R ().

Theorem 4 below lists the applications of the Riemann-Liouville fractional integral and fractional deriva-

tive operators involving the three-variable Mittag-Leffler-type function ff). Analogous results for the other

three-variable Mittag-Leffler-type functions fg), f(g) and fg) can be derived similarly.

Theorem 4. Let a,bj,cj,w; € C (i = {1,2,3); j = {1, ,6}), ax, B, 7x € R and min {ag, fr, 7} > 0 (k =
(1,---,4)). Then

. - a,a1,B1,y1;b1, a2, 02, Ba; b3, v2;
a—a—
Sy (x=1) F, 01,02,03

C1,3;C2, 33;C3,Y3; C4, A4; C5, Ba; Co, Va;
- a—a,a, P, Y101, b2, 2,03, 72;

=(x-1)" qu) 01,02,03 (51)
C1,a3;C2, $3;C3,V3; C4, A4; C5, Pa; Co, Va;
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(R(@) > R(a) > 0),

where
or=w (x—10)", or=w,(x—7) and o3 =ws(x—-1)". (52)

For the Riemann-Liouville fractional derivative operator RLD%, it is asserted that

_ a,a1,P1, Y101, a0, b2, B2; b3, 725
Rbpa L (x— 7)™t FS) 01,02,03

€1,3; €2, B3;C3,V3; C4, A4; C5, Pa; Co, Va;

a+a,a1, i,y b, a0 b, B2 bs, yo;

=(x-1)" ff)[ 01,02, 03] (53)

C1,®3; €2, B3;C3,V3; C4, Aa; C5, Pa; Co, Va;
(R(@) 2 0; R(@) > -R(a)),
where 01, 02 and o3 are given by (52).

Proof. For the Riemann-Liouville fractional integral operator defined by (49), it is easily seen that (see, for
example, [27, p. 71, Eq. (2.1.16)])

I'(p+1)
RL~a ) — _ r\uta . -1). 54
3, {(x — 1)) FW+WH“XT) (R(@) > 0; R(w) > -1) (54)
Similarly, from the definition (50) of the Riemann-Liouville fractional derivative operator D%, , we have
(see, for example, [27, p. 71, Eq. (2.1.17)])
I'(p+1) _
RLANa — .
DL -t} = m (x -1 (?’\(a) 20; R(p) > —1). (55)

The assertions (51) and (53) of Theorem 4 can now be established by using the formulas (54) and
(55), respectively, in conjunction with the triple-series representing the three-variable Mittag-Leffler-type

function ff). O

Some corollaries and consequences of the above developments are recorded below.

Result 1. For n € IN, we have

a,a1,P1,71;b1, a2, b2, B2; b3, v2;
01,02,03

i ! _ \a+n=1 7(3)
(dx) (=7 Fa

_ a—1 T(3)
=(x-1)" F, [

€1,a3;C2, $3;C3,V3; C4, A4; C5, Ba; Co, Va;

a+mn,ay,p1,v1;b1, a0; b2, 2, b3, 72;
01,02,03 |, (56)
C1,Q3;C2, $3;C3,3; Ca, Aa; C5, Pa; Co, V4s

where 01, 07 and o3 are given, as before, by (52).

Result 2. For vq,vy,v3 € C (min{‘R(vl) > 0,R(1,), R(vs)} > O), we have

RL\<~51;1+ RLSgr RLS?{ (x — T)Crl (y _ T)Cz—l (z — T)53—1
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70 = = =
.FA

a,ai,B1,Y1; b1, a2; b2, B2; b3, v2;
01,02,03 }

C1,®3;C2, B3;C3,V3; C4, Aa; C5, Pa; Co, Va;
— (x _ T)61+V1—1 (y _ T)CerVz*l (Z _ T)C3+V3—1
— a,a1,P1,v1;b1, a2, b2, Ba; b3, V25
* FA 61102/ 03 7 (57)
1+ V1,03, 0+ V2, B3;C3 + V3, V3, Ca, Aa; C5, Ba; Co, Vs
where

a3

01 =W (x—1)", Oy = Wy (y - T)ﬁs and 03 = ws (z— ’C)y3 , (58)

it being tacitly assumed that the Riemann-Liouville fractional integral operators Rt3Y,, RL3Y2 and REJ”
apply, individually and respectively, on the first, second and third variables of the the three-variable Mittag-
T®)

Leffler-type function F,”.

Result 3. For vy,v,,v3 € C (min{%(vl) >0,R(10), R(13)} = 0), we have

Ry, RLoy %11{ @-0"" -0 G-

70) = =
'FA O-1/ 02/ 03

C1,®3;C2, B3;C3,V3; C4, Aa; C5, Ba; Co, Va;
—— —vy—1 —Va—
— (x _ T)Cl 141 1 (y _ T)CZ 1%) (Z _ T)C3 %] 1
) a,a1,B1, 71,01, a5 b2, Bo; b3, Y2
* FA 61102/ 03 7 (59)
€1 —V1,03;C2 — V2, B3;C3 — V3,3, Ca, A4; C5, Ba; Co, V4;

a,ai, b1, Y1, b1, a2; b2, B2; b3, v2; }

where 01, 0, and 03 are given by (58), it being tacitly assumed that the Riemann-Liouville fractional deriva-
tive operators RLD”L, RLD"2 and RLDY, apply, individually and respectively, on the first, the second and

the third variables of the three-variable Mittag-Leffler-type function ff).

Result 4. For vy = p, v, = gand v3 =1t (p,q,v € INp), the above result (59) reduces to the following simple
form:

It -1 -1 c3-1
W (x-1) (y-1) (z-1)
_ a,a1,B1, 71,01, a2; b2, B2; b3, 72;
. Ff’) 01,02,03 }

C1,3;C2, B3;C3,V3;C4, (Aa; C5, Pa; Co, Va;
— (x _ T)cl—p—l (]/ _ 7‘_)cz—q—l (Z _ T)C3—r—1

— a,a1,P1, 71,01, a0, b2, B2; b3, 725
. FA 01,02,03{, (60)
C1— P,a3;C2 — q,B3;C3 — ¥, V3;C4,A4;C5, P4; Co, Va;

where 71, 0, and 03 are given by (58).

8. Concluding Remarks and Observations

In this article, we have first investigated various families of multivariable hypergeometric functions
including (for example) the four Lauricella functions F ("), Fg'), Fg‘) and Fg) of n variables for n € IN \ {1,2}
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and their generalized forms which are known as the Srivastava-Daoust hypergeometric functions of two
and more variables. We have then introduced and studied a set of four three-variable Mittag-Leffler-type
functions ff), fg’), fg’) and fg’), which are analogous to the Lauricella functions PS), FS), F(C3) and Fg) of
three variables. Among the various properties and characteristics of the three-variable Mittag-Leffler-type

functions F(j), Fg’), Fff) and FS), which we have investgated in this article, include their relationships with
other extensions and generalizations of the classical Mittag-Leffler functions, their three-dimensional con-
vergence regions, the systems of partial differential equations which are satisfied by them, their Euler-type
integral representations, their one- as well as three-dimensional Laplace transforms, and their connections
with the Riemann-Liouville operators of fractional calculus.

We believe that, analogous to the lines of the developments in [23] and [24] based upon the two-variable
Mittag-Leffler-type functions E;(x, y) and E>(x, y), our obtained results are potentially useful in similar fu-
ture investigations.
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