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Impulsive discrete Dirac equation with spectral parameter
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Abstract. In this study, an impulsive problem which consists a Dirac equation with eigenparameter de-
pendent boundary conditions is studied. Scattering solutions ensuring existence of Jost solution, resolvent
operator and scattering function of this impulsive problem are delivered. Furthermore, discrete spectrum
and asymptotic behavior of Jost function of the problem are investigated. An example illustrating the main
results is given.

1. Introduction

In the present work, we study the scattering analysis of an impulsive discrete Dirac problem on the
aspect of scattering solutions, scattering function, resolvent operator, Jost function and eigenvalues. While
these aspects are well-known in many cases for both Schrodinger and Sturm-Liouville equations [1, 2, 5,
6, 19, 21, 22], there are numerous open questions about scattering analysis of impulsive Dirac equations
or the Dirac-Maxwell systems. The readers can find little kinds of studies about scattering analysis of
impulsive Dirac equations [9, 10, 20]. But, none of them does not consist spectral parameter in boundary
conditions. This property gives a new perspective to the problem. In that way, the results can be used more
in applicable science such as in physics, applied mathematics, medicine and engineering.

The Dirac equation is a modern presentation of the relativistic quantum mechanics of electrons that makes
valuable and accessible mathematical and physical results. The basic and comprehensive results about
Dirac equation were given in [23]. In [16], eigenfunction for one-dimensional Dirac operators describing
the motion of a particle in quantum mechanics is examined. Inverse nodal, spectral, eigenvalue and
scattering problems for Dirac system have been studied by various authors [3, 7, 13-15, 26-28, 30, 31]. Some
of these undertaking studies consist spectral parameter both in the equation and boundary conditions.
Problems with spectral parameter in equations and conditions form an important part of spectral and
scattering analysis of Sturm-Liouville and Dirac equations [7, 8, 11, 12, 29]. On the other hand, this kind
of problems generated by Dirac equations sometimes have discontinuities inside on interval at one or
more than one points. These points are called impulsive points which create extra conditions named by
impulsive conditions. Note that impulsive conditions also are known as jump conditions, transmission
conditions and point interactions in literature [1, 2, 5, 11]. Despite having both impulsive conditions and
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boundary conditions with spectral parameter leads additional difficulties to the problems, it increases the
value and applications of them in physics, robotics, population dynamics, ecology, biology, optimal control,
electronics and etc. Spectral and scattering problems for Dirac equations with impulsive (jump) conditions
have been studied in [9, 17, 18, 20, 25]. But scattering properties of impulsive discrete Dirac equation
consisting of eigenparameter in boundary conditions have not been studied yet. The works [9, 20], are also
about the scattering properties of impulsive discrete Dirac equations, but their boundary conditions do not
consist eigenparameter. This paper is concerned with the investigation of a discrete Dirac equation with
impulsive at a single point and with boundary conditions depending on spectral parameter. In Section 2,
required preliminary information about the problem and some notations are given. Section 3 and Section
4 consist the main results. Jost solution, scattering function and its properties are obtained in section 3.
The resolvent operator and discrete spectrum of the problem is discussed in section 4. Finally, an example
about the main results is examined in section 5.

2. Preliminaries

In this section, we firstly introduce our problem and present some notations that we will use. Throughout
the work, we will use the following notations for the following given sets

N:=({1,2,3,..},

N°:=1{0,1,2,..},

NG, := N\ {mo},

IN™ .= {1710 +1,my+2, },

Ny, :=1{1,2,...,my —2,mp — 1},

IN (mg) := IN '\ {mo — 1, mo, mo + 1},
here my > 3 is an integer number.

Now, let us introduce the Hilbert space I, (]N, Cz) consisting of all vector sequences y = {y,}, (yn eCne ]N) ,
such that Y.,2; Il ya ||éz< oo with the inner product < y,z >= Y.;2; (Y, zn)c2 , Where C? is 2-dimensional
Euclidean space || . [lcz and (., .)c2 denote the norm and inner product in C?, respectively. Furthermore, we
denote by L the operator generated in I, (1N, Cz) by the difference system

Bratys + bl + Pt = AV 0
aua )y + by +quyit) = Ay, n € N (mo)
with the boundary condition
v
o+ 710y + o+ )y’ =0, yovi =y #0, y1# @)
and the impulsive conditions
M @
Yoy Yoo
[ (23+1] = B[ o 1]1 3)
ymg+2 ymg—z

o1
021
parameter and {a,},eno, (0n}nens 1Pn)ens 190} en are real sequences that satisfy the following condition

where 7}, v are real numbers for j = 0,1, B = ( gz) is a real matrix, detB > 0, A = 2 sing is a spectral

Y (1=a+ 1140, 1+ 1pal+1q. 1) < oo @)

nelN;, 0
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witha, #0,n e N°and b, # 0, n € IN.
Ifa, =1,n €N, U{0}and b, =1, n € IN;, , then the system (1) becomes the following form

(5)

Ayy? +Pny Ay(”
Ayn1+qy yn, n € N (mg),

where A is a forward difference operator defined by Ay, = y,+1 — y,,. System (5) is the discrete analog of the
well-known canonical Dirac system [23]

(5 a6 sl 2) -

Therefore, the system (5) is called a canonical discrete Dirac system.

3. Jost solution and scattering function of L

In this section, we analyze spectral properties of the discrete Dirac operator L on the aspect of scattering
solutions, Jost solution, Jost function and scattering function. Assume that

(1)
P(Z) = {Pn(z)}neNmo = {(ZI;?Z)Eiz)}

(1)
Q(Z) — {Qn(z)}neNmo = {(8?2)23)}

are the fundamental solutions of (1) for z € C and n € IN,,, fulfilling the initial conditions

GNmO

and

PPz =0, PP =

and .
QV(2) = < QP(z) =

It is easy to see

deg [Pfql) (2 arcsin %)] =2n-1, deg [P,(qz) (2 arcsin %)] =2n-2 (6)
and
1) A = @ A =
deg|Q,’ (2 arcsin 5)|= 2n -2, deg|Q,’ (2arcsin 5)|= 2n -3 (7)

for all n € IN,,. On the other hand, under the condition (4) for A = 2sin %’ n € Ny, and z € C, =
{z € C: Imz > 0}, equation (1) has the following bounded solutions [4]

fn<>—( (Z)) [Iz+ZAnme [5?]

m=1

and

iz o
fél)(z) ap! e2 [1 + ZAé}neimz —i

m=1
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where I, is 2x2 identity matrix,
all a2 ALl g2
Oy = (0(21 0(512 ;o A = Agilﬂ Ag&” .
n n nm nm
Here, A, is expressed in terms of (p,) and (g,), n € IN. Also A;jm fori, j =1,2 satisfy
| Ay 1< C El(u—@|+u+m|+mn+mu)
m
k=n+ —]

where [%] is the integer part of % and C > 0 is a constant. The asymptotic equality of the solution
f @) = {fu(2)},enmo can be given as
iz
fu(2) = [I + 0(1)] [ez ]em, z€C,, 1 — oo (8)
—i

It is known that the function f(z) = {fu(2)},pm is analytic with respect to z in C; := {z€ C: Imz > 0},
fa(z+4n) = fu(z) for all z in C, and continuous up to the real axis [4]. Let us define the following
semi-strips

Dy:={zeC:0<Rez<4m,Imz >0}, D:=DyU][0,4m].

vy @) ,(2)
Definition 3.1. The Wronskian of two solutions {Y,(2)},en: = {( ’(12)( ))} and (U, (2)}en: = {( ?2)( ))}

EINTPIO

of the equation (1) is defined by

WIYa(@), Un(@)] = a [y @), ) - v2 (2l ()]
From the definition of Wronskian, we obtain that
WIP@,Q@]=1, z€C and W[f(2),f()]=2icos % zeR

Now, we consider the following solution of (1)-(3) using f(z), P(z) and Q(z)

h@=¥mm@ﬂ§@m’”f?ww o)
for z € D. By the help of the impulsive condition (3), we get

k) = 322 (b@f2, @)~ c@f L, 2) (10)
and

I2) = =322 (42, 0) - 9 @) (11)
for z € D, where

b(z) = 61QY _(2) +612Qly) ,(2)

mh@@ﬁﬂH@@Qﬂ> 2

mm=mw@42+mw ,(2)
9(z) = 521P L@+ 52213,,,0 ,(2).
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o
The vector sequence E(z) = (E,(2)},eny: = {(?&)EZ;)} is called the Jost solution of (1)-(3). Using (2)
"10 n Z

*
mgp

and (9), we find the Jost function of L by

l(z)

Y@ == (yo+y1A) k@) + (vo + v14) —= (13)

We see directly from (10) and (11) that the Jost function is analytic in C, and continuous in C,. On the other
hand, for z € [0,47] \{r, 37}, (1) admits another solution

3 Pu(2), 1 € Ny,
F.(z) = {m(z)f,,(z) + TY(Z)]%, neNm™ (14)

where ¢, = {qon(z)}ne]l\ﬁn0 is the solution of (1) satisfying the boundary condition (2), defined by

Pn(z) = (Vo + V1) Pu(2) + a0 (Yo + 714) Qu(2).
By means of (3) and (12), m(z) and n(z) can be gotten as

m(z) = 2‘:2”2 {[(v0 F ) d (@) +a0 (o + 1) b1 2, 2) (15)

~ [0+ v11) g @ + a0 (0 + 1) ¢ @] £y, @)

n() = zl’j—l {[@o +012)d (@) +a0 (o + Db @] £, ) (16)

~[(wo + 1) 9 (@) +a0 (yo + 111 c @] £, @)}

From (12), (13), (15) and (16), since b(z) = b(z), c(z) = c(z), d(z) = d(z) and g(z) = ﬁ, the following equalities
are provided

— ot d
@) = 1(e) = ot S ) 17)

=2 cos =
2

Lemma 3.2. Forz € [0,4m] \ {r, 37}, the following equation holds

. z
2icos =
amo—Z 2

WIEAD), Fa@)] = | " apons detB 1
2i cos (5) n(z), n e N,

1 € Ny,

Proof. Using Definition 3.1, it is easy to write
WIEx(2), Fu(2)] = aok(z) (yo + y11) = I(z) (vo + v1A)
for n € IN,,,. In accordance with (13) and (17), we find
g2 2icos %
WIEWE), Fu@)] = =22 =), € Ny,
Similarly, we obtain
W E(2), Fu(2)] = 2i Cos( )n(z) e N™.
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Theorem 3.3. Forall z € [0,4n] \{m, 37}, n(z) # 0, where 1(z) is defined in (16).

Proof. Assume that there exists a zp in [0,4n] \{r, 37}, such that 1(zp) = 0. By the help of (17), we get
m (zo) = 17(20) = 0. Then the solution F,(z) is equal to zero identically and this gives a contradiction, i.e., for
allz € [0,4n]\{m, 37}, n(z) #0. O

Definition 3.4. The scattering function S(z) of L is defined by

S(z):= %, z € [0,4m] \{mr, 37t}.
From (17) and Definition 3.4, S(z) has following representation
_¥0 1@
S(z) = M = @) z € [0,4m] \{m, 37}. (18)

Theorem 3.5. The function S(z) satisfies

5T@=5@), IS@I=1
forall z € [0,4n] \{r, 3mt}.
Proof. For z € [0,4m] \{r, 37}, by using (13) and (17), we write

S (z2) = Q =5(2).

Y (2)
It is evident from that | S(z) |=1. O

4. Resolvent operator and eigenvalues of L

In this part, we define an unbounded solution of (1)-(3) in order to obtain the resolvent operator of
our problem. Then, we express the set of eigenvalues of L by using the singularities of the kernel of the
resolvent operator.

Let us define the unbounded solution G (z) = {G,, (z)} of L as follows

B ©n(2), 1 € Ny,
e {r<z>fn<z> FPEOfE), e N 4

— —~ 2
for z € D\{r,3n}, where f,(z) = { fn(z)} — {(%2)22;]} that satisfies the following asymptotic
n n V4 nelN™o
equality )
&
ifn+—= |z . _
limel 2) fM(z) = lim ¢" fP(z) =1, zeC,.
n—oo n—oo

Note that it is clear that . .
W[ fa@), fu@)] = 2icos 5 2€D\{m,3n).

By the help of (3) and (12), the coefficients r(z) and p(z) are obtained as follows
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r(z) = ;;Z:l {[(vo +v1A)d () + ag (yo + 714) b (2)] meJr2 (2) (20)

—[(o +v1A) g (2) + a0 (Yo + y1A) c (2) ]fm ” (z)},

Pz >——21’C";“ {[wo+ 1) d @) +a (ro + V)b @ 2, @) 1)

~[o +110) g @) + a0 (yo + A c @] £, (2)]

for z € D\{r, 3mt}. From (16) and (21), it is obvious that 1(z) = p(z).
Similar to Lemma 3.2, for z € D, the Wronskian of the solutions E, (z) and G,(z) is found as

. z
g2 2i cos 3 ()

WIE«(2),Ga(2)] ={ tmye1 detB 1
2icos (g) n(z), n e N™,

n € Ny,

Theorem 4.1. For all z € D\{n,3n} and n(z) # 0, the resolvent operator of L is defined by
k-1 ~(1) o0 k-1 (1)
G E(l) —F G(l)
k-1 k-1 n
Ra(L) hy = U{ E V[ akG @ ](E(z)) k_EnH |4 akEI(f) (Gglz)) ’
where U := ————————and V := (h b h(2 )

4 [En(Z), Gn(2)] k-1

Proof. To obtain the resolvent operator of L, it is necessary to solve the following system of equations

M _ 0

22
a, 1y1(11)1 + b,,yn + qny /\y(z) = h(z) n € IN (myg) . @2)

@ @) )
{an+1yn+1 n]/n + Pn ]/ =AY
Since E,(z) and G,(z) are the fundamental solutions of (1)-(3), the general solution of (22) can be written as
Hy = u,EY(2) + .G (2), =12, (23)

where u,, t, are coefficients and are different from zero. Using the method of variation of parameters, we
find u, and t, by

= V@G0 @) + arah? (2062, 2)

A Gk W En(2), Ga(2)] (24)
and
i ah) (2)E (2) + akﬂh,?jl(z)Effjl(z), o
— A1 W [En(2), Ga(2)]
respectively.

By using (23), (24) and (25), we get the resolvent operator of L. It completes the proof of Theorem 4.1. [J

Using Theorem 4.1 and the definition of eigenvalues [24], we obtain the set of eigenvalues of (1)-(3) as
follows

ad(L):{/\:2sin§:zEDo,n(z)zo}.
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Theorem 4.2. 1(z) satisfies the following asymptotic equation for z € D
Nz =e*[A+o(1)], |z|-> o,

where A = Aypy11 [6111)1 (—1)"’0_1 Ky (my —1) a® ], 011 # 0.

my+2

Proof. It is known from [9] that

4 1]
lim Pf}’(z)e[ 2) =i(-1)"Ki(n), zeC,,

lllim PP (2)e D2 = j(=1)"Kp(n), z€C,, (26)

where
n

-1 " -1
Kl(l’l) = —(bl Hakka , Kz(n) = - [H ﬂkbk—l] .

k=2
By the help of (6), (7) and (8), we get

lim d@)f,7. (@) = o (=" Ko (o = 1) a7 e (27)
and
l}gr;o e(z)fr(nlolrl () = 621 (-1)™ 1 Ky (mg — 1) 0(}112[)+1e3iz. (28)

From (27) and (28), n(z) can be written as

n2)e™* = A+o(1),
where
A = Ay [5111)1 (=1)"" Ky (mo — 1) o ] .

mo+2

O

5. An example

In this part, we present a special impulsive discrete Dirac system as an example. We get the Jost solution,
Jost function and scattering function of this example. Then, we determine a region for the eigenvalues of
this problem.

Let us consider the following discrete Dirac system

Yr = Y = Ay (29)
W= =P, neN©
with the boundary condition
v
(’}/0 + ’}/1/\) y(12) + (U() + 1)1/\) yél) =0, YoU1 — Y1Ug # 0, V1 ¥ 11_3 (30)

and the impulsive conditions

(1) (2)
Y3\ _ (01 O0)(y
b =0 o))
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where y;, v; are real numbers for j = 0,1, 6y and 6, are real numbers such that 616, # 0. By using (9) and
(13), we obtain the Jost solution and Jost function of (29)-(31)

k(z)P,(z) + [(z)Q,(z), n=0,1

Eue) = £, n=34,., (52)
7iz
IP(Z) = (’}/0 + ’}/]/\)6 2 - iél (v() + Ul/\) €4iz’ (33)

respectively. In accordance with Definition 3.4 and (33), we find the scattering function of (29)-(31)
iz
siz| 02(Yo+71A)e2 +idy (vo + v1A)
iz
62 (yo +y1d)e 2 —idy (vo + v1A)

S(z)=e¢

By the help of the definition of eigenvalues [24], we write
o4 (L) = {)\ - 2sin§ .z € Do, (z) = 0}.

For the simplicity on calculations, if we choose yp = v1 =1 and y1 = vy = 0 in (30), we easily find that

Let 6, = M01, M € R. From last equation, we write
zx=—iln|M—-1]|+Arg(M —-1) +2kn, keZ.

There appear two special cases:
Casel. If 0 < M < 1, then
Zr=—iln|M-1]+Q2k+1)m.

In this case, the problem (29)-(31) has eigenvalues if and only if k = 0, 1.
Case2. If 1 <M < 2, then
zr =—iln| M —1| +2km.

Likewise the other case, for k = 1, there are eigenvalues.
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