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Holder’s seminormwise approximation of bivariable functions by the
double delayed arithmetic means of Fourier series

Wilodzimierz Lenski®*”, Bogdan Szal®

"University of Zielona Géra, Faculty of Mathematics, Computer Science and Econometrics, 65-516 Zielona Géra, ul. Szafrana 4a, Poland

Abstract. The two approximation theorems pertaining to the Holder seminormwise approximation of

Lipschitz functions are proved. Some special case for Lipschitz functions are formulated as corollaries
where the Jackson orders of approximation are obtained

1. Introduction

By L?, 1 < p < oo [C when p = 0], we denote the space of all 2rt periodic in each variable real valued
bivariable functions f integrable with p-power [continuous] on T?

:=(0,2n) X (0,27), and with the norm
((2711)2 |f(x y)l”dxdy) 1<p<oo,
sup(x,y)€T2 |f(x/ ]/)|, p = oo.

For a seminorm P, we define the following seminormed spaces

(L7, P)={f €LV : P(f) = P(f(,")) < oo}

Ifllp = 11f ¢

My =

and

(CP)={feC:P(f)=P(f(,) <o},
where, for any real hy, hp, P[f(- + hy, - + h)] =

P[f(,9)],and f(- +h1,-+hy) € (L?, P) [€ (Car, P)], respectively.
We say that a seminorm P is order monotonic if for all f,g € (L?,P) [€ (C, P)] such that ( fx y)l < |g (x, y)|
for every (x, y) € T?, then

P[f]<P[g]. 1)

Letv;, (i = 1,2) be two functions of modulus of continuity type on [0, 27], i.e. nondecreasing continuous
functions having the following properties: v; (0) = 0, v;(01 + 02) < vi(01) + vi(d2) forany 0 < 01 < O
01 + 02 < 2m. We define the Holder space (H, p)©re2) by

(H,P)®%) .= [f € (L7, P) : A(f;v1,05) < o0}
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where

. B p[f(.+t1,-+t2)_f('r')]
Alfron,02) 3= m&sol,lgato o1(|t1]) + va(]t2]) '

The seminorm in the space (H, P)“**? is defined by

P17 = P[f] + A(f; 01, 02).

If p11, Yo, v1 and v, are the functions of moduli of continuity type so that ;;1((8; ﬁz(o = 0 and the two-variable

function L2 156 5 maximum M on T2, then it is easy to see that
v1(t)+0a(t2)

PLF]" < max (1, M) P[f]“*,
which shows that in this case, for the given spaces (H, P)**?) and (H, P)*"*? we have
(H, P)¥#2) C (H, P)"*) C (17, P).
We write

Qp(fiti,t2) = sup  P[f(+hy,-+h2)—f(,)]

0<hi<t;0<hy <ty

for the integral modulus of continuity of f, and
Lip(wy, w2, P) = {f € (L”, P) : Qp(f; 11, t2) = O (wi(t) + wa(t2))}

with the functions w;, w, of moduli of continuity type. Clearly, for wi(t;) = O(tf) and wo(tp) = O(tﬁ),
0<a<1,0< <1, the class Lip(w;, wy, P) reduces to the class Lip(«, f, P), that is

Lip(a, B, P) = {f € (L7, P) : Qp(f; 11, 12) = O(t5) + O (85)}..

a ﬁ
Then, for1>a >y >0and 1> > 6 > 0, by noting 1% is bounded on T2, we have

V40
)+t

Lip(a, B, P) € Lip(y, 6, P) € (L*, P).
Let f € L! with the double Fourier series
S(fix,y) = 5(f;+) = S5(f)
and its rectangular partial sums
Sei(fix,y) = Sii(fi ) = Ska(f),
and their (C,1,1) means

n

Smn(f) = (mﬂ)(nﬂ)zal Sef),

where k,[,m,n € IN U {0}.
To reveal our intention, we recall some other notations and notions.
We define the double delayed arithmetic mean oy, ., 1(f) by (see [6]):

amsont() =1+ ) (14 3wt (0 = (14 ) Fomercraa () @
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_m (1 N f)om_l,w_l(f) + ()

k l k
when k and ] are positive integers.

If k tends to oo with m in such a way that ¥ is bounded, and [ tends to co with 7 in such a way that 7 is
also bounded, then ¢, x,, () defines a method of summability which is at least as strong as the well-known
(C 1,1) summability. This means that if 6,,,,(f) — g, then 0,,,,,(f) — g as well. This important fact follows
from (2) if we set 0y, (f) = g+ Emn, where &,y — 0asm, n — oco. Introducing this mean we expect be useful
in applications, particularly in approximating of 27 periodic functions in two variables.

We note that for k = I = 1 we obtain 6y, 1,1,1(f) = Smn(f), while for m = n = 0 we get 59 x01(f) = 0k-1,-1(f)-
Moreover, for k = m and [ = n, we get

Gm,m;n,n(f) = 402m—1,2n—1(f) - 202m—1,n—1 (f) - zam—l,Zn—l(f) + Gm—l,n—l(f)

and taking k = 2m and [ = 2n we obtain

Gm,Zm;n,Zn(f) = i (903m—1,3n—1 (f) - 303m—1,n—1(f) - 3Om—1,3n—1(f) + Um—l,n—l(f)) .

It is well-known (see e.g. [2, page 4])

1 TU T
Omn(f;%,Y) = =2 f f Ay y(f;t1, t2)Fun(ty, t2) dtidts, (3)
0 Jo
where the double Fejér kernel is
1 1 — cos(m + 1)t1)(1 — cos(n + 1)t
(4 sin % sin %2)
4 sin —(mzl)h sin —(”+21 )t \?
(m+1)(n+1) 4sin % sin %2

and

Ax,y(f,'tl,tz) = f(x + tl,y + l’z) + f(x — tl,y + i’z) +f(x + fl,]/ - tz) + f(x - i’l,y - tz).
Furthermore, using (4) successively, we have

(1 — cos(3mt))(1 — cos(3nty))

Fan-13n-1(t, t2) = ; 2
b b
1 sin 2)

(1 — cos(3mt1))(1 — cos(nt))

9mn (4 sin

F3m—1,n—1(t1r tZ) = 2
3mn (4sin 4 sin %)

(1 = cos(mtq))(1 — cos(3nty))

Fin-15n-1(t1, ) = i

3mn (4 sin %‘ sin %Z)
1 — cos(mt1))(1 — cos(nt

Fm—l,n—l(tl, tz) = ( ( 1))( ( 2)) '

T 2
mn (4 sin 7 sin 7)

Thus, we can write

Fm,Zm;n,Zn(tlr t2) (5)
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1
=1 (9F3m-1,3n-1(t1, t2) = 3F3m-1,u-1(t1, 12)

=3Fu-13n-1(t1, t2) + Fo1,n-1(t, £2))

1
= 5 [(1 = cos(3mty))(1 — cos(3nty))
4mn (4 sin % sin %2)

—(1 = cos(3mt1))(1 — cos(nty)) — (1 — cos(mty))(1 — cos(3nty))
+ (1 — cos(mt1))(1 — cos(nty))]
(cos(mty) — cos(3mty)) (cos(nty) — cos(3nty))

2
R T -
4mn(4s1n§s1n 72)

sin 2mt; sin mty sin 2nt, sin nt, _ Gmu(ty, t2)

7

2 - 2
mn (4s'm%sin %2) mn (4 sin%sin %)

where Gy, (1, t2) = sin 2mty sin mty sin 2nt, sin nt;.
Therefore, using (3) and (5), we get

1 T Gup(ti, t
Gm,Zm;n,Zn(f; X, ]/) = L j()\ Ax,y(f} t1, tz)#ﬁzdtldb.

2
mn . .
n 4 sin % sin 5)

Throughout this paper we will put:
1
Pry(fitr 1) = 7 (Buy(fitr, 12) — 4f(x, )

1
= Z(f(x'i' tl/]/"' tZ) +f(x_ tl/y+ tZ) +f(x+ tl/y_ tZ) +f(x_ tlz]/_ t2) _4f(x/y))/
cDx,zl,y,zz (f/ t1, tZ) = ¢)x+z1,y+zz (f/ t1, t2) - (Px,y(f} t, to)
and
Dm,n(f; X, y) = Gm,Zm;n,Zn(f; X, y) - f(x/ y)

The approximation of bivariable functions by their Fourier series in the Holder metric were considered
by many authors (see e. g. [1], [3], [7] ). An application of seminorm as a measure of approximation
was considered in one dimension only(see [5]). The aim of this paper is to obtain the Jackson order of
approximation of the deviation D,,, measured by seminorm P[] and the Hélder norm P[-]”% . We will
present the simplest cases, since in the case of multiple Fourier series and more general Lipschitz functions
there are only technical difficulties.

The two approximation theorems and corollaries are formulated in the second section but its proofs are
done in the last forth section. Some helpful results are proved in the third section.

2. Main Results

First we present the result on seminorm approximation and its special case, for the classical Lipschitz
functions.

Theorem 2.1. Let wy and w, be two functions of moduli of continuity type. If f €Lip(w1, ws, P), then

Plowm2mn2n(f) = f1 = O (wi(h) + wa(h2)),

where hy = I and hy = % for n,m € N.
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Corollary 2.2. If f €Lip(a, B, P), where a, f € (0, 1], then

P[omamn2e(f) = 1= O ((%) * (l)ﬁ)’

n

forn,m € IN.

The second more general result on approximation in the Holder norm will be formulated in the case
wy = wy = w only. A corollary for the classical Lipschitz functions will be given too.

Theorem 2.3. Let w and v be two functions of moduli of continuity type so that < is non-decreasing function. If
feH™, then

o) _ ~[w) | w(h)
P[Gm,2m;n,2n(f) f] - O(U(hl) + Z)(hQ) )/

where hy = I and hy = % for n,m € IN.

Corollary 2.4. If f €Lip(a, o, P) and v(t) = O (1), where 0 < y < a < 1, then

Plom2mn2n(f) = f ](v’v) =0 ((l)a}/ + (l)ay) ,

m n

forn,m € N.

3. Auxiliary Results

Lemma 3.1. Let f € (L?,P) with 1 < p < oo and K € L'. If a seminorm P satisfies (1), then

fﬂ fnf(- +1t,-+5)K (s, 1) dsdt € (LV, P)

and
P

[I:I:f(-+t,.+s)K(s,t)dsdt] SP[f]I:I:lK(S’t)Idet'

Proof. Using (1) we can easily show that P (f) = P () f |) . Therefore applying again (1)

P[Inj_‘nf(-+t,-+s)K(s,t)dsdt]sP[InIn|f(-+t,-+s)K(s,t)|dsdt]
n pn T |f o+t + K (s, 8]
1) dsd dsd
LL'K(S Bl ds tLL [0 7K (s, 1)l dsdt ot
fﬂ fﬂ |K (s, t)| dsdt

1 Tt U
~P[fn fﬂ K (s, £)| dsdt j:nf:n (f(-+t,.+s)K(s,t)|dsdt}.

Using the Jensen inequality and the properties of seminorms we obtain

1 us 4
P[fn 71K (s, £l dsdt fn fn |f('+t"+5)K(S,f)|dsdt}

P
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and our result follows. [

|IK (s, Hldsdt = P[|f(,)

|=PIf]

Lemma 3.2. Let wy, wy, v1 and v, be four functions of moduli of continuity type. If f €Lip(wq,ws, P), then for
nonnegative sy, sz, t1, t2, 21,22,

Pl (f;t1,82)] = O (wi(h) + wal(ta), 6)
P [(P,(f, t1 +s1, b + Sz) - (],’),(f, t1, tz)] =0 (wl(S1) + wZ(Sz)) , (7)
P[D.,.»(f; t1, t2)] = O (wi(t) + wa(t2)), 8)
P[D.,.»(f; t1,t2)] = O (wi(z1) + wa(z2)), )
P[P, .. (fiti +51,ta +5) =D .o, (f5 1, £2)] = O (wi(z1) + wa(z2)) (10)
and
P[D. ., ..,(fit1 +51, b2+ 82) — D.zy .0 (f5 b1, 12)] = O (wir(s1) + wa(s2)) . (11)
Moreover, if wy = wp, = wand v1 = vy = v and % is non-decreasing in t, then
, _ w(t)  w(t)
L.ty ] = O + e 5 + 22 1)
and
P [q)-,zl,~,zz (f, 1 +51,t + Sz) - (D.,le.,ZZ (f, t1, i’z)] (13)
_ w(s1) | w(sy)
= O ((U(Zl) + U(Zz)) ( 0(81) + U(Sz) )) .

Proof. We will use the typical properties of seminorms in all parts.
Part (6). An easy calculation gives

Plo.(fiti,t2)]

IPLAC b4 £) = f 94 PLAC =y + 1) = £,

+P[f(+t,-—t) = f(,)]+Pf(—t,-—t) = f(, )]}
= O(wi(t) + wa(tz)) .
Part (7). Analogously as before

IA

P [(Pl(f, t+51,t + 52) - (ﬁ)/(f, 1, tz)]

IN

jI{P[f('+t1 +51,-+t+5) = f(-+ 1t +1)]
+P[f('—f1—S1,‘+t2+Sz)—f(‘—i'1,'+t2)]
+P[f(-+ti+51,-—ty—52) = f(- + t1,- — 1)]
+P[f(—ti—s1,- —ta—s2) = f(- —t1,- — )]}
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= O(wi(s1) + wa(s2)) -
Part (8). By (6) and using the properties of the seminorm P
p [q)-,zl,~,zz (f/ t1, tZ)] =P [¢-+zl,<+22 (fr ty, tZ) - (;Z),(fr t1, tZ)]
< Pz n(fit )] + Pl (fit,0)] = 2P [, (fit1, 12)] = O (i (ty) + wa(ta))

Part (9). A similar reason yields

P[®.,,.(f; t1, t2)] = P[¢~+zl,‘+22(f; ti, k) — ¢..(f; fl,tz)]

IA

jI{P[f(‘+Z1+t1,'+Zz+t2)—f(‘+t1,-+t2)]
+P[f(+z1—t, +z2+h)— f(—t, +1)]
+P[f(-+z+t, - +z—b)— f(-+ 1, — )]

+ P[f( +z1—t, - +20— tz) —f( —t, - i’z)] + 4P[f( + 2z, +Zz) —f(,)]}
= 2P [f( +2z1, -+ Zz) - f(, )] =0 (wl(zl) + ZU2(22)) .

Part (10). By (9) and using the properties of the seminorm P

p [CD',Z1,~,22 (f/ f1+51,t2 + 52) - q)-,zl,-,zz (f/ t1, tz)]
< P[D,,..,(fiti +51, 0 +5)] + P[D.,,. ., (f; t1, £2)] = O (wi(z1) + wa(22)) -

Part (11). By (7) and using the properties of the seminorm P
y ) prop
p [q)~,zl,~,22 (f/ f1+81,0+ 52) - q)-,zl,-,zz (f/ t1, tz)]
= P [¢~+z1,-+zz(f; ti+s1,t+52) =@ (fit1 +51,t +52) = Popzy i, (fr 11, 82) + D (f5 11, tz)]

< P [¢~+zl,-+zz(f; t1+ 51,0 + 52) - ¢'+Zl/'+7~2(f; b, tZ)] +P [(;b,(f/ frtsi bt 52) - qb’(f’ & tZ)]
= O(wy(s1) + wo(s2)) .

Part (12). Using (8) and the fact v (t) is non-decreasing function of ¢, in case of t; < z; and t, < z;, we get

p [(D'/Zl,'/Zz(f; tl/ tZ)] =0 (w(tl) + W(tz))

_ w(ty) w(t2)\ w(t) w(ta)
= O(v(tl) o) + v(tp) () ) = O(V(Zl) o) + 1(z7) ) )
w(t)

Since 20 is non-decreasing function of ¢, by (9), for t; > z; and f, > z;, we also obtain

P[D. ., .. (f;t1, t2)] = O (w(z1) + w(z2))

)
1) v(z2) v(t) v(t2)

For t; < z; and t, > z,, we consider two possibilities. If z; > t,, then using (6) and the monotonicity of w
and v, we get

P mn(fi 11, 2)] = O (lt) + w(t) = O (v(tnM + v(zl)w)

o TG
) wit) | wits)
) - O(V(Z“ ( ) ) ))

w(t)

@)

+ V(Zl)

w(ta)
2

v(tz)
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w(t1) +M))
v(t)  v(t2)])

If t > z1, then using (9) and the monotonicity of 7, we obtain

p [q)',zl,',zz(f; tl/ tZ)] =0 (ZU(Zl) + w(ZZ))
w(z ) w(z2) w(t 2) w(tz)
((Zl) ) +1(22) e )) (( 1) ) (Z)v(tz))

w(tz) w(ty) N w(fz)))

v(t2) v(ti)  v(ta) )]

For t; > z; and t, < zp, we can use the analogous justification as above. Thus, the validity of (12) is proved.
Part (13). Similarly as in the proof of Part (12) by (10) and (11)

< O ((V(Zl) +v(22)) (

=0 ((V(Z1) +v(z2)) ) ((V(Z1) +v(z2)) (

P [(D~,Z1,‘,Zz(f; tl + Sl/ t2 + SZ) - (D,z],-,zZ (f/ tl/ tz)] = O (w(zl) + w(zz))

and

P[®.,, ., (fiti +51,t2 +52) = Doz .0, (f5 1, 02) ] = O (w(s1) + w(sz)),

whence our estimate follows. [

4. Proofs of the Results

In the proofs we will use Lemmas 3.1 and 3.2, the estimates

|Gm,n(t1/ t2)|
|Gm,n(t1/ t2)|

0(1), |Guult, t2)] = O((mtinta)’), (14)
O((mh)?), b)|=0((nt)’), 0<h,t<m,

where as above G, ,(t1, t2) = sin 2mt; sin mt; sin 2nt, sinnt, and the following application of the mean value
theorem in differential calculus with 6; € (0,1),i=1,2,

1 1 sin2 t";h sin? g 2h; sin —ti+29 " cos —ti+29 Iy (15)
2 0 2 bt BRI
ok bthy ki tith; ki fith;
(Zsz’) (ZSm + ) ~ 4sin 4 sin? 'k 4sin” 3 sin” 5~

We will also use property (1) of seminorm P, the typical properties of seminorms and the following inequal-
ities for the function sinus

2 —). (16)

A ™=

<sinfforf e (O,g)and ﬁ% <sinp for € (0

4.1. Proof of Theorem 1
Using the equality

mnt/t 2
f f (ht2) IV hdty = T
4 . ) 4
Sln

we can write

Dm,n(f; X, ]/) = O-m,2m;n,2n(f;xr y) - f(xr y)
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Gmn(tlrtZ)
= X t/t - dt dt
mnnzf f Pxy(fita 2)—( t t_z) 1dt

4 sin = sin

oA A A A A B

m l’l(tll t2
(4 sin & 2 sin fz) dtldt2 B Z‘ b

where h; = 7 and hy = . We can note that [, = 0, I = 0 and Iy = 0 when m = 1 or n = 1, therefore in
estimates of these integrals we will assume m > 1 orn > 1.
It is clear that

[Dusa(f: 1)) ZPU]

Then we obtain

4 i e |Gm,n(t1/ t2)|
P[h] < mmﬂﬂ Lﬂ@gﬁwﬁ—————z?mﬂb
2

4sin % sin

< 2 (mn)? dtidty = O (wi(h1) + w2 ().

Next, substituting t; + h; instead of t; in I, we get

2 (T Guun(t1, 1)
L= f ¢x,y(f} t1, t2) il 2 > dtldtz

mnm? (2 sin %)2 (2 sin %)

oo om "2 2y (fi b1 + I, £2)Gn(t, £
TR
0 o I/ Jo 2 (ZSm t1+h1) (25in %2)
f f’” (ny(f tlfl‘z) _ Ouy(fitit )| 2Gua(h, t)

2
In 2 sin & (2 sin 131 ) mnm? (2 sin %2)

f h ¢xy(f t +h1,t2)Gm n(t1, t2)
o Jo (Zsm “J’hl) (2 1nt§)2

t1 + hy, 10)Gyn(ty, £
2 f (ny(f 1 1, t2)Gun(t 2) 1d2_ZIZS
hy JO

mnre? (2 sin 121 +h‘ ) (2 sin tzz)

Lemma 3.1, Lemma 3.2, the inequalities (14) and (16) give

fhl fth[dJ (fita +h1,f2)] ((mtlntZ) ) —————dhdh

Py

> dtidt,

- dtidty
mnrt

P [12,2] <

mnn2
)'11 hz

= O(mn)f f (w1(ty + hy) + wo(ty)) dtidts
0o Jo

1 Ho
— O () (1) + 0a(h)) fo fo dhidty = O (wi () + ws(12))
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and

O((nt2)’)
f f P [(P (f t1 + hy, fz)] dt1dt2
(T

dtidt,
(t1 + My )2

TT+M J1p
= O(E)f77 | (w1 (t1) + wa(ta)) dtidtz

m 1

mnn2

n

= O(—)f:h th(wl(tl + h1) + wa(tz))

m

T+hy o
= 0O (2) (w1 (1t + 1) + wo(hy)) f f dtldtz

= ( )(wl(ﬂ) + wy(h2)) m
O (%) (mwy(h1) + w2 (h2)) = O (w1 () + wa(h2)) -

Integral I, ; we write in the following form

_ 2| ey (f tm) _ Pxy(fit+ )
21 = mnnzj]; f l (ZSin%)z

2 sm

. Ory(fit1 + Iy, 1) bey(f t1 + hy, t2)
(2 sin %)2 (2 sin tl;hl)

2Gm I1(t1/ t2)
(2 sin )

™ rh 2G ity t
fh f [bs(fit1, 1) = by (it + Iy, 1)] Gy ) ~dhdt
1 0

(2sin) (2sn)

+f“ f’” 1 2_ 1 26y (fit1 + hl'tZ)Gm’:(tlltZ)dtldtz
h J0 (2 sin %) (2 sin t1+h1) mn (2 sin %2)

_ 1 (2)
= 12/1+121.

dtdt,

mn?

Once more, by Lemma 3.1, Lemma 3.2, the inequalities (14) and (16), we obtain

P [1(1)

f fhz 2P [, (fitr, 1) = b, (it + I, 12)] |Gty tz))
I mn2 (2 sin 2 ) (2 sin 2 )2

2 0 wl(hl) +w2(0)) (nty)?
mn f f 2fz)2 anidtz

dtidty

2
O(E)(wl(hl)erz(hz)) ) fo %dtldtz = O (w1 () + wa(ha))

and
P13

7422
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1 1

(2 sin %)Z (2 sin 12 t”hl )

2 7T hz
< Plo..(f;t1 + hy, t
B mnn2fh1£ [¢(f 1A 2)]
f1+9h1

n i iy |
= O(E)f (wi(t1 + h1) + wa(tr)) ( ) (\/_t1+h1) dtldtz

fl +9h1

f f ’
= (w1(ty + ) + wa(hy)) ———————dtdt,
I ( ) ( l‘1+ 1 )2

- o[ et o [

~ 1 2wi(h)dt  wa(ho) | _
- o($)[ fh B (hl)z]-0<wl<hl)+wz(hz)>.

Hence
P[] = O (w1 (h) + wa(h2))
and similarly
PI3] = O (w () + wa(h2)) -
The integral I4 can be rewritten as a sum in the following way

4 " " Gmn(tlz tZ)
;h, b)) —————dtdt
mnﬂ2~fh1 fhz Prslfit 2)( b t2)2 bt

4 sin 5 sin 3

= f f qu y(f tlrtZ) mn(tlrtZ) di’ldtz

2
MNT
4sm 7 sin 2 2

T Guun(tr, t
f f (ny(f t +h1/t2)< (1, f2) Zdtldtz

l’1+l’l1 . f_z
4 sin 5 sin 3

Gn(ty, t
f f ¢Yy(f t1,t2 + hy) alt1, f2) 2dt1dt2

4sin % sin —tzzhz)

Gun(ty, t
f f q,’)x y(f + I’ll, tr, + hz) s n( ! 2) zdtldtz
(4 sin 5=

f1+h1 sin t2+hz)
2

Iy =

mnn2

mnn2

mnn2

= fqu’ry(f t, b)) —————— mn(l'tz) ——————dhdh

2
mnm
4 sm

mnn2 (j;l fh; f jh; fhlf )‘ny(f t +h1,tz)(45m":1(:’%2) )

dtldi’2

- (f f _ff +f fhz)q) (fit1,t2 + h2) Gl f2) dtydt,
m”7'f2 m I h In-hy I Jo MY (4sin%sin %)2

7423



W. Lenski et al. / Filomat 38:21 (2024), 7413-7434

sl L L L)

G t, t
Ouy(fit1 +hy,ta + 1) tnirz( ! 23 " sdtdt
4sin 5= sin 452

f” f” ¢xy(f;t1,tz) Ory(fits + Iy, 1)
N

2 2 2
mn 4 sm 1 gin 2 ) (4 sin 224 “+h1 sin %2)

be y(f; t1,tr + ho) N Ory(fits +hy, ta + h)

(4 sin & 7 sin tz;hz) (4 sin 224 t”hl sin tz;hz)

& m n(tlr t2)

771117'(2 ( f fh; f f )(Px y(f t1 + hy, tz) (4 o t1+h1 . ) dt1dt2
" m n(tlz fz)

mnnz ( »fh‘l f fhl f )(ny(f tl, tz " h2) (4 sm : t2+h2) dtldt2

L L) f;+ff)(fhf-f;+ff)]

Gun(ti, t B
Ory(fits +hy, ta + h) mnlt, 2) Sdtidty = 214’5'

Gun(t, t2)dtidty

(4 sin 131 sin tz;hz
Elementary calculations give
Iy
1 7T 7T
o [ [t ) = buatit 4 ) = gt ) + (it + )|

1 2

Gun(ti, t

m, n( 1 2) dtldtz

(4 sin > sin 2)

fl; ‘fh [be,y(f/ tl + hl/ tZ) - (Px,y (f, tl + hl, tz + hz)]

mnr2

! 2 ! Gm,n(tll tz)dtldtz
(2 sin & ) (2 sin 2) (2 sin & ;hl) (2 sin 2 2

ﬁ ﬁ [qu,y(f; t, tr +ha) = @y (fit1 + hy, b + hz)]

mnr2

21 2 L Gm,n(tll tz)dt1dt2
(2 sin %) (2 sin %2) (2 sin % ) (2 sin tz;hz)

+ ! fnfncp (f;t1 +h1, bt + ho) ! !
vy (frf+hy,ta + 1y -
mnre i Jn, (2 sin %)2 (2 sin tl;hl)
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1 3 1
(2 sin %2)2 (2 sin %)2

Using Lemma 3.1, Lemma 3.2, the inequalities (14) - (16) we get

Guu(t1, t2)dtdts.

h1) + wo(h
P[] < : f f (w1 (h1) + wa( 2))dt it
T 2 4sm 3 sin %Z)
f f O(wz(hz)) 2hy sin 222 cog 1O i
i I Jh Zsm 4 sin’ t21 sin? i3
f f O(wl(hl)) 2h sin 252 cos 1020 s
1dts
mnﬂ o Jhy 2511‘1 4sin2 tzz sin2 t2+2—h2
m,mz f f O (wi(t + h) + wa(ta + h2))
2k sin M cos M 2h, sin tz+92hz cos 0
2| dtdt
(2 sin 2 ) <2s t”hl) (ZSin ) (25 t2+h2)
= O (w1(h) + wa(hy)).

Combining the terms in pairs, we have
Iip +Iug

B 1 fﬂ fﬂ Ouy(fits + Iy, 1) B Ouy(fits +hy, ta + h)
hy

2 2 2
mnt (4 sin tl;hl sin 2) (4 sin 21 t1+hl sin tz;hz)

1 fﬂ fﬂ Guy(fit1 + T t2) — Puy(fitr + T, b2 + o)
mnr? ha (4 sin 134 t”hl sin 2 )2 (4 sin 434 t”hl sin 2 )2
+ (Px,y(f; f+ hl/tZ + hZ) _ (PX,]/(f' tr + hl’ ta + hZ)

2 2
. ti+h -t t1+h tr+h:
(4sm L sin 72) (4sm A5 sin 2% 2)

Guu(t1, t2)dtdty

_ f f [d)ry(f st +hy, b)) = Qry(fit + B, ta + o)
hy

5 2
mnm 4 sin “Ehl sin %2)
b+h,tbh+h 1 1
qu y(fit+ I, by + ha) - | Gu(tr, )dtdty
(2 sin 131 ) (2 sin %2) (2 sin 232 )

mnn2 fthy +h1

) f fl@y(f S+ I, 0) = Gy (fif + B, b+ )
- 2
ha 4sm sm%)

(PY y(f 1+ hy, b+ ]’lz) hz sin =5*2 t2+92h2 Ccos %

f1+]’l1 t2+h2
(ZSm 5 ) (251n251n 5 )

Gu(t, t2)dtdty

Gmu(ty, t2)dtdty,
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whence similarly as above

wz(hz))
P [142 + I4g 1/1712 f L (tl N hl) t2 1dt2

f f O (wi(ts + ) +wa(ts + o))t + hy dhd
>, dhdt
n=hy Jhy (t + hl) (t2 + ha) t5

I’i’li’lT[
< O (wl(hl) + ZUQ(hz

Analogously
Lz +Iin

_ 1 j\hl fn |: (PX y(tl + I’ll, t2) (Px,y(tl + hl/ t2 + hz)
ha

mnm2 h+h o h+h b+ \2 Gun(tr, t2)dbrdt,
4 sin 52 sin 52) (4sm At gin %)

whence
P [14,3 + 14,11] <O (wl(hl) + wZ(l’lz)) .

In the same way

Iyg +1Iys
ti,ta+h ;t+hy,t+ R
- f f Ouy(fit1, t2 + ha) <Px,y(f 1+h,t 22) Gt i)
Mt Jiy Jrety 4sm i tz;hz) (4 sin 31 t1+hl sin %)
and
Iys + 147
& t, by + ho) ‘h+ b+
_ . f f Oy, y(fit1, t2 + hy) N Ory(fiti +hy, by 22) Gt o),
mnie Jy, 4sm si tz-;hz) (4 sin bl t1+h1 in%)
whence
Pllya+Ise] + P[las + 7] < O (wi(h1) + wa(ha)).
Finally,
Lyg + In10 + T2 + In13
1 T hy T Jip
- - + - + (i1 + h, to + hy)
mnm ( ‘[ﬂhl jO‘ )( jT:hz ﬁ )(ny
G tq, t
mn(l 2) dtldtz,
(4 sin 224 t1+h1 sin tz;hZ)
whence

Pllyo + In10 + In1o + Iniz] < P[lag] + P[Ls10] + P[Ls12] + P[ls13]

11 hy O (wl(tl + hl) + w2(t2 + hZ )
mn(1, dtyd
(f f )(f f ) mn (t + ) (b + 1) |G a(t1 t2)| t1dt;
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il L L)

[ O (w1(hy)) N O (wy(h2))
It + ) (o + ) (h+ ) (b + o) by
< O(wi(h) + wa(hy))

] (mt1 1’li’2)2 dtl dtz

and therefore
P L] = O (wi(h) + wa(hy)) .

Thus our theorem is proved. O

4.2. Proof of Theorem 2

In the notations of the above proof and by definition

P[Dy,n (f)](v’v) = P[Duu(f;-, )]+ sup

P [Dm,n(f}' +2Z1,+ ZZ) - Dm,n(f; ‘y )]

21#0, 2p#0 0(|z1]) + v(|z2])

where

Dm,n(f; X, y) = Gm,Zm;n,Zn(f; X, y) - f(x/ y) =

and

mn(f'x+21,y+Zz) Dyu(f;x, 1)

= f f [¢)x+zl vz (it 1) — @y (fi 1, fz)] M

1)
4gink > sin 2)

mnn2

(t1,12)
= > f f leyzz(f t, 1) Gl f2 di’ldtz
T (4 sin & > sin 2)
4 iy ) T 153 1 e T T
- mnnz(f f +f f +f f +f f)
0 0 I T hl Iy

(tll t2)
(Dx,zl,y,zz (f/ t1, t2 m - dtldt2 = 2 Trs
(4 sin & > sin 2)

4 T Gun(t
vy(fit, ) ————
mnnzj; jO‘ ¢/j(f 1 2)( A t_2)2
2

7427

with iy = % and h, = Z. We can note that [ = 0, J3 = 0 and J; = 0 when m = 1 or n = 1, therefore in

estimates of these integrals we will assume m > 1 or n > 1, respectively.

Using Lemmas 3.1 and 3.2, by the estimates (14), (15) and (16), we obtain

IA

hl ]12 mn 7
P < o [ [P0l R .

4s1n sin 72)

W
= Ozl + v(lzal)) mn f f (“’(“) w(tZ))dtldtz

o)  u(t)

o h
= O(lz1]) + v(z2l)) mn (w((lilll) Z:((Zzz)))f f dtdt,
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w(hy)
o(hy)

= 0 ((v(|21|) +v(|z2])) (

)
- mnn2 f f vy (it t2)
1y
B f f q)xleryrzz(f; tl + hl/
0 0

Filomat 38:21 (2024), 7413-7434

w(hy)
" ) ))

The quantity ], can be estimate analogously to I. Substituting #; + h; in the place of t; in |, we get

Gmn(t1/t2)
(2511‘1 ) (ZSint—z)
2Gmn(t1/t2)

ts)
mnm? (2 sin & ;hl ) (2 sin %2

di’1dt2

> dtidt,

" (1)
mn 1,02
= 2f f leyzz(f ti,t2) dtldtz
AT Iy (2811’1 )(2sint—2)

+(_f0hl_fhl +fh)f0 @,

zsm n(tlr tZ)

2sin 224 t1+h1 ) (2 sin %2

YizZ2 (f/ tl + hl/ t2) > dtldtz
mn (

h

)
mnn2f f Prayalfiti+

Dy 2, V.22 (f tll t2) q)x:zlry,zz (f t + hy, 1) 2Gu(t1, t) b ds
sdtdt,
2 sin % (2 sin 131 ) mnm? (2 sin %2)
"ot Gun(ti, t2)
_mnn2 f f Doz (fits + 1) ) m: 2 ; 2dt1dt2
0 o (2511’1 u) (ZSin 72)
Gmn(t1, t2)

hi, t2) sdtdty = Z Jos-

(2 sin t”’”) (2 sin tz)

Applying Lemmas 3.1 and 3.2, and using the inequalities (14) and (16), we have

and

P[J22]

IA

h e
= O(mn(( |zl|)+v(|22|)))f f (

w(2hy)
)

2w(ly)
o(hy)

= O (mnv(z1]) + v(1z2])) (

= O(mn(v(|z1]) + v(Iz2]))) (

w(hy)
o(h) U(hz

= O((W(z1]) + v(Iz2]))) (

P(J23)

IN

hl hz
mnnzf f P[D.z,, 2 (fitr + I, t2)]

O ((mtinto)?)

dtydt

EEST
w(ty + ) w(tz))

dt,dt

oh +h) o))

L W)\ ("
v(h»)f f drdtz
Lol [ ("
v(hz))f f dirdty

w(hz) )
)

((Vlfz) )

hy
mnn2f f Dyt + I, )] —————— (\/_t1+h1> ( 2) TR TR
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03
ZU(tl +h1) W(tz)) dtidt,
V(|Z + v(|z
( (lz1]) + v(1z2)) fhf (v(t1+h1) e e

T+ 1y
O (2 (v(z1h + v(z2D) f f (Z)((:) v(fj)))dsiftz

1

) 7+ h) w(hz) m+hy ds dtz
0) (E (v(lz1]) + V(|22|))) ( o(m+) | o(h) ) f f

2w(m) w(hz)) hy

o(h)  v(hp) ) 7(m+ha)
1 mw(hy)  w(hy)

O(@qun)wazﬂ»)( it Z)(hz))

wih) w(hz))

o) - v(ho) |

O (% (vt + v(iz2D) (

O ((v(|z1) + V(|Zz|)))(

For J,1 we can write

Then,

IN

1

Dy z,, yzz(f tl/ t2) q)x,zl,y,zz(f; t1 + hy, t2)
A
251n (2 sin 5)

N q)x,z1,y,22 (f/ t +2h1/ t2) _ D, V21,122 (tl +h, tz) m ”(tl t2) di’ldtz
(2 sin %) (2 sin 131 ) (2 sin 3 )
hy (tll t2)
o f f R ) dhdt,

(2 sin = ) (2 sin 5)

: fﬂ fhz : 1
+ % (fit1 + h,t2) -
> X,21,Y,%2 2 2
AT Iy Jo (2 sin %) (2 sin 131 )

1, t
Gmn(t, 2)dt1 dty = ](1) +]g‘
2sin 2 %
P[](l)]

2 )Gm,n(tll tZ))
mnr? (2 sin %)2 (2 sin %)

1 w(hl) e (I’th)
O(mn)((v(21)+v(zz))( ) v(hz) ))fh1 f dtldtz
w(hl) T2 q
( )((0(21) +v(zz))( o) v(hz) ))fhl f —dhdt

hy
f f p [(D',Zl,',zz (f/ t1,t2) = Dz 2 (f/ t1 + hy, fz)] 3 dtidty
}11 0
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_ why)  w(hy)
= ((U(Zl)JFU(Zz))( o) + o(ha) ))
and
P13] (22)
2 (T 1 1 O((nt)?)
< P[®D. . .,(f; 11+ 1, 12)] - dtydt
mn fhl f(; L (Zsin %)2 (2 sin tl;hl) (2%2 12
_ " (w(ty + hy) w(tz) hl%
= Off) et +ote) )f l (U(h v olh) ) S (v
_ wlh ) | wi)|
= ( )(Z)(Zl) +0(22)) n f ( o) + Z)(hz))( ) (\/_t1+h1) di’1dt2
_ i 1 Tw(ty +h)dty,  wlhy) (7 dﬂ
= 0 (mz ) (U(Zl) + U(ZZ)) (U(hl) " f% (t] + hl) Z)(hz) I f? ]
_ i 1 ™ ZZU(hl)dtl ZU(I’lz) m dﬂ
= O(m )(v(21) +v(Zz))( o) Jy ey ol fl 5 ]
_ why)  w(hy)
= O ((U(Zl) +0(22)) ( o(h) + o(ha) )) .
So, from (20), (21) and (22), we have
_ w(hi) = w(hy)
P[J21] = O((U(Zl) +0(22)) ( o) + () )) (23)
Now, taking into account (17), (18), (19) and (23), we have
wh) | w(hy)
P[]l = ((0(21)+U(Zz))( ) + o) )) (24)
By analogy, we conclude that
Plal = O(<v<z1> +0(z) (“’(h“ ”’(’“))). 25)

oin) o)

Finally, let us estimate the quantity ], analogously to I, too. So

mn(tl/tZ)
Xz t,t dt dt
mnnthlf walfih 2)( ) 12

4sinl 5 8in #

4

le Y,22 (f t1, t2) (Dx,zl,y zz(f' 1+ hl/ t2)

2 2
t +h t
4sm 7 sin ) (4 sin 15~ sin —22)

n hy

q)x,zl,yzz f t,tr + hy) + cDx,zl,y,zz(f' th+h,ta+h)|G

m n(tlz tZ)

tz +hy tl +hy t2 +hy
(4sm 5 sin 252 5 ) (4sm 5 sin <452 5 )

dtdt,
mnr?
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" Gun(t, t
2 ( f f f f ) X,21, yzz(f tl + hl/ tZ) n( ! 2) dtldtZ
Cmnm Iy hy (4 S t1+h1 sin )

in 152

mnﬂz( fhj f fm fhz) Doz 2 (f tlftz+h2)<4smm”(fl'2hz> dhdt,
e[ L L L L )

Gun(t, t
q)x,zl,y,zz(f; t + hy, ty + hy) (h,f2) dhdtz = Z Jas-

ti+h tr+h
4sin 5+ sin 452

The first integral J;1 we will divide into a few terms

Jar

1 7T 7T
T e \fh f; [(Dxle'%zz (fit1 t2) = Przy o (fi 1 + I, £2)
1 2
Gty f2)

4ginl > sin 2)

_ (I)x,21,y,22 (f/ t1,t + ]’12) + q)xlely,ZZ(f; t1 +hy, tr + hz)] dtldtz

+

mnnz f f [(szlyzz(f t +h1,t2) rzl Y22 (f t+hy, ty +h2)]
1 1
(2 sin £ ) (2 sin 7 )2 (2 sin ht +h1 ) (2 sin %)2

mnn2f f [szlyZZ(f tl/t2+h2) lej/zz (f t1+h1,t2+h2)]

1 1
- Gun(t1, t2)dtidty

(2 sin = )2 (2 sin )2 (2 sin &4 ) (2 sin tz-iz-hz )2

—— fnfncb (Fit1 + o,y + ) | —— 1
mnr2 I, x,z1,Y,22 \J 7 F1 1,12 2 ] 5

o) (o)

Gm,n(tlr tz)dtldt2

+

1 1
B\ ey \2 Gmn(t1, t2)dtdta,
(2 sin 5) (2 sin 2 )

whence

P[]a1]

w(h) w(h2) 1
mnnthl L O(U(Z1)+U(Zz))( o(ln) v(hZ))(élsin% . tz)zdhdtz

IA

sim >

: f1+9h1 t+011
2hy sin 257 cos L5
dtdt,

4 sin? t21 sin? “;hl

( 2) 1
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1 T T w(h 1 2h, sin —t2+92h2 cos 202k
+— f f 0 (0(zn) + 0z2)) 2L ; T g B 2| dhdt
mnte Jy, Jn, v(hy) (2 sin f_l) 4sin” 3 sin” 245>
Z,U(tl + l’ll) ZU(tz + hz)
O
mnnz fh f (o) + U(ZZ))( B T S S PR
2hy sin —t1+9h1 cos —t”Glhl 2h, sin —t2+92h2 cos —t2+§zhz bt
5| dtidty
(2 sin 2 ) (2 sin t”hl) (2 sin 2 ) <2s in tz;hz)
_ w(hl) w(hy)
By combining the terms in pairs we get
Jap + Jag
7 n q)x,z1, zz( s+ h, tZ) q)x,z1,1,zz(f' t+hy, o + hZ)
> f f v — - G(hr, b2)dtid
mntt ha | (4 sin 1;}“ sin 2 ) (4 sin 224 t”hl sin tz;hz)

_ 1 fﬂ fn q)x,zl,y,zz (f/ tl + hlr tZ) _ q)x,zl,y,zz(f; tl + hlr tZ + hZ)
hy

2 2 2
mntt . tithy f_z .ty t_z
i (4 sin -5~ sin 3 ) (4 sin -5~ sin 3 )
q)xz 2 f t + hl t2 + h2) q)xz 2 (f tl + hl fz + hz)
+ /Z1,Y,22\) 1 ’ _ 214,22\ 1 ’ Gmn(tl,tz)dtldtz
h 2 t1+h1 t2+h2 g
(4 sin tl; L sin 2) (4 sin =5 sin 25 )

_ 1 fﬂ fﬂ (Dx,z1,y,22(f; f +h1/ tZ) _q)le,y,zz(f/' t +h1/ tr +h2)
ha

5 2
mnm (4 sin At “*hl sin %)
[0} st +hy, b+ h 1 1
+ X,21,Y,22 (f 1,12 2) 5>~ ; > Gm,n(tlr tZ)dtldtZ
(2 sin & ‘;hl ) (2 sin %) (2 sin tz; = )

_ 1 fn fn q)x,zl,y,ZZ(f/' f +h1/t2) _q)xz1,y,zz(f} t+hy, b +h2)
hy

2 2
mn (4 sin tl;hl sin %2)

D f + hy, by + hp) | By sin 22222 tﬁgzhz cos L2020
eyl + i ) 2 Guu(ti, t2)dtydts,

(2 sin tl;hl) (2 sin 2 2 sin tz;hz )2
whence
w(hy) 1
+ O v(z1) + v(z dtdt
PJsp+ Jas] < (v(z1) + v(22)) o) (6 1 B 1dt

T/U(tl + hl) ZU(tz + hz) 1 tr) + I’lz
f f O (v(z1) + v(Zz))( o6 + ) v(tg 7o) ) i) Gty 7 dtdt,
w(hy) N w(hz)).

o(h)  v(ho)

mnn2

< O(v(z1) +v(z2)) (
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Analogously
Jas + Jann
3 i T D1y, (fit1 + I, iz) N Dz (it + 1, b +2h2) Gonn(br, v,
Tt hy 4 sin 121 sin 52) (4 sin 31 sin %)
therefore
wh) | w(hy)
P[]z + Jau1] < O (v(z1) + U(ZZ))(M + M)
Similarly
Jaa+ Jae
_ 5 Puaiyafitite +1)  Przyu(fiti +,t + 1) Gun(t, b)dtidt
MRTE Jiy 4sm sin tzghz) (4 sin 51 t”hl sin tz;hz)
and
Jas + Ja7
iz it +hy) @ i+ hi, b +h
R AN e vy o
2 2
whence

P[Jsa+Jae]l + PJas+ Jaz] < O(v(z1) + v(zz))(w(hl) ¥ w(hZ))

() ohp) ]

Finally,

Jao + Ja10 + Ja12 + J113

1 U 1 Tt 1y
= - + - + ) sti+hy, b+ h
mnnz ( »L‘hl fO )( fnhz fO ) x,zl,y,ZZ(f 1 1,12 2)
tq,t
mn( 1 2) dtldtz,

(4 sin b t1+h1 sin tz;hz)

whence

PJao + Jaio + Jap2 + Jai3] < P[Jao] + P[Ja10] + P[Ja12] + P [Ja13]

mn (fn I fhl)(ﬁ " fhz)O(v(Zl) +0v(z;))

w(ty +h)/v(t + ) + wita + o) /0 (t2 + 1) |G (b1, 12)| dtrdts
(t +h1) (2 + ha)? e

— (fn . fh)(f fhz)O(v(zl)+v(zz))

[ w(hy)/v(h1) + w(ha)/v(hy)
Iy (b +h) (b +ho)®  (h + ) (b2 + o) By

](mt Tli’z) dtldtz
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w(hy) N w(hz)) .

< O(v(zl)+v(22))(v(h1) o)

Therefore

P[]4] = O(v(z1) + v(z2)) (w(hl) w(hz))'

o) o)
Thus

P[Dyn(f;- + 21, +22) = Dy(f; )] = O(0(z1) + v(22)) (w(’“) + w(’”))

o(h)  o(ha)

and

P[Dyu (f;, ')](M) =0

(M N w(hz))
o) o(hy) )’

Using Theorem 2.1

P[Duu(f;- )] = O (w(hr) + w(hy)) < O(M + w(hz))

o(hy) — o(ha)

our proof follows. O
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