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Abstract. The main goal of this paper is to identify some important tensor structures in the semi-tangent
bundle, to provide instances of these structures and to study lift problems in these structures. The definition
of almost product, almost paracomplex, almost contact and almost paracontact structural geometry in a
semi-tangent bundle is covered in this paper. Using the semi-tangent bundle theory, several properties of
adapted frames are shown. Furthermore, the prolongations (horizontal lifts, complete lifts and vertical lifts)
of affinor fields in the semi-tangent bundle are used in this study to build almost product, almost complex
and Lorentzian almost paracontact structures.

1. Introduction

The tensor structures on smooth manifolds are remarkable geometric objects in popular differential
geometry. Many authors have made important contributions to this field. In 1947, Weil noticed that
there exist in a complex space a (1,1) — tensor field (i.e., an affinor field) P whose square is minus unity
[33]. Ehresmann and Libermann [5] researched and provided the prerequisites for a complex structure to
generate an almost complex structure.

In 1955, A.G. Walker started the study of so-called an almost product spaces and showed that there exists
amixed tensor field P whose square is unity instead of being minus unity as in the case of an almost complex
space [29]. In 1965, K. Yano tried to make as clear as possible the analogy between the almost complex and
almost product structures in [32]. In reality, polynomial structures (P—structures) are (1, 1) —tensor fields,
which are roots of the algebraic equation

@(P) =P" +a,P" D + . +a,P+a1 =0,

in which ay,a,, ...,a, € R and I = idy, is the identity tensor of type (1,1). The polynomial structures on a
manifold that we have discussed were defined as the following equations:

(i) If @(P) = P2 +1 = 0, then P is referred to as an almost complex structure. That is to say, we have
asmooth (1, 1) —tensor field P such that P? = —] when regarded as a vector bundle isomorphism P : T(M,,) —
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T(M,) on the tangent bundle T(M,). Thus, we defined an almost-complex structure to be a linear bundle
map P : T(M,) — T(M,) with P? = —I.

(i) If (P) = P2 —1 = 0, then P is referred to as an almost product structure. That is to say, an
almost-product structure on M, is a field of endomorphisms of T(M,,), i.e. an affinor field on M,, so P2 =1

(i) If p(P) = P? = 0, then P is referred to as an almost tangent structure [4], [6].

Let B,, and M,, denote two differentiable manifolds of dimensions m and n respectively, let (M,,, 71, Bin)
be a differentiable bundle and let 1; be the submersion (natural projection) nt; : M,, — B,,. We may consider
(o =@,x%,i=1,..,mab,..=1,.,n—m; a,p,..=n—-m+1,..,n aslocal coordinates in a neighborhood
7 (U).

! Let B,, be the base manifold and T(B,,) be the tangent bundle over B, and let 7t : T(B,,) — By, be the nat-
ural projection. Also, let T,(B,,) represent in for the tangent space at a p—point (p = (x*, x*) € My, p = 11 (p))
on the base manifold B,,. If X* = dx® (X) are components of X in tangent space T,(B,,;) with regard to the nat-
ural base {d,,} = {%}, then we have the set of all points (x%, x%, x), X¥ = x* = ¥, a, E, ..=n+1,.,n+misby
definition, the semi-tangent bundle ¢(B,,) over the M,, manifold and the natural projection nt; : #(B,;) — M,
dimt(By,) =n + m.

Specifically, assuming n = m, then the semi-tangent bundle [21] ¢(B,,) becomes a tangent bundle T(B,,).
If given a tangent bundle 7 : T(B,,) — B,, and a natural projection 7y : M,, — B, the pullback bundle (for
example, see [7], [9], [14], [16], [17], [24], [27], [28]) is defined by 7 : #(B,;) — M, where

HBu) = {((¢,x%),6%) € My, X To(By)| 1 (¢, x%) = 7 (x*, 5}
The induced coordinates (xl', o, X xm’) with regard to 7-!(U) will be given by

{ ¥ =x P, ab,..=1,.,n-m

x¥ =@ (xﬁ) , aB,.=n—-m+1,..,n,

if (x') = (x,x*') is another coordinate chart on M,,.
The Jacobian matrice of (1) is given by [21]:

i P
(a0): () =[ & o
17\ 9xi 0o « J
where i, j,..=1,..,n.

If (1) is the local coordinate system on M, then we have the induced fiber coordinates (x”',x“',xa/) on
the semi-tangent bundle (change of coordinates):

X =x"(x,xF), ab,..=1,..,n—m,
X = x¥ (xﬁ), B, ..=n—-m+1,..,n, )

T _ ox

=S5 yf, a . =n+l, n+m,

The Jacobian matrice for (2) is as follows [21]:

’

. o

_ ’ oxb oxP 0
A:(Af)= 0oz o |, 3)

, ,
& 92" Ix“

0 y oxPoxt  oxF

wherel, ],...=1,...,n+m.
Therefore, we obtain
A, AZ’ 0
I\ _ a
(4p)=| © ) :‘ﬁ' . Aoa ’ (4)
0 ﬁ/é./ y ﬁ/
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which is the Jacobian matrix of inverse (2).

There is numerous research on tangent bundle theory, which is a popular topic in engineering, physics
and particularly differential geometry [8], [18].

The semi-tangent bundle considered in this work specifies a pull-back bundle and differs from the
tangent bundle.

We note that almost paracontact structure and almost contact structure in the tangent bundles and their
some features were studied in [1], [2], [13], [19], [22]. Numerous studies, including [21], [27], [28] and
others, have studied the geometric properties of the semi-tangent bundle.

The study of projectable linear connections in the semi-tangent bundles and some of their properties is
known to have occurred in [16], [27], [28].

This paper’s main objectives are to find some significant tensor structures that have not yet been
established in the semi-tangent bundle, to give examples of these structures and to research lift problems
in these structures.

The definition of the geometry for almost product structures, almost paracomplex structures, almost
contact structures and almost paracontact structures is the focus of this work. Some properties of adapted
frames are presented by using the theory of the semi-tangent bundle #(B,;). In addition, in this work,
almost product, almost complex and Lorentzian almost paracontact structures are defined according to the
prolongations (horizontal lifts, complete lifts and vertical lifts) of affinor fields in the semi-tangent bundle.

2. Basic formulas on the semi-tangent bundle

If f is a function on B, we write “’f for the function on the semi-tangent bundle #(B,,) obtained by
forming the composition of 7t : #(B,,) = By, and “f = f o 7y, so that

Wf="fomy=fomomny=form.
Consequently,
I, x") = f(x) )

is provided by the * f—vertical lift of the function f € J 8(Bm) to t(By).
Consequently, we obtain from (5), the formula

U =" (6)

for any f, g € 3{(Bn).
It should be observed that along every fiber of 7t : #(B,,) — By, the value *” f stays constant. If f = f(x", x%)
is a function in M,,, then we write “f for the function in #(B,,) defined by

“f =1(df) = PIsf = yPIpf @)

and name the complete lift of the function f [21].
HHf =« f —V, f determines the H f—horizontal lift of the function f to #(B,,), where

Vyf =yVf.
Let X € J((Bw), i.e. X = X*d,. From (3), on putting

0
0
)G

wx:lo | ®)

we easily see that X’ = A("X). The vector field "X is called the vertical lift of X to semi-tangent bundle
[27].
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Let w € 3Y(B,), i.e. w = wadx®. On putting
w1 (0,wy,0), )

from (3), we easily verify that “w = A”«’. The vector field w is called the vertical lift of w to #(B,) [27].
The complete lift “w € S(l)(t (By)) of w € 5‘1)(Bm) with the components w, in B, has the following
components

“w (0, Y 9cwa, wq) (10)

relative to the induced coordinates in the semi-tangent bundle [27]. Let w be a covector field on B, with an
affine connection V.
Then the components of the " w—horizontal lift of @ have the form

HHey = %0 - Vyw
in #(B,y), where V,w = yVw. The horizontal lift "Hw € J%(t (B,,)) of w has the following components

HH¢, (0, Téwe, wy)

relative to the induced coordinates in ¢(B,,).
Now, consider that there is given a (p, g)—tensor field S whose local expression is

J d
— 0(1...0(;; ,31 ﬁ
S =Sk Sy @ ® 55 @d ® .. @dx

in the base manifold B, with V-affine connection and a V, S—tensor field defined by

: dJ
- ai...ap
V,S=y VgSﬁ1__ﬁq T ®..0 o

QdxP @ ... dxPi

relative to the induced coordinates (x*, x*, x%) in 7! (U) in the semi-tangent bundle. Additionally, we define
a VxS—tensor field in 7~}(U) by

2 2
_ £ od1---Qp Ig ﬁ[
ViS = (X5 ) S 0.0 S e @ 9 di

and a yS—tensor field in 7-!(U) by

QdxPr @...@dxPi

S ®- 85

— (4,6 %1%
VS = (y seﬁln_ﬁq)

relative to the induced coordinates (x%, x%, x%), U being an arbitrary coordinate neighborhood in B,,. Next,
we obtain

VxS =" (5x)

for any X € J}(B,,) and S € I(B,,) or S € J{(B,,), where Sx € 3? | (B,,) or I. | (B).
The HHS—horizontal lift of (p,g)—tensor field S in the base manifold By, to #(B,,) has the following
equation:

HHg = «g_v,8S.
Assuming P, Q € t(B,,), we get,
“P&(V,Q)+(V,P)®™Q,
HHP ® va +90p ® HHQ-

v, (P®Q)
M (PeQ)
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Assume X € J é(Mn) is a projectable (1, 0)—tensor field with projection X = X*(x*)d,, i.e. X = }?“(x“,x“)&u +
X*(x%)dy. N _
Now, take into account X € J é(Mn), in that case complete lift ““X has components of the form [21]:
X
X Xe 11)
ysagxa

relative to the coordinates (x*, x*,x%) on the semi-tangent bundle #(B,,).

For an arbitrary affinor field F € 3 %(Bm), if (3) is taken into consideration, we may demonstrate that
(yF) = A(yF), where yF is a (1,0) —tensor field defined by [16]:

0
yE:1 O (12)
Y°F¢

relative to the coordinates (x*, x*, x%). _ _ _
For each projectable (1,0) —tensor field X € J}(M,) [28], we well-know that the ##X—horizontal lift of X

to t(By,) is given by HHY — X _ y(V}?) (see [16]). In the above situation, a differentiable manifold B,, has a

projectable symmetric linear connection denoted by V. We recall that y(V)~()— vector field has components
[16]:

y(Vg) :

0

0

ysvgxa

relative to the coordinates (x*, x%, x%) on #(B,,). Va4 X¢ being the covariant derivative of X¢, i.e.,
(VaXE) = 9. XE + Xﬁr;a.

Consequently, for the induced coordinates (¥, x%, x%) on (B,,), we obtain the #X—horizontal lift of X to
t(By) with the following components [16]:

X
HHY .| X« (13)
_rgxﬁ
where
IS = T, (14

Let {U, xﬁ} be coordinate neighborhood of B,,. Then if we put in 71(U)
X = HH(%), X = HH(%), X@ = w(%), (15)

we have in 7=}(U) n + m—frame {}?( A)} = {f(a), f(a), }?@}, which is called the frame adapted to the non-linear

connection. Thus the (1,0) —tensor field X, the horizontal lift "HX and the vertical lift X of an element X
of J}(M,) have respectively components of the form

X 0 0
0 X ], '@ { 0
0 0 X

):(: HHY . , (16)

4
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with regard to the adapted frame {)?(B)} = {}?(b), }?(ﬁ), 32(3)} in each 777! (U), where X are local components
of X in U. There for the complete lift X of X has the components
«y . (ccxl) = X (17)
ys V. X4

with regard to the adapted frame {ZB)}, where we have put
VXt = 9.X* + T4 XP, T4, = LT0. (18)

The coframe {’6\(‘4)} = {@“), 5@, 5@} is dual to the adapted frame {)?(B)} in ' (U), where 0" = dx*, 0% = dx®

and 67 = I'¢dx® + dy* with regard to the induced coordinates.
Vertical lifts are given by the following relations:

WP®Q)="PR®¥Q, “(P+R)="P+"R, (19)

to an algebraic isomorphism (unique) of the J (B,,)-tensor algebra into the J (#(B,,))-tensor algebra with
regard to constant coefficients.
Where P, Q and R being arbitrary elements of #(B,,). For an arbitrary affinor field F € J %(Bm), if (3) is

taken into consideration, we may demonstrate that “F} = Af,A}r (”’P;,), where “F is a (1,1)—tensor field

defined by [27]:
0 0 O

w1 0 0 O (20)

0 F2 0

B

relative to the coordinates (x*, x%, x%). The (1,1) —tensor field (20) is called the vertical lift of affinor field F

to semi-tangent bundle ¢(B,,) [27].

Complete lifts are given by the following relations:

cc (P +R) — CCP + CCR/ cc (P®Q) — CCP®‘DUQ + UUP®CCQ, (21)

to an algebraic isomorphism (unique) of the J (B,,)-tensor algebra into the J (#(B,,))-tensor algebra with
regard to constant coefficients. Where P, Q and R being arbitrary elements of +(B,,).

For an arbitrary projectable affinor field F € J 1(M,,) [28] with projection F = F§ (x*) 0o ® dxf i.e. F has
components

Ta (v Ta (ya
F. Fi(x", x%) Féx,x“)
0 Fg(x“)

relative to the coordinates (x,x*). If (3) is taken into consideration, we may demonstrate that “f; =
A},A{ (<F'), where “F is a (1, 1) —tensor field defined by [27]:

Fr Fy 0
«F.| 0 Fg 0 |, (22)
0 yd.Fy Fy

relative to the coordinates (x*,x%, x¥). The (1, 1) —tensor field (22) is called the complete lift of affinor field F
to semi-tangent bundle #(B,,) [27].
We will now give below some important equations that we will use.
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Lemma 2.1. Let X, Y and F be projectable vector and (1, 1) —tensor fields on M,, with projections X,Y and F on the
base manifold By, respectively. If f € 33 (By), w € 3% (By) and I = idps,, then [27], [28]:

(Z) vaccg — vaI

(ll) CCXZ}Uf — (Xf) ,
(i) P (“X) = ™ (@ (X)), xiii) CX f = (Xf),
(iZ)) vchci — o (FX) , xiv cc (CC}?) —cc (wx) i

(XI) [CCX ccﬂ — cc [ﬂ] ,
(
(
(xiv
(U) UUXCCf — (Xf), (x ) cc (FX) - CCFCCX
(
(
(
(
(

xii) “F7X = " (FX),

(Ul) cc (ﬁ() — CCfUUX + U'UfCCgE/ XUZ) 00 (fX) — UUfUUX
(vii) ’I*X = 0, xvii) Pw?’X =0,
(vii) |°X, “ﬂ ="[X Y], x0iil) ° (fw) = " fPw,
(ix) I =1 xix) WFX =0,
W 0 "X =" @(X), () Xf =0,

3. Main results

3.1. Almost product structure

Definition 3.1. An almost product structure on a smooth manifold B, is a tensor field Fof type (1,1) on B,
such that: F? = I (F # I), where [ is the identity tensor field of type (1,1) on B,,. The pair (Bm,f) is called
an almost product manifold.

We shall define a tensor field F € 5% (t(Bw)) by

F:(Fj)= 8 —gﬁ 5(31 (23)
B

orF = )?(b) ® 6w — f(ﬁ) ®0W 4+ f@ ® 0@ with regard to the adapted frame {5(\(3)} = {i(b)r f(ﬁ), }?([;)} in each

7! (U). The matrix F in (23) has the inverse since it is not singular. We have this inverse represented by

| L% 0 o0
(F) :(F) = 0o -& 0| (24)
o o0 &

where f(f)_l = (f‘g) (fg)_l = (S‘é :T, where A = (4,0, ), B = (b, B, B), C= (C, 0, 5)

Theorem 3.2. Given the above Definition 3.1, we say that F gives an almost product structure and we call the
manifold B, an almost product manifold on the semi-tangent bundle t(B,,) (see, for example [3], [11]).

Theorem 3.3. Suppose that F has a condition that trF = 0 is an almost product structure. As such, F is an almost
paracomplex structure on the semi-tangent bundle t(B,,).

Let B,, denote a smooth manifold with a given affine connection V. In each coordinate neighborhood
{U, x*} of B,,, we put
)
Xa) =

oxe’

_ 0
X = 5
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Then 7 + m local vector fields ## X ,), F1X,) and ©X,) have respectively components of the form

(o (% 0
HHX([,) : 0 HHX(a) : 62 , WX(LY) : 0 ; (25)
0 T3 O

with regard to the induced coordinates (x*, x®, x%) in =1 (U). We call the set

{HHx(a), HHx(a), UUX((X)}
the frame adapted to the affine connection V in 777! (U). When we set

ew ="Xw, ew=""Xa, C@=" X, (26)
we can write the adapted frame as

few) = few, @w. e} - (27)

The adapted frame {ag)} = {e(a),aa),?@} is expressed as

o 0
o ;
Axfag)=| 0 & 0, 8)
0 _rﬁ 6;3

— -1
where I = yfl“fa then the matrix A in (28) has the inverse since it is not singular. Using (E) to denote
this inverse, we obtain

& —=oh 0
@ @) =0 & o | (29)
o o

where A(A) " = (A%)(A) " =54 =T, where A = (4,0, @), B = (b,8,5), C = (¢, 6,).

Proof. In fact, from (28) and (29), we easily see that

A Y
— -1
A(Z) - 0 o5 0 0 5'% 0
_T« a B
0 Fﬁ 6;3 0 1"9 66
5 —5% 465 0 5 0 0
=]o & o |=l0 & o0
0 TIe-r1° o 0o 0 &
= 68=1

O

Proposition 3.4. Let S and T be two tensor fields of type (r,s) in #(By,) such that
S$(Xs, . X1) = T(Xs, ...y X1)

for all vector fields X; (t = 1,2, ...,s) which are of the form #HX s, X ) or FHX ), where X € S}(M,). Then S = T.
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Proof. The local vector fields ## X ,), X, and #H# X, span the module of vector fields in 7~1(UI). Therefore,
each tensor field is determined in 77! (U) by its action of 77X ,, X,y and " X,). Thus, we can conclude
our proposition. []

Let B,, be an m—dimensional differentiable manifold (m =2k +1, k > 0) endowed with a projectable
(1,1) —tensor field ¢ € J1(M,) [28] with projection ¢ = Py () d.®dxF ie., andlet& € J}(M,)be a projectable

(1,0) —tensor field with projection & = & (x*) d,, i.e. 5: :E;’(x"‘,xa)&{ + &% (x*) d,y [28], and let i be a 1-form,
and let I = idy;, be an idendity and let them also satisfy

P=-1+18s §(&)=0, nog=0, n(&)=1. (30)

Then (5,gq) define almost contact structure on By, (see, for example [12], [19], [20], [25], [31]), where

¢* = -1+ n® & means

¢ (¢X) = X = -X+n(X)-&

for all X € J5(M,).

An almost contact manifold is a differentiable odd-dimensional manifold with an almost contact struc-
ture (see, for example [11]).

It is to be noted that the conditions (30) imply the following

rankg = 2k 31)

on B, everywhere. In fact, ¢, and 7, being the values of ¢ and n at p € By, the linear map ¢, leaves
invariant the subspace V), = 11, 1(0) of the tangent space of B,, at p. Moreover, the restriction @), of gy to V,
satisfies @, o ;, = —1. Hence, rankg,, = 2k. On the other hand, the equations in (30) imply that rankp, < 2k,
whence ranke, = 2k.

3.2. Almost complex structures in the semi-tangent bundle

Let now there be given a non-linear connection I' in B,,. We shall define a projectable tensor field F of
type (1,1) in M,, by

FPHX = -X, FX =-MHX, F°X=-HHX (32)

for any projectable vector field Xe 3(1) (M,,). Then T has components of the form (n,m € Z*;n > m)

0 v e e 0 (52 0 -0 - 0
0
O
50 . n—m=2f
B

0 62‘ ) . . : : . . :

_510; 0 v v o 010 - . 0 (33)
0o --- - . . 0lo0 - 0 _5;31

0
2m
0 —6g
0 0 (Sg 0 0

n—m=2f 2m
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with regard to the adapted frame {@A)} = {5(“),5(0‘), 5@} in each 7! (U). Thus, we obtain F2 = —I, which
implies

Theorem 3.5. If there is given a non-linear connection in B,,, then there exists an almost complex structure f-:deﬁned
by (32) in t(By,).

N being the Nijenhuis tensor of F, we define a tensor field S € J1(B,,) by
5(X,Y) = N(X,Y) + (X(@(Y)) = (Y(@(X) - (X, YD U
for any X, Y € 3}(Bu),

The almost contact structure (f, U, w) is said to be normal if and only if S = 0 (see, for example [23]).
Taking account of (21) and Lemma 2.1, we find from (32)

(ccf)Z =—I+"U®%w + cca®vvw),
and

() “F*U=0, (i) “FU=0,
(i) “wo“F=0, (v) “wo“F=0,

— 34
© TeEW=0, ©) eEl=1, G4
(vil) “wU) =1, (vii) “w(*U)=0.

Now, if we define an element

J=“F+ (U8 w-“Ue“w), (35)

then we obtain by (34) and (35) that J? is equal to —I. As a result, ] is an almost complex structure in the
semi-tangent bundle. The almost complex structure | has components

. Fb — (Qwy) U" —w b
i:|l o Ff — (Qw,) UP —wUP
0 IFh — (Jwa) (OUF) + w U Fl, - wadUP

with regard to the local coordinates (xb,x'g,xg) in t(By,), where Fﬁ, w, and UP are respectively the local
components of F € 5% M,), w € 5(1) (Bw) and U € J; (M,) (see, for example [30], [31]). Thus we have:

Theorem 3.6. There exists in t(B,,) an almost complex structure | defined by (35), if there is given in B, an almost
contact structure (F, U, w).

We get from (35)

0 JX = (FX) = (@(X) “U,

(ll) TCCX — cc (ﬁ() + [y (CU(X)) Ul)u __cc (w(X)) cca, (36)

for any X e I (M)
In particular, we have

@) Tva _oo (F}Q/ (ii) chi ::c (59,
(7 Twu =-°U, (iv) f“ll =< U,

X being an arbitrary projectable vector field in M,, such that w(X) = 0.

The required result now follows from (36).
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Theorem 3.7. The almost complex structure | in t(By,) defined by (36) is complex analytic if and only if the almost
contact structure (F, U, w) given in B,, is normal.

Let B,, be an m—dimensional differentiable manifold (m =2k +1, k > 0) endowed with a projectable
(1,1) —tensor field ¢ € I7(M,) [28] with projection ¢ = P (%) d,®dxf i.e.,andlet& € J3(M,)be aprojectable
(1,0) —tensor field with projection & = £* (x*) dy i.e. & = E*(x%, x*)d, + & (x*) d, [28], and let 1 be a 1-form ,
and let I = idy;, be an idendity and let them also satisfy

P=1-185 ¢(&)=0, nog=0, n(&)=1 37)

Then (55,5,7]) define almost paracontact structure on By, (see, for example [12], [20], [25], [31]), where

P* =1 -1 ®& means

7(%) = 7% =% -n(7)- £

for all X € J{(M,).

A differentiable manifold of odd dimension with an almost paracontact structure is called an almost
paracontact manifold (see, for example [15]).

It is to be noted that the conditions (37) imply the following:

rankg =m —1 (38)
on B,, everywhere.

3.3. Complete lifts of Lorentzian almost paracontact structure

Let B,, be an m—dimensional differentiable manifold (m = 2k +1, k > 0) endowed with a projectable
(1,1) —tensor field F € 31(M,) [28] with projection F = F§ (x*) da ®dx’ i.e., and let U € J}(M,) be a projectable

(1,0) —tensor field with projection U = U* (x*) d, i.e. U= a”(x“, x4, + U% (x*) d, [28], and let w be a 1-form
and let them also satisfy

PP=]+U®w, woF=0, FU=0, o) =1 (39)
Then (f-:, ﬁ, w) define Lorentzian almost paracontact structure on By, (see, for example [10], [26]).

Theorem 3.8. Let B be a differentiable manifold endowed with Lorentzian almost paracontact structure (F, U, w).
Prove that

]’zccf_i_ (vvu(gvvw_cca(gccw)

is almost product structure on t(B).
Proof. According to (39), we find

“FP=I+("U®“w-“U®"w), (40)
and

(i) “F*U=0, (i) “FU=0, (i) “wo*“F=0,
() “wo™F=0, () “wo*“F=0, (vi)™w(*U)=0, (41)
i) Pw(@U) =1, (viil) “w(®™U) =1, (ix) “w(@U) = 0.
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Let us define an element ] of J(#(B)) by
J =T+ (PU®%w-“U®“w) 42)
then we easily obtain by (40), (41) and (42),
=1
thus | is an almost product structure in t(B). O

In view of equation (42), we have

O X =TE) @)U, )
(i) JeX = —(FX) = (@(X))U = (@(X))“U.

In particular, we have
(@) JX=-0(FX), (i) X = —<(FX), )

(i) Jou = U, (iv) Jeu = U.
X being an arbitrary projectable vector field in B such that w(X) = 0.

Theorem 3.9. Let the semi-tangent bundle t(B) of the manifold B admits ] defined in (42), then for projectable vector
fields X, Y such that w(Y) = 0, we obtain

(i) Lox)Y = —"(LxF)Y) +% (Lxw)Y)“U
(if) Lox)*U = —"((LxF)U) + (Lxaw)U)*U
(ifi) (Lox])™U = *(LxU)

(iv) (Lex)°Y = 0

By similar devices, we have also
(i) Lagl)Y = ="((Lxw)V)“U + (Lx))*Y*U,
(if) Lag)Y = ="(LxP)Y) + (Lxw)Y)“U,
(iff) (LogD™U = “(LxPU) + [X, U]+ (Lxw)U)“U,
(iv) (LgD U = “(LxDU) =" (Lxw)U) U = [ X, U] + (Lxw)U)*“U.

Proof. Using (41), (43) and (44), the proofs can be easily done. [

3.4. Horizontal lifts of Lorentzian almost paracontact structure

Let now (f, ﬁ, w) be Lorentzian almost paracontact structure in B with an affine connection V. Then by
(39), we obtain

() (HF? = 1+ (e w)
(i) ("F? = PHI{U®w)
(i) *HF? = 1+ Ue™ w+™ U™ o

also,
(l) HHFFv(HHa) — O,HH FF-(ZJZ)u) =0
(ll) HHCU(HHG) — O,HH w(vvu) — 1,ZJ‘U CU(HHa) =1

i)y Pwo™F = 07woMMF=0.
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Let us define a projectable tensor field J* of type (1,1) in t(B) by
o =fH F+ (vvu Q" w —HH ] @"H a)) ,

then it is easy to show that

consequently, J* is an almost product structure in t(B).
Moreover, a direct result shows that:

Theorem 3.10. Let (F, U, w) be Lorentzian almost paracontact structure in B with an affine connection V. Then J*
is almost product structure in the semi-tangent bundle t(B).
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