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Abstract. In this article, pseudoparallel submanifolds for generalized Lorentz-Sasakian space forms are
investigated. Submanifolds of these manifolds with properties such as pseudoparallel, 2-pseudoparallel,
Ricci generalized pseudoparallel, and 2-Ricci generalized pseudoparallel have been investigated and the
conditions under which these pseudoparallel submanifolds are totally geodesic are shown. In addition,
necessary and sufficient conditions have been obtained for these submanifolds to be totally geodesic by

means of the concircular, projective and quasi-conformally curvature tensors. At last, we provide an
example for such manifold.

1. Introduction

¢—sectional curvature plays the an important role for Sasakian manifold. If the ¢p—sectional curvature
of a Sasakian manifold is constant, then the manifold is called a Sasakian-space-form [10]. Alegre and
Blair described generalized Sasakian space forms [1]. Alegre and Blair obtained important properties of
generalized Sasakian space forms in their studies and gave some examples. Alegre and Carriazo later
discussed generalized indefinite Sasakian space forms [2]. Pandey and Prasad et al. are also studied
on Sasakian manifolds for different properties in ([12], [13], [17], [18], [19]). Generalized Sasakian space
forms studied for concircular curvature tensor in [4]. The Lorentzian manifolds are of great importance for
Einstein’s theory of relativity. Sasakian space forms, generalized Sasakian space forms and Lorentz-Sasakian
space forms have been discussed by many scientists and important properties of these manifolds have been
obtained in ([9]-[14]). Again, some researcher have considered invariant submanifolds in different spaces
(5], [6], [21]).

In this paper, pseudoparallel submanifolds for generalized Lorentz-Sasakian space forms are investi-
gated. Submanifolds of these manifolds with properties such as pseudoparallel, 2-pseudoparallel, Ricci
generalized pseudoparallel, and 2-Ricci generalized pseudoparallel have been investigated and the condi-
tions under which these pseudoparallel submanifolds are totally geodesic are shown. In addition, necessary

and sufficient conditions have been obtained for these submanifolds to be totally geodesic on the concircular
and projective and quasi-conformally curvature tensors.
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2. Preliminary

Let M be a (21 + 1)—dimensional semi-Riemannian manifold. If the M semi-Riemannian manifold with
(qb, &, g) structure tensors satisfies the following conditions, this manifold is called a e— almost contact

metric manifold and (¢), &, 17) triple is called almost cotact structure.

pE=0,n0¢p=0,1()=1¢*=-id+1n®E,

g(81,92) = g (p91,§8) + en(91) 1 (92), 1 (81) = €9 (81, ),

where,
e=g(&8) = £1.
If dn and g provide the relation

dn (91,92) = g(81,992),

M is called a contact pseudometric manifold and the (qb, &, 17) triple is called a contact structure.

Let’s define a (h (%) , \94) vector field on RxM, where 91 is a coordinate on IR and / is a C® function on

IRxM. The structure defined as

d d
](hd_sl’&l) = (17 (94) d—sl,dh% - hé),

on RXM is called a almost complex structure and J? = —id.If | is integrable, the almost contact structure
(gb, ¢, 17) is said to be normal.

If 91 is perpendicular to &, the plane spanned by 9; and ¢9,, is called the ¢p—section. The curvature of
the ¢-section is called the ¢-sectional curvature. The curvature of the indefinite Sasakian manifold defined
in this way is precisely determined by the ¢—section curvature. If the ¢)—section curvature of the indefinit
Sasakian manifold is equal to a constant c, the curvature tensor of this manifold is defined as

R(81,82) 95 = (%) {9 (92,93) 91 — g(81,93) 92}
+(5) {9 (90,993) 692 = (92, 69a) 091
+29 (91, 982) 93] + (5) {1 (92) 0 (83) 91 = 11(81) 7 (83) 92
+eg (91, 93) N (92) & = eg (92, 93) n(91) &}
For an e—almost contact metric manifold M, if there are F1,F,,F3 € C® (M) functions such that
R(91,92) 93 = F1{g (82, 93) 91 — g (81, 93) 92}
+F2 {9 (81, $93) 992 — g (82, $93) o
+29 (91, §82) 93} + F3 {1 (92) 11(93) 81 = (1) 1 (93) 82

+eg(91,93) 1 (82) & — €9 (82, 93) n(91) &},



S. Pandey et al. / Filomat 38:21 (2024), 7441-7455 7443

then manifold M is called an indefinit Sasakian space form.

In this article, only the Lorentzian case, which corresponds to the ¢ = —1, where the index of the metric is
1, will be discussed. Such manifolds are called generalized Lorenzt-Sasakian space forms and are denoted
by M%”“ (F1,F2,F3). Thus, the curvature tensor of a (2n + 1)—dimensional generalized Lorentz Sasakian
space form is defined as

R(81,92) 93 = F1{g (92, 93) 91 — 9 (81, 93) 92}

+F2 {9 (81, $93) 992 — g (82, $93) o
@
+29 (81, $92) pS3} + F3 {1 (82) 0 (85) 91 + 17 (81) 1 (83) 9,

=g (91, 93) 1 (82) & + g (82, 93) 1 (81) &}

Lemma 2.1. Let Mf”“ (F1,F2,F3) be the (2n + 1)—dimensional generalized Lorentz-Sasakian space form. The
following relations are provided for M2"*! (F1,F,F3).

Vs, & = (F1 +F3) 994, )

R(E,92) 95 = (F1 + F3)[9(82,93) & + 1 (83) 92], (©)
R(&,92)& = (F1+F3)[-1(82) & + 9], (4)
R(91,92) & = (F1 +F3) [ (81) 92 = 1(82) 911, (5)
§(91,8) =-2nF1 +F3)n(d1), 6
Qé=2nF1+F3)¢, @)

where R, S and Q are the Riemann curvature tensor, Ricci curvature tensor and Ricci operator of M%”“ (F1,F2, F3),
respectively.

~

Let M be the immersed submanifold of the (2n + 1)—dimensional genetalized Lorentz-Sasakian space
form M2"*!(Fy,F3,F3). Let the tangent and normal subspaces of M in M2"*! (Fy,F,F3) be I'(TM) and
I' (T*+M), respectively. Gauss and Weingarten formulas for I'(TM) and I' (T*M) are

Ve, 92 = Ve, 9 +0(81,92), (8)
?\91\95 = —Asssl + V§1\95, (9)

respectively, for all 91,9, € I'(TM) and 95 € I'(T*M), where V and V* are the connections on M and
I' (T+M), respectively, o and A are the second fundamental form and the shape operator of M. There is a
relation

g(As;91,92) = g(0(91,92),95), (10)

between the second basic form and shape operator defined as above. The covariant derivative of the second
fundamental form ¢ is defined as

(V5,0) (82, 93) = V5,0 (82, 93) =0 (Vs,92,83) — 0 (82, Vs, 95) . (11)

Specifically, if Vo = 0, M is said to be is parallel second fundamental form.
Let R be the Riemann curvature tensor of M. In this case, the Gauss equation can be expressed as

R(81,92) 93 = R(91,92) 93 + Au(,,9992 — Au(5,,9) 91
(12)
+(V5,0) (92, 93) = (V5,0) (91, 93) .
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Let M be a Riemannian manifold, T is (0, k) —type tensor field and A is (0, 2) —type tensor field. In this case,
Tachibana tensor field Q (A, T) is defined as

Q (A, T) (\911, vy Xy X, Y) = —T((X Aa Y) X1, ..., Xk)
(13)
——.. T(Xl, veey X1, (X AA Y) Xk),

where,
XAaNZ=AY,2)X-AX,2)Y, (14)
k>1,X1,X5,..., X, X, Y € T (TM).

3. Invariant Pseudoparalel Submanifolds of Generalized Lorentz-Sasakian Space Forms

Let M be the immersed submanifold of a (2n + 1)—dimensional generalized Lorentz-Sasakian space form
M (Fy, Fap, F3) . If ¢ (To,M) C Ty, M in every 9; point, the M manifold is called invariant submanifold.
From this section of the article, we will assume that the manifold M is the invariant submanifold of the
generalized Lorentz-Sasakian space form M%”“ (F1,F>,F3). So, it is clear that

0 (81,8) = 0,0 (991, 8:) = 7 (81, $92) = o (91, 92), (15)
forall 91,9, e T'(TM).

Lemma 3.1. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form ME"™Y(Fy,Fy,F3). The second fundamental form o of M is parallel if and only if M is the totally geodesic
submanifold provided F1 # —F3.

Proof. The proof of the theorem is easily obtained if we choose 93 = & in (11) and make the necessary
adjustments. [

Definition 3.2. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M2™*Y(Fy,Fp, F3). If R.o and Q (g, 0) are linearly dependent, M is called pseudoparallel submanifold [7].

Equivalent to this definition, it can be said that there is a function A; on the set M; = {x € M| o (x) # g (x)}
such that

R.o=1Q(g,0).

If A1 = 0 specifically, M is called a semiparallel submanifold.
Let us now examine the case of pseudoparallel for the submanifold M of the (2n + 1)—dimensional
generalized Lorentz-Sasakian space form M%”“ (F1,F», F3).

Theorem 3.3. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M%”“ (F1,F2,F3). If M is pseudoparallel submanifold, then M is either a totally geodesic or A1 = F1 + Fs.

Proof. Let’s assume that M is a pseudoparallel submanifold. So, we can write

(R (91,92) U) (94,95) = 11Q(g,0) (94, 95,91, 92), (16)
for all §1,9,,94,95 € I' (TM) . From (16), it is clear that
R*(91,92) 0 (94, 95) — 0 (R (81, 92) 94, 95)

=0 (94, R(91,92) 95) = -4 {0 ((91 Ng \92) V4, 95)

+0 (84, (91 g 92) 95)}.
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Easily from here, we can write

R+ (81, 92) 0 (94, 95) — 0 (R (91, 92) 84, 95)
—0 (94, R (91, 92) 95) = —A1 {g (92, 94) 6 (91, 95)

=g (91,94) 0 (92, 95) + 7 (92, 95) 0 (4, $1)

-7 (91, 95) 0 (94, 92)} .
If we choose 95 = £ in from the last equality and make use of (5), (15), we get
(A1 = (F1 + F3)]{n (1) 0 (84, 82) — 1 (82) 0 (84, 82)} = 0. 17)

IIf we choose 9, = £ in (17), we obtain
— [ = (F1 +F3)]0(84,91) = 0.
This completes the proof. [J

Definition 3.4. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M+ (Fy, Fy, F3). If R.Vo and Q (g, Vo) are linearly dependent, then M is called 2—pseudoparallel submanifold
[8], [15].

In this case, it can be said that there is a function A, on the set M, = {x € M| Vo (x) # g (x)} such that
R.Ya = AQ(g,Y0).

If A, = 0 specifically, M is called a 2—semiparallel submanifold.
Let us now examine the case of 2—pseudoparallel for the submanifold M of the (21 + 1)—dimensional
generalized Lorentz-Sasakian space form M3"*! (Fy, F, F3).

Theorem 3.5. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form ML (Fy,Fa,F3). If M is 2—pseudoparallel submanifold, then M is a totally geodesic submanifold provided
F1 # —Fs.

Proof. Let’s assume that M is a 2—pseudoparallel submanifold. So, we can write
(R (91,92) 70) (84, 95, 93) = 12Q (9, 70) (34, 85, 83,91, 92) , (18)
for all 91,9, 94, 95,93 € I'(TM) . If we choose 91 = 93 = £ in (18), we can write

R*+(&,92) (V9,0) (95, &) — (512(5,32)840) (95,&)

—(V5,0) (R(&,92) 85,&) — (V5,0) (95, R (&, 92) &)

(19)
= 2 {(F(en0)0,0) 95,9+ (T.0) (& Ay 82) 95,)
+(75,0) (85, (£ Ay 82) €)}.
Let’s calculate all the expressions in (19). So, we can write
R (&, 92) (79,0) (95, &) = R (£, 92) {v4,0 (85, €)
—0(V5,95,&) =0 (95, 75,8)} (20)

=R*(&,92) (F1 + F3) oh (95, 94),
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(@R(g,sz)sﬁ) (95, €) = V(£.00,0 95, &)
-0 (VR(5,82)84‘95/ cf) -0 (95, VR(5,92)345)
= —0(95, (F1 +F3) R (£, 92) 84)

= —(F1 +F3)2 ¢n (84)6(‘95/ ‘92)/

(V5,0) (R(E,92) 95, &) = V5 0 (R(E, 92) 95, &)
~0 (V8,R(&,92) 95,&) — 0 (R(E, 92) 95, V,E)
= -0 ((F1+F3)[g(92,95) & +1(95) 9]
,(Fy+F3) 94)

= _(Fl +F3)2 ¢n (\95)0(82/ ‘94)/

(76,0) (95, R (£, 92) &) = (7,0) (35, (F1 + F3) [ (82) € + 82])
=—(F1 +F3)(V5,0) (95,1 (82) &)

+(F1 4+ F3) (V5,0) (95, 92)

= (F1+F3)0 (95,841 (92) E+ 1 (82) Vs, &)

+(F1 4+ F3) (V5,0) (95, 92)

= (F1 +F3)* (32) ¢0 (35, 94)

+(F1+F3) (V5,0) (85, 92),

(6(5/\992)940) (‘95’ é) = vé/\ysz)&f)— (‘95/ é)

— (V(é/\gsz)94\95, é) -0 (\95, v(é/\g\%)\%é)
=~ (95, (F1 +F3) ¢ [9 (82, 84)

—g(&,94)92])

= —(F1+F3) p1n(81) 0 (95, 92),

7446
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(22)

(23)

(24)
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(75,0) ((& Ay 82) 85, &) = 40 ((£ Ag 92) 85, )
=0 (75, (& Ag 92) 95, &) = o (& Ay 82) 85, 75,8)
=—0(9(92,95)E— g (&, 95) 9,

(Fy +F3) $84)

= _(Fl +F3)(¢)T](\95)0(\92/S4)1

(6940‘) (‘95/ (5 /\g ‘92) 5) = (6940) (‘95/ -1 (‘92) é + ‘92)
= (V5,0) (95, -1 (82) &) — (V5,0) (95, 92)

= (F1 +F3) pn(92) 0 (85, 84) — (V,0) (95, 92).
If we substitute (20),(21),(22),(23),(24), (25),(26) in (19),, we obtain

R* (&, 92) (F1 + F3) o (95, 94) + (F1 + F3)> 1 (84) 0 (85, 92)
+(F1 +F3)* 1 (95) 0 (82, 94) = (F1 + F3)* 11(92) o (35, 94)
— (F1 +F3) (75,0) (95, 92) = =Aa {— (F1 +F3) 1 (95) 0 (94, 92)
—(F1 +F3)pn(S4) 0 (82, 95) + (F1 + F3) P (92) 0 (95, 94)
—(V5,0) (85, 92)} .
If we choose 95 = £ in (27) and by using (15), we get
(F1+F3)? 0 (82, 94) — (F1 + F3) (V5,0) (&, 92)
= 12 {(F1 + F3) o (82, 84) + (¥5,0) (&, 92)}.
On the other hand, it is clear that
(V9,0) (&, 92) = = (F1 + F3) 0 (82, 94) .
If (29) is written instead of (28) , we obtain
2(F1 +F3)* ¢o (82, 94) = 0.
This completes of the proof. [

7447

(25)

(26)

(27)

(28)

(29)

Definition 3.6. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M"Y (F1,F3,F3). If R.o and Q(S,0) are linearly dependent, M is called Ricci generalized pseudoparallel

submanifold [16].

In this case, there is a function A3 on the set M3 = {x € M| o (x) # S (x)} such that

R.o =23Q(S,0).

Let us now examine the case of Ricci generalized pseudoparallel for the submanifold M of the (2n +

1)—dimensional generalized Lorentz-Sasakian space form M%”“ (F1,Fo, F3).
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Theorem 3.7. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M3 (F1,F5,F3). If M is Ricci generalized pseudoparallel submanifold, then M is either a totally geodesic or
1

A3

= Z'
Proof. Let’s assume that M is a Ricci generalized pseudoparallel submanifold. So, we can write
(R(81,82)0) (84, 85) = 13Q(S,0) (84, 95, 91, 92), (30)
that is

R+ (81, 92) 0 (94, 95) — 0 (R (91, 92) 84, 95)
—0 (94, R(81,92) 95) = —A3 {0 ((91 As 92) 94, 5)

+0 (94, (91 A5 92) 95)},
for all 91,92, 94, 95 € I'(TM). If we choose 91 = 95 = & in from the last equality and make use of (8), (15),
we get
[— (F1+F3)+2n(F1+F3) A3] 0 (84, 92) = 0.
It is clear from the last equation that either
0(94,92) =0,

or
_ 1
T on’

This completes the proof. O

A3

Definition 3.8. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M1 (Fy,Fa, F3). If R0 and Q (S, Vo) are linearly dependent, M is called 2—Ricci generalized pseudoparallel
submanifold.

Then, there is a function A4 on the set My = {x € M| Vo (x) # S (x)} such that
R¥e =2140Q(5,%0).

Let us now examine the case of 2—Ricci generalized pseudoparallel for the submanifold M of the
(2n + 1)—dimensional generalized Lorentz-Sasakian space form M3"*! (Fy, F5,F3).

Theorem 3.9. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M"Y (Fy,Fa, F3). If M is 2—Ricci generalized pseudoparallel submanifold, then M is either a totally geodesic,

1
F1 :F3,01’/\4:—.

2n
Proof. Let’s assume that M is a 2—Ricci generalized pseudoparallel submanifold. So, we can write
(R(91,92) 90) (84,85, 93) = 14Q (S, 70) (84, 95, 93, 91, 92) , (31)

for all 91,9,,94, 95,93 € I' (TM) . If we choose 91 = 95 = £ in (31), we can write

R*(&,92) (V5,0) (&, 93) - (ﬁR(g,Sz)sﬂ) (&,93)
—(V5,0) (R(&,92) &, 93) = (V5,0) (§,R (&, 92) 93)

(32)
=-A4 {(6(5/\592)\940) (&,93) + (V5,0) (€ As 92) &, 93)

+(V5,0) (&, (& As 92) 93)},
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Let’s calculate all the expressions in (32). Firstly, we can write
R (£, 92) (75,0) (&, 93) = R (&, 92) {v4,0 (&, 83)
-0 (VS4S3/ 5) —0 (‘93/ VS4£)}

= —R*(&,92) (F1 +F3) po (93,94),

(@R(g,sz)sﬁ) (& 93) = qu‘(g/sz)s‘lo (&, 93)
=Y (VR(5,92)945, \93) -0 (5, VR(5,32)9493)
= —0(¢ (F1 +F3)R(&,92) 94, 93)

= —(F1 +F3)* pn(84) 0 (92, 93),

(75,0) (R (&,92) &, 83) = (75,0) (F1 +F3) [-11(82) & + 8], 93)
= = (F1+F3) (76,0) (1(82) &, 95)

+(F1 +F3) (V5,0) (92, 93)

= (F1+F2)* 1 (92) 0 (34, 95)

+(F1+F3)(V,0) (92,93),

(75,0) (&, R(£,92) 93) = V4,0 (&, R (€, 9) 9)
—0(V9,& R(&E,92)93) — 0 (& Ve,R(&, 92) 93)
= = (F1+F5) 0 (¢4, [9 (82, 93) &

+1(83) 92])

= = (F1+F3) $1(35) 0 (34, 9:)

(6(5/\532)\940) (5/ ‘93) = VEL{/\SSZ)\%G (él ‘93)
=0 (Viensos & 93) = 0 (& Viensons, 93)
=—=5(92,94) 0 (Ve&, 93) + S(&,94) 0 (Vy, &, 93)

= =2n (Fy +F3)” §1(84) 0 (92, 93),

7449

(33)

(34)

(35)

(36)

(37)
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(V5,0) (€ As 92) &, 93) = (V5,0) (S (92,€) £ = S (&, &) 92, 93)
= (V5,0) (=21 (F1 + F3) 11 (82) & + 21 (Fy + F3) 92, 93)

=21 (Fy +F3){= v 0 (1(82) &, 93) + 0 (Vo,1 (82) &, 93)

+0 (11(82) &, Vs, 93) + (75,0) (82, 93))

=2 (F) +F3) (V5,0) (92, 93)

+2n (F1 +F3)2 (PT] (\92)0(\941 ‘93)/

(V5,0) (&, (E As 92) 93) = (V5,0) (&, 5 (92,93) £ = S (&, 93) 92)
= (V5,0)(&,5(92,93) &) + 2n (F1 + F3) (Vy,0) (§,1(83) 92)

= =21 (F1 + F3)? ¢1(83) 0 (84, 92)..
If we substitute (33), (34),(35), (36),(37),(38),(39) in (32), we obtain

—R* (&, 92) (F1 + F3) o (83, 84) + (F1 + F3)* 1 (94) 0 (92, 93)
— (Fy + F3)* ¢1(82) 0 (94, 93) + (F1 + F3)> 11(83) o (84, 92)
= (F1+F3)(V5,0) (82, 93) = —A4 {—211 (F1 +F3)*> o1 (94) 0 (82, 93)
+21 (F1 + F3) 01 (82) 0 (94, 83) — 211 (F1 + F3)* 1 (93) 0 (84, 92)
+2n (F1 + F3) (V5,0) (92, 93)} .
If we choose 93 = £ in (40) and using (15), we get
—(F1 +F3) (95,0) (82, &) + (F1 + F3)* 0 (84, 9)
= —A4 {2n(F1 + F3) (V5,0) (82, €)
=21 (Fy + F3) 0 (84,92)}
On the other hand, it is clear that
(V5,0) (&, 92) = = (F1 + F3) 9o (82, 84) .
If (42) is written instead of (41), we obtain
2(F1 +F3)* (1 - 2n4) o (92, 94) = 0.
It is clear from the last equality
1
0(192,\94) = O,Fl = —F3 or /\4 = —.
2n

This completes the proof. [

7450

(38)

(39)

(40)

(41)

(42)
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4. Invariant Submanifolds of Mf"*l (F1,F»2,F3) On Some Special Curvature Tensors

In this section, the invariant submanifold M of the (2n + 1)—dimensional generalized Lorentz-Sasakian
space form M2"*! will be considered with the concircular, projective, quasi-conformally curvature tensor.
The concircular curvature tensor is defined as

Z(91,92) 93 =R (81, 92) 95 — [9(92,93) 91 — g (81, 93) 92], (43)

r
2n(2n+1)
for all 91, 9, 93 € I' (M) . If we choose 9; = 93 = £ in (43) and using (3), we get

r

2n(2n + 1) [=1(82) &+ 8] (44)

2(5,92)5=[(F1 +F3) -

Theorem 4.1. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space

form M2V (Fy, Fa, F3). If Z.o = AsQ (g, 0), then M is either totally geodesic or As = (Fy + F3) — Tt

Proof. Let’s assume that M satisfies the condition
(Z (91,92) U) (94,95) = A5Q(9,0) (94, 95,91, 92), (45)
that is

Z+(91,92)0(84,95) —0 (Z (81, 92) 94, 95)
-0 (94,2 (31,92) 95) =-As {U ((91 Ny 92) S, \95)
+0 (\94, (\91 Ng \92) \95)} ,
for all 91, 9o, 94, 95 € I' (TM) . If we choose 91 = 95 = £ in the last equality and using (15), we get
—0(84,2(8,92) &) = ~150 (34, 82). (46)
If we use (44) out of (46), we obtain

r

[(Fl MR Py

- /\5] 0(\94, \92) =0.

This completes the proof. O

Theorem 4.2. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space

form M2V (Fy, Fo, F3). If Z.o = A6Q (S, o), then M is either totally geodesicor A = % and F1 # —Fs.

Proof. Let’s assume that M satisfies the condition
(Z (91, 92) 0) (94, 95) = A6Q (S, 0) (94, 95,91, 92), (47)
that is
Z+(81,92) 0 (94,95) — 0 (Z (91, 92) 94, 95)
0 (84,2(81,82) 95) = = {0 (31 As 82) 94, 95)

+0 (94, (91 Ag 92) 95)},
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for all 91,9;, 94,95 € I' (TM) . If we choose 91 = 95 = £ in the last equation and using (15), we get

—0(84,2(&,92) &) = A6S (£,6) 0 (94, 92). (48)
If we use (44) and (6) out of (48), we obtain

[—(F1+F3)+2n +27’Z(F1+F3)A6 (7(\94,\92)20.

_r
2n+1)
This completes the proof. O

The projective curvature tensor is defined as
1
P(81,92) 93 = R (81, 92) 93 — > [S (82, 93) 91 = S (91, 93) 92], (49)
for all 91,9, 93 € I' (M) . If we choose 97 = 93 = £ in (49) and using (3), (6), we get

P(&,92)&=0. (50)

Theorem 4.3. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M%”“ (F1,F2,F3). If P.o = A;Q(g,0), then M is either totally geodesic or L; = 0.

Proof. Let’s assume that M satisfies the condition
(P (91,92) 0) (94, 95) = A7Q(g,0) (84, 95,91, 92),
that is
P (91, 92) 0 (84, 95) — 0 (P (91, 92) V4, 95)

=0 (94, P (91, 92) 95) = -A7 {U ((31 Ag \92) Sy, 95) (51)

+0 (84, (91 Ag 92) 95},
for all 91, 95, 94, 95 € I' (TM) . If we choose 91 = 95 = £ in (51) and using (15), (50) , we get
—A70 (84,92) = 0. (52)
This completes the proof. [J
In the same way, it can be easily seen that the following theorem is satisfied.

Theorem 4.4. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M3 (Fy,Fa, F3). If P.o = AsQ (S, o), then M is either totally geodesic or Ag = 0 and F1 = —F3.

The quasi-conformally curvature tensor is defined as

C(91,92) 95 = aR (81, 92) 85 + b[S (82, 93) 81 — S (81, 93) 92

+9(92,95) Q91 = 9(91,83) Q8] - 557 [ £ +b] (53)

[7(82,93) 91 — g (81, 93) 82],
for all 91,9,, 93 € I'(M) . If we choose 91 = 93 = £ in (53) and using (3), (6), (7), we get
C(&92) & = (= (F1 +F3) (a+4nb) + [(2n — 1) F3 - 3F,] b

ot (& + D)} (92) & +{(F1 + F3) (a + 2n) 6

+[2nF1 +3F2 + F3]b - 55 (% + b)} 92.
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Theorem 4.5. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M"Y (Fy,Fp, F3). If C.o = A9Q (g, 0), then M is either totally geodesic or Ag # Hi.

Proof. Let’s assume that M satisfies the condition

(C (91, 92) G) (94,95) = 19Q (9,0) (84, 95,91, 92),
that is
CH(81,92)0(84,95) -0 (C (91, 92) V4, \95)

0 (84,C (81,82) 95) = = Ao {0 (81 Ay 92) 94, 95) (55)

+0 (84, (81 g 92) 95)}.
for all 91, 9o, 94, 95 € I' (TM) . If we choose 91 = 95 = £ in (55) and using (15) , we get
0 (84, C (& 92)€) = Moo (34, 92). (56)
If we use (54) out of (56), we obtain
[Ao — Hi] 0 (94, 92) =0,
where

r a
Hy _(F1+F3)(a+2nb)+[2nF1+3F2+F3]b—m(ﬂw).

This completes the proof. O

Theorem 4.6. Let M be the invariant submanifold of the (2n + 1)—dimensional generalized Lorentz-Sasakian space
form M%”“ (F1,F»,F3). IfC.a = A10Q (S, 0), then M is either totally geodesicor A1g = ﬁ and F1 # —F3.

Proof. Let’s assume that M satisfies the condition
(C(91,92)0) (94, 95) = 110Q (S, 0) (94, 95, 91, 92),
that is
C* (91,92) 0 (34, 95) = 0 (C (31, 92) 94, 95)

-0 (\94,(?(91,92) 95) = —A10{0 (91 As 92) 94, 95) (57)

+0 (94, (91 As 92) 95)},
for all 91, 9y, 94, 95 € I' (TM) . If we choose 91 = 95 = £ in (57) and using (15), we get
~0 (94, C(E,82) ) = A0S (£,€) 9 (94, 92). (58)
If we use (54) and (6) out of (58), we obtain
[2n (F1 + F3) Ao — H2] 0 (84, 92) = 0,
where

r a
H, _—(Fl+F3)(a+4nb)+[(2n—1)F3—3F2]b—W(EM).

This completes the proof. [
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Example 4.7. Let us consider on R” the following normal Lorentzian Sasakian structure (¢, &, 1, g), given by

—1 dz—i dx; é—i
17_2 i:1yz ifre= 5

1 3
gz—n®q+Z;(dxi®dxi+dyi®dyi),

P P P 2 ) d - P
(P(Xia—xi + Y’Q_yi + ZE) = ;Yia—xi - Xia_yi + ;Yﬂ/iz,

where {x1, y1, X2, Y2, X3, Y3, 2z} are the chartezian coordinates of R’.
Now we construct the of subbasis

ep=2 i+i+ i
V=20 7 oxs N5z )

. _2(i+i)
2 on o)

These vwctor fields are integrable and involutive. One can easily to see that its integral manifold 5-dimensional an
invariant submanifold of the usual Lorentzian Sasakian manifold R” (¢, &, 1, 9) -
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